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PREFACE 


The  Tenth  Sympoaium  on  Naval  Hydrodynamics,  which  was  held  in  Cambridge,  Massachusetts,  on  24-28 
June  1974  under  tlie  joint  sponsorship  ofthe  Office  of  Naval  Research,  the  United  States  Coast  Guard,  and  the 
Massachusetts  Institute  of  Technology,  continued  the  traditional  pattern  which  has  been  established  for  this 
series  of  meetings.  The  two  organizations  which  joined  with  the  Office  of  Naval  Research  in  sponsoring 
this  Symposium  are  deeply  and  actively  engaged  in  research  on  hydrodynamic  raoblems  of  critical  interest 
to  the  naval  and  maritime  community,  and  several  such  hydrodynamic  problem  areas  were  selected  as  the 
principal  themes  of  the  Symposium. 

The  United  States  Coast  Guard  has  in  recent  years  s'.gnilicantly  expanded  its  activity  in  ship-oriented 
hydrodynamic  research,  and  it  was  a great  honor  to  have  its  cooperation  and  assistance  in  sponsoring  the 
Tenth  Symposium.  The  Massachusetts  Institute  of  Technology  has  a long  history  of  interaction  with  the 
United  States  Navy  in  general  and  with  the  Office  of  Naval  Research  in  particular.  The  lion's  share  con- 
tribution of  the  Massachusetts  Institute  of  Technology  to  the  organization  and  management  of  the  Tenth 
Symposium  adds  to  the  long  list  of  distinguisned  and  invaluable  services  which  it  has  rendered. 

The  two  ms^r  technical  themes  of  the  Tenth  Symposium  are  Hydrodynamics  for  Safety  and  Fundamental 
Hydrodynamics.  The  former  addresses  in  some  detail  critical  problems  of  growing  concern  in  naval  and 
maritime  circles -th';  related  problems  of  collision  avoidance  and  maneuvering  in  confined  waters.  The  latter 
prese'its  results  fron,  a wide  variety  of  fundamental  hydrodynamic  research  areas  which  bear  rather  directly 
or.  various  ship-oriented  problems. 

In  such  an  undertaking  as  the  organization  and  management  of  a large  meeting,  the  list  of  persons 
making  valuable  contributions  must  necestarily  be  long  indeed.  In  the  case  of  the  Tenth  Symposium  on  Naval 
Hydrodynamics,  such  a list  must  without  question  be  headed  by  Professor  Philip  Mandel  of  the  Massachusetts 
iostitute  of  Technology  Department  of  Ocean  Engineering,  who  served  as  chairman  of  the  Symposium.  The 
success  of  this  meeting  is  due  in  large  part  to  Professor  Mandel’s  careful,  dedicated,  and  detailed  attention 
to  every  aspect  of  the  Symposium  arrangements.  He  was  capably  assishK.  by  many  members  of  the  staff  of 
the  Department  of  Ocean  Engineering,  including.  Professor  J.  N.  Newman,  who  played  a major  role  in  or- 
ganizing the  technical  program.  Professor  J.  E.  Kerwin,  who  organized  and  managed  the  tour  of  the  Massa- 
chusetts Institute  of  Technology  which  preceded  the  Woods  Hole  visit.  Professor  Martin  Abkowitz  who  made 
the  arrangements  ter  the  reception  and  banquet,  Mr.  Keatinge  Keays,  Administrative  Officer,  and  Ms. 
Gwen  Johnson,  Administrative  Assistant,  who  discharged  a wide  variety  of  managerial  tasks  with  great 
expertise,  and  Ms.  Jinny  Nathans  and  Ms.  Chris  Simony  who  provided  invaluable  secretarial  assistaikce. 
In  addition,  we  are  indebted  to  Mrs.  Davette  Abkowitz,  Mrs.  Betty  Dyer  and  Mrs.  Marge  Chryssostomidis 
for  their  assistance  in  plani^ing  and  executing  the  social  events  which  were  held  in  connection  with  the 
Symposium  and  which  provio<^  a very  welcomed  and  very  epjoyable  respite  from  the  long  and  crowded 
technical  calendar.  It  is  also  a pi.'^eisure  to  express  our  gratitude  to  the  Woods  Hole  Oceanographic  Institute 
for  the  very  delightful  visit  to  the  Institute  and  to  Mr.  Charles  Innis  of  the  Woods  Hole  staff  who  made  the 
arrangements  for  the  visit.  The  Oft.ee  of  Naval  Research  extends  its  heartfelt  appreciation  to  all  of  these, 
and  to  the  many  more  who  remain  unnamed,  whose  unselfish  efforts  made  the  Tenth  Symposium  on  Naval 
Hydrodynamics  possible. 

Finally,  it  would  be  greatly  remiss  of  me  not  to  mention  Dr.  Albert  Wood  of  the  Boston  Branch  Office 
of  the  Office  of  Naval  Research  and  Mr.  Stanley  Doroff  of  the  Fluid  Dynamics  Program  of  ONR,  who  pro- 
vided continual  support  and  assistance  in  tiie  planning  of  the  Symposium  from  its  inception. 

S. 

RALPH  D.  COOPER 
Fluid  Dynamics  Program 
Office  of  Naval  Research 
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INTRODUCTORY  REMARKS 

Dr.  Alfred  H.  Kei! 

Dean  of  Engineering 
Massachusetts  Institute  of  Technology 


Ladies  and  Gentlemen,  may  I call  the  meeting  to  order.  It  is  a great 
privilege  for  me  to  be  asked  to  chair  the  firsi  session  of  the  Tenth  Sympo- 
sium on  Naval  Ih  drodynamics.  I consider  it  a personal  privilege  for  two 
reasons.  I have  worked  for  nearly  twenty  years  on  ship  research  for  the 
Navy,  and  though  I did  not  do  any  research  in  ship  hydrodynamics,  I must 
say  I was  very  closely  associated  with  it.  And  the  second  reason  is  that  we 
have  the  honor  of  accommodating  you  here  at  the  MIT.  1 would  like  to 
call  now  on  our  President,  Dr.  Jerome  Wiesner,  for  his  remarks. 
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WELCOMING  ADDRESS 


l)i.  Jen)ine  B.  Wicsncr 
President 

Massachusetts  Institute  of  Technology 


Thank  you,  Dean  Keil.  If  the  Dean  has  to  protest  that  he  knows  noth- 
ing about  ship  hydrodynamics,  what  do  you  suppose  I should  si\y,  although 
I should  confess  that  last  year  I designed  a 30-foot  boat  that  somebody  built 
for  me.  It  did  float,  and  it  did  move  through  the  water,  but  1 wouldn’t  go 
beyond  that  in  bragging  about  its  hydrodynamics. 

I take  great  pleasure  in  welcoming  this,  the  Tenth  Biennial  Syn\posium 
on  Nava)  Hydrodynamics,  here  to  MIT.  I’m  particularly  pleased  to  bo  here 
bt'cause  I feel  a special  bond  to  our  sponsors,  and  particularly  to  the  Office 
of  Naval  Research.  Any  American  scientist  who  has  the  privilege  of  working 
under  federal  sponsorship,  whether  he  knows  it  or  not,  owes  a great  deal  to 
the  Office  of  Naval  Research.  Following  v;orld  War  II,  in  a vacuum  of  re- 
search interests  and  support,  the  Office  of  Naval  Research  was  set  up  under 
the  inspired  leadership  of  .some  people  who  had  witnessed  the  contribution 
that  science  could  make  to  naval  warfare  and  naval  matters  during  the  war. 
They  held  wartime  basic  research  activities  together  and  established  a very 
farsighted  program  under  the  Office  of  Naval  Research  that  set  the  pattern 
which  ultimately  led  to  the  National  Science  Foundation.  The  Office  of 
Naval  Research  has  continued  to  be  an  important  sponsor  of  basic  and  appli- 
ed research  in  this  country.  It  has  provided  an  important  link  between 
scientists  and  engineers  in  American  universities  and  our  armed  services.  We 
have  always  found  that  ONR  provided  a degree  of  understanding  present  in 
very  few  other  sponsoring  agencies,  probably  because  of  the  direct  involve- 
ment of  so  many  of  the  people  in  ONR  in  the  ongoing  activities  of  the  Navy. 

When  I was  a working  scientist-engineer,  involved  with  military  elec- 
tronics, particularly  radar,  I always  found  it  a special  pleasure  to  work  with 
the  Navy,  partially  because  of  the  severe  technical  demands  that  a seaborne 
en\dronment  placed  on  equipment,  and  partially  because  of  the  deep  under- 
standing I found  among  the  people  I had  to  work  with.  I always  got  a spe- 
cial pleasure  out  of  being  aboard  ship.  1 used  to  suspect  that  I hadn’t  grown 
up,  because  all  the  gadgets  and  devices  I found  on  submarines  and  ships  gave 
me  a thrill.  Later  in  life,  just  a few  years  ago,  I discovered  in  talking  to 
Buckminster  Fuller  that  the  Navy  had  been  his  inspiration  that  led  to  such 
things,  he  claimed,  as  the  geodesic  dome  and  a variety  of  other  thingr.  He 
put  it  very  simply  that,  while  most  of  us  spend  our  engineering  hours  learn- 
ing how  to  do  more  >vith  more,  in  the  shipooine  environment  you  had  to 
learn  how  to  do  more  with  less.  This  was  the  lesson  that  he  had  learned  as 
a young  Navy  officer  aboard  a submarine,  ar  d it  never  left  him. 


In  any  event,  we  are  very  pleased  to  be  joint  sponsors  with  the  Office 
of  Naval  Research  and  the  Coast  Guard,  and  I would  like  pai  icularly  towel- 
come  our  cosponsors,  RADM  M.D.  Van  Orden,  Chief  of  Naval  Research; 
P.ADM  A.H.  Siemens,  Chief  of  Research  and  Development  of  the  United 
States  Coast  Guard;  Dr.  C.C  Bates,  Science  Advisor  to  the  Commandant  of 
the  United  States  Coast  Guard;  and  Mr.  P.  Eisenberg,  President  of  the  Soci- 
ety of  Naval  Architects  and  Marine  Engineers  of  the  United  States. 

This  is  the  tenth  of  these  symposia,  and  they  have  alternated  between 
the  United  States  and  a country  overseas.  I understand  that  about  half  of 
you  are  from  overseas,  and  I would  like  particularly  to  welcome  you  to  the 
MIT  campus  and  hope  that  you  have  an  opportunity  to  see  something  be- 
sides this  hall  while  you  are  here.  If  any  of  you  would  like  to  have  a tour 
of  a part  of  the  MIT  canr.ous  which  isn’t  already  offered,  see  me  and  I wiP 
arrange  it  for  you.  We  would  welcome  an  opportunity  to  show  you  MI'^ 
The  school  is  a small  university  by  American,  and  I suppose  even  Europe?  n, 
standards.  We  have  a total  of  7500  students,  about  4200  of  whom  are  what 
we  call  undergraduates,  and  the  remainder  are  graduate  students.  We  have 
a faculty  of  about  900  professors,  an  additional  research  staff  of  about  1500 
people,  and  a postdoctorate  student  body  of  about  600.  We  h«ve  a very 
hca\'3'  emphasis  on  applied  science  in  engineering,  ana  a good  deal  of  basic 
researcii  as  well.  In  >"ecent  years,  as  the  concern  about  the  socia'  conse- 
quences of  science  and  technology  has  grown  Abound  the  world,  our  politi- 
cal science,  economics,  and  other  social  sciences  have  grown  and  have  be- 
come an  important  part  of  our  curriculum.  Some  of  you  might  welcome  an 
opportunity  to  see  these  activates  as  well.  In  any  event,  I welcome  you 
here;  I hope  you  have  a very  productive  meeting;  and,  if  there  is  anything 
any  of  us  from  MIT  can  do  to  make  your  stay  in  the  Boston  area  more  de- 
lightful, please  let  us  know.  Thank  you. 


WELCOMING  ADDRESS 


Rear  Admiral  M.D.  Van  Orden,  USN 
Chief  of  Naval  Research 

I am  pleased  to  welo^^e  you  to  the  Tenth  Symposium  on  Naval  Hy- 
drodynamics. This  biennial  symposium  is  sponsored  by  the  Office  of  Naval 
Research  to  stimulate  research  in  hydrodynamics  by  providing  a forum  for 
world  leaders  in  this  field  • meet  and  discuss  their  latest  ideas  and  discov- 
eries. 


This  is  one  of  several  international  symposia  held  by  ONR  that  helps  to 
fulfil)  a principal  ONR  objective,  which  is  to  conduct  a continual  survey  of 
worldwide  findings,  trends,  potentialities,  and  achievements  in  research  and 
development  of  interest  to  the  Navy.  Another  major  function  of  ONR  is  to 
support  research  at  ur  'versities  and  laboratories.  And  we  also  provide  the 
bridge  between  basic  research  and  practical  naval  applications. 

We  are*gratil!ed  that  we  can  count  as  many  as  nine  different  countries 
in  addition  to  the  U.S.  who  wi’J  have  representatives  presenting  papers  at 
this  symposium.  I understand  we  also  have  visitors  from  the  Soviet  Union 
and  Bulljiffla,  as  well  as  Spain,  Finland,  and  Brazil. 

I should  stress  that  ONR  considers  it  important  that  the  information 
we  gain  not  be  hoarded,  but  that  it  be  exchanged  between  the  U.S.  and  the 
rest  of  the  world.  In  addition  to  symposia  such  as  this,  another  major  in- 
strument for  achieving  this  is  our  branch  office  in  London,  which  has  op- 
erated as  long  as  ONE,  has  been  in  existence,  that  is,  since  1946.  Scientists 
on  the  stEiff  of  our  London  office  visit  various  research  establishments 
throughout  Europe  to  learn  about  the  newest  ideas  and  theories  that  are 
evolving  there.  In  return,  the  U.S.  scientists  help  to  distribute  to  their  col- 
leagues in  those  countries  copies  of  technical  reports  prepared  by  scientific 
investigators  in  this  country  supported  by  ONR  as  well  as  by  other  U.S. 
government  research  agencies.  The  Navy  also  conducts  data  exchange  agree- 
ments with  16  countries. 

In  that  connection,  it  seems  fitting  that  this  symposium  should  be  ded- 
icated to  the  late  Professor  Georg  N.  Weinblum  of  Germany,  who  ser\'ed 
for  a time  as  special  consultant  to  the  U.S.  Navy  at  its  David  Taylor  Model 
Basin,  now  renamed  the  Naval  Ship  Research  and  Development  Center.  The 
contributions  of  this  creative  investigator  are  perhaps  best  epitomized  by 
Captain  Harold  R.  Saunders,  a leading  naval  architect,  in  his  book  Hydrody- 
namics in  Ship  Design.  Writing  about  Professor  Weinblum  in  1957,  he  said: 
“He,  in  the  opinion  of  many,  is  blessed  with  the  most  amazing  combination 
of  theoreticed,  analytical,  and  practical  intelligence  and  ability  to  be  found 


in  EJiy  naval  architect  today.  What  is  still  more  wonderful,  he  is  able  to 
give  this  information  to  others  in  their  language.” 

Captain  Saunders  was  undoubtedly  referring  to  the  fact  that  hydro- 
dynamics research  must  draw  its  material  from  a variety  of  scientific  disci- 
plines. Consequently,  hydrodynamicists  must  be  able  to  discuss  their  prob- 
lems with  mathematicians,  chemists,  marine  arcnitects,  and  oceanographers, 
for  example,  with  mutual  understanding  and  respect.  The  very  nature  of 
hydrodynamics  forbids  parochialism.  It  is  essential  that  people  in  this  field 
interact  effectively  with  other  scientists  engaged  in  basic  research,  as  well  as 
with  design  engineers. 

For  the  Navy,  progress  in  hydrodynamics  research  has  become  increas- 
ingly urgent.  Traditionally  our  goal  has  been  to  design  new  and  improved 
types  of  ships  that  not  only  make  use  of  advanced  technology  but  also  op- 
erate efficiently,  reliably,  and  safely.  Now  we  face  a new  challenge  in  the 
construction  of  ships  to  sail  on  or  beneath  the  unforgiving  sea. 

The  Navy  must  find  ways  to  discover  and  correct  the  problems  that  a 
new  design  may  run  into  before  reaching  the  point  of  full-scale  sea  trials. 
Congress  and  the  public  are  more  cost-conscious  than  ever  before  in  regard 
to  the  expenditure  of  public  funds.  No  longer  are  excuses  accepted  for  the 
failure  or  sputtering  operation  of  a new,  expensive  ship  because  it  has  en- 
countered problems  we  had  not  anticipated. 

Since  the  sea  is  the  Navy’s  business  and  we  have  been  involved  in  it  a 
long  time,  we  are  expected  to  know  it  well.  Only  investigators  like  your- 
selves are  awMe  of  how  limited  is  our  knowledge  of  the  forces  that  impact 
on  a buoyant  body  propelled  through  the  water.  As  much  as  our  under- 
standing has  increased,  we  know  we  have  much  more  to  learn.  This  infor- 
mation can  be  obtained  only  through  the  arduous  bit-by-bit  process  of  basic 
research,  such  as  you  gentlen,en  pursue. 

Today  our  nation  is  faced  with  the  dilemma  that  we  must  make  do  with 
a much  smaller  navy,  but  still  retain  our  global  responsibility.  This  means 
we  must  plan  types  of  ships  that  are  radically  different  in  design  from  any- 
thing in  the  past  in  order  to  meet  this  requirement.  At  the  same  time,  these 
ships  must  be  inexpensive  to  operate  and  maintain  in  addition  to  satisfying 
our  traditional  standards. 

The  results  of  the  research  that  will  be  reported  at  this  symposium 
should  help  us  move  toward  that  formidable  goal.  It  is  clear  that  all  of  you 
here  today  Eire  dedicated  scientists,  so  I do  not  need  to  urge  you  to  keep 
pressing  forward  in  your  search  for  solutions  to  the  frustrating  problems 
in  hydrodynamics.  I would  like  to  stress,  however,  that  you  maintain  strong 
lines  of  communication  so  that  as  many  people  as  possible  can  benefit  when 
you  inevitably  succeed  in  your  endeavors. 
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WELCOMING  ADDRESS 


Rear  Admiral  A.H.  Siemens 
Chief  of  Research  and  Development 
United  States  Coast  Guard 


On  behalf  of  the  U.S.  Coast  Guard,  I am  pleased  to  welcome  you  to 
the  Tenth  Symposium  on  Naval  Hydrodynamics.  I would  like  to  thank 
Dr.  Wiesner  and  Admiral  Van  Orden  for  the  opportunity  to  co-sponsor  this 
symposium.  J -un  sure  it  will  be  a technically  enlightening  and  a personally 
satisfying  experience  for  all  participants.  I am  delighted  that  a major  portion 
of  this  symposium  has  been  devoted  to  hydrodynamics  for  safety. 

The  Coast  Guard’s  interest  in  hydrodynamic  research  is  mainly  for  tech- 
nical support  of  its  regulatory  responsibility.  Our  traditionaJ  interests  have 
been  in  the  areas  of  vessel  survivability,  such  as  the  development  of  impact 
and  damaged  stability  criteria,  the  use  of  seakeeping  research  to  help  in  es- 
tablishing vessel  loadline  criteria,  and  structural  strength  criteria.  With  re- 
cent legislation  which  the  Congress  has  passed,  the  Ports  and  Waterways  Act 
of  1972,  we  have  received  new  areas  cf  responsibility.  The  Coast  Guard 
must  now  establish  standards  for  vessel  maneuverability  and  must  also  pro- 
mulgate as  necessary  the  operational  controls  to  minimize  coUisions,  ram- 
ming, ai’d  grounding  incidents.  Our  present  research  program  in  hydrody- 
namics consists  of  investigations  of  vessel  stability  in  a seaway,  being  done 
for  us  at  the  University  of  California;  the  analysis  of  towing  and  fishing- 
vessel  stability  criteria,  being  conducted  at  Hydronautics  Incorporated;  the 
prediction  of  extreme  acceleration  of  vessels,  v/hich  is  being  done  at  the 
Naval  Ship  Research  and  Development  Center;  and  investigations  of  spring- 
ing stresses  in  Great  Lakes  ore  ships,  being  conducted  by  Webb  Institute  of 
Naval  Architecture.  Our  research  efforts  in  1975  and  1976  will  concentrate 
on  the  vessel  maneuvering  problem,  with  special  emphasis  on  measuring 
maneuvering  performance  in  restricted  waters.  Stevens  Institute  of  technol- 
ogy is  already  working  on  some  initial  tasks  of  this  program.  A review  of 
the  papers  for  this  symposium  indicated  to  me  that  many  of  the  subjects  to 
be  discussed  relate  directly  to  the  Hydrodynamics  Research  needs  of  the 
Coast  Guard.  I encourage  all  of  you  to  continue  these  important  research 
efforts,  so  that  we  may  continue  to  improve  the  safety  of  maritime  trans- 
portation. Thank  you. 
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A TRIBUTE  TO  GEORG  WEINBLUM 


J.  V.  Wehausen  and  T.  Y.  -T.  Wu 


On  April  4 of  this  year  we  lost  Georg  Weinblum.  It  seems  especially 
appropriate  that  this  symposium  be  dedicated  to  his  memory,  for  the  com- 
plexion of  the  symposium  would  have  pleased  him.  He  would  have  liked 
the  broad  spectrum  of  topics  ranging  from  “Ship  Theory”  in  its  most  im- 
mediate sense  to  hydrodynamical  problems  on  its  fringes.  He  would  have 
been  pleased  by  the  diverse  origins,  both  nationally  and  professionally,  of 
the  contributors.  For  it  was  characteristic  of  Georg  Weinblum  to  see  his 
favorite  subject  in  a broader  context  and  to  know  that  an  advance  in  a re- 
lated field  often  entails  an  adv^mce  in  ship  theory  itself.  He  realized  that 
researchers  from  other  disciplines,  with  their  diffcent  backgrounds  and 
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experience,  might  provide  fruitful  insights  overlooked  by  those  too  close 
to  the  problems  of  ship  theory,  and  he  welcomed  their  help.  Although  he 
himself  was  single-minded  in  his  pursuit  of  ship  theory,  he  was  always  on 
the  alert  for  these  possible  contributions  fron'.  other  fields,  and  he  was 

«>marlfnhly  in  iMgngnig'.ing  them. 

Georg  Weinblum  ',vas  interested  not  only  in  the  scientific  discoveries 
that  might  advance  ship  theory  but  also  in  the  persons  who  made  them. 
He  took  a warm  personal  interest  in  their  lives  as  well  as  their  work.  He 
was  imstmting  in  his  encouragement,  in  seeing  to  it  that  their  work  was 
recognized  and  in  arranging  financial  support  when  possible.  He  was  espe- 
cially zealous  in  trying  to  attract  young  people  into  the  field  and  in  seeing 
that  they  had  adequate  opportunities.  Moreover,  his  support  always 
included  an  intelligent  and  enthusiastic  interest  In  the  progress  of  their  work 
and  a generous  input  of  ideas. 

His  presence  at  a meeting  relating  to  ships  was  a guarantee  of  its  live- 
liness and  interest  because  of  his  quick  grasp  of  the  significance  of  the 
paperc  or  of  the  issues  under  discussion.  At  international  meetings  his 
warmth  and  knowledge  of  languages  were  important  aids  in  establishing  a 
feeling  of  amity  among  all  participants.  In  many  respects  he  was  really  a 
citizen  of  the  World,  belonging  to  each  of  us  and  to  no  special  country. 

Georg  Weinblum ’s  interests  were  by  no  means  limited  to  ship  theory, 
or  engineering  and  science  in  general.  He  was  an  attentive  student  of 
political,  social  and  educational  developments  and  an  acute  observer  of  con- 
temporary events.  In  view  of  his  background,  this  was  perhaps  not 
surprising.  He  had  lived  in  several  countries  and  had  experienced  two  of 
the  catacylsmic  events  of  the  20th  century  and  dislocations  associated  with 
them.  Moreover,  Georg  Weinblum  wa.s  the  produ-t  of  an  educational 
system  and  philosophy  that  hardly  exists  nowadays  anu  that  even  in  his  youth 
was  perhaps  not  for  everyone.  However,  he  seemed  to  thrive  on  it.  Whereas 
for  some  the  study  of  the  Roman  and  Greek  classics  was  only  a hurdle  to 
be  passed,  for  him  they  were  an  introduction  into  the  cultures  underlying 
European  civilization.  As  an  adult  he  could  stUl  read  Latin.  His  reading 
in  literature  was  wide;  in  German  and  Russian,  of  course,  for  he  was 
educated  in  these  languages,  but  also  in  English  and  French.  Apt  quotations 
from  the  great  poets,  but  especially  Goethe  and  Rilke,  always  seemed  to  be 
on  the  tip  of  his  tongue.  His  interest  in  music,  ballet  and  graphic  arts  was 
also  intense  and  informed. 

There  is  much  more  to  be  said  about  Georg  Weinblum  than  can  be 
touched  upon  here.  On  the  occasion  of  his  60th  birthday  a short  biography 
was  given  by  F.  Horn  in  Schiffstechnik,  Vol.  4 (1957),  pp.  47-48.  In  more 
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recent  years  he  received  honorary  doctorates  from  the  Technical  Universi- 
ties in  Berlin  and  Vienna  and  the  University  of  Michigan.  He  had  recently 
become  a Correspondhig  Member  of  the  Acadd'mie  des  Sciences  of  Faris. 
His  own  research  has  been  briefly  described  in  the  Journal  of  Ship  Research, 
Vol.  16  (1972),  pp.  1-2.  However,  as  an  aid  to  those  interested  in  further 
study  of  his  work  we  append  a list  of  published  papers  that  we  hope  is 
complete. 

Georg  Weinblum  will  be  sorely  missed  by  those  who  knew  him,  but 
his  spirithas  affected  all  of  I's  who  did,  and  through  us,  we  hope  even  those 
who  were  not  so  fortunate  as  to  have  known  him  personallJ^ 
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A CATALOGUE  OF 

PUBLISHED  PAPERS  BY  GEORG  P.  WEINBLUM 

The  following  list  does  not  include  all  of  Georg  Weinblum’s  publica- 
tions. It  does  not  include  discussions  of  papers  by  other  authors  nor  the 
many  notes  written  on  tlie  occasion  of  some  ariniversary  of  a colleague,  or 
of  his  death.  Neither  does  it  include  unpublished  manuscripts  nor  material 
appearing  only  informally  as  a report.  On  the  other  hand,  we  believe  that 
all  research  pt  >ers  have  been  included,  all  expositor^'  articles  and  most  of  the 
short  notes  written  to  bring  to  the  attention  of  naval  architects  and  others 
progress  in  ship  theory.  Wherever  possible  we  have  tried  to  check  the  bib- 
liographical data.  When  this  has  not  been  possible,  we  have  relied  upon  the 
accuracy  of  a list  prepared  at  the  Institut  fur  Schiffbau  several  years  ago. 
Papers  are  listed  approximately  in  chronological  order. 

Reibungsfestigkeit  von  Nietverbindungen.  Schiffbau  30  (19291.  590-593. 

Beitrage  zur  Theorie  der  Schiffsoberflache.  Werft,  Reederei,  Hafen 
(1929),  462-466,  489-493 ;11  (1930),  12-14. 

Anwendungen  der  Michellschen  Widerstandstheorie.  Jahrb.  Schiffbautech. 
Ges.^  (1930).  39-436;  disc.  436-440. 

Schiffe  geringsten  Widerstandes.  Proc.  3rd  Tntemat.  Congr.  Appl.  Mech., 
Stockholm,  1930,  pp.  449-458. 

Beitrag  zur  Systematik  der  Schiffslinien.  Werft,  Reederei,  Hafen  11 
(1930),  469-473. 

liber  die  Berechnung  des  wellenbildenden  Widerstandes  von  Schiffen, 
insbesondere  die  Hognersche  Formel.  Z.  angew.  Math.  Mech.  10 
(1930),  453-466. 

Schiffe  geringsten  Widerstandes.  Schiffbau^  (1930),  579-582. 

Die  Bewegungsgleichungen  des  Schiffec  im  Seegang.  Schiffbau  32  (1931), 
488-495,  509-511,  525-529. 

Schiffsform  und  Wellenwiderstand.  Jahrb.  Schiffbautech.  Ges.  33 
(1932),  419-451;  disc.  456-460. 

Die  Theorie  des  Wellenwiderstandes  und  ihre  praktischen  Anwendungen. 
VDI_76  (1932),  127-131. 

Der  Luftwiderstand  von  Schiffen  mit  verschieden  geformten  und  verteil- 
ten  Aufbauten.  VDI.76  (1932),  621-622. 

Beitrag  zur  Ausbildung  von  Schiffsformen.  VDIJ^  (1932),  1149-1154. 

Hohle  Oder  gerade  Wasserlinien?  Hydromechanische  Probleme  des 
Schiffsantriebs,  Hamburg,  1932,  pp.  115-131,  417-419. 


Hohle  Oder  gerade  Wasserlinien  (Spantflachenkurven)?  Werft,  Reederei, 
Hafen  13  (1932).  223-225. 

Die  Konferenz  iiber  hydromechanische  Probleme  des  Schiffsantxiebs  in 
Hamburg.  Schifft)au  33  (1932).  168-170,  210-211. 

tjber  den  Einfluss  der  Schiffsform  auf  die  Bewegungen  eines  Sciiiffes  im 
Seegang.  Werft,  Reederei,  Hafen  14  (1933),  269-275,  209-292. 

Auslandische  Forschung  auf  dem  Gebiet  des  Schiffbaus  und  ihre  Auswer- 
tung  fur  deutsche  Verh^tnisse.  VDI  77  (1933),  1065-1069. 

Die  analytische  Ausbildung  von  Schnelldampferformen.  Z.  angew.  Math. 
Mech.  13  (1933),  447. 

Quelques  observations  au  sujet  du  trace  des  plans  des  formes  de  navires. 
Bull.  Tech,  du  Bureau  Veritas  15  llOSSl.  232-234. 

Theoretische  Untersuchungen  der  Stromungsbeeinflussung  zweier  Schiffe 
auf  einander  beim  gegenseitigen  Begegnen  und  Oberholen  auf  tiefem 
und  beschraiiktem  Wasser.  Schiffbau  34  11933').  113-117. 

Einige  Bemerkungen  iiber  den  Entwurf  von  Schiffsformen.  Schiffbau  34 
(1933),  242-245. 

Die  Verl^gerung  der  Schlingerperiode  eines  Frachtschiffes  infolge  der 

mitschwingenden  Wassermasse.  (With  W.  Bock)  Schiffbau  34  (1933), 
285-286. 

Untersuchungen  iiber  den  Wellenwidorstand  voUiger  Schiffsformen.  Jahrb. 
Schlffbautechn.  Ges.  _3§.  (1934),  164-192. 

Formelzeichen  der  Stabilitats— und  Schwingungslehre.  (With  F.  Horn) 

Einfluss  der  endlichen  Querschnittsabmessungen  einer  Schlepprinne  auf 
den  Modellwiderstand.  Schiffbau  35  (1934),  83-85. 

Exakte  Wasserlinien  und  Spantflachenkurven.  Schiffbau  35  1 19341. 
120-121,  135-142. 

liber  einige  Ansatze  zur  Ausbildung  von  Stabilitatsnormen.  Werft,  Reed- 
erei, Hafen  15  (1934),  201-202. 

Schwingungen  von  Schiften  im  Seegang.  VDI  78  (1934).  1373-1379. 

Les  mouvements  de  navires  sur  mer  houleuse.  Bull.  Tech,  du  Bureau 
Veritas  17  (1935),  84-86. 

Die  analytische  Ausbildung  von  Schiffsformen.  Z.  angew.  Math.  Mech.  15 
(1935),  205-219. 

Widerstandsuntersuchungen  an  Schiffen.  Z.  angew.  Math.  Mech.  15 
(1935),  382-384. 

Uber  einige  neuere  Arbeiten  auf  dem  Gebiete  des  Wellenwiderstandes  von 
Schiffen.  Schiffbau  36  (1935),  200-202. 

Widerstandsuntersuchungen  an  scharfen  Schiffsfonnen.  Schiffbau  36 
(1935),  355-359,  408-413. 

Die  Tlieorie  der  Wulstschiffe.  Schiffbau  3?  (1936),  55-65. 


Stereophotogrammetrische  Wellenaufnahmen.  (With  W.  Block)  -lahrb. 

Schiffbau".ech.  Ges.  J[1  (1936),  214-250;  disc.  259-276.  Translated 
as:  Stereophotogrammetric  Wave  Photographs,  David  Taylor  Model 
Basin  Translation  204  (1949),  i + 76  pp. 

Beitra  zur  Ausbildung  volligerer  Schiffsformen.  Schiffbau  37  (1936), 
285-289. 

Theorie  der  aktiven  Schlingertanks.  Z.  angew.  Math  Mech.  16  (1936). 
376-376. 

Stabilirierung  mit  aktiven  Tanks.  Schiffahrtstechnische  Forschungshefte, 
Heft  7,  6-8.  Schiffbautechnische  Gesellschaft,  Berlin,  1936. 

Rotationskdrper  geringsten  Wellenwiderstandes.  Ing.— Arch.  7 (1936). 
104-117. 

Versuche  iiber  den  Wellenwiderstand  g»  auchter  Rotationskdrper.  (With 
H.  Amtsberg,  W.  Bock)  Schiffbau  37  (1936),  411-419.  Translated 
as:  Tests  on  Wave  Resistance  of  Immersed  Bodies  of  Revolution, 
David  Taylor  Model  Basin  Translation  234  (1950;,  + 22  pp. 

Beitrag  zur  Theorie  der  Kursstabilitat  und  der  Steuerfahrt.  Schiffbau  38 
(1937),  51-59. 

Seegang  und  Schiffe.  Deutsche  Technik  (1937),  174-176. 

Uberblick  uber  die  Wellenmef'ungen  auf  dem  M.S.,  “San  Francisco”. 

Jahrb.  1936  d.  Lilienthal-Ges.  f.  Luftfahrtforschung,  248-254  (1937). 

Abmessungen  der  Meereswellen.  Forschungen  und  Fortschritte 
(19  >7),  224. 

S Jgangsforschung  und  Schiffbau.  Umschau  41  (1937),  873-877. 
Vvellenwiderstand  von  Korpern.  Umschau  42  (1938),  34-36. 

Rechnerische  Entwicklung  von  Schiffsformen.  Schiffbau  J9  (1938), 
129-133,  151-165,  170-173. 

Wellenwiderstond  auf  besohrankten.  Wasser.  Jahrb.  Schiffbautech.  Ges. 

39  (1938),  r 6f  289;  disc.  28^-291. 

Seegangsforschung.  Naturwiss.  26  (1938),  193-198. 

Zur  Theorie  der  akt-ven  Scl,bngertankb.  Z.  angew.  Matfi.  Mecb  1^ 

(1938),  122-127 

Fortschritte  auf  dein  Gebiete  der  Berechnung  de:  WeJlenwiderstandes. 
Schiffbau (1938),  43-45. 

Ober  die  Kursstabilirf  t vor  E hif/en-  (With  H.  Kunzel)  Schiffbau  ^9 
(1938),  181-184. 

Schiffsform  und  Widerstand.  Schiffbau  40  (1939).  27-33,  46-51,  66-70. 

Analysis  of  w.  • ) resistance.  The  David  W.  Taylor  Model  Basin,  Washing- 
ton, D.C.,  Rep.  no.  7 IQ  (1950),  102pp. 

On  the  motions  of  ships  at  sea.  (With  M.  St,  Denis)  Trans.  Soc.  Naval 
Arch.  Marine  Engrs.  58  (1950),  184-231;  discussion  232-248. 


'Fhe  wuve  resistance  of  bodies  of  revolution.  (Appendix  II  by  J.  Blum). 
The  David  Taylor  Model  Basir,  Washington,  D.C.,  Rep.  768  (1951), 
58pp. 

On  the  directional  stability  of  ships  in  caim  water  and  in  a regular  seaway. 
Proc.  1st  U.S.  Nat.  Congr.  Appl.  Mech.,  Chicago,  1951,  pp.  43-47. 

Ober  hydromcchanische  Massen.  Schiff  und  Hafen  3 (1961).  422-427. 

The  thnist  deduction.  J.  Soc.  Naval  Eng.  63  (1951).  363-379. 

Die  kiinftige  Entwicklung  des  Schiffes  im  Lichte  der  Schiffstheorie. 

Hansa  89  (1952),  1641-1545,  1683-1686. 

Investigation  of  wave  effects  produced  by  a thin  body  — TMB  Model 
4126.  (With  J.J.  Kendrick,  M.A.  Todd)  The  David  Taylor  Model 
Basin,  Washington,  D.C.,  Ren.  84Q  (1952),  14  pp. 

On  hydrodynamic  masses.  The  David  Taylor  Model  Basin,  Washington. 
D.C.,  Rep.  809  (1952),  ii  15  pp. 

Krafte  bei  Beweguhgen  von  Kbrpem  in  Oder  nahe  der  freien  Oberflache. 
Schiffstecl  aik  1^  21-31  (1952). 

Schiffbauforschung  im  Ausland:  Bestimmung  der  notwendigen  Maschinen- 
leistung  aus  Modellversuchen.  Hansa  89  (1952),  1027. 

Organisation  der  Schiffbauforschung  in  England  und  in  den  Vereinigten 
Staaten  von  Amerika.  Hansa  89  (1952).  1149-1.  1. 

Der  David-Taylor-Tank  in  Washington,  D.C.  Schiff  und  Hafen  ^(1952), 
212-213. 

The  present  state  of  the  theory  of  the  ship.  Appl.  Mech.  Rev.  6 (1953). 
217-219. 

Systematische  Entwicklung  von  Schiffsformen.  Jahrb.  Scliiffbautech. 

Ges.  47  (1953),  186-210;  disc.  210-215. 

Schiffe  mit  Tragfliigeln.  Umschau  53  (1953),  449-461. 

Probleme  der  Schiffbauforschung  und  ihre  Behandlung  im  Ausland. 
Schriftenreihe  des  Seeverkehrsbeirates  1953,  Heft  5,  19-34. 

Entwicklung  und  Stand  der  Schiffbauforschung.  Jahrbuch  der  Tech- 
ni^chen  Hochschule  Hannover,  1953-1954,  pp.  124-130. 

Uber  die  Entwicklung  und  den  heutigen  Stand  der  Schiffbauforschung. 
Schiff  und  Hafen_5  (1953),  44-46. 

Die  neuen  amerikanischen  “Mariner”  Schiffe:  Untersuchungen  iiber 
Widerstand  und  Antrieb.  Hansa  90  (1953),  1151-1153. 

Approximate  theory  of  heaving  and  pitching  of  hydrofoils  in  regular 
shallow  waves.  The  David  Taylor  Model  Basin,  Washington,  D.C., 
Rep.  C-479  (1954),  31  pp. 

Die  Bcwertung  von  Tragfliigelfahrzeugen.  Hansa  .SI  (1951),  491-492. 

Recent  progress  in  theoretical  studies  on  the  behavioiur  of  ships  in  a sea- 
way. 7th  Intemat.  Conf.  on  Ship  Hydrodynamics,  Oslo,  1954, 

26  pp. 
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Die  Friihjahrstagung  der  institution  of  Naval  Architects  in  London. 
Hansa^  (1964),  1364-1370. 

Progress  of  theoretical  investigations  on  ship  motions  in  a seaway.  Proc. 
1st  Conf.  on  Ships  and  Waves,  Hoboken,  N.J.,  1954,  pp.  129-159. 

Die  Ergebnisse  der  Standardserienversuche  von  D.W.  Taylor  in  einem 
neuen  Gewand.  Hansa_^  (1955),  412-414. 

Propulsionsversuche  niit  Einschraubenmodellen  der  Serie  60.  Hansa  9^ 
(1955),  566-568. 

A systematic  evaluation  of  Michell’s  integral.  The  David  Taylor  Model 
Basin,  Washington,  D.C.,  Rep.  886  (1966).  59  pp. 

Ein  Verfahren  zur  Auswertung  des  Wellenwiderstandes  vereinfachter 
Schiffsformen.  Schiffstechnik_3  278-287  (1956). 

Neuere  Untersuchungen  iiber  die  das  Schiff  im  Seegang  beanspruchenden 
Krafte.  Hansa  93  (1956),  352-368. 

Ober  die  Forderung  der  deutschen  Schiffbauforschung.  Schiff  und  Hafen 
_S_(1956),  381-382. 

Contribution  of  ship  theoi-y  to  the  seaworthiness  problem.  Symposium 
on  Naval  Hydrodynamics,  Washington,  D.C.,  1956,  pp.  61-98;  disc. 
98-107. 


Schiffe  geringsten  Widerstande.s.  (With  D.  Wustrau,  G.  Vossers)  Jahrb. 
Schiffbautech . Ges.  51  (1957),  175-204;  disc.  205-214. 

Ober  eine  angenaherte  Behandlung  des  Tauchens  und  Stampfens  von  Trag- 
flachensystemen  in  regelm^sigem  Seegang.  Schiffstechnik  J^(1968), 
2-5. 


Wellene.'iderstand  von  Rotationskorpeni. 


Sciiiffslecimik_5,(i968),  43-54. 


Gemeinsame  Tagung  der  Association  Technique  Maritime  und  der  Insti- 
tution of  Naval  Architects  in  Paris  von  30.  Jxmi  bis  zum  4.  Juli 
1958.  Schiff  und  Hafen  10  (1958),  635-636. 

Ober  Schiffsformen.  VDI-Zeitschrift  100  (1958),  1513-1522. 

Applications  of  wave  resistance  theory  to  problems  of  ship  design.  Trans. 
Inst.  Engrs.  Shipbldrs.  Scotland  102  (1959),  119-152;  disc.  153-163. 


Experimental  investigations  of  the  inertia  and  damping  coefficients  of  a 
spheroid  and  surface  ship  in  free  heave.  (With  S.  Brooks,  P. 
Golovato)  Internal.  Shipbldg.  Progr.  ^ (1969),  45-62. 

Eroffnung  des  Neubaus  des  Instituts  fur  Schiffbau  in  Hamburg.  Schiffs- 
technik_l(1960),  131-132. 

Entwicklungsmoglichkeiten  des  Schiffes.  In:  Vom  geistigen  Fortleben 
der  Technischen  Hochschule  Danzig.  Verlag  Brausdruck,  Heidel- 
berg, 1961. 

Untersuchungen  uber  den  Widerstand  einer  systematisch  entwickelten 
Modellfamilie.  (With  S.  Schaster,  Chr.  Boes,  R.  Bhattacharyyu) 
Jahrb.  Schiffbautech.  Ges  56  (1962),  296-319;  disc.  320-324. 
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On  problems  of  wave  resistance  research.  Inien  a-  Sem.  Theoret.  Wave 
Resistance,  Ann  Arbor,  1963,  pp.  1-44;  disc.  45-49. 

Das  Internationale  Seminar  uber  die  Tbeorie  des  Wellenwiderstandes  von 
Schiffen  an  der  University  of  Michigan,  Ann  Arbor,  vom  19.  bis  23 
Augiist  1963.  Schiff  und  Hafen  ^ (1964),  291-296. 

Zuschrift  zu:  Die  Entwicklung  von  Tragflugelbooten  in  den  USA,  von  H. 
Kla^’oC.  Schiff  und  Hafen  16  (1964),  625. 

Some  extensions  of  D W.  Taylor’s  Standard  Series.  (With  W.  Graff,  A. 
Kracht)  Trans.  Soc.  Nav  I Arch.  Marine  Engrs.  J[2  (1964),  374-396; 
disc.  396-403. 

Die  Abteilung  fur  Schiffstechnik  an  der  Universitat  Hamburg.  VDI— Zeits- 
chrift  1^  (1964),  694-695. 

Uber  neue  Verfahren  und  neue  Ergebnisse  bei  der  Entwicklung  von 
Schiffsformen.  VDI— Zeitschrift  106  (1964).  1603-1610. 

Forschungsschiff  “Meteor”  — Entstehung  und  Zweek.  (With  O.  Krap- 
pinger)  Jahrb.  Schiffbautech . Ges.  59  (1965),  362-367. 

Probleme  des  Schiffbaus.  Bild  der  Wissenschaft  ^ (1965),  1003-1011. 
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Forced  oscillation  experiments  have  been  carried  out  with  a systematic  ship  model  family  of 
which  the  length-beam  ratio  was  ranging  from  k to  20.  The  experiments  also  included  a thin  plate  to 
simulate  the  case  of  an  infinite  length-beam  ratio.  Vertical  and  horizontal  harmonic  motions  in  calm 
water  have  been  considered  and  the  corresponding  hydrodynamic  coefficients  have  been  determined. 
Moreover  the  vertical  motions  and  added  resistance  in  waves  have  been  measured.  The  results  are 
presented  in  grafical  forrii  and  are  compared  vfith  some  existing  calculation  methods. 


NOMENCLATURE 


:,D,K,G  } hydrodynamic  coefficients  of  the 
:,d,e,g  equations  of  pitch  and  heave 
respectively 
ship’s  beam 
block  coefficient 
prismatic  coefficient 

horizontal  sectional  added  tass  coefficient 
wave  celerity 
total  vertical  wave  force 
sectional  hydromechanic  force 

acceleration  owing  to  gravity 
vertical  longitudinal  moment  of  inertia 
dimensionless  horizontal  moment  of  inertia 
coefficient  of  acces.sion  of 

inertia 

empirical:,  coefficient  in  the  low  t pect 
ratio  lift  formula 

coefficients  of  accession  (long.,  lat./ 
wave  number 

vertical  longitudinal  radius  of  inertia 
of  ship 

horizontal  longitudinal  radius  of  inert!* 
of  ship 

ship's  lengt^B  ** 

total  verticalvave  moment;  mass  of  ship 
dimensionless  mass  of  ship 
vertical  section^  added  mass 
vertical  sectionR.  damping  coelficient 

liydrodynamic  coefficients  of  the 
, Yl  Y'  ^ equations  of  yaw  and  sway 
/’  f*  r respectively 

din.ensionleas  yaw  velocity 

dimension! dsa  yaw  acceleration 

ship's  draught 

effective  draught 

period  of  encounter 

forward  velocity  of  ship 

vertical  relative  velocity  with  respect 

to  the  water 

drmensiuii  "ss  ‘clocity 

dimenoiori  i '.-SB  :;way  acceleration 
dimensi onless  iongitudi*el  added  mass 


x'  dimensionless  length  coordinate  in  a right 
hand  body  fixed  coordinate  system  with 
centre  of  gravity  in  the  origin  and  the  ^ 
starboard  side  positive 

righthand  coordinate  systi#  fixed  to 
phip  with  the  origin  situated  in  the 
ship's  waterline  and  the  portside 
positive 

x'  dimensionless  centi^  connected  v'  \ the^,*- 
first  moment  of  visco**  for®  dii  ? 

x'^  dimers ionltss  (Nlnt® connected  the 

second  -sdldbit  of  viscoua  force  distributiiio 

X*  point  of  application  of  total  yav  force 

x^  point  of  application'of  *otal  sway  for«®^ 

Y'  diiiensionless  hydrodynamic  lateral  force 

y^  dimensionless  motion  amplitude 

y^  hVxf  width  of  waterline 

z heav^Klisplaccment 

e phase  ^igle  ^ w' 

X ware  length 

7 volume  of  ship’s  <y®lacement 

(1)  circular  wave  fre(i^ncy 

(i)'  dimensionless  PMM  frequency 

uj^  circular  frequency  of  encounter 

p density  of  water 

c*  dimensionless  stability  root 

dimensionless  stability  root 
0 pitch  angle 

^ instantaneous  wave  elevation 

Subscripts  : ^ ^ 

a arapi^Ude  of  denoted  parameter 

wavvBbrce  v:ith  respect  to  wave  elevation 
wave  moment  with  respect  to  wave  elevation 

Superscript*  : 

’ sectional  valun  or  dimensionless  values 

according  to  SNAME-noraenclatui'C 
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1.  INTRODUCTION 

The  calculation  of  the  vertical  hydro- 
dynamic  forces  and  moments  acting  on  a ship  in 
seawaves,  according  to  the  strip  theory,  has 
proved  to  be  a valuable  tool.  This  is  also  true 
to  a limited  extent  for  horizontal  motions,  but 
the  experimental  verification  for  low  frequency 
motions,  which  are  of  interest  for  manoeuvring 
and  steering  problems,  is  rather  scarce. 

The  detailed  comparisons  of  calculation  and 
experiment  for  pitch  and  heave  are  for  the 
greater  part  restricted  to  more  or  less  average 
hull  dimensions,  for  instance  a length-beam 
ratio  of  approximately  6 to  8 and  block, 
coefficients  arour^l  ,70*  Although  predictions 
of  vertical  motions  of  extreme  ship  forms  have 
been  quite  succesful,  it  has  not  been  known  to 
what  extent  the  strip  theory  is  valid  when  more 
extreme  hull  dimensions  are  considered. 
Intuitively  one  may  imagine,  that  the  thinner 
the  ship  form,  the  more  the  applictiLion  of  the 
strip  method  is  justified. 

For  manoeuvring  and  steering  purposes  the 
hydrodynamic  coefficients  of  the  equations  of 
motion  depend  to  a larger  extent  on  viscous 
effects  introducing  lift  phenomena, when  compared 
with  vertical  motions  of  a ship  in  waves. 
Existing  methods  to  approximate  these  hydro- 
dynasic  forces  have  a more  empirical  character. 
Apart  from  the  length-draught  ratio  in  both 
cases  the  length-beam  ratio  may  be  regarded  as 
a useful  parameter  in  a comparison  of  theoi*y 
and  experiment. 

The  main  objective  of  this  paper  is  to  provide 
extensive  exparimental  data  respecting  the 
influence  of  the  length-beam  ratio  of  a 
systemr+ic  ship  model  family  on  the  hydro- 
dynamic  forces  on  the  hull  for  vertical 
oscillatory  motions  in  the  wave  frequency  range, 
as  well  as  for  low  frequency  horizontal  motions 
of  interest  for  steering  and  manoeuvring. 

The  «xperiments  cover  a large  range  of  length- 
beam  ratio's  which  includes  a very  thick  ship- 
form  (L/B=it)  and  a very  thin  ship  with  L/B-20. 

In  addition  a thin  plate  has  been  tested  in 
horizontal  motion  to  simulate  an  infinitely 
large  length-beam  ratio.  All  of  the  models  have 
been  derived  from  the  standard  bixty  Series 
hull  form  with  L/B=7  and  Cb=  .70  fl j , by 
multiplying  the  width  by  constant  factors,  to 
arrive  at  L/B=4,  7»  10  and  20.  All  models 

have  been  made  from  glass  reinforced  polyester 
and  have  a length  of  10  f‘-et.  For  main 
particulars  see  table  1. 

2.  EXPERIMENTAL  PROGRAM  AND  RESULTS 

With  a vertical  Planar  Motion  Mechanism 
(PMM)  the  hydrodynamic  coefficients  of  the 
heave  and  pitch  equations  according  to 
equations  { 1 ) of  appendix  1 have  been  measured 
for  Froude  niunbers  F =.20  and  F =,30, 

The  latter  speed  is  ^high  for  a?l  models  and 
large  wave  making  has  been  observed  during  tne 
experiments . 

Excellent  linearity  has  been  found  for  the 
considered  heave  amplitudes  which  go  to  1%  of 
the  model  length  and  pitch  amplitudes  up  to 
3.5  degrees. 

For  the  wave  tests  wave  heights  of  2.5  % of  the 
model  length  have  been  considered. 


Tbe  linearity  has  been  proved  to  be  good  with 
L/B=4. 

Tne  non-dimensional  mass  and  damping  coefficients 
as  well  as  the  mass  and  damping  cross  coupling 
coefficients  are  given  in  figures  1 to  8 in  non- 
dimensional  form  as  a function  of  the  Froude 
number,  the  frequency  of  oscillation  and  the 
length-beun  ratio. 

Figures  9 and  10  give  the  dimensionless  mniion 

amplitudes  of  heave  and  pitch  and  figure 

gives  the  a ""ed  resistance  in  regular  ht  . waves. 

The  motions  and  the  added  resistance  in  waves 
could  not  be  measured  for  the  L/B=20  model 
owing  to  experimental  difficulties. 

The  hydrodynamic  coefficients  for  yaw  and  sway 
according  to  equations  (13)  of  appendix  3 have 
been  measured  for  three  velocities  : Fj^=.15, 

.20  and  .30. 

A large  amplitude  PMM  has  been  used;  the  model 
frequency  range  has  been  between  o)=.2(.l)  1.0. 
Strutamplitudes  for  both  modes  of  motion  were 
respectively  5>  10,  15»  20  and  25  cm,  the 
horizontal  distance  between  the  struts  being 
1 m.  A relatively  small  wave  making  was  observed 
for  the  lowest  of  the  three  velocities 
considered,  and  therefore  the  experimental 
results  for  have  been  used  for 

comparing  vrith  some  calculation  methods. 

Figure  12,  13  and  14  show  the  coefficients, 
derived  from  the  force  and  moment  measurements 
as  a function  of  L/B-ratio  for  the  three 
considered  forward  speeds.  Table  2 gives  the 
numerical  values  of  the  various  hydrodynamic 
coefficients . 

In  figure  15  and  l6  the  results  of  the  swaying 
force  and  swaying  moment  are  presented  as  a 
function  of  speed,  frequency,  L/R-ratio  and 
amplitude. 

3.  DTRClIf'ETON  OF  THE  RKEJULTS 

3.1.  Vertical  Motions 

First  of  all  the  heaving  and  pitching 
motions  have  been  calculated  with  as  a basis 
a formulation  of  the  strip  theory  as  given  in 
appendix  1 and  . This  formulation  has  been 
derived  using  earlier  work  by  Shintani  > 

Goding  >Semenof-Tjan-Tsansky  et  al  ^53  * 

Tasai  ^63  and  affords  the  same  results  as  given 

by  Salvesen  et  al  ^7 3 • Afterwards  the  method 

has  been  used,  which  has  been  formulated  t 

principally  by  Korvin-KrouEovsl^  and  Jacobs  ([83 

and  modified  by  the  authors  ^9  J . 

The  results  of  both  methods  have  been  compared 
with  the  experimental  results. 

The  added  resistance  in  waves  owing  to  the 
pitching  and  heaving  motions  has  been  calculated 
by  the  method  described  in  appendix  2,  The  added 
resistance  is  determined  by  calculating  the 
work  done  by  the  radiated  damping  waves,  which 
result  from  the  vertical  motions  of  the  ship 
relative  to  the  water.  In  this  method  has 

been  confirmed  by  experimental  results  derived 
from  model  tests  with  a fast  cargo  ship  hull 
form.  Further  experience  included  blunt  tanker 
forms,  although  in  some  of  these  cases  the 
agreement  has  been  somewhat  less  satisfactory 
at  high  frequency  of  encounter. 
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In  the  figures  1 to  1 1 the  experimental  values 
are  compared  with  corresponding  calculations 
according  to  the  modified  Korvin-Kroukovsky 
formiHation  []93  ^dd  according  to  equations  (6) 
and  (7).  For  convenience  we  will  call  these  the 
old  and  the  new  method  respectively. 

With  regard  to  the  coefficients  of  the 
equations  of  motion  for  heave  and  pitch  the  two 
calculation  methods  give  almost  identical 
results,  except  for  the  pitch  damping  coefficient 
at  low  frequencies  and  for  the  added  mass  cross 
coupling  coefficient  D for  pitch. 

The  differences  between  the  measured  added  mass 
and  the  calculated  alue  are  small, even  for  the 
very  low  L/B  ratio's,  ''’or  the  added  moment  of 
inertia  the  correlation  is  still  satisfactory, 
with  only  few  differences  for  the  highest  speed 
and  the  lowest  L/B  ratio. 

The  heave  damping  coefficienc  is  reasonably 
predicted  except  for  high  frequencies  where 
viscous  effects,  for  instance  separation  of 
flow,  may  be  important. 

Both  the  new  and  the  old  method  predict  the 
pitch  damping  rather  poorly,  particularly  at 
low  frequencies.  The  experimental  data  do  not 
show  a clear  preference  for  one  of  the  two 
methods.  For  practical  purposes  the  over- 
estimation of  the  pitch  damping  at  low 
frequencies,  according  to  the  new  method  is  not 
too  important  in  the  motion  prediction. 
Considering  the  absolute  magnitude  of  the 
damping  cross  coupling  terms  the  coefficients 
e and  E are  very  well  predicted  by  both  theories 
for  the  two  considered  forward  speeds,  as  well 
as  for  all  length-beam  ratio's. 

Also  the  added  mass  cross  coupling  coefficient 
d for  heave  is  reasonably  well  predicted  by 
both  methods , but  in  the  case  of  the  mass  cross 
coupling  coefficient  h for  pitch  the  experimental 
points  for  low  frequencies  lie  between  the  two 
predicted  curves.  For  low  frequencies  the 
experimental  values  favour  the  prediction 
according  to  the  new  method. 

Heave  amplitudes  in  waves  are  somewhat  over- 
estimated by  the  new  method.  Earlier 
experience  with  both  methods  has  shown  us  a 
slight  preference  for  the  modified  Korvin- 
Kroukovsky  and  Jacobs  method  although  a 
desired  symmetry  in  the  mass  cross  coupling 
coefficients  is  not  fulfilled  in  their 
presentation.  Moreover  added  resistance  is 
overestimated  by  the  new  method  and  in  this 
respect  it  should  be  remembered  that  added 
resistance  varies  as  the  squared  motion 
amplitudes. 

For  Pn=.20  the  predicted  added  resistance 
agrees  very  well  with  the  measured  values,  with 
only  minor  differences  at  high  frequencies.  Even 
for  the  very  low  length-beam  ratio's  the 
agreement  is  satisfactory,  considering  the  more 
or  less  extreme  hull  form  and  the  relatively 
high  forward  speed  in  those  cases.  For  Fn=.30 
the  correlation  between  theory  and  experiment 
is  leas.  However  for  all  length-beam  ratio's, 
except  for  L/B=T  this  speed  is  very  high, 
with  corresponding  high  ship  waves. 

Especially  for  L/B=4  the  added  resistance  at 
high  frequencies  is  under  estimated  by  the 
theorj'. 


3.2.  Horizontal  Motions 

The  coefficients  have  been  determined  in  a 
standard  graphical  way  from  the  in  phase  and 
quadrature  components  of  forces  and  moments 
measured  with  the  PMM.  The  accuracy  of  the 
coefficients  which  are  displayed  in  fig.  12,  13 
and  lb,  is  probably  not  high  since  the  relevant 
fo  -ces  and  moments  are  small  in  magnitude.  The 
coefficients  indicate  a trend  in  the  results  and 
do  not  pretend  to  be  highly  accurate. 

In  table  2 the  numerical  values  of  the 
coefficients  are  summarized  using  the  dynamic 
modes  of  motions.  The  figures  12,  13  and  lb 
clearly  show  the  effect  of  beam,  which  is  not 
very  pronounced  for  a low  Froude  number.  As 
could  be  expected  the  forward  speed  affects 
the  results  to  a certain  extent  : the  thicker  the 
model  the  more  the  model  generated  wave  system 
plays  a decisive  role  in  the  creation  of  the 
resulting  hydrodynamic  forces  and  moments.  Hu[l1J 
predicted  the  effect  of  speed  upon  the  hydro- 
dynamic  coefficients,  applying  sources  and 
doublets  in  the  ship/s  centerplane  and  wake  and 
taking  into  account  the  boundary  conditions  on 
the  surface.  Comparing  the  trend  of  the 
experimental  results  and  the  predicted  values 
with  regard  to  the  forward  velocity  according  to 
Hu,  it  can  be  said,  that  his  prediction  gives 
a more  pronounced  effect  of  speed. 

It  is  interesting  to  note,  that  Van  Leeuwen's 
results  of  his  PMM  tests  Ql23  with  an  8 feet 
model  of  the  L/B=7  are  practically  the  same  as 
the  results  presented  in  this  paper,  taking  a 
reasonable  margin  of  accuracy  into  account.  In 
figures  12,  13  and  1b  some  evidence  is  produced, 
that  the  values  of  the  static  and  dynamic  sway 
coefficients  are  approaching  each  other  closely. 
The  condition  for  straight  line  stability  (this 
word  is  used  rather  than  controls  fixed 
stability,  since  no  rudder,  propeller  nor  other 
hull  appendices  have  been  fitted)  yields  : 


Wlien  x.^  and  x^  both  are  positive  this  condition 
postulates,  that  the  point  of  application  of  the 
total  yaw  force  is  located  before  the  point  of 
application  of  the  sway  force.  In  figure  12,  13 
and  1b  it  may  be  observed,  th.  for  a L/B-ratio 
exceeding  8 this  condition  is  fulfilled.  Since  at 
a L/B-ratio  of  approximately  20  equals  the 
mass  M',x^  will  change  sign  and  becomes  extremely 
negative.  In  this  case  the  aforementioned 
criterion  is  still  satisfied,  since  it  is 
obvious  that  x^  remains  positive.  In  table  2 the. 
stability  roots  are  calculated;  the  smaller  roots 
are  positive  for  the  smaller  L/B-ratio's  and  they 
are  becoming  negative  for  the  larger  L/B-ratio's. 
Noteworthy  is  the  difference  between  the  two 
last  columns  indicating,  that  the  actually  used 
plate  for  the  expeiiments  has  a stable  behaviour, 
but  that  an  imaginary  massless  plate  has  an 
oscillatory  stable  behaviour.  This  fact  is  also 
found  in  stability  analysis  of  ships  which  have 
large  fins  or  deep  keels,  like  sailing  yachts  and 
is  caused  by  the  small  inertia  forces  relative 
to  the  lift  forces  [l33  • 
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Jacobs  published  a brief  account  of  a 

simple  theory  for  the  calculation  of  the  linear 
coefficients  of  the  horizontal  motion  based 
upon  simple  hydrodynamic  concepts.  Apart  from 
an  ideal  fluid  treatment  of  a wing  shaped  body 
in  6U1  unbounded  flow,  resulting  in  hydrodynamic 
added  masses  e.nd  added  moments  of  inertia  with 
cross  coupling  coefficients,  a viscous  part  is 
included  representing  the  generation  of  a lift. 
Therefore,  as  an  example  the  Jones'  low  aspect 
ratio  lift  formula  has  been  applied.  Lift 
generation  depends  upon  the  flow  conditions 
near  the  trailing  edge.  As  these  conditions 
vary,  it  seems  appropriate  to  introduce  an 
empirical  constant  K to  take  these  variations 
into  account,  as  was  suggested  by  Inoue 
This  K-constant  turns  out  to  be  nearly  .75  as 
an  average.  In  appendix  3 a brief  account  is 
given  of  Jacobs'  method,  which  has  been  chosen 
for  a comparison  with  the  measured  results. 

The  total  lift,  as  a result  of  an  inertia 
distribution  and  a viscous  distribution  along 
the  ship  length  is  generated  for  the  greater 
part  in  the  forebody,  which  means  that  the 
viscous  part  counter-balances  nearly  the 
inertia  part  in  the  afterbody  ^15,17j  . The 
centre  of  the  viscous  force  distribution 
therefore  lies  well  aft  of  the  centre  of 
gravity  (xpj)The  second  moment  of  the  viscous 
force  distribution  is  characterized  by  and 
obviously  this  quantity  is  negative. 

Prom  the  measurements  of  the  relevant 
quantities  the  values  of  K,  xl^  and  xi^  are 
calculated  and  they  are  displayed  in  Figure  17. 
They  coincide  remarkably  well  with  empirical 
values  presented  by  Inoue  and  Albring  £l8  3 • 

The  coefficient  can  also  be  used  to  check 
the  validity  of  the  empiricd.  constants  Ki,x^^. 

In  figure  12  it  may  be  seen,  that  there  is  a 
satisfactory  agreement  for  the  lower  Froude 
number.  Apart  from  considerations  regarding  the 
damping  coefficients  it  is  obvious,  that  the 
added  mass,  added  moment  of  inertia  and  the 
mass  cross  coupling  coefficients  are  accurately 
predicted  by  the  simple  stripwise  integration 
of  sectional  values  of  added  mass  depending  on 
local  fullness  and  local  B/T-values.  So  called 
three  dimensional  corrections  have  been  applied 
as  indicated  by  Jacobs  and  others.  In  order  to 
compare  the  measured  results  with  other  methods 
available  in  literature,  it  has  been  decided  to 
use  the  results  of  Inoue  which  are  principally 
based  upon  Bollay's  low  aspect  ratio  theory  and 
a number  of  empirical  allowances.  Appendix  3 
gives  a brief  account  of  the  used  formulae 
according  to  Inoue.  As  can  be  seen  in  figure  12 
the  calculation  agrees  with  the  measured  results 
with  the  exception  of  YJ.  Norrbin  1 9 3 hnalys ed 
statistical  material  and  derived  regression 
formulae  on  the  basis  of  the  so  called  "bis" 
system  of  reference.  In  appendix  3 these 
regression  formulae  are  "translated"  into  the 
nomenclature  adopted  in  this  paper.  Inspecting 
the  formulae  a small  effect  of  the  L/B-ratio 
can  be  demonstrated,  while  generally  speaking 
the  calculated  results,  using  these  regression 
formulae  are  in  close  agreement  in  the  normal 
range  of  L/B-ratio's,  as  shown  in  figure  12, 
Since  lift  generation  is  of  primary  importance 
in  manoeuvring  problems  and  since  experimental 
material  about  this  subject  is  not  extensively 
published  in  literature,  it  has  been  decided 


to  give  the  transverse  force  and  moment  in  the 
sway  motion  for  two  speeds  : Fn=.15  and  Fn=.30, 
as  a function  of  reduced  frequency  and 
amplitude  in  figures  15  and  l6. 

In  a very  restricted  range  full  linearity  in 
frequency  and  amplitude  exists.  For  the  higher 
frequencies  linearity  is  lost  to  some  extent 
especially  in  the  transverse  force  and  to  a 
smaller  extent  in  the  moment.  A number  of 
effects  are  obscuring  the  results,  for  instance 
nonlinearity  owing  to  the  cross  flow.  Also 
frequency-  and  amplitude  effects  are  interferring 
when  one  tries  to  interpret  the  experimental 
results. 
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5.  appendix  1 


The  various  coefficients  a-g  and  A-G  are 
derived  from  : r 

pV2=  F'dx^ 

L (2 

V'  - ( 

L 

where  F'  is  the  hydromechanical  force  acting 
on  a cross-section  of  the  ship. 


It  can  be  found  that  ; 

F'=-2pgy^(z-x^0)-(-r|-V-^)(2-x^^e+Ve-c"){ml^  )(3) 

e 

, II  , 

The  effective  elevation  c is  defined  as  : 


C*=Ce*"^^  , where  : 

_ i ln(1.  I y^^e  ’^dz^)  (4) 

''  -T 

This  expression  follows  from  the  integration  of 
the  verticeil  component  of  the  undisturbed 
incident  wave  pressure  on  a cross  section 
contour.  The  time  derivatives  of  c"  are  used  in 
the  calculation  of  the  damping  and  added  mass 
correction  to  the  "Froude-Kriloff"  wave  force 
and  moment. 

Because  harmonic  motions  only  are  considered, 
equation  (3)  can  be  written  as  : 


F'  =-2pgy^(  z-x^  e-c** ) -m ' { 2-x^  6+2V§- ;“)  + 

+v^(z-x^e+ve-if)-N’(B-Xbe+2ve-  ■^")+ 

e 


.v|£’(z-x,e.Xe.^«) 

(1)  e 
e 


(5) 


Combining  equations  (2)  and  (5)  one  finds  t 


The  equations  of  motion  of  heave  and  pitch 

The  equations  of  motion  of  heave  and  pitch  and 
their  solution  are  given  by  : 

{p7+a)2+b4+cz-de-c6-g0)=F  (heave)  1 

(lyy+A)e+BS+C8-D’z-Ei-Gz=M  (pitch)  P(l) 

Z=Z  cos(ll)  t + E ) , 0=0  C03((l)  t+EajJ 

a e Z(,  a e 


(6a) 
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APPEHDIX  2 


kx.  dx,  + 
sin  '5  b 


J dx,  cos  D 

-cu^  I (m* 


V 

i)  d 

e 


(i)(i)_dx^ 


sinH<l*b 

(7a) 


C sin  Mr 
a ^ 


„ f -kT*cos,  , ^ 

=-2pgj  y^x^e  3i„kx^dx^  + 

L 

4...f/(u  .11  i,dm' . -kT*sin,  , 

' #*  h 


(m'  + 

V dN' 

) 

L 

okD^dx^ 

, -kT*cos 
(7b) 


For  ships  where  B'  and  m'  are  zero  at  the  stem 
and  stern  the  expressions  (6)  and  (7)  can  be 
simplified,  but  this  has  not  been  carried 
through  in  the  corresponding  computerprogram. 

Wlien  the  terms  between  the  brackets  ore 
left  out  from  equations  (6)  and  (7)  and  when 
=1  in  the  coefficients  of  B'  in  (7)  the 
*^e  resulting  equations  of  motion  are  equal  to 
those  derived  by  the  modified  Korvin-Kroukovsky 
and  Jacobs'  results  [9]  . 


The  Added  Resistance  in  Waves 

The  added  resistance  of  a ship  in  waves  is 
a result  of  the  radiated  damping  waves  created 
by  the  motions  of  the  ship  relative  to  the  water. 
Joosen  £20]  showed  that  for  the  mean  added 
resistance  can  be  written  : 

(8) 

This  expression  was  derived  by  expanding  Maruo's 
expression  ^2lJ  into  an  asymptotic  series  with 
respect  to  a slenderness  parameter  and  taking 
into  accoxmt  only  first  order  terms.  His 
simplified  treatment  results  in  an  added 
resistance  which  is  independent  of  the  forward 
speed.  This  latter  fact  is  roughly  confirmed 
by  experiments  . 

Equation  (8)  is  equivalent  to  Havelock's 
equation  t223  . Although  not  consistent  with  the 
theory,  the  frequency  of  encounter  is  used  by 
Joosen  in  (8)  when  a ship  with  forward  speed  is 
considered.  In  equation  (8)  uncoupled  motions 
are  considered.  In  the  present  work  the  following 
procedure  is  adopted  for  the  calculation  of  the 
radiated  damping  energy  P of  the  oscillating  ship 
during  one  period  of  encounter  : 

''■e 

P=  I I b'V^  dtdx^  (9) 

L o 


where  b'=N'-\®—  , the  sectional  damping 
coefficient  for“ship  at  speed  and  : 


V^-z-x^6+V6-C*  , the  vertical  relative 

watervelocity  at  a cross  section  of  the  ship. 
As  is  a harmonic  function  with  amplitude 
and  a frequency  equal  to  the  frequency  of 

encounter  u>  we  find  : 
e 

® L 

Following  the  reasoning  given  by  Maruo  in  [^2l] 
the  work  being  done  by  the  towing  force  is 
given  by  : 


P=RAw(Vtc)T^=RAW'^ 


(11) 


From  (10)  and  (ll)  it  follows  that  : 

This  expression  is  almost  equal  to  (8)  when  the 
wave  elevation  C is  small  compared  with  the 
vertical  motions  of  the  ship  in  addition  to  a 
very  low  forward  speed  and  fore  and  aft  symmetry. 

APPEHDIX  3 


The  Equations  of  Motion  of  Yaw  and  Sway 

Principally  the  following  account  is  based 
upon  work  by  Jacobs  Ql^.lSj  . 

The  equationsof  motion  for  the  bare  hull 
condition  are  given  by  : 


8 


(away) 

(yaw) 


(13) 


M'(-0-'+r')»nv'+Y'v'+Y!f'+Y'r' 

V V r r 

I'  r'=N!v'+N'v'+N!f'+N'r' 
zz  V V r r 

The  hydrodynamic  coefficients  in  (13)  can  he 
calculated  by  assuming  a division  between  an 
inertia  force  distribution  and  a viscous  force 
distribution  along  the  snip's  hxill.  The 
distribution  of  the  hydrodynamic  inertia  forces 
can  be  found  by  well-known  methods  in  hydro- 
dynamics of  which  brief  accounts  can  be  found, 
among  others  in  ^9,  23  J . Confining  ourselves 
to  horizontal  motions  at  a constant  forward 
velocity  in  an  ideal  fluid  the  following 
e.'^pressions  for  the  right-hand  sides  of  (13) 
are  derived  : 


Y!  «y!^'+X!r'+YIJ'' 

Id  V u r 

N!  =B!f '+(Y'-XJ )v'+Y!(fr'+r' ) 
id  r V u r 


(1U) 


The  coefficients  appearing  in  (lU)  are  calculated 
by  the  following  expreasions,  assuming  that  the 
strip  method  is  applicable  together  with  Lamb's 
correction  coefficients  of  accession  ; 

""  rJ 

C dx' 


C x'dx' 


(15) 


From  (14)  it  is  obvious,  that  for  the  damping 
coefficients  the  following  expressions  exist  in 
an  inviscid  fluid  ! 


Y'  -^=0 

V id 


V id=x; 

r u 


N'  .,=Y!-X: 
V id  V u 


N'  ,,=y: 

r id  r 


(16) 


A ship-shaped  low  aspect  ratio  wing  in  a real 
fluid  develops  a circulation  around  uhe 
profile  generating  a lift  owing  to  the 
viscosity.  This  lift  can  be  approximated  for 
moderate  speeds  by  the  corrected  Jones'  low 
aspect  ratio  formula,  taking  into  account  the 
action  of  the  water  surface  by  doubling  the 
draught.  This  formula  can  also  be  considered 
as  the  integral  of  the  viscous  force 
distribution  along  the  hull.  The  first  and 
second  moments  of  this  distribution  yields 
the  remaining  damping  derivatives  : 


Y1  . 

• V V18C=  -KJt 


OT  T 
L I. 


N'  . =Y'  . = 

V vise  r vise 


N'  . = 

r vise  p2 


X- 

-Xpi27I^ 

L 


(17) 


Numerical  values  of  the  empirical  constants  , 
X*  and  x'p  are  displayed  in  figure  17. 
c8mbinin|^equations  (16,17)  the  total  damping 
coefficients  can  be  listed  as  follows,  assuming 
that  mutual  interference  between  inertia  and 
viscous  forces  can  be  neglected  : 

T® 

Y'=  -2Kn\ 


N'=Y!-X!-x' ,2Kn-„ 
v V u pi  ^2 

T^ 

y;=x!-x',2io'I2 


(18) 


N'=  -X  „ 
r p2 


2 gKir-, 


f # 


For  the  purpose  of  comparing  the  results  of  the 
experimental  coefficients  with  some  existing 
formulae  concerning  damping  coefficients,  the 
following  expressions  are  appropriate  for  the 
even  keel  condition,  following  Inoue  Ll6j’ 

Y'=  -2Kx- 

I? 


M’=  -2  -- 
2 

Y'=2ktt-,(.367+.Ii2?^) 
r ^2  h 


N'=-1.08  i 


(19) 


Horrbin  ^193  P'^l’lished  data  respecting  the 
damping  derivatives.  His  results  are  given 
in  the  form  of  regression  formulae  in  his 
non  dimensional  so  called *his*  system.  In  the 
nomenclatxire  adopted  in  this  paper  the 
expressions  are  given  preceded  by  the 
corresponding  formulae  in  the  ’bis'  system. 

If^'-o.oh  i y;=-i. 69^^2-0.08 


Y" 


1 • 29 -0 . 1 8 ; y;=  1 . 29  f ^2-0 . 36  i 


TT  T2 


B V 


»"_=-1.88  +0.09  ; N^=-1.88 


" 18®  — 
L 


(20) 


TABLE  ^ 


I 


i;- 


L/B-4.0 

Wb-5.5 

L/B-7.0 

L/B- 10 

.0 

L/B-20.0 

L/B- 

Sf 

m 

3.0U8 

.3.048 

3.048 

3.046 

3.048 

3.048 

LWL 

m 

3.099 

3.099 

3.099 

3.099 

3.099 

3.099 

B 

m 

.7620 

.5542 

.4354 

.3048 

.1524 

.006 

T 

m 

.17'*2 

.1742 

.1742 

.1742 

.1742 

.1742 

V 

rt 

.2832 

.2060 

.1618 

.1133 

.0566 

.0032 

\ 

d 

m 

h 

1.8267 

1.3342 

1.0435 

.7331 

.3652 

m 

.9737 

.7117 

.5566 

.3909 

.1947 

=B 

.70 

.70 

.70 

.70 

.70 

.71 

.71 

.71 

.71 

.71 

LCB  before  Lpp^g 

. ..Oil* 

.014 

.014 

.014 

.014 

LCF  before  L^p^g 

-.063 

-.063 

-.063 

-.063 

-.063 

.25 

.25 

.25 

.25 

.25 

g 

M kgf  aeo‘/m 

28.859 

20.988 

16.491  11.544 

5.772 

7.513 

p 

.267 

.268 

.230 

.229 

.229 

.275 

TABLE  2 

F^-.15 

L/B 

1* 

5.5 

7 

10 

20 

M 

M' 

1978 

IU33  1122 

779 

379 

521 

0 

I' 

zz 

1U2 

103 

59 

41 

20 

39 

0 

V 

V 

-1800 

-1700 

-1600 

-1450 

-1400 

-1500 

-1500 

S' 

V 

- 610 

- 67c 

- 730 

-780 

- 700 

- 500 

- 500 

•M'  i 

>.10^ 

-3198 

-2703 

-2352 

-1899 

-1559 

-1601 

-1080 

- 120 

- 50 

- 4o 

0 

0 

+ 20 

+ 20 

-M' 

-1858 

-1243 

- 872 

- 479 

0 

0 

+ 521 

- 265 

- 295 

- 290 

- 280 

- 24o 

- 260 

- 260 

Y! 

r 

- 110 

- 90 

- 60 

0 

0 

0 

0 

s:-i' 

r ^" 

- 190 

- 165 

- 125 

- 105 

- 

88 

- 95 

- 56 

'’i 

.538 

.304 

.200 

-.048 

-.901 

-.935 

Fe»-2.930 

°2 

-2.051 

.2.468 

-2.955 

-3.382 

-2.724 

-2.739 

Im»+ 1.471 

!! 


I 


) 

n 


Table  2 to  be  continued  i 
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Figure  2 : Heave  damping  coefficient 
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Figure  6 : Pitch  damping  coefficient 
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Figure  10  ; Pitch  amplitude  in  waves 
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Figure  11  : Added  resistance  in  waves 
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Figure  17  : KmpiricaJ 
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DISCUSSION 


W.R,  JACOBS 

I appr«ciate  greatly  your  asking  for  my  comments  on 
your  well-reasoned  and  Informative  paper.  I am  gratified, 
moreover,  to  see  that  the  Korvln-Kroukovsky  and  Jacobs 
method  for  predicting  heaving  and  pitching  motions  in 
regular  head  seas  and  the  Jacobs  method  tor  estimating 
the  linear  hydrodynamic  coefficients  of  the  horizontal 
motions  still  hold  up  so  well  at  Froude  numbers  no  greater 
than  0.20.  At  such  speeds,  of  course,  the  effects  of  wave- 
making  can  be  neglected.  (The  experimental  values  in  Fig. 
13  for  F„  ^ 0.20  are  almost  identical  with  those  of  Fig.  12 
for  F„  « 0.16  and  therefore  agreement  between  caleulation 
and  experiment  should  be  as  good.) 

In  your  introduction,  you  state  that,  in  the  case  of 

horizontal  motions,  “apart  from  the  length-draft  ratio 

the  length-beam  ratio  may  be  regarded  as  a useful  param- 
eter in  a comparison  of  theory  and  experiment.”  The 
length-beam  ratio  does  not  appear  explicitly  in  my  calcula- 
tion method  (Appendix  3).  I wish  to  make  clear  that 
length-beam  ratio  is  implicit  in  the  ship  mass  coefficient 
M'  which  is  identically  equal  to  2 Cg  B/L. 


K.  NOMOTO 

It  is  a great  pleasure  to  take  part  in  the  discussion  on 
this  interesting  paper.  Certainly  the  effect  of  length-beam 
ratio  on  the  hydrodynamic  damping  in  directional  control 
of  a ship  is  of  great  interest  with  special  reference  to  the 
ease  of  control  of  giant  tankers  of  the  present  day,  whose 
length-beam  ratio  is  lessening  as  low  as  6. 

In  this  connexion  a look  into  Table  2 is  highly  sugges- 
tive. The  damping  in  yaw  and  sway,  and  consequently  the 
directional  stability  is  governed  by 

y;  n;  - (y;  - m')  n,' 

Among  these  derivatives,  what  is  most  sensitive  to  the 
length-beam  ratio  is  definitely  (Y,'  -■  M'),  and  this  comes 
largely  from  the  drastic  decrease  in  the  nondimensionai 
mass.M'  with  increasing  length-beam  ratio.  Compared  with 
this,  the  purely  hydrodynamic  derivatives  Y.J,  N,'  and  Nj 
are  much  less  sensitive. 

Since  M'  represents  the  contribution  of  the  centrifugal 
force  upon  directional  stability,  this  result  suggests  that  the 
effect  of  length-beam  ratio  upon  directional  stability  is 
more  of  the  matter  of  mechanics  rather  than  of  hydrody- 
namics. This  might  sound  a bit  reluctant  to  hydr^ynaraic- 
ists,  yet  one  thing  worth  noting. 

Incidentally  one  can  guess  the  effect  of  the  block 
coefficient  on  the  directional  stability  along  the  same  line; 
the  change  in  M'  largely  governs  the  fact. 

As  another  remark,  the  frequency  in  PMM  experiments 
should  be  adequately  low  so  that  (WL/V)<2~2.6  in  order 
to  obtain  the  derivatives  that  are  free  from  the  frequency 
effect,  in  the  discusser’s  view.  That  means  in  the  present 
case  W < 0.7  for  F„  - 0.16  and  < 1.4  for  F„  ■ 0.3)  and 
accordingly  most  of  these  experiments  are  apparently  within 
this  limit. 


EDWARD  V.  lewis 

This  paper  represents  the  type  of  well  <Akc||T«ll  and 
well  executed  experimental  research4liat  we  axpag^from 
Delft  University  of  Technology. 

My  brief  comments  refer  only  to  the  first  part  of 
the  paper  dealing  with  vertical  motions.  The  experimental 
detwminatlon  of  coefficients  for  pitch  and  heave  for  an 
unusually  wide  range  of  L/B  ratios  shows  encouraging 
results.  Even  at  such  extreme  proportions  as  L/B  * 4,  the 
agreement  between  experiment  and  theory  (Figures  1-8) 
is  as  good,  or  almost  as  good,  as  for  narrower  hulls.  The 
so-called  "new”  theoretical  method  appears  to  give  better 
agreement  in  some  cases  but  not  in  others. 


it  is  not  surprising  then  that  excellent  agtismnn)  is 
obtained  in  Figures  9 and  10  between  caNMlated  and  «x> 
perimental  motions  over  this  wide  range  of  L/B.  In  laitsl^fc 
the  “new  method”  shows  somewhat  better  results.  W 
particular  interest  is  the  excellent  agreement  shown  in  ^ 

Figure  11  for  added  resistance  in  waves.  All  in  all,  the  paper 
shows  clearly  the  tremendous  value  of  the  “vigorous”, 
though  perhaps  not  entirely  “rigorous”,  strip  theory  ap- 
proach to  ship  motions.  The  high  degree  of  practical  use- 
fulness of  the  method  is  due  in  large  part  to  work  such  as 
reported  in  this  paper,  covering  both  refinements  in  the 
theory  and  experimental  verification  of  various  aspects. 


C.M.  LEE  ^ 

Prof.  Gerritsma  and  his  co-authors,  as  always,  have 
shown  us  again  a valuable  work  which  will  greatly  contrib- 
ute to  the  adisancement  of  knowledge  in  ship  hydrodynam- 


I'he  following  la  my  opinion  on  a minIB  point  which 
I would  like  to  tahoUlls  occasion  to  present  to  Cbowtfrors 
for  their  comments. 

The  equations  of  motion  for  ships  in  waves  which  are 
derived  under  an  assumption  of  linear  frequency  response, 
are  usually  ^ven  in  the  form  of  the  second  order  differen- 
tial equations  with  frequency-dependent  coefficients.  As 
Dr.  Cummins*  rightly  pointed  out,  the  physical  meaning  of 
these  coefficients  can  be  often  noisleading  depending  on  how 
one  arranges  the  coefficients  in  the  equations.  To  be  more 
specific,  there  is  always  a possibl|tty  of  interchanging  the 
coefficients  between  the  inertia  Wtms  and  restoring  terms 
with  enly  change  in  the  factor  (— W *).  For  instance,  the 
coefficient  A and  C am  given  in  Equation 


We  can  Ogpater  the  terms  containing  1/W^  in  A to  C by 
multiplying  tMt  terms  by  (— W,^)  without  impairing  the 
solutions  of  the  tii|iiatlr^  If  this  is  done  tor  a ship  with- 
out abrupt  ends,  we 

‘Cummins,  W.G.,  "The  Impulse  RsipoiS(i||hu>aUoa  sad  Ship  Motions,' 
Schiffstschnik,  Voi.  e,  1M2 
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/)'•/»>  V 

c'  • ^ 

The  second  term,  — V^a,  in  C'  is  often  called  “Munk’s 
Moment”  and  it  is  always  a destabilizing  moment  due  to 
its  negative  sign.  A difference  resulting  from  interchanging 
this  Munk’s  moment  term  is  in  the  determination  of  natural 
frequencies,  especially  for  pitch.  The  natural  frequency 
for  uncoupled  pitch  mode  can  be  estimated  by 

• Cc/ziJ* 

Ii  we  use  A'  and  C'  instead,  then  we  have 

The  difference  between  Wp  and  Wp'  is  usually  small 
for  conventional  ships  for  low  speeds.  However,  the  dif- 
ference can  be  large  for  high  speeds  and  particularly,  for 
small  waterplane  area  ships  with  a high  cruising  speed. 

For  a ship  with  very  small  waterplane  area  the  vertical- 
plane  stability  can  become  a problem  for  high  speeds.  De- 
pending on  where  the  Munk  moment  term  is  placed,  the 
estimation  of  vertical-pla.ie  stability  can  significantly  change. 
There  is  no  question  that  for  a stability  study  the  Munk 
moment  should  be  placed  in  the  restoring  term. 

For  determining  the  natural  frequencies  and  the 
vertical-plane  stability,  it  appears  physically  more  adequate 
to  use  A'  and  C'  than  to  use  A and  C.  I would  like  to 
know  if  the  authors  have  some  comments  on  this  point. 


MAX  HONKANEN 

At  first  I would  like  to  express  my  gratitude  for  this 
very  useful  paper  presented  here  as  the  first  one  today. 

I was  very  pleased  to  read  it,  because  the  first  part,  of  which 
some  details  were  published  at  ITTC  in  1972,  has  already 
been  used  by  me  in  checking  the  validity  of  my  own 
calculations.  'There  is  one  question  regarding  the  lateral 
motions  and  forces  associated  with  them  that  is  bothering 
me  and  I would  appreciate  if  the  authors  could  throw  some 
light  on  it. 

As  we  all  knov/,  the  theoretical  treatment  of  the  rota- 
tive modes  of  motions  is  based  on  the  assumpUon  of  fixed 
axes  of  rotation.  This,  however,  needs  not  n,.cesst.-lly  be 
the  truth,  and  in  fact,  there  exists  an  appatv.nt  cen  er  of 
rotation,  which  usually  differs  slightly  from  the  intersection 
point  of  the  waterline  and  the  symmetry  plane  of  the  ship. 

I have  formulated  a strip  theory  that  makes  allowance  for 


an  arbitrary  center  of  rotation,  and  preliminary  calculations 
show  that  the  location  of  this  virtual  center  of  rotation 
may  have  a significant  effect  on  the  hydrodynamic  coef- 
ficients of  the  lateral  motions.  It  should  be  understood 
that  the  PMM  test  results  may  very  wall  be  in  a perfect 
agreement  with  the  theoretical  results,  since  the  tests  are 
actually  run  on  the  same  assumption  of  a fixed  center 
of  rotation  as  the  theory  has  beer.  ~*erived. 

I would  simply  like  to  ask  the  authors  if  they  have 
any  experience  on  the  effect  of  the  virtual  center  of  rota- 
tion on  the  hydrodynamic  coefficients  of  the  lateral  mo- 
tions and  what  order  of  magnitude  they  think  that  such  an 
effect  would  be. 


NILS  H.  NORRBIN 

In  this  summary  of  my  oral  discussion  I will  once 
more  bear  witness  to  the  benefit  the  reader  may  derive 
from  results  of  careful  .systematic  studies  of  this  kind.  I 
will  restrict  my  comments  to  the  analysis  of  the  dynamic 
stability  in  the  horizontal  plane.  Within  the  particular  bare 
hull  Series  60  family  tested  dynamic  stability  is  inherent 
for  L/B  ratios  above  8.  With  stem  appendices  stability 
will  be  realized  for  wider  forms. 


The  analytical  stability  criterion  compares  the  magni- 
tude of  two  force  levers,  in  the  authors’  notation  x^  and  Xy. 
In  particular,  x,'  « ly/L  is  the  relative  center-of-pressure- 
inrsideslip,  or  the  quotient  N,'/Yy.  For  a model  family 
this  quotient  will  be  given  by  the  slope  of  the  radius 
vector  to  the  locus  Ny'(Yy).  In  Fig.  1 thit  locus  is  shown 
by  the  arc  shape  to  the  right.  In  the  same  diagram  but  to 
another  scale  the  corresponding  locus  is  also  drawn  as  given 
in  the  “bis”  system  NJ,',  (Yj,', ):  the  locus  now  illustrates 
a moment  and  a force,  which  both  uniquely  increase  with 
increasing  L/B.  The  raaius  vecter  slope  is  shown  for  L/B  “ 7, 
for  the  bare  hull  as  well  as  for  a configuration  with  screw 
.and  rudder.  ('The  finite  increments  of  Yj,'y  and  N'Jy  have 
been  taken  from  model  test  results  by  van  Leeuwen  in 
authors'  ref.  [12] .) 

The  diagram  may  be  completed  by  adding  the  locus 
of  Xg  — Njl,  to  a base  of  1 — YJ,', . (Again  the  use  of  the 
“bis^  system  will  arrange  the  test  data  in  a unique  .form.) 
The  stability  criterion  and  the  way  it  is  affected  by  modifi- 
cations to  the  stem  is  easily  appreciated  from  a comparison 
of  vector  slopes. 


It  -vould  be  of  great  value  if,  in  the  future,  the  authors 
could  find  an  opportunity  to  include  some  results  for  hulls 
with  screw  and  mdder,  say  for  the  cases  of  L/B  “ 6.6,  7 
and  10. 
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AUTHOR'S  REPLY 


Referring  to  the  kind  remarkt.  of  Miss  Jacuus,  we  agree 
that  the  differences  in  the  experimental  results  for  the  Froude 
numbers  .16  and  .20  are  so  small  that  the  effect  of  wave 
making  in  the  deveiopment  of  simple  theories  can  safely  be 
ignored.  Since  ne  wing  analogy,  primarily  represented  by 
the  length-draught  ratio,  is  playing  an  important  role  in 
these  theories  for  assessing  the  lateral  maneuvering  deriva- 
tives, it  was  though  that  the  length-beam  ratio  would  pro- 
vide some  correction  factors  respecting  the  distribution  of 
viscous  force.s  along  the  length. 

Prof.  Nomoto  points  out  that  the  derivative  Yj.  — N' 
is  the  most  sensitive  one,  since  the  dimensionless  mass 
appeared,  which  shows  the  largest  changes  with  varying 
length-beam  ratio's,  see  table  2.  He  concludes  that  the 
straight-line  stability  is  more  a matter  of  mechanics  than 
of  hydrodynamics.  We  agree  with  this  conclusion. 

Howeve'  we  want  to  put  emphasis  upon  the  fact  that  the 
experiments  were  executed  with  a modelseries  having  a 
block  coefficient  Cg  = .70  and  a length-beam  ratio  L/B  = 7 
as  a parent  hull.  It  is  therefore  dangerous  to  extrapolate 
the  information  contained  in  this  paper  to  blunt  tanker 
forms  with  different  block  coefficients  and  different  length- 
beam  ratios.  Furthermore  one  should  bear  in  mind  that 
the  models  tested  were  bare  hulls.  A rudder  and  propeller 
fitted  to  the  models  will  improve  straight  Ime  stability. 

Since  changes  in  the  form  of  the  body  und  the  distribution 
of  displacement  along  the  length  sometimes  might  induce 
drastic  changes  in  the  hydrodynamic  coefficients,  we  do  not 
fully  agree  with  Prof.  Nomoto’s  remark",  respecting  the 
effect  of  block  coefficient.  The  last  remark  refers  to  the 
maximum  permissible  frequency  in  horizontal  PMM-tests 
to  avoid  frequency  effects.  In  the  in  this  paper  presented 
results  there  seems  to  be  some  evidence.  Figs.  15  and  16, 
to  conclude  that  the  dimensionless  frequency  W'  should  be 
lower  than  1 or  at  the  most  1.6.  Nevertheless  not  in  all 
cases  higher  frequencies  could  be  avoided  in  order  to  obtain 
measurable  results. 


of  trim  and  the  wave  formation.  This  effect  should  also 
be  taken  into  account  for  the  determination  of  the  natural 
frequency.  Experimentally  wt  did  not  investigate  the  influ- 
ence of  “Munk’s  moment”  but  we  will  certainly  take  into 
account  Mr.  Lee’s  remarks  in  this  respect. 

According  to  Mr.  Honkanen  the  situation  of  the 
centre  of  rotation  may  influence  the  hydrodynamic  coef- 
ficients of  the  lateral  motions.  Unfortunately  no  experi- 
mental values  of  this  influence  are  available.  To  the  opinion 
of  the  authors  the  effect  will  not  be  so  rigorous  as  suggested 
by  the  discusser.  This  effect  can  be  determined  by  means 
of  FMM  test  considering  different  positions  of  the  rotation 
axis.  However,  up  to  now  these  tests  have  not  been  carried 
out  by  the  authors. 

Dr.  Norrbin  points  out  that  the  representation  .ccord- 
ing  to  the  “bis”  s.’stem  of  reference  is  much  more  illustra- 
tive respecting  the  straight  line  stability  as  can  be  seen  in 
Fig.  1 of  his  discussion.  Nevertheless  the  SNAME- 
nomenclature  is  very  widespread  and  used  in  a number  of 
countries  and  the  authors  prefer  to  stick  to  this  nomencla- 
ture, The  authors  agree  with  Dr.  Norrbin’s  remark  respect- 
ing the  availability  of  results  including  propeller  and  rudder. 
Some  results,  however,  have  been  published  in  [1]  in  case 
of  full  tankermodels  and  probably  it  is  possible  to  extrapo- 
late some  information  of  these  tests  to  the  length-beam  ■ 
series. 


Prof.  Lewis  confirms  our  point  of  view  with  regard  to 
the  usefulness  of  strip  theory  calculations.  From  the  prac- 
tical point  of  view  we  do  not  favor  one  of  the  two  theories 
for  the  calculation  of  vertical  motions.  This  is  also  based 
on  further  incidental  comparisons  for  theory  and  experi- 
ment for  slender  ship  hull  forms  at  high  speeds  of  advance. 
Of  particular  interest  is  the  agreement  between  the  two 
theories  with  regard  to  phase  angles  and  the  more  or  less 
overestimation  of  the  heave  amplitudes  at  resonance  by  tne 
new  theory.  Up  to  now  we  use  the  old  method  for  the 
prediction  of  heave,  pitch  and  resistance  increase  in  waves 
for  design  purposes. 

Mr.  Lee  makes  some  valuable  remarks  about  the  <ieter- 
mination  of  the  natural  frequency.  In  our  formulation  of 
the  strip  theory  the  restoring  term  is  considered  to  be  speed- 
independent  and  consequently  the  speed  dependent  part  has 
been  transferred  to  the  added  mass  term.  For  the  soluLon 
of  the  motion  equations  it  is  irrelevant  where  the  speed 
dependent  parts  are  situated.  However  for  the  determina- 
tion of  the  natural  frequency  this  may  be  important  espe- 
cially for  high  forward  speeds.  It  is  probably  not  correct 
to  keep  the  restoring  term  speed-independent  and  the 
"Munk’s  moment”  might  be  one  significant  addition  for 
high  speeds.  However,  there  is  another  influence  of  the 
speed  on  the  restoring  term  and  this  is  due  to  the  change 


[1]  Glansdorp,  C.C.  Pijfets,  J.G.L. 

"Effect  of  Design  Modifications  on  the  natural  course 
stability  of  full  tanker  models” 

The  Institution  of  Mechanical  Engineers 
17-21  April  1972;  London. 
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HYDRODYNAMIC  INTERACTIONS  BETWEEN  SHIPS 
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ABSTRACT 

Two  theories  are  developed  for  pre- 
dicting the  hydrodynamic  away  force  and 
yaw  moment  acting  on  each  of  two  ships 
while  they  are  moving  along  parallel 
paths.  In  the  first  case,  the  two 
ship  hulls  are  assumed  slender,  and 
moving  with  constant  velocities  which 
may  differ.  This  case  therefore  In- 
cludes examples  such  as  steady  parallel 
motion  In  a re-fuelllng  maneuver,  pass- 
ing of  a slow  vessel  by  a faster-moving 
vessel,  passing  In  opposite  directions, 
and  passing  of  a moored  vessel  by  a 
moving  vessel.  In  the  second  case,  the 
effects  of  shallow  water  are  considered, 
but  now  with  the  restriction  that  the 
two  vessels  must  be  moving  at  the  came 
velocity,  so  that  the  resulting  hydro- 
dynamic  Interaction  Is  analogous  to  a 
two-dimensional  bl-plane  problem.  In 
both  theories  the  fluid  Is  assumed  to 
be  Ideal,  and  free-surface  effects  are 
Ignored.  Numerical  examples  are 
developed  for  both  cases,  and  encourag- 
ing comparisons  with  existing  experi- 
ments are  noted. 
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t 

Uj 
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Sectional-area  function  of 
Jth  (double)  body 

Draft  of  Jth  body 

Time 

Velocity  of  Jth  body 
Lateral  velocity  field 


X Dummy  variable 

(xo.yojZo)  Cartesian  coordinates  fixed 
in  space 


(xj,yj,zj)  Cartesian  coordinates  fixed 
with  respect  to  the  Jth  body 
(J=1.2) 

Y(t)  Lateral  (sway)  force  acting 

on  body  1 


Y'(x,,t)  Strlpwlse  lateral  force  on 

body  1 

Yj(x)  Vortex  strength 


NOMENCLATURE 


e 


Slenderness  parameter 


Aj 


D 

fj(x) 

h 

J 

I'J 

■"J 

N(t) 


n 

rj 


Strlpwlse  lateral  added-mass 
per  unit  fluid  density, of 
Jth  body 

3/3t  - Ui  3/3xi 

Coordinates  of  upper  (lower) 
surfaces  of  thin  body 

Fluid  depth 

Index  denoting  body  1 or  2 

Length  of  Jth  body 

Source  strength 

Vertical  (yaw)  moment  acting 
on  body  1 

Unit  normal  vector  positive 
out  of  fluid  domain 

Polar  radius  from  xj-axls 


n 


Lateral  separation  between 
body  centerplanes 


€ 


Stagger 


^3 


Velocity  potential  of  Jth 
body  alone 


<(>12 


Interaction  potential 


INTRODUCTION 


Shlp-to-shlp  interactions  Involving 
significant  hydrodynamic  forces  and  mom- 
ents will  occur  when  two  vessels  are 
moving  In  close  proximity,  or  when  a 
moving  vessel  passes  a moored  vessel. 

A particular  case  of  special  Interest  Is 
the  steady-state  situation  of  two  vessels 
moving  In  tandem,  as  In  a re-fuelllng 
maneuver,  or  of  a single  vessel  moving 
parallel  to  a canal  wall  or  channel  bank. 
The  "bank-suction"  problem  Is  related  by 
the  method  of  Images,  to  the  re-fuelllng 
problem  for  two  identical  ships  directly 


36 


j abeam  of  eae,h  other,  If  the  bank  la  a sway  force  and  yaw  moment  acting  on  one 

i ■ vertical  wall.  In  each  of  these  /arl-  body,  due  to  the  passage  of  a second, 

: ous  problems,  hydrodynamic  Interaction  and  calculations  are  presented  for  two 

i , forces  and  moments  may  lead  to  collision,  ship  hulls  with  parabolic  sectlonal- 

j I breakage  of  mooring  lines,  or  grounding.  area  distributions  and  constant  draft, 

j j Comparison  Is  shown  between  these 

j There  have  been  only  a few  theor-  calculations  and  the  experiments  report- 

, I etlcal  analyses  or  experimental  In-  ed  by  Newton  (4)  for  the  re-fuelllng 

I I vestlgatlons  of  the  above  problems  In  problem,  and  qualitative  agreement  Is 

; } the  past.  For  the  steady-state  bank-  found,  but  the  experimental  force  and 

( i suction  problem,  or  the  equivalent  re-  moment  generally  exceed  those  of  the, 

■ fuelling  problem,  slender-body  results  theory.  A? so  Illustrated  In  the 

i have  been  developed  by  Newman  (1,2)  for  computations  are  the  effects  of  varying 

; axlsymmetrlc  bodies  and  for  slender  the  two  ships'  speeds.  It  being  noted 

f ■ , pointed  bodies  of  arbitrary  cross-  that  the  force  and  moment  acting  on  one 

i ; ' section.  For  bodies  moving  at  the  same  ship  depend  linearly  on  the  ratio  of  Its 

' or  different  velocities,  a two-  speed  to  that  of  the  passing  ship. 


dimensional  theory  for  elliptical  cyl-  The  force  and  moment  are  greater  for 
Inders  has  been  developed  by  Collatz  (,3).  ships  moving  in  opposite  directions, 
Newton  (4)  has  reported  experimental  and,  similarly,  the  force  Is  greater 
data  for  the  re-fuelling  problem,  on  the  slower  of  two  vessels  moving 


including  measurements  of  the  sway  force  with  unequal  velocities.  As  a special 

and  yaw  moment  on  two  ship  hulls  moving  case.  It  Is  noted  that  the  force  on  a 

In  tandem,  and  Oltmann  (5)  has  performed  moored  ship  will  exceed  that  acting  on 

experiments  to  compare  wTth  Collatz'  (^)  the  same  vessel  while  it  is  underway  and 

two-dimensional  elliptic-cylinder  theoi-y.  moving  In  the  same  direction  as  the 
For  the  bank-suction  problem  other  , passing  ship.  Finally,  the  effects  of 

theories  and  experiments  are  surveyed  by  finite  depth  are  Illustrated,  and  It  Is 

Norrbln  (^) . noted  that  the  interaction  force  and 

moment  are  Increased  by  finite-depth 
In  this  paper  we  shall  extend  both  effects. 


2.J  Mi  ■ , 


the  slender-body  theory  and  the  two- 
dimensional  approach.  In  the  former 
case,  to  be  treated  in  Section  2,  we 
allow  the  two  vessels  to  be  of  arbitrary 
different  slender  forms,  moving  with 
constant  velocities  which  may  differ, 
and  we  relax  the  pointed-end  condition 
to  allow  specifically  for  a low-aspect- 
ratio  tralllng-edge  effect  at  the  stern. 
The  fluid  depth  may  be  Infinite  or 
finite,  but  must  be  large  compared  to 
the  ships'  beams  and  drafts.  Similar- 
ly, the  lateral  separation  between  the 
two  ships  is  assumed  to  be  comparable  to 
their  lengths,  and  large  compared  to 
their  beams.  Subject  to  these  re- 
strictions It  Is  then  possible  to 
develop  a first-order  theory  for  the 
Interaction  force  and  moment  In  which 
the  two  separate  bodies  are  superposed, 
and  each  one  Is  subject  to  the  "exciting 
force  and  moment"  due  to  the  non-uniform 
field  generated  by  the  other  hull. 

The  force  and  moment  are  analysed 
by  developing  a very  general  formula 
for  the  strlpwise  lateral  force  exerted 
on  a slender  body  moving  In  the  longi- 
tudinal direction  through  a lateral 
non-uniform  flow  field.  The  resulting 
expression  Is  a generalization  of 
classical  slender-body  theory , analogous 
to  the  use  of  Q.I.  Taylor's  theorem  (7) 
for  the  force  on  a body  In  an  accelerat- 
ing uniform  field.  This  result  appears 
to  be  of  some  interest  in  its  own  right, 
and  possible  applications  to  seakeeping 
theory  will  be  noted. 

By  applying  this  formula  to  the 
shlp-to-shlp  Interaction  problem, 
specific  results  are  obtained  for  the 
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In  order  to  pass  to  the  Important 
case  of  very  shallow  water,  an  entirely 
different  approach  must  be  made.  Here, 
as  noted  by  Tuck  (8)  for  longitudinal 
motions,  the  flow  Is  quasl-two- 
dlmenslonal  in  horizontal  planes. 
Independent  of  the  vertical  coordinate 
except  perhaps  locally  near  the  two 
bodies.  Indeed,  in  the  limit  where  the 
fluid  depth  equals  the  ships'  drafts, 
and  if  the  ships'  ^Ides  are  vertical, 
the  fJ.ow  Is  strictly  two-dimensional 
everywhere,  and  this  greatly  simplifies 
the  analysis.  In  this  case,  however, 
the  Interactions  between  the  two  bodies 
are  more  complex  than  for  the  deep 
water  theory.  The  analysis  is  quite 
analogous  to  the  two-dimensional 
symmetrical  biplane  problem,  or  the 
ground-effect  problem  of  aerodynamics. 
This  problem  Is  solved  here  In  Section 
3 by  an  extension  of  classical  ti.ln-wlng 
theory,  using  a distribution  of  sources 
to  represent  the  thickness  effects  of 
the  two  bodies,  and  vortices  j repre- 
sent the  Interaction  of  the  bodies  with 
the  lateral  flow.  A pair  of  coupled 
integral  equations  results,  the  solu- 
tions of  which  are  unique  If  Kutta 
conditions  are  Imposed  at  the"aterns", 
or  trailing  edges  of  the  two  bodies. 

Here  we  assume  that  the  two  bodies  move 
In  tandem  with  equal  velocity,  so  the 
flow  Is  steady-sbate i this  avoids  the 
well  known  complications  of  unsteady 
vortex  shedding  from  the  two  trailing 
edges . 

An  efficient  approach  Is  outlined 
for  the  numerical  solution  of  the 
coupled  singular  Integral  equations. 
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applied  to  bodies  of  rectangular 
thickness  distribution,  and  compared 
with  the  experiments  of  Oltmann  (5)* 
Oltmann's  experiments  (5)  were  motiva- 
ted by  the  theory  of  CoTlatz  (^) , 
which  differs  from  the  present  thln- 
wlng  approach  In  that  the  two  bodies 
are  bluff  ellipses,  and  there  Is  no 
circulation  or  Kutta  condition  Imposed. 
The  present  rgsults  seem  In  this 
respect  to  be  an  Improvement  on 
Collatz'  theory,  and  this  statement  Is 
confirmed  by  the  Improved  qualitative 
agreement  between  the  present  theory 
and  Oltmann's  measurements.  In  fact, 
there  Ir  -ood  quantitative  agreement 
betwee  ■ escnt  calculations  and 

Oltmant  ;■  ‘rl  ic.its  In  the  case  of 

the  3,...  force,  but  for  the  yaw  moment 
the  at;r;,oment  Is  not  significantly 
>'cr‘-er  than  that  resulting  from 
Go.  atz'  theory. 

Common  to  both  the  slender-body 
theory  of  Section  2 and  the  two- 
dimensional  theory  of  Section  3 are  the 
assumptions  that  the  fluid  Is  Invlscld 
and  Incompressible,  and  that  the 
Proude  number  Is  sufficiently  small 
that  free-surface  effects  can  be  Ig- 
nored. It  Is  also  assumed  that  the 
lateral  separation  distance  between  the 
two  bodies  is  comparable  to  their 
lengths , and  large  compared  to  their 
beams . In  view  of  the  rigid  free- 
surface  assumption  a double-body  model 
can  be  analysed  In  Section  2,  and  the 
two-dimensional  assumption  is  valid  in 
Section  3.  The  neglect  of  free- 
surface  effects  may  be  questioned, 
especially  by  ship  hydrodynamlclsts  who 
plow  the  more  cultivated  fields  of  wave 
resistance  and  seakeeping.  However 
It  Is  significant  that  in  those  oases 
the  problem  vanishes  if  there  is  no 
free  surface,  whereas  here  and  more 
generally  in  the  field  of  ship 
maneuvering,  a non-trivlal  problem 
remains  when  the  free  surface  Is  re- 

V placed  by  a rigid  horizontal  plane. 

'■Moreover,  for  conventional  ships  it  may 
b,e  more  useful  to  concern  ourselves  in 
the  future  with  overcoming  the  neglect 
of  Viscous  effects,  notably  cross-flow 
separation  forces,  which  are  likely  to 
be  of  more  importance  than  the  effects 
of  the  free  surface. 

Within  the  Ideal-fluid,  rlgld-free- 
surface  model  utilized  here,  further 
generalizations  are  notable,  and  we 
shall  outline  in  Section  the  specific 
possibilities  for  considering  the 
effects  of  a "gap"  beneath  the  ship's 
bottom  in  shallow  water,  which  requires 
modifications  of  the  otherwise  two- 
dimensional  theory  for  shallow  water, 
and  the  complications  which  result  if 
the  two  bodies  are  in  close  proximity 
to  each  other,  the  present  theories 
assuming  on  the  contrary  that  the 
separation  distances  are  comparable  to 
the  body  lengths. 


Before  embarking  upon  the  separate 
analyses  of  Sections  2 and  3,  we  first 
develop  a consistent  notation  and  ref- 
erence system.  In  general  the  problem 
to  be  considered  is  that  of  two  stream- 
lined bodies,  moving  through  an  ideal 
fluid  with  constant  velocities  Ui,  Uj, 
along  parallel  paths  separated  by  a 
constant  distance  n . it  is  convenient 
to  use  a separate  moving  coordinate 
system  for  each  body,  writing 
(xjjyjjZj)  as  a set  of  Cartesian  co- 
ordinates fixed  in  the  Jth  body 
(J=l,2),  such  that  xj  is  the  center- 
plane  of  symmetry  and  xj«0  the  mid- 
body  station,  with  xi  measured  for- 
ward and  yj  to  starboard.  In  accord- 
ance with  the  right-handed  convention 
and  the  usual  notation  of  ship  maneuver- 
ing, the  vertical  z-coordlnate  is  di- 
rected positive  downward  in  Section  2, 
whereas  in  Section  3 the  vertical  co- 
ordinate is  superfluous.  It  is  con- 
ceptually convenient  to  relate  these 
two  moving  reference  frames  to  a fixed 
(xo,yi),Zo)  system  such  that  the  later 
coincides  with  (xi,yi,zi)  at  time  t»0. 
Then  it  follows  that 

Xo  = Xl  + Ult  = X2  + U2t  - ?(0),  (1) 

y-  “ yi  ^ yi  + n , (2) 

Zo  - Zl  = Z2  , (3) 

where  initially  at  time  t=0,  body  1 is 
C(0)  units  ahead  of  body  2.  At  a 
general  time  t,  body  1 is  £(t)  units 
ahead  of  body  2,  where 

C(t)  - X2-X2  - (Ui-Ui)t  + 5(0).  (H) 

We  shall  call  5(t)  the  "stagger"  of 
the  bodies.  Ultimately  we  shall  be 
concerned  with  the  lateral  sway  forces 
Yj  and  yaw  moments  Nj,  defined  to  be 
positive  to  starboard  and  for  the  bow 
turning  to  starboard  respectively. 

These  conventions  and  notations  are 
illustrated  in  Figure  1,  which  is 


Figure  1 "Fish-eye"  view  of  the  two 

bodies  and  coordinate  systems. 
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presented  as  a "fish-eye"  view  from  be-^* 
low  the  vessels,  In  order  that  the  co- 
ordinates (xJjYj)  retain  their  usual 
orientation  in  the  horizontal  plane. 

The  lengths  of  the  two  bodies  are 
denoted  by  Lj  and  it  is  assumed 
through' '(t  our  analyses  that  the  lat- 
eral dimensions  of  the  bodies  are  of 
order  eLj , where  e is  a slenderness 
parameter  which  is  small  compared  to 
unity.  We  also  assume  that  the 
separation  distance  n is  0(Lj),  and 
hence  is  large  compared  to  the  lateral 
dimensions  of  the  bodies. 

2.  INTEK.'CTION  BETWEEN  TWO  SLENDER 
BODIES 


The  problem  to  be  considered  here 
is  that  of  two  slender  bodies,  moving 
in  a fluid  of  infinite  depth  or  of 
deptn  comparable  to  the  length  cf  the 
bodies  and  large  compared  to  their 
lateral  dimensions.  Initially  we  con- 
fine our  attention  to  the  infinite- 
depth  case.  Noting  that  the  rlgld- 
free-surface  assumption  leads  to  a 
"double-body"  solution,  l.e.  the 
original  ship  hull  beneath  the  plane  of 
the  free  surface  and  an  image  hull 
above  this  plane,  we  shall  consistently 
refer  to  the  double  body  throughout 
this  Section.  The  results  are  there- 
fore applicable  to  other  p oblems 
involving  the  motion  of  slender  bodies 
through' unbounded  fluids,  as  well  as 
to  the  aerodynamic  problem  of  two 
passing  automobiles  or  trains.  In 
view  of  the  original  rlgld-free-surface 
assumption,  we  assume  that  the  plane 
2^»0  is  a plane  of  symmetry  of  the  flow, 
and  thus  the  double  body  has  two  planes 
of  symmetry,  but  may  be  of  arbitrary 
form  in  the  longitudinal  direction. 


Since  the  lateral  separation  be- 
tween the  two  bodies  is  large  compared 
to  their  lateral  dimensions  (beam  and 
draft)  each  body  is  in  the  other's  far 
field,  and  to  leading  order  in  c,  the 
flow  fields  produced  by  each  body  can 
be  computed  as  if  the  other  were  absent 
This  means  that,  in  the  Jth  co- 
ordinate system,  the  flow  about  the 
Jth  body  is  asymptotically  steady,  and 
can  be  estimated  by  standard  methods  of 
slender-body  theory  for  steady  motion 
of  a single  body  in  an  infinite  fluid. 
In  particular,  the  perturbation  veloc- 
ity potential  for  flow  past  the  Jth 
body  can  be  written 


Sj(x)dx 

[(xj-x)*  +rj*]* 
Lj 


+ 0(e"),  (5) 

where  r,  • [y?  + Zj  and  Sj(x)  is 
the  oross-seotlon  area  curve  of  the 
Jth  body.  Note  that  there  is  no 


explicit  time  dependence  in  (5),  the  un- 
steadiness coming  in  only  through  the 
fact  that  the  coordinate  systems  are 
moving  in  space.  This  expression  is 
valid  for  rj  ■ 0(Lp  only.  An  esti- 
mate of  for  small  rj  is 

't>j<’'j>yj*"j)'’  - ^ Sj(xj)log  rj+fj(xj) 

+ 0(eVrj*), 

>>  t e\ 


Where  fi(xj)  is  a Inown  function, 
dependent  on  S,(xj).  The  "error" 
terms  represented  6y  0(e‘*/r?)  are  due 
to  local  multipoles,  etc.  '’Note  that 
these  terms  are  not  small  at  distances 
from  the  body  comparable  with  its  lat- 
eral dimensions,  l.e.  rj  « O(eLj). 

The  formula  (6)  is  it:  fact  useful  only 
in  the  intermediate  regli  eLj<<rj<<Lj, 
where  the  error  term  is  Inaeed  small. 

In  the  true  inner  region  r<  ■ O(eLj) 
we  must  in  principle  determine  i(ij 
numerically  for  the  given  cross-section. 
Significant  non-axlsymmetrlc  effects  are 
present  in  the  inner  region,  in  contrast 
to  the  intermediate  and  far-fleld  re- 
sults (5,6)  which  are  axlsymmetric 
irrespective  of  the  geometrical  form  of 
the  bodies. 

In  the  remainder  of  the  analysis, 
we  shall  be  considering  the  flow  in  the 
(xj,yi,zi)  co-ordinate  system  fixed  in 
body  1.  The  complete  solution  in  this 
co-ordinate  system  must  be  representable 
as  the  sum  Of  an  apparent  uniform  stream 
of  magnitude  U»  in  the  -xi  direction, 
the  self-potential  ♦»,  the  other-body 
potential  ♦* , and  an  interaction  po- 
tential measuring  the  (small)  inter- 
action effects.  Thus  we  write 

4'(xj,yi,z,,t)-r.UiXi+i(ii(xi  ,yi,zi) 

+ <l>2  (xz  ,y I , z 2 ) + ())  1 2 ( X I ,y  I , z 1 ,t), 

(7) 


We  note  that  the  potentials  ifi  are 
0(e*),  and  shall  find  that  4ii2=0(e’). 

The  exact  boundary  condition  on 
body  1 is  simply  3(|>/an“0,  since  body  1 
appears  fixed  in  the  present  co-ordinate 
system.  Since  the  portion  -Uixi+4'i 
by  definition  already  satisfies  this 
condition,  we  must  choose  the  correction 
term  (^j2  so  as  to  cancel  out  the  un- 
wanted normal  velocity  Induced  by  the 
potential  near  body  1,  l.e. 

on  body  1.  (8) 


Note  that  the  particular  interaction  po- 
tential i}ii2  so  determined  is  valid 
only  in  the  neighbourhood  of  body  1, 
since  the  boundary  condition  on  body  2 
is  still  only  satisfied  to  0(e*). 

In  order  to  satisfy  (8),  we  need 
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the  form  of  the  potential  near 

ri  ■ 0 i.e.  near  the  axis  of  body  1, 
which  (using  (2)  and  a Taylor  series 
expansion  for  small  yi  ■ 0(e))  la  giv- 
en by 


unit  length.  Equations  (14)  (15)  are 
In  agreement  for  bodies  of  revolution, 
since  Ai  = Sj  ■ Trro* , 

In  summary,  near  body  1 we  have 


♦aCxi  ,Vi ,zj )“*a(xa ,-n,0) 


4 « -Uixi+^i(xi ,yi ,Zi)++a(xa ,-n,0) 


+^^>72 ( Xa,-n,0)+0(e'). 

* (9) 


+V(xa)[yi-*(xi,yi,zi)]  . 

(16) 


The  first  term  of  (9)  la  simply  the  po- 
tential 4a  evaluated  on  the  axis  ri«0 
of  body  1,  while  the  second  term 
represents  a uniform  stream  of  magnit- 
ude 


V(x,) 


4ty^(xa ,-n,0) 


Sa'(x)dx 

[(xa-x)Hn*]* 


> 


(10) 


Computation  of  Force  and  Moment 

Once  a suitable  potential  Is  ob- 
tained, the  pressure  on  body  1 can  be 
evaluated  and  hence  the  force  distribu- 
tion can  be  obtained  by  integration. 

On  substitution  of  (l6)  Into  the  un- 
steady Bernoulli  equation 

p - -p[<|.t+V(V4)*-VU,*]  . (17) 

we  obtain  the  result 


equal  to  the  cross-flow  velocity  due  to 
the  presence  of  body  2 , evaluated  on 
the  axis  of  body  1.  Note  that  the 
term  ^42^  of  the  Taylor  expansion 
vanishes  ,tiecause  of  the  assumed 
symmetry  of  the  flow  about  the  plane  yO. 


p ■ Pi+P2+Pi2-!'0(e'')  , (18) 

where 

Pi  - -pfU,4ix,+%i|>iy,*+%4i2,*)  “ 


The  boundary  condition  (8)  does  not 
Involve  the  first  term  of  (9)  since 
4j(x2j-nj0)  Is  a constant  In  each 
cross  section  Xi  ■ constant,  so  that 
(8)  and  (9)  together  Imply 

, on  body  1.  (11) 

This  means  physically  that  412  Is  the 
velocity  potential  for  a lateral  trans- 
lation of  velocity  -V  of  each  section 
xi  » constant  of  body  1.  Slenderness 
guarantees  that  4i?.  Is  a two- 
dimensional  potential  In  the  (ii4) 
plane.  Thus  we  can  write  ^ 


la  the  pressure  due  to  body  1 alone, 

P2  " -PD42(X2 ,~n,0)  ■ 0(e*>  (20) 

Is  the  pressure  due  to  body  2 alone, 
evaluated  on  the  axis  of  body  1,  and 

P12  - -p[(y.-4)DV+U,V4xj+V4iy, 

-V(4iy4j5+4i2,4*^]  (21) 

Is  the  0(e*)  Interaction  pressure. 
Here 


4i2  “ -V(Xi)4(xi,yi,zi)  . 


(12) 


denotes  tlie  time  derivative  In  the  mov- 
ing reference  frame  of  body  1. 


where 


■ Ip-  ^^3) 

The  canonical  potential  t can  only  be 
determined  numerically,  for  a general 
cross  section.  For  bodies  of  revolu- 
tion Cl  ■ ro(xi)  however.  It  clearly 
takes  the  value 

♦ “ i’o^(  » (I**) 

and  for  general  bodies  we  have  (c  f. 
Batchelor  (£))  the  far-fleld  result 

♦ " - 0(.rV)2  , (15) 

where  8j  Is  the  cross-section  area, 
as  before,  and  pAi  the  added  mass  per 


Prom  symmetry  considerations  neith- 
er pi  nor  P2  can  Induce  lateral 
forces  on  body  1*.  Thus  we  shall  con- 
cern ourselves  only  with  px2,  which 
supplies  a force  dY  on  each  section 
dx  of  the  body  where 


Y'(xi) 


_ ^ 
dxi 


' 

P 1 2nydl . 
C 


(22) 


* Note,  however,  that  p2  will  cause  a 
longitudinal  or  surging  force  on  body  1, 
which  Is  not  considered  In  the  present 
paper.  In  the  special  case  where  body 
1 Is  fixed  and  axlsymmetrlc , both  the 
longitudinal  and  lateral  forces  have 
been  computed  In  an  unpublished,  work  by 
S.Wang  using  Lagally'a  theorem.  Wang's 
lateral-force  formula  agrees  with  that 
to  be  presented  here. 
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pS,D(V)+pD(VA,) 


(25) 


Substitution  of  (21)  In  (22)  results  ■ 
In  a pressure  Integral  on  the  contour 
C which  would  be  complicated  to  work 
out  directly,  and  which  moreover  re- 
quires the  knowledge  of  the  local  multi- 
pole  effects  on  the  potentials  and 

12  which  are  not  Included  In  (6)  and 
15).  It  Is  possible  to  proceed  by  an 
Indirect  path,  however,  using  conserva- 
tion of  momentum  arguments  or  Green's 
theorem;  the  mathematical  steps  are 
essentially  Identical  to  those  carried 
out  by  Llghthlll  (10)  and  reproduced  by 
Newman  and  Wu  (ll)T'snd  an  alternative 
three-dimensional  derivation  has  been 
presented  by  Newman  (12).  These  deri- 
vations are  valid  for”a  single  slender 
body  which  undergoes  lateral  oscilla- 
tions V^,(x,t)  In  a fluid  which  Is  at 
rest  at  Infinity  except  for  a uniform 
longitudinal  stream,  and  thus  one  must 
now  include  the  Inhomogeneous  lateral 
flow  at  Infinity  which  corresponds  to 
the  lateral  stream  potential  V(x2lyi. 
However  the  mathematical  steps  are 
sufficiently  straightforward  that  It  Is 
not  thought  to  merit  a derivation 
here,  and  Instead  we  present  a physical 
argument  for  the  final  result. 

We  note  first  that  If  V*0,  but 
Instead  the  body  moves  with  lateral 
displacement  y“yb(x,t),  and  corres- 
ponding lateral  velocity  Vt,  - Dy^, 
then  the  differential  lateral  force 
acting  on  the  body  Is  (10,11,12) 

Y'(x,t)  • -pD(V^jA),  (23) 

where  pA(x)  Is  the  added-mass  per 
unit  length.  Now  If  the  Inhomogeneous 
lateral  flow  V(x,t)  Is  superposed, 
two  additional  force  components  will 
result.  First  there  will  be  a contri- 
bution due  to  the  hydrodynaunlc  disturb- 
ance of  the  Incident  flow  by  the  body, 
which  must  vanish  when  V=Vb , and  this 
Implies 

-pD[(Vb-V)A]  , 

In  addition  we  note  that  the  non-uniform 
incident  flow  field  results  In  a lateral 
pressure  gradient 

3p/3y  - -pD(V), 

and  a corresponding  "buoyancy  force" 
equal  to  the  negative  product  of  this 
pressure  gradient  with  the  displaced 
volume  of  fluid.  Thus,  adding  these 
two  force  components , the  general  ex- 
pression for  the  differential  lateral 
force  acting  on  a body  which  moves  with 
lateral  velocity  Vb(x,t)  In  a non- 
uniform  lateral  stream  of  velocity 
V(x,t)  Is 

Y'(x,t)  - pSD(V)-pDD[Vb-V)A]  (2M) 

Finally,  for  the  present  situation  where 
body  1 Is  fixed,  with  Vb“0,  and  S«Si, 
A«Aj , Lt  follows  that 


Y'  - 

Equa'-lon  (25)  Is  the  desired  result  for 
the  differential  lateral  force  acting 
on  a slender  body  which  Is  fixed  In 
an  incident  flow  of  constant  longitud- 
inal velocity  and  non-uniform  lateral 
velocity. 

Before  using  the  result  (25)  to 
find  the  interaction  force  and  moment 
due  to  a second  passing  vessej  , It  may 
be  appropriate  to  discuss  some  general 
aspects  of  equations  (2i|)  and  (25). 

First  we  note  that  these  formulae  re- 
quire that  the  body  be  geometrically 
slender,  and  pointed  at  the  upstream 
end  or  bow,  but  It  la  not  necessary  for 
the  tall  or  stern  to  be  pointed  and,  as 
In  the  analogous  formulae  of  slender 
lifting  surfaces,  (24)  and  (25)  can  be 
applied  to  bodies  with  finned  trailing 
edges  at  the  downstream  end,  from  which 
vortex  sheets  trail  downstream  In  the 
fluid.  There  Is  a wellknown  analogy 
between  the  lateral  oscillations  of  a 
ship  hull  In  the  horizontal  plane,  and 
the  corresponding  motions  of  a low- 
aspect-ratlo  double  body,  the  trailing 
edge  of  the  latter  effectively  being 
replaced  by  the  rudder  and  deadwood  of 
the  ship  and  Its  Image.  This  lifting 
effect  Is  significant  In  general,  and 
must  be  retained  In  the  present  analysis 
of  lateral  Interaction  forces  and  mom- 
ents. 

Equations  (24)  and  (25)  can  also  be 
applied  to  other  problems  Involving 
nonunlform  external  fields,  the  most 
obvious  example  being  the  seakeeping 
problem  where  Vt,  represents  the  rigid- 
body  motions  of  the  vessel,  and  V 
represents  the  velocity  field  of  the 
Incident  wave  system.  Thus  (24)  and 
(25)  may  be  used  to  solve  the  seakeeping 
problem  for  submerged  slender  bodies , 
Including  the  effects  of  tall-fln 
lifting  surfaces. 

For  bodies  with  pointed  sterns  and 
no  shed  vortlclty  downstream,  Lagally's 
theorem  may  also  be  applied  to  find  the 
force  and  moment  on  the  body,  as  In 
Wang's  study'*  of  the  shlp-to-shlp  inter- 
action forces,  and  Cummins'  (y)  analy- 
sis of  wave  forces  on  submerg^  bodies. 
However  Lagally's  theorem  will  give  In- 
correct results  If  the  tall  span  Is  non- 
zero. This  point  Is  emphasized  because 
In  recent  years  It  has  become  somewhat 
common  In  seakeeping  theory  to  extend 
formal  strip-theory  analyses  to  Include 
transom-stern  configurations,  and  such 
procedures  are  Inherently  dangerous  un- 
less one  Is  sufficiently  shrewd  or  lucky 
to  Integrate  by  parts  and  retain  the 
correct  end  effects  at  the  stern.  A 
preferable  approach  to  this  problem  would 
be  to  extend  (24)  to  the  case  of  a float- 
ing body,  where  S depends  on  time  and 
the  body  can  no  longer  be  surrounded  by 
a closed  control  volume,  without  careful 
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consideration  of  the  free  surface;  how- 
ever this  analysis  Is  obviously  beyond 
the  scope  of  the  present  paper. 


h* 


Si(Xt)dX, 

C(xj-xi-5)*+n*] 


Now  let  us  use  (25)  to  evaluate 
the  shlp-to-shlp  Interaction  force  on 
body  1.  Integrating  over  L»  gives 
the  total  force 


{D(VAi)+SiD(V)}dx, 


(26) 


Noting  that 


D[V(xt))  - -U»V'(x»),  (27) 


It  follows  that 


y 


-p|  [UiV'(xi+C)(S»+A,) 

Li 

-UiV(xi+?)A,']dXj 
pf  [U2Si'+(U»-Ui)A,']V(xi+£)dXi 


+PU2V(-%L+S)Ai(-VL), 

(28) 


where  we  assume  that  Si(±%L)  ■ 0 
and  Ai(+%L)  ■ 0,  whereas  (to  allow  for 
finite  tralllng-edge  span)  Ai(-4rL)  may 
be  non-zero, 


Using  (10)  to  evaluate  V,  we 
obtain  the  final  expression  for  the 
Interaction  force, 


r 


[U2S,'(x,)  + (Uj-Uj)Ai'(xi)] 


Li 


S2(x2)dxa 


La 


C(x2-xj-?)*+n*] 


+ A,(-%L) 


and  similarly, 


Sa(x2)dX2 

, [(x2+*L-0*+n‘]*'. 

La 

(29) 

for  the  yawing  moment. 


N 


[xiUaSx'(xi)+x,(Ua-Ui)A{(x,) 

-i 


+UaSi(xi)+UaAi(xi)] 


_ LA,(-%L)[  S»(xt}dX|.„. 

[(xa+%L-5)*+n*r 


La 


(30) 


Both  the  force  (29)  and  moment  (30) 
are  of  the  form  aUilik+bOa*,  where  a 
and  b depend  on  the  body  geometries 
and  separation  distances.  Thus  the 
force  and  moment  acting  on  body  1 will 
vanish  If  Uj^O,  and  also  If 
U,  /U,  - -a/b . 


In  the  first  case,  there  Is  no 
force  on  body  one  If  body  two  Is  stat- 
ionary, or  no  force  on  a passing  vessel 
due  to  its  Interaction  with  a station- 
ary vessel.  This  result  appears  to  be 
unreasonable,  on  physical  grounds,  but 
may  be  reconciled  with  our  slender-body 
analysis  by  concluding  that  the  correct 
force  In  this  case  would  ba  of  higher 
order  In  e.  Indeed,  the  present 
results  indicate  for  Ua»<0  a force  and 
moment  of  order  e**,  whereas  It  la  not 
difficult  to  establish  that  the  corres- 
ponding results  for  Ua“0  would  be 
0(e*) . 


The  vanishing  of  the  force  and  mom- 
ent at  a second  speed,  dependr»it  on  the 
ratio  a/b,  la  more  easily  accepted  In 
general,  since  the  ratio  a/b  will  de- 
pend on  the  separation  distance  and 
stagger,  and  vanishing  of  the  force  or 
moment  for  specific  combinations  of  the 
speeds  and  geometrical  configuration 
corresponds  only  to  cross-over  points 
between  positive  and  negative  values  of 
the  force  or  moment.  However  one 
special  case  where  the  force  vanishes 
irrespective  of  the  separation  and 
stagger  Is  that  of  a body  of  revolu- 
tion, without  tall  fins,  where  Ai^Si, 
and  thus  from  (29)  It  follows  that  the 
lateral  force  vanishes  for  all  values 
of  the  stagger  and  separation  distances, 
provided  that  U, /l^»2.  In  other  words, 
the  lateral  Interaction  force  on  a body 
of  revolution  will  always  be  zero  If  It 
passes  a second  body  of  arbitrary  slen- 
der form  at  precisely  twice  the  second 
body's  speed!  Again  this  result  may 
appear  to  be  surprising  on  physical 
grounds,  and  from  the  mathematical  view- 
point higher-order  terms  will  again  be- 
come significant  when  the  leading-order 
force  vanishes.  Moreover,  this  partic- 
ular result  Is  restricted  to  axl- 
symmetrlc  bodies,  but  we  anticipate  that 
for  more  general  slender  bodies  the  lat- 
eral Interaction  force  may  be  relatively 
small  In  the  vicinity  of  the  point  where 
U,-2Ua. 
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Approximation  for  small  lateral 
separation 

Asyraptotio  approximations  of  the 
force  (29;  and  moment  (30)  can  be  de- 
rived if  the  lateral  separation  n Is 
small  or  large  compared  to  the  body 
lengths.  The  case  of  large  separa- 
tion Is  of  limited  Interest  from  the 
practical  standpoint.  (It  Is  easily 
shown  that  Y and  N are  0(n*^ ) as 
n+“.)  The  case  of  small  separation 
is  more  Interesting,  since  this  la  the 
situation  of  practical  Importance,  and 
also  because  It  Is  Interesting  to 
study  the  relationship  (and  possible 
matching)  between  the  present  results 
valid  for  r\  • 0(L),  and  the  comple- 
mentary results  of  Newman  (1)  where  n 
Is  taken  to  be  small,  of  orHer  e, 
from  the  very  beginning. 

It  Is  clear,  from  (29)  and  (30) 
that,  as  n-*-0,  the  kernel  function 
reduces  to  a delta  function,  l.e., 

n[x*+n*]'^  “ ^ «(x), 

as  can  be  confirmed  by  Integration. 
Thus  It  follows  that 


Y =■  [U2S{(xi)  + (U»-U,)Aj'(xj)3 

L 

.S* (xi+5)dx» 


For  In  this  "inner"  theory,  the 

second  term  In  the  inverse  square  root 
Is  neglected  and  thus  (32)  reduces  pre- 
cisely to  the  appropriate  special  case 
of  (3l)  where  the  speeds  and  bodies  are 
Identical  and  stagger  Is  zero.  A sim- 
ilar matching  Is  readily  demonstrated 
for  the  "Inner  limit  of  the  outer  mom- 
ent" . 


Thus,  for  the  special  case  noted 
above,  we  have  explicit  Inner  and  outer 
theories  which  overlap.  Unfortunately 
there  Is  no  simple  way  to  generalize 
the  Inner  result  (32)  for  non-axlsymm- 
etrlc  bodies,  although  the  bl-polar 
coordinate  system  used  In  Reference  (1) 
might  still  be  applied  to  extend  (32) 
to  the  unsteady  passing  problem  for 
two  axlsymmetrlc  bodies. 

Finite  Depth  Effects 

If  the  fluid  domain  Is  bounded  by 
horizontal  planes  at  z ■ ±h,  and  h 
Is  0(1)  with  respect  to  the  slender- 
ness parameter  e,  the  method  of 
Images  can  be  used  to  generalize  the 
above  Infinite-depth  theory,  simply  by 
adding  to  the  original  source  and  dipole 
potentials  In  (25)  and  (15)  an 
Inflniiie  system  of  Image  slngularltes 
at  z ■ ±2nh,  n ■ 1,2,...».  It  Is 
unnecessary  to  repeat  the  subsequent 
analysis.  If  one  notes  simply  that  (10) 
should  be  replaced  by 


+ A,(-*L)S,'(-*L+C),  (31) 

with  a similar  expression  for  the  mom- 
ent. It  will  be  noted  that.  In  this 
approximation,  the  Interaction  force 
and  moment  are  Inversely  proportional 
to  the  aepara'’.lQn  distance  n.  Note 
also  that  In  this  case  where  n la 
small,  the  Interaction  force  and  mom- 
ent vanish  If  there  is  no  overlap 
between  the  two  vessels. 


The  complementary  theory,  valid 
for  n*0(c),  will  generally  require 
a numerical  solution  for  the  two- 
dimensional  flow  In  the  Inner  region 
occupied  simultaneously  by  the  two 
vessels.  However  a special  case  where 
simple  closed-form  results  are  obtain- 
ed Is  that  of  a pair  of  Identical  axl- 
symmetrlo  bodies,  moving  In  tandem 
with  equal  velocities  and  zero  stagger 
or,  equivalently,  one  axlsymmetrlc 
body  moving  parallel  to  a wall.  This 
problem  has  bean  solved  by  Newman  (^) 
for  the  case  where  n-O(e),  and  in 
the  present  notation  the  force  and 
moment  are  given  by 


[S'(x)]*[n* 


^(x)]' 


(32) 


v(x*)-%a2  [ siiiid* 

J [(x»-x)*+n*+4n»hM* 

lit 

(33) 

Thus,  In  general.  If  Y(n,h)  denotes 
the  interaction  force  In  depth  h with 
lateral  separation  distance  n.  It  Is 
clear  from  (29)  that 


Y(n,h) 


•] 

-‘Un 


• (n’+')n*h*)*, 

(34) 


with  a similar  expression  for  the  moment 
N.  This  provides  a convenient  compu- 
tational scheme  for  evaluation  of  the 
finite-depth  effects  on  Y and  N,  for 
fluid  depths  which  are  large  compared 
to  the  beam  and  draft  of  the  vessels. 


Numerical  results 


To  simplify  the  evaluation  of  Y 
and  N we  assume  that  the  two  bodies 
have  parabolic  distributions  of  sect- 
ional area  Sj , and  constant  values  of 
their  added-mass  coefficients  A.. 

(For  a ship  the  latter  assumption  Is 
roughly  equivalent  to  assuming  constant 
draft  along  the  length.)  Thus  we  take 
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Sj(xj)  - Sj(0)(l-xjVlLj*)  , (35) 

where  Sj(0)  la  the  mid-ship  sectional 

area  of  the  double  body,  and 

Aj(xj)  - itTj\  (36) 

where  TJ  is  the  semi-span  of  the 
double  body,  or  draft  of  the  ship  hull, 
at  the  tall  Xj*  -%Lj . The  derivative 
of  Sj  is  elementary : 

Sj  - -8s^o)xj/Lj*,  (37) 

but  the  derivative  of  Ai  must  be 
evaluated  with  caution.  In  the 
spirit  of  slender  lifting-surface 
theory,  it  is  appropriate  to  Impose 
a weak  Kutta  condition  at  the  trail- 
ing edge,  by  regarding  Aj  as  a con- 
tinuous function  at  x ■ -iL  (c.f. 
Newman  and  Wu,  1973).  Thus,  In  an 
emalogous  manner  to  a low-aspect-ratio 
rectangular  lifting  surface,  Aj“0 
except  at  the  nose  or  leading  edge, 
where  Ai  must  Jump  between  the  finite 
value  ffTi*  on  the  body  and  zero 
ahead  of  the  body.  Hence  it  follows 
that  . 

Aj(xj)  " -wTj*6(x.-Ly2),  (38) 

where  6 denotes  the  Dli-ac  delta- 
function. 


Substitution  of  equations  (35-38)  in 
(29-30)  gives  expressions  for  the  sway 
force  and  yaw  moment  in  terms  of  elemen- 
tary integrals.  Evaluation  of  these 
integrals  yields  complicated  but  straight- 
forward algebraic  expressions  for  the 
force  and  moment,  which  have  been  evalu- 
ated on  a digital  computer.  Results 
based  on  this  computer  program  are 
shown  in  Figures  2-6,  for  the  two  ships 
(A  and  B)  for  which  Newton  (i)  has  re- 
ported experimental  results.  Ship  A 
is  the  battleship  KING  QEOROE  V,  of 
length  7*tr  feet,  beam  103  feet,  draft 
29.3  feet,  and  displacement  36,890  tons. 
Ship  B is  the  R.F.A.  OLNA,  of  length 
567  feet,  beam  70  feet,  draft  30  feet, 
and  displacement  23,570  tons.  These 
two  vessels*  midship  section  areas  are 
3050  and  2075  square  feet,  respectively. 
Their  sectional  area  distributions 
depart  only  slightly  from  parabolic 
curves,  and  it  is  notable  ♦■■hat  Ship  A 
is  slightly  fuller,  so  that  these  de- 
partures should  tend  to  cancel  out. 

Figures  2 and  3 show  the  compari- 
son between  theory  and  experiments  for 
the  sway  force  and  yaw  moment  respect- 
ively, in  the  steady  case  U,"Uj,  and 
for  a full-scale  lateral  separation  of 
136  feet  (fifty  feet  clearance  between 
the  two  ships  when  abeam) . Generally 
speaking,  the  peak  values  of  the  force 
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Pig.  2.  Sway  forces  on  two  ships,  and  corresponding  experimental  results  of  Newton  (4), 
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Fig.  3.  Yaw  momenta  on  two  shlpa,  and  coneaponding  experimental  reaulta  of  Newton  (4). 
Note:  The  theontical  portion  of  this  figure  has  been  reviled  aa  noted  in  the  diacuaiion. 


occur  virtually  when  the  two  vessels 
are  abeam,  the  force  fchen  being  one  of 
attraction  between  the  two  vessels. 

It  is  disappointing  to  note  that  at 
this  peak  value  the  theory  under- 
predlots  the  experimental  measure- 
ments by  a factor  of  approximately  40$. 
However  the  curves  are  qualitatively 
similar,  and  the  agreement  of  the 
repulsion  forces  which  occur  when  the 
ships  are  clear  of  each  other,  or  only 
slightly  overlapped,  is  more  satisfact- 
ory. 

The  comparison  of  the  moments 
shown  in  Figure  3 is  less  mtUfSctory*. 
although  it  will  be  noted  that  good 
agreement  exists  for  the  moment  on  the 
aft  ship  when  tlie  stagger  or  longitud- 
inal separation  exceeds  about  one- 
hlrd  of  the  ship  length.  This  sugg- 
ests the  possible  hypothesis  that  vis- 
cous separation  forces  are  significant, 
since  these  would  be  expected  only  on 
the  afterbody  of  the  two  ships,  whereas 
the  turning  moment  on  the  after  ship 
will  arise  primarily  from  lateral  forc- 
es exerted  on  its  forebody  and  so 
should  be  leas  sensitive  to  the  effects 
of  separation. 

Figure  4 shows  the  effects  of 
varying  lateral  separation  or  clearance 
on  the  sway  force  when  the  two  vessels 
are  abeam  (5"0).  Once  again  the 
qualitative  agreement  with  experiments 
^ very  good,  but  the  theoretical  re- 
*Sm  diicuMion. 


Pig.  Peak  sway  force  as  a function 
of  separation  distance.  The 
lower  abscissa  shows  actual 
olearaneo  between  hulls . 


0.0005 

0.0004 

CQ 

^ 0.0003 

.9- 

0.0002 
^ 0.0001 


- 0.000 1 
- 0.0002 


-800  -600 


aooo2  < 

a. 

0.000 1 ^ 


-aoool  M 

■3 

-0.0002  (J) 
oOO 


f feet 


Theoretical  awav  forces  on  two  ships  moving  at  .he  same  or  different  speeds. 
N^t^that  UiTeLtes  the  speed  of  the  ship  on  which  the  force  Is  measured. 


suits  are  30-40)t  lower  than  the  experi- 
ments. Figure  5 shows  the  effect  on 
the  away  force  of  different  velocities 
for  the  two  ships , under  the  same  con- 
ditions as  In  Figure  2.  It  Is  note- 
worthy that  the  foi'ce  on  the  smaller 
vessel.  Ship  B,  Is  Increased  by  about 
50;<  If  It  is  moored  (U,  »0)  rather  than 
moving  at  the  same  speed  as  Ship  A,  but 
in  the  converse  case  of  the  larger 
vessel,  ship  B,  the  effect  of  Its  own 
speed  Is  less  Important.  Recalll*# 
that  the  force  on  each  ship  Is  a linear 
function  of  Its  own  velocity,  more_ 
general  results  can  be  derived  by  linear 
extrapolation  or  Interpolation  In  Figure 
5.  In  particular  it  Is  obvious  that 
the  force  on  each  ship  will  be  greater 
If  they  pass  In  opposite  directions,  as 
compared  to  moving  in  the  same  direction 
Also  It  Is  noted  that  the  force  on  Ship 
B will  be  minimized  If  It  moves  at  a 
speed  slightly  greater  than  twice  the 
speed  of  ship  A.  In  this  connection 
we  recall  that  If  ship  B was  a body  of 
revolution,  the  force  on  It  would  vanish 
precisely  when  its  speed  was  two  times 
that  of  the  second  ship. 

Finally,  In  Figure  6,  we  show  the 
effects  of  finite  depth  of  water,  by 
plotting  the  ratio  of  the  away  force 
to  Its  value  in  Infinite  depth.  The 
curves  In  this  figure  are  essentially 
universal,  in  that  they  are  Identical, 
to  within  graphical  accuracy,  for  ships 
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Pig. 6.  Finite-depth  effects  on  peak  force 


A and  B,  and  do  not  depend  significantly 
on  the  ratio  between  the  two  ships' 
speeds.  In  general  the  effects  of  fin- 
ite depth  are  to  Increase  the  sway  force 
but  this  increase  is  less  than  unless 
the  fluid  depth  is  leas  than  the  lateral 
separation  distance  between  the  two 
ships'  centerlines. 

a.  INTERACTION  BETWEEN  THIN  BODIES 
IN  STEADY  TWO-DIMENSIONAL  FLOW 

Derivation  of  Integral  Equations 


Induced  by  the  vortices  at  all  points 
on  the  same  body,  by  the  source  dis- 
tribution modelling  thickness  of  the 
second  body  (as  in  Section  2 in  three 
dimensions),  and  also  (in  contrast  to 
Section  2)  by  the  vortex  distribution 
of  the  second  body,  which  Itself  only 
exists  because  of  the  presence  of  the 
first  body.  Mathematically,  this 
complex  inter-relation  implies  that 
the  vortex  strengths  satisfy  coupled 
Integral  equations,  and  must  be  deter- 
mined simultaneously. 


We  now  consider  steady  two- 
dimensional  flow  about  a pair  of  thin 
bodies  which  are  separated  laterally  by 
a fixed  distance  y = n and  longitud- 
inally by  a fixed  distance^.  Steadi- 
ness demands  that  the  velocities  of  the 
two  bodies  be  the  same.  With  this 
restriction  ^.e.  Ui»U2=U),  Figure  1 

still  describes  the  flow  situation,  but 
now  in  two  dimensions.  For  conv^-ni- 
ence,  a stream  of  velocity  U is  sup- 
erposed in  the  -x,  direction  to  bring 
the  two  bodies  to  rest.  We  shall 
retain  where  convenient  the  (xi,y») 
and  (X2,yz)  co-ordinates  as  in  Figure 
1. 


The  disturbance  velocity  potential 
due  to  the  two  bodies  can  be  written 

%Lj 

1 2 r _ 

♦ = ^5^2  dx{mj(x)log  ifrj-x)  2+yj  * 

-%LJ 

+Yj(x)  circtan  } (l<0) 

X J -X 

where  m,(x)  ’s  the  source  strength  and 
Yj(x)  the  vortex  strength  generating 
body  j . The  linearized  boundary  con- 
dition to  be  satisfied  on  the  (±)  sur- 
face of  body  1 is 


We  allow  at  first  a degree  of 
lateral  asymmetry  of  the  separate  body 
surfaces,  writing  as  the  equation  of 
body  "j",  J=l,2, 


11m  * =-Ufi-'(xi),  (Hi) 

y>^±0 

and  that  on  body  2 is 


yj  “ -VLj  < xj  < %Lj, 

^39) 


lim  (f  = -Uf2*'(x2)  . (H2) 

y2-*±o  y* 


with  a + sign  for  ‘ ■;  upper  surface  and 
a - sign  for  the  lower  surface.  How- 
ever the  two  bodies  are  assumed  to  be 
tnln,  l.e.  all  fj-  are  small  compared 
with  Lj  and  n . The  requirement  on 
n means  that  each  body  is  in  the  far 
field  of  the  otuer,  as  in  the  previous 
section . 

However,  because  of  the  reduced 
freedom  of  flow  in  two  dimensions 
relative  to  three  dimensions,  it  is  no 
longer  true  that  the  Influence  of  body 
2 on  body  1 can  be  calculated  using 
the  singularity  distribution  which 
generates  body  2 in  the  absence  of  body 
1.  In  fact  in  the  limit  as  fj-  0, 
the  bodies  shrink  to  zero-thickness 
cuts  in  the  (x»-y«)  plane,  which  are 
formally  representable  iS  distributions 
of  sources  and  vortices  (or  lateral  di- 
poles) of  strength  determined  by  the 
boundary  conditions.  The  source 
strength  is  related  as  in  conventional 
thln-wing  theory  to  the  local  slope  of 
tlie  thickness  distribution  curve,  and 
no  interaction  occurs  between  body  1 
and  body  2 in  Its  determination.  On 
the  other  hand,  the  vortex  strength  at 
any  particular  point  on  a body  is  re- 
lated to  the  effective  local  angle  of 
attack  at  that  point.  This  in  turn 
depends  on  the  sum  of  lateral  velocities 


On  subst’’  ution  of  (HO)  into  (Hi) 
we  obtain  ,, 

YL  1 


-Ufi  (xi)  = :*!5mi(xi)  + ^ 

%L2 

J 


dx 


Xlixi 

Xi-x 


•VLi 


2tT  * dx  1 niz  (x) 


[' 


-n 


Tl(2-x)*+n'' 


"VL2 


(x2-x7w]  ,^'^3) 


and  (H2)  gives 


%L2 


-Uf2  (xa)  = ±%m2(x2)  + 2^ 


%Li 


dx 


X2-X 


-%L2 


+ i [ dx  [mi(x) 


-ill 


(HH) 


Subtracting  the  + and  - parts  of 
(H3)  and  (HH)  implies  that 
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which  la  the  usual  prescription  for 
the  source  strength  In  terms  of^the 
local  slope  of  the  thickness  fj-fJ  of 
the  separate  bodies.  Thus  the  sou^ce 
strengths  are  entirely  determined.  On 
the  other  hand,  on  adding  the  + and  - 
parts , wo  obtain : 


Xi-x 


%L2 
1 f 

IT;  I.X2-x)^  + n* 

-fht 


-x) 


“ gl(xj)  (46) 


and 


%L, 

VLj 

dXYi(x) (xi-x)  , 1 

dxYz(x) 

(x,-x)^+n='  IT 

X2-X 

%Li 

tLa 

*>  ga(x,  ) , (47) 

where 


gi(xi)  = -U  [ft(xi)  + fT(xi)  ] 


+ a 

IT 


,>fU 

dxmi(x) 

(xj-x) 


(48) 


-%L2 


and 

ga(xi) 


-U  ^ [fJ(X2)+fI(X2)] 

%Li 

n dxmi(x) 

7 (xi-x)2+ri^  • 

-%Li 


(49) 


In  Interpreting  the  above  equations,  we 
must  always  keep  In  mind  the  relation 
x^-x,  = 5. 


nevertheless  there  Is  still  a non-zero 
net  lateral  force  and  moment  In  general, 
due  to  thickness-induced  Interaction 
effects.  This  effect  may  be  studied 
by  setting  the  camber  portions  of  gj(xj) 
to  zero;  any  additional  camber  or  angle 
of  attack  may  be  computed  separately  and 
added  to  the  thickness  effect  subsequent- 
ly. An  alternative  Interpretation  Is 
that  the  thickness  of  body  2 Induces  an 
effective  camber  or  angle  of  attack  on 
body  1 (measured  by  the  term  of  gi  In 
mj),  even  If  body  1 Is  itself  uncamb- 
ered. ^ 

In  any  case,  whatever  Is  the  cause 
for  existence  of  non-zero  forcing  terms, 
equations  (46),  (47)  a,re  mathematically 
a pair  of  coupled  singular  Integral 
equations.  The  kernels  possess  a 
Cauchy  or  slmple-pole  type  of  singular- 
ity and  hence  their  solution  Is  not 
uniquely  specified  without  further  end 
conditions.  The  degree  of  non-unique- 
ness Is  equivalent  to  two  arbitrary 
constants,  associated  with  two  llnearly- 
Independent  soli^tlc^ns  of  the  homogeneous 
problem  with  gi=g2=0,  and  physically 
analogous  to  the  circulation  around 
each  body. 

These  arbitrary  constants  are  to 
be  determined  by  supplying  Kutta  condi- 
tions at  each  trailing  edge,  of  the  form 

Yj(-%Lj)  =0,  J - 1,2.  (50) 

Physically,  this  arises  from  the  fact 
that  Yj(xj)  is  proportional  to  the 
loading  or  pressure  Jump  across  the 
body  center  plane,  which  must  vanish 
at  the  trailing  edge.  For  example, 
from  (40),  the  jump  In  the  tangential 
disturbance  velocity  across  body  1 is 
given  by 

Au  = ij.  (xi,0+)-(l)  (xi,0.)=-Yi(xi), 

A I A Y 


and  hence  the  Jump  in  pressure  Is 


(51) 


Since  the  source  strengths  mj(x) 
are  known  quantities,  the  functions 
gj(xj)  appearing  on  the  -Ight  of  (46) 
and  (47)  are  entirely  kni.  n.  Each  of 
these  functions,  as  defined  in  (48)  and 
(49)  consists  of  the  sum  of  two  terms 
The  first  contribution  Is  proportional 
to  the  camber  %(fj  + fj)  of  the  In- 
dividual bodies  and  Is  independent  of 
their  thickness.  For  example,  this 
enables  computation  of  the  lift  on  a 
bl-plane  wing,  consisting  of  two  zero- 
thickness  plates  at  an  angle  of  attack. 


Ap  = pUAu  = -pUYi(xi),  (52) 

as  stated  above.  The  net  y, -directed 
force  on  body  1 is 

Y = - I Apdxi 


-%Li 

;%Li 

pU 

-iL, 


Yi(xi)dxi 


(53) 


Of  more  Interest  in  the  present 
context  Is  the  contribution  to  sj(xj) 
from  thickness  effects,  as  represented 
by  the  Integrals  Involving  mj(x).  If 
the  separate  bodies  possess  lateral 
symmetry  and  have  parallel  center 
planes,  the  camber  vanishes,  but 


^ A further  consequence,  exploited  by 
Lin  in  work  to  be  presented  at  this 
Symposium  on  unstaggered  (5=0)  catamar- 
ans, Is  that  for  given  thickness  dis- 
tributions mj , there  always  exist  camber 
distributions  fJ+fj  which  make  gjsO,  and 
hence  allow  solutions  with  YJ=0' 
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and  the  net  moment  about  the  z-axls  Is 

fihl 


N = pU 


XiYi(xi)dxi . 


(5*1) 


-%Li 


A particular  case  of  Interest  Is 
that  of  Identical  bodies,  in  which 


Ei(x»)  = g'(x2)  = g'(xi+^) , 


and 


S2(xa)  = -g'(xi)  = -g'(x2-jji), 


If  we 

ing  tl 

then 

pair 

(55) 

1 

r%L 

7T 

(56) 

-%L 

possess  two  linearly  Independent  elgen- 
solutlons  implies  that  any  matrix  ob- 
tained by  approximation  of  the  incegrals 
will  be  singular.  Indeed  having  a rank 
2 less  than  its  order.  Although  one 
can  still  make  progress  using  "pseudo- 
inverses", a simpler  procedure  is  to 
perform  first  an  indefinite  integration 
of  the  singular  Integral  equations,  giv- 


dxYi(x)logl xo-xl+  i 


iL 


dXYzCx) 
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where 


g'(Xj) 


f%L 


dx 


m(x) 

(xj-x) 


-VL 


2Un  dxf '(x) 

u (xj-x)^+n2  , 

-%L 


(57) 


and  f(x)  is  the  half- thickness  of  the 
identical  bodies.  The  coupled  integ- 
ral equations  (46),  (4?)  can  now  be 
written  in  the  form 


i f^^dxYi(x)  ^ 
tr  Xo-x 

-fL 


= g'(xo+0 


1 

¥ 


dXYi(x)(xo-S 
( xo-i-x) 2+n 


-x) 
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7T 


. ~^^dXY2(x) 
Xo-X 

-%L 


= -g'(xo-C) , (5S) 


where  Xo  is  now  used  In  place  of  xi 
in  the  first  equation,  and  of  xz  in 
the  second.  We  proceed  to  solve  (58) 
numerically;  the  procedure  for  the 
case  of  non-identical  bodies  is  only 
slightly  more  complicated. 


Numerical  Procedur e 


Our  procedure  for  solving  the 
integral  equations ( 58)  is  a quite 
direct  one,  involving  replacement  of 
integration  by  summation,  and  invers- 
ion of  a matrix.  However,  it  is 
necessary  to  be  a little  careful  about 
this  process,  and  in  particular  one 
cannot  expect  it  to  succeed  if  applied 
to  equations  (58)  as  they  stand.  This 
is  because  of  the  n'""  -uniqueness  of  the 
solutions  to  (58)  in  the  absence  of  the 
Kutta  condition.  The  fact  that  the 
homogeneous  equations  with  g'(xo)=0 


.log/(xo  + 5-x)^+n^  = g(xo-tC)  + Cl  , (S'i) 

1 


dxYi  (x)log/(xo-5-x)^-tn‘'‘ 


-%L 


-t- 


1 

- dXY2 (x)logl Xo 


= -g(xo-5)  + Cz^ 


-Hh 


(60) 


where  g(xo)  is  any  indefinite  Integral 
of  g'(xo)  and  Ci,Cz  are  arbitrary 
constants  of  integration.  A suitable 
integral  of  (57)  is 


E(xo)  = f 


f%L 


dxf'(x)  arctan 


-%L 


(61) 


Integral  equations  with  logarith- 
mic kernels  possess  unique  solutions, 
so  that  a numerical  treatment  of  (59), 
(60)  presents  no  difficulties.  The 
non-uniqueness  of  the  original  problem 
(58)  re-asserts  Itself  in  the  form  of 
the  arbitrary  constants  Ci,Cz,  which 
are  ultimately  determined  by  the  Kutta 
condition. 


To  set  up  a numerical  solution,  we 
suppose  that  the  unknowns  Yi(x),  Y2(x) 
can  be  represented  by  step  functions  on 
the  Interval  (-%L,VL),  the  values  on 
the  jth  interval  xj.,<  x < x j be- 

ing Yi.tVi.  respectively.  The  mesh 

of  end  points  (xj)  can  be  arbitrary, 
but  in  anticipation  of  a square-root 
singularity  at  the  ends  |x|  = %L,  we 
set 

Xj  = -%L  cos(J  i),  J=0,1,2,...,N, 

(62) 

which  provides  exactly  the  right  In- 
crease in  density  of  points  near  the 
ends  to  counter  this  singularity.  Tlius 
if  Yi  ,2  are  replaced  by  step  functions 
we  have 
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(73) 

(7'J) 


(75) 


= -g(xo-C)+C2  . (6H) 

The  Integrals  In  (63),  (64)  may  be 
carried  out  analytically,  and  on 
setting  xo-iTi  where  xj  is  a point 
near  the  center  of  the  1th  Interval, 
specifically 


as 

Ay  “ g + Cie(l^  + Cje(2).  (76) 

Equation  (74)  is  Interied  to  imply  that 
the  first  N elements  of  ell)  are 
unity,  and  the  last  N are'zero. 


Xi  -VL  cosC(l-V)if/N] . (65) 

we  have 

2 (AijYJJ+8i jYij  ) - gii+Ci 
1 = 1 
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and  ^2^  (BijYi j+AijYa j)  = , 

(66) 
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(69) 

gzl 

- -g(Xi-5). 

(70) 

This  set 

of  equations 

can  be 

written 

in  terms 

of  a 

(2NX2N) 

composite  matrix 

The  solution  of  (76)  is  obtained 
using  a standard  matrix- inversion  sub- 
routine, with  the  three  right-hand  sides 
g,  e(l),  e(2),  and  can  be  written 

Y « Y^°)  + CiyIi)  + CiyIS)  , (77) 

where  y^°^  » A* ' g is  the  solution 

with  g as  right-hand  side, and 

y{ls.)  m A''el''^)  with  ell^)  on  the  right, 

k • 1,2,  In  this  manner  we  have  de- 
termined a numerical  approximation  to 
the  general  solution  to  the  pair  of 
singular  Integral  equations  (58),  with 
Ci,C2  as  arbitrary  constants. 

The  constants  Ci,  Ci  are  now 
determined  by  the  Kutta  conditions  (50). 

A crude  but  effective  numerical  pro- 
cedure is  simply  to  force  Yi(x)  and 
Ya(x)  to  vanish  on  the  trailing  ele- 
ment j"l.  This  requires  therefore 
that 

(y)i  " (y)h+i  ■ 0 , (78) 

or 

Ci(yIi))i  + C2(y^2)),  . -(y(o))j 

(79) 

and 
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^‘''1  'h  + 1 *'■1  'n  + 1 'I  ^H  + 1* 

(80) 

since  the  1st  element  of  the  composite 
vector  Y is  the  tralling-edge  value 
of  Yi  and  the  (N+l)th  element  of  y 
Is  the  tralllng-edge  value  of  yi  • 

The  pair  of  simultaneous  equations 
(79,8o)  are  readily  solved  for  Ci,  C*  , 
and  the  solution  (77)  for  y la  now 
complete.  In  fact  the  values  of  all  6 
computed  numbers  In  (79,80)  are  large, 
r' approximations  of  Infinity”,)  be- 
cause of  the  square-root  singularity  In 
the  general  solution  at  both  ends  of 
both  bodies.  Nevertheless,  satisfac- 
tion of  the  equations  (79,80)  serves  to 
cancel  out  the  tralling-edge  singular- 
ity In  the  final  particular  solution, 
leaving  a vanishing  loading,  as  re- 
quired. 


Computed  Results  and  Discussion 


The  above  numerical  procedure  can 
now  be  used  for  Identical  bodies  of 
arbitrary  thickness  2f(x).  However, 
to  simplify  the  present  preliminary 
computation  we  have  used  an  extremely 
Idealized  "rectangular-box"  representa- 
tion of  the  thickness,  namely 


f(x) 


|x|  < %L, 
jx]  > VL, 


(81) 


where  b Is  the  half-beam.  Thus 
f'(x)  In  (6l)  Is  a sum  of  5-functions 
at  the  ends  x ■ i%L,  and  v.'e  have 


g(x)  ■ [arotan  r— — + arctan  s— 2 — ] 

• I-,- 

(82) 

Although  for  most  purposes  (81)  Is 
a quite  unrealistic  model  of  a sKlp  or 
wing  profile,  the  only  effect  of  thick- 
ness In  the  present  problem  Is  to  In- 
duce an  effective  camber  g(x),  which 
then  Influences  the  loading  y(.x)  via 
the  Integral  equation  (58).  The  test 
then  1s  not  whether  (8l)  Is  a realistlo 
thickness  model,  but  rather  whether  (82) 
Is  a realistic  effective-camber  model, 
and  this  seems  to  be  the  case , 

Experimental  results  were  in  fact 
obtained  by  Oltmann  (^)  for  elllptl'’- 
seotloned  bodies  wlth“beam/length  = 
0.125.  In  Figures  7,8  we  compare  our 
computed  results  for  the  net  force  and 
moment  (equations  (53,5*t))  with 
Oltmann 's  experiments.  We  have  no 
right  to  expect  close  agreement,  since 
the  two  body  shapes  are  not  the  same. 

Nevertheless,  our  theory  does 
appear  to  give  excellent  qualitative 
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and  fair  quantitative  agreement  with 
the  experimental  points.  It  Is  most 
likely  that  the  agreement  would  be 
Improved  by  a more  accurate  representa- 
tion than  (8l)  of  the  elliptic  section 
shape,  and  this  Is  left  for  future  work. 
An  Indication  that  this  might  be  so  Is 
that  the  negative  (l.e.  repulsive)  peak 
on  the  force  curve  (Figure  7)  occurs 
experimentally  at  a lower  value  (1.5) 
of  the  stagger  than  on  the 

theoretical  curve  (4/%L  ■ 1.8).  This 
Is  consistent  with  the  observation  that 
such  repulsive  forces  are  due  to  Inter- 
actions between  the  ends  of  the  bodies, 
and  are  therefore  likely  to  occur  near- 
er to  the"bow-to-stere"  configuration 
(4/%L  » 2.0)  for  a very  blunt  body 
such  as  given  by  (81)  than  for  a less- 
blunt  body  such  as  that  tested  by 
Oltmann. 

A very  significant  qualitative 
aspect  to  these  results  Is  that  there 
Is  very  much  less  force  and  moment  on 
the  following  body  than  on  the  leading 
body,  In  staggered  configurations  with 
I 4/%L|  > 1.  The  physical  reason  for 
this  phenomenon  Is  that  the  following 
body  obtains  the  benefit  of  moving  In 
the  smooth  flow  field  detaching  from 
the  trailing  end  of  the  body  In  front 
of  It.  On  the  other  hand,  the  leader 
has  to  contend  with  large  streamline 
curvatures  Induced  near  Its  tralling- 
edge  by  the  leading  edge  of  the  follow- 
ing body.  There  is  of  course  some 
doubt  about  the  smoothness  of  the 
trailing-edge  flow  in  the  experimental 
situation  with  elliptic  sections,  but 
nevertheless  the  experimental  points 
do  seem  to  support  the  above  conclusion. 

This  asymmetry  Is  the  feature  of 
the  present  theory  which  contrasts  it 
most  dramatically  with  the  numerical 
computation  of  Collatz  (3),  In  which 
circulation  about  the  bo3les  is  Ignored, 
and  the  Kutta  condition  at  the  trailing 
edges  Is  not  Imposed.  Inevitably, 
this  leads  to  a prediction  for  the  force 
which  Is  symmetric  with  respect  to 
stagger,  and  the  moment  Is  anti- 
symmetric. Thus  the  leading  and  foll- 
owing bodies  are  predicted  by  Collatz 
to  be  subject  to  the  same  magnitude  of 
force  and  moment. 

In  addition,  of  course.  Figure  7 
indicates  that  the  Collatz  approach 
grossly  underestimates  the  force, 
whereas  the  present  theory  Is  In  fair 
agreement  with  experiment.  This  Is  not 
surprising,  since  the  net  circulation  Is 
a substantial  contributor  to  the  net 
force  on  the  body.  In  our  thln-wlng 
approach  It  Is  the  only  such  contribut- 
or; however,  Collatz  *s  computations 
are  for  thick  elliptic  sections,  and  he 
does  obtain  a non-zero,  though  small, 
force  even  without  taking  account  of 
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circulation.  On  the  other  hand,  Coll- 
atz  obtains  a reasonable  prediction  of 
the  moment  In  Figure  8,  presumably 
because  net  circulation  is  of  less 
significance  for  the  moment  than  for 
the  force. 

The  effect  of  varying  the  lateral 
separation  n Is  Illustrated  In  Figures 
9 and  10.  It  Is  to  be  noted  that  for 
large  separation  the  force  la  asymptot- 
ically antlaymmetrloal  about  the  point 
or  the  point  where  the  three- 
quarter-chord  position  of  body  1 la 
abeam  of  the  raid-station  of  body  2. 

This  result  can  be  explained  by  noting 
that  If  n la  large  compared  to  the 
chord  length  and  stagger,  the  leading- 
order  lateral  flow  at  body  1 Is  due 
to  the  vortex  distribution  of  body  1, 
and  the  source  distribution  of  body  2, 
the  effect  of  the  body-2  vortices  being 
negligible.  Moreover,  for  n large 
compared  to  the  chord,  the  thickness- 
induced  streamlines  from  body  2, as 
measured  at  body  l,can  be  approximated 
locally  by  parabolic  arcs,  and  thus 
the  loading  on  body  1 Is  equivalent 
to  that  on  a parabolic-cambered  foil. 

But  the  lift  on  a parabolic-cambered 
foil  la  proportional  to  the  local 
suigle  of  attack  at  the  three-quarter- 
chord  point,  and  thus  In  the  present 
case  to  the  lateral  flow  Induced  by 
body  2 at  the  three-quarter-chord 
point  of  body  1.  From  the  longitudinal 
symmetry  of  body  2,  this  vanishes  when 
Xi«0,  and  hence  for  large  separations 
there  Is  no  lateral  force  on  either  body 
when  Its  three-quarter-chord  position 
Is  abeam  of  the  other  body's  mid-chord 
position . 

Interaction  between  two-dimensional  thin 
bodies  In  each  other’s  near  field 


As  In  the  analogous  development 
of  Section  2,  the  theory  developed 
above  for  two-dimensional  flows  may  be 
complemented  by  one  In  which  the  lateral 
separation  n Is  0(e),  or  comparable 
to  the  body  thickness.  For  the  two- 
dimensional  flows  considered  In  this 
Section,  the  complementary  theory  Is 
almost  trivial. 

We  begin  with  the  assumption  that 
body  1 la  ahead,  that  there  Is  some 
overlap,  l.e.  5 < %(Li+L2),  and  that 
the  width  of  the  overlap  region  separ- 
ating the  two  bodies  Is  small  compared 
to  Its  length.  Indeed,  from  Figure  1 
It  is  obvious  that  the  local  clearance 
between  the  two  bodies  Is 

n - fiCxr)  + fl(x2)  " 0(e),  (83) 

whereas  the  length  %Li+%L2-5  of  this 
overlap  region  is  o(l) . In  such  a 
thin  region  the  flow  will  be  one- 
dimensional,  to  leading  order  In  e, 
with  a velocity 


- -Q/[n-ft(xj)  *■  fj(x2)]  (84) 

where  Q Is  the  total  flux  passing 
through  this  region.  Note  that  In 
this  Inner  region  the  variation  of 
width  is  of  the  same  order  as  the  width 
Itself,  and  thus  the  change  In  velocity 
along  the  region  Is  a first-order  quan- 
tity. 

The  remainder  of  the  fluid  domain 
Is  treated  as  an  outer  region,  to  be 
matched  to  the  Inner  region  at  the 
two  openings  x>“  -%Li,  X2“  %L2 . In 

the  outer  region,  the  flow  past  the  two 
thin  bodies  Is  simply  the  free  stream 
velocity  -U,  together  with  a small 
0(e)  perturbation.  Thus,  to  leading 
order,  the  matching  of  the  Inner  and 
outer  solutions  can  be  carried  out  m 
simply  by  equating  the  free-stream  “ 
velocity  to  the  Inner-region  flow,  at 
the  two  entrances,  without  solving  for 
the  0(e)  outer  perturbation. 

In  general,  however,  simultaneous 
matching  at  both  entrances  to  the 
Inner  region  Is  Impossible,  since  (84) 
will  take  different  values  at  these 
two  ends.  The  appropriate  end  at  which 
to  carry  out  the  matching  process  Is  the 
trailing  edge  of  body  1,  where  the  Kutta 
condition  Implies  continuity  of  pressure 
and  hence  of  the  inner  and  outer  veloc- 
ities. .'t  the  leading  edge.  In  gener- 
al, there  will  be  a souroe-llke  singu- 
larity the  strength  of  which  Is  0(e), 
and  which  need  not  be  considered  In 
this  leading-order  analysis.  Thus, 
matching  (84)  to  the  free  stream  at  the 
trailing  edge,  It  follows  that 

Q - U[n+fI(t-%Li)]  (85) 

and  hence  the  Innei'  flow  Is  determined. 
The  corresponding  pressure  In  the  Inner 
region  Is 

p -Vp(**f-U*)  ^ 

= Ypu'd-f — > 
>-n-f'i(xj)+fI(xi+£)  -1 

(86) 

and  this  may  be  Integrated  to  find  the 
Interaction  force  Y and  moment  N. 

Of  particular  Interest,  for  com- 
parison with  the  "outer  theory"  devel- 
oped earlier  In  this  section.  Is  the 
"outer  approximation  of  the  Inner 
theory",  or  the  limiting  form  of  Y and 
N as  the  separation  distance  Increases 
(to  Infinity,  by  comparison  to  e.  but 
nevertheless  small  compared  to  L) . 

The  appropriate  limits  are 
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fits.  9. 


Theoretical  away  force  on  two-dimensional  bodies  for  various  separation 
distances.  Dotted  curve  shows  small-separation  asymptote,  evaluated  at 
n*0.5(*L), 


Pig.  10,  Theoretical  yaw  moment  on  two-dimensional  bodies  for  various  separation 
distances.  Dotted  curve  shows  small-separatlon  asymptote,  evaluated  at 
n"0.5(%L) . 
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Thus,  for  e <<  Ti  <<  L,  the  force  and 
moment  are  Inversely  proportional  to  n. 
Equation  (8?)  can  also  be  obtained  by 
an  asymptotic  solution  as  n+0  of  the 
Integral  equation  (46), (47).  Thus 

the  large-T)  approximation  of  the 
n“0(e)  theory  matches  with  the  small-n 
approximation  of  the  n"0(l)  theory, 
and  these  two  complementary  theories 
are  consistent. 

Equation  (8?)  above  la  closely 
related  to  the  study  carried  out  by 
Wldnall  and  Barrows  (14),  of  a thin 
cambered  wing  in  groun3-effeot . 

Those  authors  also  used  a matching 
procedure,  and  considered  the  effects 
of  camber,  but  not  of  thickness,  auad 
assumed  that  the  camber  was  small  com- 
pared to  the  clearance  parameter. 

Computations  based  on  the  present 
results  are  particularly  easy  to  carry 
out,  especially  the  last  result  (87) 
which  states  in  effect  that  the  local 
Interaction  force  1s  proportional  to 
the  sura  of  the  local  widths  of  the  two 
bodies , minus  the  width  of  body  2 at 
the  position  opposite  the  trailing  edge 
of  body  1.  This  force  Is  obviously 
an  Increasing  function  of  body  full- 
ness, and  Is  a maximum  If  the  two 
bodies  have  the  rectangular  thickness 
distributions  (8l).  Indeed,  It  Is 
Interesting  to  compare  this  theory,  for 
that  body  shape , with  the  computations 
shown  In  Figures  7-10,  In  spite  of  the 
fact  that  a rectangular  thickness  dis- 
tribution la  particularly  severe  for 
the  present  Inner  theory.  One  obtains 
In  thlc  case  for  the  force  a diamond- 
shaped curve,  symmetrical  about  C"0, 
having  a peak  value  of  Y/pU*b  ■ L/n 
at  ?»0,  and  vanishing  when  the  over- 
lap ceu.8es  at  for  n«i  L this 

Is  shown  by  the  dotted  line  In  Figure  9, 
and  even  for  this  relatlvely-large  spac- 
ing, and  extreme  body  form,  the  results 
agree  fairly  well  with  the  outer  theory 
for  negative  values  of  %,  but  rather 
poorly  for  positive  values  of  the 
stagger  distance.  On  the  other  hand 
the  moment  will  be  a pair  of  antl- 
symmetrlcal  parabolas,  which  are  shown 
In  Figure  10  for  the  same  separation, 
and  the  agreement  here  Is  better. 

While  a similar  comparison  should  be 
carried  out  for  streamlined  bodies.  It 
seema  likely  that  the  agreement  will 
be  Improved  In  this  case  and  thus  that 
the  very  simple  formula  (87)  can  be  used 


in  practice  to  compute  the  Interaction 
force  and  moment  for  the  separation  dis- 
tances of  practical  Importance,  In  prob- 
lems where  the  two-dlmenslo- *1  assump- 
tions of  this  Section  are  Valid. 

^ INTERACTIONS  BETWEEN  SHIPS  IN 

SHALLOW  WATER 

Ships  In  each  other's  far  field 

The  only  case  for  which  the  two- 
dimensional  analysis  of  Section  3 can 
be  applied  directly  to  ships  la  when 
the  ships  are  wall-sided  and  are  moving 
In  water  so  shallow  that  the  clearance 
between  the  ships'  bottom  and  the  bott- 
om of  the  water  can  be  neglected.  In 
this  case,  providing  free  surface  eff- 
ects are  negligible,  l.e.  for  sufficient- 
ly small  Froude  numbers  based  on  water 
depth  h,  the  flow  is  truly  two- 
dlmens lonal  everywhere . 

However,  it  Is  well  known  (e.g. 

Tuck  (8))  that  In  shallow  water  the 
flow  Is  asymptotically  two-dimensional, 
even  when  the  clearance  is  not  neglig- 
ible compared  to  h,  providing  we  are 
not  too  close  to  the  ship.  The  gener- 
al effect  of  a single  ship  with  section 
area  Si(xi)  moving  with  speed  Ui  In 
shallow  water  Is  to  push  the  water 
aside  symmetrically,  the  apparent  veloc- 
ity In  the  y,  -direction  at  which  this 
pushlng-aslde  takes  place  being  of  mag- 
nitude U|S{(xj)/4h.  Note  that  Si(xi) 
Is  the  double-body  section  area,  the 
double  body  being  situated  In  a "double- 
body" of  water  of  total  depth  2h. 

If  there  Is  any  disturbing  Influ- 
ence which  is  unsymmetrloal  with  re- 
spect to  the  center  plane  of  ship  1, 
such  as  another  ship,  and  the  clearance 
Is  not  zero,  there  Is  a possibility  of 
a laterally-unsymmetrlc  component  to 
the  flow  near  the  first  ship,  and  the 
resulting  Inner  flow  near  this  ship  Is 
quite  complicated.  What  concerns  us 
here,  however.  Is  only  the  "Intermediate" 
approximation  to  the  flow,  l.e.  the 
flow  at  a lateral  distance  n which  Is 
large  compared  with  the  beam  but  still 
small  compared  with  the  length  of  ship  1. 

In  the  Intermediate  region,  It  Is 
clear  that  we  can  write  for  the  lateral 
velocity 

lyT  " " ^ s{(xi)sgn  y»+V  (xi,t). 


wherifj  the  first  term  measures  the  lat- 
eral ly-symmetrlc  flow  due  to  body  I's 
thickness,  and  V Is  the  (unknown) 
apparent  cross-flow  velocity.  On 
Integrating  (88)  with  respect  to  yi 
can  write 


♦ ■ - ^ Si(xi)|yil+*»(xj,t)+V  (xi,t) 

•(yi±Cj(xi)) , 

(89) 

where  *»(xi,t)  Is  an  unknown  "con- 
stant" of  Integration,  and  Ci(xi)  a 
(known)  blockage  coefficient  (ef. 

Tuck  and  Taylor  (^)). 

The  above  dlecuasion  applies 
only  to  the  case  when  any  disturbing 
influence  is  far  from  ship  1,  so 
that  the  blockage  coefficient  C,  is 
that  for  ship  1 alone.  A similar 
intermediate  expansion  applies  near 
ship  2,  if  that  disturbing  influence 
is  Indeed  another  ship.  The  above 
is  the  intermediate  approximation  for 
the  general  unsteady  case.  We  now 
use  it  as  an  effective  boundary  con- 
dition for  the  outer  problem,  but  con- 
f'*ne  attention  to  the  steady  case,  to 
avoid  the  complication  of  an  unsteady 
wake. 

We  shall  attempt  to  use  the 
same  source-vortex  representation  (*t0) 
for  the  disturbance  poten  lal  in  the 
far  field,  as  we  did  when  the  clear- 
ance was  zero.  But  now.  Instead  of 
simply  satisfying  a boundary  condition 
such  as  (41)  on  the  center  plane  of 
the  thin  two-dimensional  bodies,  we 
must  determine  the  source  and  vortex 
strengths  by  matching  with  the  near 
field  in  the  intermediate  region  where 
(89)  is  valid. 

Now  from  (4o),  as  yi-»0  , wo 
have  * 

•■►(*i±«'i)+yi(V  ±V,)+0(yl),  (90) 

where  V ±Vi  is  given  by  the  right-hand- 
side  of  (43)  and 

♦1  “ * I Yi(x)dx.  (91) 

-*Li 

We  have  no  need  for  the  symmetric  part 
#•  of  the  value  of  ^ at  yi»0,  which 
does,  however,  match  with  the  corres- 
ponding term  in  ( 8f) . 

Thus  equation  (90)  matches  with 

(89)  if 

V,  -}is;(x,)  (92) 

and 

•i  - V c,.  (93) 

Thus  (92)  and  (43)  imply  immed- 

iately that  the  source  strength  is  given 
by 


mi(xi)  “ “ s|(xi),  (94) 

a straight-forward  generalization  of  (45). 
Similarly,  using  (43)  for  V , equation 
(93)  implies 


(95) 

A similar  analysis  of  the  behavior 
of  ^ for  small  y»  leads  to  a corres- 
ponding expression  to  (94)  for  mt(xt) 
and  a relationship  analogous  to  (95) 
involving  on  the  left  the  blockage  co- 
efficient Ct(xt)  of  ship  2 and  an 
indefinite  integral  of  Yt(xt).  Pin- 
ally,  substituting  the  now-known  source 
distributions  mi(xi),  m*(xt)  into  the 
relations  of  type  (95),  we  obtain  the 
coupled  singular  Integral  equations; 


where  gt(xi),  gi(xt)  are  still  given 
by  (48),  but  without  the  camber  terms, 
and  with  m,  given  by  (94),  etc.  H(x) 
is  the  Heaviside  step-function, equal  to 
zero  for  negative  argument  and  one  for 
positive  argument. 

The  only  difference  between  the  pair 
of  equations  (96),  (97)  and  the  pair  (47), 
(48)  is  the  presence  of  the  terms  in  C|, 

Ct . There  should  be  little  additional 
numerical  difficulty  in  including  these 
extra  terms  in  the  kernel  of  the  integ- 
ral equations,  although  this  is  left  for 


I 


i 


i 
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future  work.  We  merely  note  that  the 
limit  Ci,C»  + “ corresponds  to  the 
fully -blocked  case,  or  zero  clearance, 
and  the  two-dimensional  results  are 
retrieved. 

Ships  In  Each  Other's  Near  Field 

If  the  two  ships  are  sufficiently 
close  to  each  other,  the  previous 
analysis  breaks  down,  since  the  approp- 
riate Inner  expsuislon  Is  one  which  In- 
cludes both  ships.  At  any  section 
the  flow  picture  Is  as  In  Figure  11,  In 
which  there  Is  a total  flux 

m - -UiS{(xi)-U,Si(x»)  (98) 

produced  by  the  changing  sectional 
areas  of  the  two  ships,  and  (In  contrast 
to  the  situation  of  the  previous  sub- 
section) this  flux  need  not  split  evenly 
as  It  Is  pushed  to  yo/e  ■ ±».  How- 
ever, the  extent  to  which  the  flux 
does  not  split  evenly  can  be  described 
In  terms  of  a lateral  flow  past  both 
ship  sections,  as  If  held  fixed. 

If  ^0  denotes  the  velocity 
potential  for  a cross  flow  of  unit  mag- 
nitude In  the  yo  direction  about  the 
two  fixed  sections,  we  have 

y,  + C sgn  y,  (99) 

as  yj/e  •*  ±«.  The  blockage  coeffic- 
ient C may  be  taken  as  known,  or 


/ J y y , y / y y , y y , y ^ y ^ 


Pig. 11.  Sketch  of  Inner  flow  near  two 

closely-spaced  moving  body  sections 
In  shallow  water. 
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Fig.!!!.  Sketch  of  Inner  flow  for  stream- 
ing motion  past  two  closely-spaced 
body  sections  In  shallow  water. 


numerically  computable,  for  every  giv- 
en relative  position  of  the  two  ship 
sections.  The  flow  associated  with 

Is  sketched  In  Figure  12. 

In  order  to  specify  a unique  Inner 
problem,  let  us  suppose  that  we  compute 
first  a particular  potential  due 

to  the  moving  ships.  In  which  the  net 
flux  m does  split  evenly  at  Infinity, 
so  that  as  yi/e  + ±-, 


♦ i [|y*|  + D sgn  yo].  (100) 

This  particular  solution  satisfies  the 
appropriate  Inhomogeneous  boundary  con- 
dition on  the  two  hull  sections,  giving 
the  net  flux  m as  In  (98).  The 
quantity  D Is,  like  the  blockage  co- 
efficient C,  a unique  numerlcally- 
computable  number  for  every  geometrical 
configuration  of  the  two  ship  sections. 
Unfortunately,  unlike  C,  It  does  also 
require  Information  about  the  longitud- 
inal rate  of  change  of  the  shape  of  the 
bodies,  which  enters  via  the  body  bound- 
ary conditions. 

The  "general  solution"  for  the  com- 
plete Inner  potential  ^ must  be  a 
combination  of  the  "symmetric"  particu- 
lar solution  and  an  arbitrary  mult- 

iple of  the  "antisymmetric"  potential 
> together  with  an  additive  "con- 
stant" Independent  of  the  lateral  co- 
ordinates, l.e. 

♦ - ♦i+V(xi,t)^,+f(xo,t)  (101) 

where  V Is,  as  In  the  previous  sub- 
section, the  apparent  lateral  velocity 
In  the  Intermediate  region,  and  f Is 
an  arbitrary  constant  In  the  cross- 
flow  plane,  related  to  the  longitudln  .1 
velocity.  Both  V and  f are  at  the 
present  stage  arbitrary  and  must  be  de- 
termined by  matching  with  the  far  field. 
Note  that,  since  3^o/3n  - 0 on  the  body 
sections,  ^ satisfies  the  same  body 
boundary  condition  as 

The  Intermediate  expansion  of  (101) 
gives,  as  y/e  ±», 

♦ -*■  ■^(ly»l+D  sgn  yo)+V(yo+C  sgn  yo)+f, 

(102) 

which  can  be  split  Into  an  even  part 

♦even  " ^ ^ 

and  an  odd  part 

♦odd  “ y*  • 

(104) 

where 

44  - 2VC  + mD/2h.  (105) 

When  we  turn  to  the  outer  expansion. 
In  which  the  region  occupied  by  both 
ships  has  shrunk  to  the  plane  yt*07  we 
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find  that  we  are  faced  with  solution 
of  a pair  of  classical  two-dimensional 
thln-alrfoll  problems.  The  oven  part 
^evea  Intermediate  potential 

provides  the  Inner  boundary  condition 
for  a non-llftlng  thickness  problem, 
the  combined  effect  of  the  two  ships 
being  equivalent  to  that  of  a single 
airfoil  of  thickness  proportional  to 
m,  and  hence  to  a linear  combination 
of  the  section-area  slopes  of  the  two 
ships. 
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On  the  other  hand,  the  odd  portion 
♦odd  generates  a lifting-surface  or 
camber  problem,  In  which  V la  pro- 
portional to  the  effective  camber. 

But  the  potential  Jump,  or  loading 
must  be  given  by  (105),  a formula 
which  also  Includes  V as  Its  only 
unknown.  If  one  evaluates  the  load- 
ing using  standard  (unsteady)  thin 
airfoil  theory,  one  therefore  obtains 
an  Integral  equation  for  V,  the 
solution  of  which  completes  the  problem. 
For  the  steady  case,  this  Integral 
equation  Is  similar  to  that  given  by 
Newman  (^) . 

This  sub-section  has  provided  a 
very  brief  and  Incomplete  outline  of  a 
procedure  for  solving  a very  difficult 
problem.  The  complete  problem  has 
been  reduced  to  a number  of  separate 
canonical,  but  still  difficult  tasks. 

In  the  first  place  one  must  solve 
(separately  for  every  value  of  Xo 
and  time  t)  a pair  of  two- 
dimensional  boundary-value  problems  In 
the  (yo.z«)  plane  to  determine  the 
coefficients  C,D,  which  are  char- 
acteristic properties  of  the  combined 
geometry  of  the  two  ship  sections. 

Then  one  must  use  these  coefficients, 
which  vary  from  section  to  section,  as 
Inputs  to  a singular  Integral  equation 
which  results  from  application  of  un- 
steady airfoil  theory  In  the  (xe,yo) 
plane.  Clearly,  much  more  work  needs 
to  be  done  before  one  could  have  any 
hope  of  a practical  solution  to  this 
problem. 
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DISCUSSION 


M.  dCHMIBCHEN 

The  taot  that  foroei  due  to  drculation  are  omitted  In 
Dr.  CoUati'i  theory  (1)  may  be  deduced  from  very  limple 
relative  motion  coniiderationi.  Thu  bas  been  diacuaMd 
toftether  with  the  coneequencea  for  pesirint;  and  overtaking 
■hlpe  In  my  contribution  (2)  to  Dr.  CoUatir'ii  paper.  Ae  for 
aa  I remember  coniequently  in  the  final  title  of  his  thede 
Dr.  CoUati  did  no  longer  refer  to  ihipi  but  lethcr  to  ellip. 
tical  cylinden.  dome  more  references  to  the  relative 
motion  concept  may  be  found  in  the  contribution  to  Dr. 
Dand’s  paper  presented  latai  at  this  Symposium. 

(1)  Collatz,  G.:  Fotentialtheoretische  Untersuchung  der 

hydrodynamischen  Wechselwirkungen 
zweier  Schiffskdrper.  STG  B7(196S)  S. 
281/329. 

(2)  Schmiechen,  M.:  Contribution  to  (1)  STG  57  (1963) 

S.  368. 


I.W.  DAND 

In  this  important  paper  the  authors  have  tackled,  and 
apparently  largely  solved,  the  difficult  problem  of  inter- 
action between  ships  in  deep  and  shallow  water.  Agree- 
ment between  theory  and  experiment  has  been  significantly 
Improved  and  the  authora  have  shown  the  importance  of 
including  circulation  in  the  final  shallow  water  forces  and 
moments.  The  insight  gained  by  the  authors’  approach 
is  valuable  for  the  general  practitioner. 

It  is  unfortunate  that  so  little  published  experimental 
data  exists  on  two-ship  interaction.  However  the  writer 
notes  that  the  authors  do  not  refer  to  some  shallow  water 
interaction  and  bank  effect  data  given  in  NSRDC  report 
1706  (August  1964)  by  C.  G.  Moody.  It  is  perhaps  to  be 
regretted  that  for  the  cose  of  shallow  water  interaction,  the 
hull  shape  which  has  received  the  most  theoretical  and 
expwlmental  attention  should  have  been  the  ellipse  with 
possibly  separated  flow  near  the  stem.  It  would  Iberefore 
be  of  some  interest  to  see  how  the  authors  computed 
shallow  water  forces  and  momenta  compare  with  measure- 
ments on  ship-shaped  hull  forms  in  shallow  water. 

Regarding  the  authors'  deep  water  results,  qualitative 
agreement  between  theory  and  experiment  for  the  sway 
force  is  good,  but  the  tame  cannot  be  tcJd  for  the  yaw 
moments  shown  in  Fig.  3.  A feature,  important  from  the 
point  of  view  of  ship  safety,  is  the  ‘bow  inwards’  moment 
measured  on  ship  B when  it  it  between  400  and  600  feet 
aliead  of  ship  A.  This  indicates  that  ship  B tends  to  cut 
across  the  bows  of  ship  A — a particularly  hazardous  ten- 
dency which  could  give  rise  to  a collision.  Such  behavior 
lias  also  been  observed  when  one  model  was  mode  to 
overtake  another  in  some  experiments  made  reoantly^aia 
Ni'L.  It  appears  that  the  authors’  calciUations  do  noV* 
predict  this  behavior  and  neither  do  they  predict  the 
strong  ‘bow  outwards’  moment  at  zoro  stagger  indicated  by 
the  model  measurements.  Can  the  authors  explain  these 
discrepancies? 

Finally  an  Importanj^gppe  of  interaction  exists  where 
one  ship  is  much  iMHinui  the  other  and  is  operating  in 
comparatively  alj^plrwater  whereas  the  smaller  ship 


approaching  it  is  in  comparatively  deep  water.  Can  the 
authors  theory  encompass  such  a situation? 


L.L.  MARTIN 


The  authors  have  stressed  that  this  is  basically  a 
potential  (low  problem  and  have  neglected  wavemaking 
effects.  Nbwtons  data  for  KQV  and  OLNA  used  by  the 
authors  was  the  average  of  a large  number  of  experiments 
over  a range  of  speeds  and  wave  effects,  so  far  u possible, 
have  been  smoothed  out.  Such  meuurements  have  not 
been  made  very  frequently  at  ABW  but  I would  like  to 
show  two  other  similar  sets  of  unpublished  data.  Figures 
2 and  3.  These  also  have  been  smoothed  out  to  eliminate 
as  far  as  possible  wave  effects.  (As  it  is  necessary  to 
publish  this  data  in  non-dimensional  form.  Figure  1 is  a 
repeat  of  the  KGV  & OLNA  data  non-dimensionalized  in 
the  same  way  for  case  of  comparison).  Whilst  in  general 
the  shapes  of  the  force  and  moment  curves  are  similar  to 
KGV  and  OLNA  they  both  have  a curious  feature  — the 
force  on  the  larger  veisel  (vessel  A in  each  case)  is  always 
repulsive,  even  when  abreast.  Except  for  a small  range 
of  separation  near  the  abreast  position  the  moment  is  also 
always  bow  Inwards.  This  has  naturally  been  ascribed  to 
wave  effects  in  the  gap  between  the  two  ships,  but  it 
affects  only  the  larger  ship  and  if  it  is  a wave  effect  must  be 
of  a similar  magnitude  to  the  forces  considered  by  tjMf 
authors.  Apart  from  the  large  ratio  of  dispUceiq|s|||j^one 
case,  the  proportions  of  the  ships  as  shown  by  tkk 
various  geometric  ratios  in  the  table  are  not  too  far 
removed  from  KGV  and  OLNA.  I would  be  pleased  to 
hear  comments  on  these  additional  data  and  suggestions  as 
to  why  similar  results  were  not  obtained  for  KGV  and 
OLNA. 

Table  of  Geometric  Ratios 
of  the  Ships 


Figure  NiiitkK 

1 

2 

3 

LM^MShip  A 
Ls^P^f  Ship  B 

1-W 

1.54 

1.18 

Displacement  of  Ship  A>- 

1.67 

8.61 

1.66 
J 

Displacement  of  SMp^  B 

aepflpoi).l{gtol)( 

0.285 

0.2BB 

KiMuretion,  to 

1.87 

1.94 

1.66 

Separation,  beam  to  beam 

F node  number  based  on 
mean  length 

0.11^ 

^0.24 
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SHEN  WANG 


FOREWORD 

The  work  referred  to  In  the  paper  was  a 
part  of  my  contribution  dealing  with  the  hydro- 
dynamic  interactions  induced  by  passing  ships 
on  a moored  tanker,  prepared  for  the  Port  of 
Long  Beach,  Long  Beach,  California,  October 
1972.  In  that  study,  the  surgeforce  as  well 
as  the  sway  force  and  the  yaw  movement  was 
examined.  The  results  should  be  of  interest 
to  harbor  engineers  and  can  be  useful  for 
mooring  line  loading  estimations.  Presented 
in  the  following  is  a brief  discussion  of  our 
approach  as  well  as  the  computed  results, 
which  we  feel  should  be  complimentary  to  the 
present  paper  (referred  as  (I)  in  the  dis- 
cussion following). 

FORMULATION 

We  are  concerned  with  the  interaction 
forces  and  moment  indu' ed  by  a passing  ship 
on  a moored  vessel.  The  passing  ship  is 
assumed  to  move  at  a constant  speed  along  a 
path  parallel  to  the  centerline  of  the  moored 
vessel.  Both  ships  are  assumed  slender  but 
may  be  of  different  forms.  The  body  slen- 
derness is  im.plied  by  that  both  beam  and 
draft  are  small  as  compared  to  the  ship's 
length.  The  lateral  separation  of  the  two 
ships,  however,  is  assumed  large  as  com- 
pared to  their  beams. 

Only  deep  fluid  is  considered  in  this 
analysis.  The  fluid  is  assumed  incompres- 
sible and  inviscid,  the  flow  being  irrotational. 
It  is  also  assumed  that  the  Froude  number  of 
the  moving  ship  is  so  small  that  the  fluid 
surface  may  be  treated  as  a rigid  boundary 
and  the  free  surface  effect  can  be  ignored. 

This  assumption  is  justified  for  the  case  of 
passing  moored  ships  as  the  passing  speed 
is  generally  very  low  especially  inside  a 
harbor  near  the  berthing  area.  As  a result 
of  this  assumption,  the  method  of  image  may 
be  applied  so  that  the  problem  may  be  con- 
sidered as  that  of  two  double  ships,  the  two 
Slender  ship  hulls  plus  their  images  in  the 
free  surface,  in  an  unbounded  fluid. 

In  order  to  be  conoistant  with  the  coor- 
dinate systems  defined  in  (I),  the  body 
coordinate  (xj  ■ Vi  , ) is  fixed  in  the 

moored  ship,  and  (x2  > yg  > '''a  ) is  fixed  in 

the  passing  ship  moving  with  a constant 
speed  U2'  Since  we  are  interested  in  the 
Induced  exciting  forces  on  the  moored  ship, 
we  assume  the  body  axes  1 to  be  stationary 
so  that  Uj  = 0.  The  two  ships  are  separ- 
ated by  a lateral  distance  T)  , which  is  a 
constant,  and  a fore-and-aft  distance  ? , 
which  is  a function  of  time  t.  As  shown  in 


Figure  A (same  as  Figure  1 of  (I)),  the  fore- 
and-aft  distance  5 (t)  is  positive  when 
body  2 is  astern  of  body  1.  In  the  following 
we  shall  use  ship  1 and  ship  2 to  refer  to 
the  moored  ship  and  the  passing  ship, 
respectively,  and  use  body  1 and  body  2 to 
refer  to  the  two  double-body  forms. 


Figure  A - Coordinate  Systems 


In  ideal  fluid,  there  exists  a velocity 
potential  0 which  satisfies  the  following 
boundary  conditions: 


-iJL  = 0 

9 n] 

on  body  1 

(1) 

8 0 9x, 

8 n2  S "2 

on  body  2 

(2) 

where  nj  and  n2  are  the  unit  normal 
vectors  on  the  body  surfaces  1 and  2, 
respectively.  In  determining  the  total 
velocity  potential  0 , we  shall  first 
consider  that  due  to  the  moving  body  2.  I^et 
®2  (*2)  cross  sectional  area  curve  of 

the  moving  ship.  (2  S2(x2>  for  the  double- 
body form.  A factor  of  2 should  be  realized 
if  compari  \g  with  the  definition  of  Sg  (X2)  in 
(I).)  For  a slender  body  in  a uniform  axial 
stream  velocity  -U2  relative  to  the  body 
axes,  a distribution  of  doublets  oriented 
parallel  to  the  longitudinal  axis  can  be 
approximated  by: 

U2(x2>  = S2  (X2>  U2  (3) 
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To  the  leading  order  approximation  of 
slender  body  theory  the  boundary  condition 
(2)  is  satisfied  with  the  above  distribution. 
The  velocity  potential  written  in  the  fixed 
reference  frame  (x,  y,  z ),  which  is 
identical  to  (xj  , yj  , zj  ),  is  therefore: 


02  (x.  y.  z.  ?)  = 

f S2(x2)(x-X2+?)dx2 

t(x-X2  + ?)^+(y-  + 


On  the  body  axis  yj  = Zj  = 0 there 
exists  a stream  field  induced  by  02! 
assuming  S2(x2)  = 0 at  the  body  ends,  the 
velocity  components  of  the  induced  stream 
are  obtainfed: 


U(xi.  ?)  = 
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3 X 


(xj.  0,  0.  ?) 


(X2-X1..  »)2 


+ n 


?)  dx. 


{o) 


V(xi,  ?) 


0,  0.  ?) 


distributions  of  doublets  parallel  to  x^  - 
and  yj  - axes,  respectively. 

At  this  point  one  may  straightforwardly 
determine  the  ■.  elocity  potential  0j2  and 
substitute  it  with  02  into  the  unsteady 
Bernoulli  equation  to  obtain  pressure  dis- 
tributions and  then  the  acting  forces  can  be 
calculated  by  carrying  integration  of  the 
pressure  over  the  surface  as  outlined  in 
Section  2 of  (I).  As  the  authors  of  (1) 
indicated,  however,  this  pressure  integral 
would  be  complicated  to  work  out  directly, 
so  they  instead  followed  the  approach  of 
Lighthlll  (I960)  to  obtain  the  lateral  force 
without  considering  the  detail  geometry  of 
the  surface  co  .tour  other  than  the  sectional 
area  curve  and  the  added  mass  distribution. 
In  the  following  we  shall  show  that  this 
problem  can  be  solved  directly  by  the 
application  of  Lagally's  theorem.  While  the 
authors  cf  (I)  are  highly  critical  of  the  use 
of  Lagally's  theorem  and  the  approach  in 
general  to  ignore  end  effects,  we  shall  show 
that  for  our  problem  the  approach  is  appro- 
priate. We  shall  also  show  the  application 
of  the  Legally  theorem  to  bodies  of  arbitrary 
cross  section.  If  the  body  cross  section 
form  is  properly  considered,  the  application 
of  the  Legally  theorem  will  result  in  the 
same  formula  as  that  derived  in  (I)  by  using 
the  momentum  theorem. 


U2  ^ f S2  d^2 

2"  J [(X2-  XI-  ?)^+  n2]3/2 


(6) 


where  U represents  an  axial  velocity  com- 
ponent and  V a cross-flow  velocity  com- 
ponent brought  about  due  to  the  presence  of 
the  passing  ship  2,  and  Si  (X2)  stands  for 
3 S(x2)/3x2.  Equation  (6)  agrees  with 
Equation  (10)  of  (I),  in  which  V is  written 
in  the  moving  reference  frame  of  body  2, 
however . 


Because  of  the  existence  of  the  induced 
stream  on  body  axis  i,  there  must  be  an 
interaction  potential  0j2  such  that  the 
boundary  condition  (1)  is  satisfied.  We  shall 
assume  the  double-body  form  of  ship  1 
axisymmetrical;  nevertheless,  we  should 
note  that  the  results  which  we  shall  show 
may  virtually  apply  for  arbitrary  slender 
ships.  Since  the  stream  velocity  components 
U and  V have  been  determined  as  given  in 
(5)  and  (6),  the  singularity  distribution  on 
the  centerline  of  body  1 can  again  be 
approximated  from  slender  body  theory; 
they  are; 

^1x^*1’  **  ■ Sl(xj)  U(xj,  ?)  (7) 


Sj(Xj)V(Xj,  ?)  (8) 


FORCES  AND  MOMENT  ON  A MOORED 
VESSEL 


The  Induced  singularity  distributions  in 
body  1 have  been  determined  and  given  in 
(7)  and  (8).  The  forces  and  moment  can  then 
be  evaluated  by  application  of  the  Lagally 
theorem  for  unsteady  flow  as  shown  by 
Cummins  (1954).  Accordingly,  the 
differential  forces  on  the  moored  ship  can 
be  written: 


dX(xi,?)  = 2TTp[Ul^|^j  +^^]dxy  (9) 
dY(xj,?)  = 2np  [Uix-:—  + <1°) 

oX  J o t 


where  p is  the  fluid  density.  The  first 
term  on  the  righthand  side  of  the  above 
equations  is  the  Lagally  forces  in  a steady 
flow.  The  second  term  is  the  contribution 
due  to  the  flow  unsteadyness,  and  corres- 
ponds to  the  rate  of  change  of  momentum 
arising  from  the  singularities  induced  Inside 
the  body.  In  a fixed  reference  frame,  the 
time  derivs.tive  in  the  second  term  can  be 
written: 


_3 

3t 


-Uz 


3 

a 5: 
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By  definitlor,  the  velocity  componenta  U 
and  V of  the  Induced  atream  field  are  both 
amall  as  compared  with  U2>  ao  that  the 
steady  Lag  ally  force  term  in  (9)  and  (10) 
may  be  neglected  as  compared  with  the  time 
varying  term.  Substituting  (7)  and  (8)  into 
(9)  and  (10)  and  integrating  over  the  body 
length  Lj,  we  obtain  the  leading  order 
approximation  of  the  total  surge  and  away 
forces  on  the  moored  ship. 


X(?  ) 
Y(?) 


= -pU2/’Si(xi)-i[U(xi,?)]dxi  (11) 

•'Ll 

= -2pU2ySi(xi)^[V(xi,?)ldxi  (12) 


Substituting  U and  V from  (5)  and  (6), 
integrating  by  parts,  and  assuming 
Sl(xi)  = 0 at  the  body  ends,  we  obtain  the 
final  expressions  for  these  forces; 


Again,  (15)  agrees  with  (30)  of  (I). 

Equations  (13),  (14),  and  (15)  complete 
our  results  for  the  surge  force,  side  force 
and  yaw  moment  r.ctlng  on  a moored  vessel 
as  a result  of  the  passing  of  another  ship. 
These  forces  ana  moment  are  shown 
depending  upon  '.he  two  ships'  separation 
distances  and  their  sectional  area  distri- 
butions. In  tha  derivation  of  these  equations, 
the  moored  ship  together  with  its  image  Is 
represented  ly  an  axlsymmetrical  body;  no 
such  restriction  on  the  passing  ship  is 
imposed,  however. 

NUMERICAL  RESULTS 

We  assume  the  two  ships  both  having  a 
simple  .sectional- area  distribution  of 
parabolic  form  as  follows; 

Sj  (x.j)  = Sj  (1  - 4xj-/L?)  (16) 


X (?)  = 


0^2/"  > /•S'(x2)(x2.xi-5)dx2 

^2 


d X 


1 


(13) 


Y(?)  = 

PU2 


PM 


('‘2 


d X- 


[(X2-X1  - ?)^+  Tl'^l 


2l3/2''*l 


(14) 


Tuck  and  Newman's  expression  for  side  force 
given  in  equation  (29)  of  (I)  agrees  with  (14) 
if  their  double-ship  form  1 is  axlsymmetrical 
and  Ul  = 0.  (Note  that  their  formula  is 
given  for  the  double  body  and  their  definition 
of  S(x)  is  twice  as  large  as  ours.) 


Similarly,  the  yaw  moment  to  leading 
order  approximation  is  just  the  unsteady 
Legally  moment.  For  a slender  body,  it  has 
been  shown  by  Cummins  that  this  moment 
can  also  be  expressed  h\  .a.  integral  over  the 
ship  length.  The  final  c- ressioii  for  yaw 
moment  is; 


N (?  ) = 
2 

PU2 


- — -J  [Sj  (xj)xj  +Sj(xi)] 


(15) 


where  Sj  is  the  midship  sectional  area  and 
j is  the  index  denoting  ship  1 or  2-  In  order 
to  describe  the  general  sequential  phenomena 
on  a moored  ship  as  another  ship  passes 
alongeide,  we  consider  a special  case  that 
two  ships  of  identical  length  L have  a 
separation  distance  t)  = L/4.  The  calcu- 
lated results  are  shown  in  Figure  B.  The 
resulting  forces  and  moment  are  either  an 
even  or  an  odd  function  of  the  stagger  dis- 
tance ; , as  both  ships  are  assumed  fore- 
and-aft  symmetric.  According  to  the 
schematic  drawing  shown  in  Figure  A,  the 
moving  ship  passes  from  the  stern  of  the 
moored  ship  to  the  direction  of  its  bow.  As 
shown  in  Figure  B,  the  interactions  begin 
well  before  the  two  ships  actually  start  to 
overlap.  Generally  there  is  a small 
repulsion  force  acting  on  the  stern  of  the 
moored  ship  in  both  longitudinal  and  lateral 
directions.  As  a result,  the  moored  ship 
experiences  a small  surge  force  toward  the 
bow,  and  a small  lateral  force  tending  to 
swing  its  stern  toward  the  dock.  As  the 
passing  ship  proceeds  to  overlap,  the 
moored  ship  begins  to  experience  a suction 
force  from  the  passing  ship  and  the  surge 
force  changes  its  sign;  the  lateral  force 
gradually  reaches  its  secondary  peak  and  the 
resulting  tendency  is  to  pull  the  stern  of  the 
moored  ship  back  toward  the  passing  ship. 

As  the  passing  ship  continues  to  pull  up,  the 
ciftward  surge  for.ee  becomes  stronger;  so 
does  the  laterial  attractive  force  at  the  stern 
of  the  moored  ship.  The  longitudinal  attrac- 
tion soon  reaches  its  maximum  and  eases  off. 
The  lateral  attractive  force  continues  to  grow 
but  more  effect  of  bow  picks  up  and  the  con- 
tribution of  stern  falls  off.  As  the  two  ships 
come  abreast,  the  lateral  attractlpn  reaches 
its  primary  peak;  and  meantime,  there  is  a 
rapid  change  in  surge  force,  which  shifts 
from  aftward  to  foreward,  as  well  as  there 
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Figure  B * Surge  Force,  Sway  Force,  and  Yaw  Moment  on  a Moored  Ship 

(Two  Shipa  of  Equal  Length  with  a Centerline  Olatance  ri  = 0.25L) 


In  a general  caae,  aubstitutlng  the 
geometry  Information  (16)  into  (13>15),  one 
may  evaluate  the  integrals  and  obtain  the 
surge  force,  sway  force  and  yaw  moment 
as  a function  of  the  separation  distance  r)  , 
the  stagger  distance  ? , and  the  relative 
length  ratio  of  the  two  ships  L2/L].  R>r  given 
values  of  ^z!^\  and  T)  a similar  result  as 
shown  itkFigurd'B  can  be  obtained.  From 
the  mooring  design  calculation  point  of  view, 
however,  only  the  peak  values  of  these  forces 
and  moment  are  of  interest.  Figures  C - E 
summarize  the  calculated  results  of  the  non- 
d'.mensional  peak  surge  force,  sway  force, 
and  yaw  moment,  respectively,  plotted  as  a 
function  of  separation  distance  for  a range 
of  various  length  ratios  from  L2/LJ  = 0.5 
to  2.0.  Noting  from  these  figures,  the 
strong  dependence  of  the  forces  and  moment 
on  the  separation  distance  is  evident.  This 
is  especially  true  if  L2/L1  < 1.  The 
effect  becomes  slightly  weaker  when 
L2/L1  > 1,  as  the  fore-and-aft  interaction 
due  to  the  passing  ship  is  more  effective 
when  the  separation  is  sufficiently  large  if 
the  passing  ship  is  much  longer  than  the 
moored  ship.  By  the  same  token,  If  the 
passing  ship  is  much  longer,  the  effects  on 
the  moored  vessel  are  generally  significant  . 
even  when  the  separation  distance  if  large. 


This  feature  is  rather  clearly  demonstrated 
in  the  plot  of  the  maximum  side  force  as 
shown  in  Figure  D. 

The  calculations  given  above  are  based 
upon  the  assumption  that  the  ship  hull  and  its 
image  constitute  a double-body  form  which 
has  an  axisymmetry  and  its  sectional  area 
distribution  is  a parabolic  curve  as  given  by 
(16).  While  it  Is  anticipated  that  this  dis- 
tribution of  sectional  area  should  provide  a 
good  representation  for  a wide  range  of 
regular  surface  ships,  it  is  still  interesting 
to  examine  the  validity  for  application  of  the 
calculated  results  tr  ships  of  arbitrary 
cross  section  Including  the  possible  stern 
effects  d”.e  to  vortex  shedding  from  the 
trailing  edges  of  rudder  and  deadwood. 


Function  «t  lia  Lateral  Separation 
from  a ^salng  Ship  (Siibsorlpt  1 
moored  ahlp,  2 tor 
pMihlog  ahlp) 


Figure  D - Nondlmenslonal  Peak  Sway  Force 
on  a Moored  Ship  as  a Function  of 
Ita  Lateral  Separation  from  a 
PaBslng  Ship  (Subscript  1 denotes 
for  moored  ship,  2 for  passing 
ship  *• 


To  leading  order  of  slender  body 
^.r^approxlmatlon,  the  representation  for 
' bodies  of  arbitrary  cross  section  departs 
from  which  for  axlsymmetrlc  bodies  by  the 
refinement  to  Include  correct  added  mass 
effects . As  Is  well  known  according  to 
slender  body  theory,  the  kinetic  energy  of 
the  fluid  Is  zero  due  to  the  body's  longitu- 
dinal movement,  and  there  Is  no  added  mass 
effect  In  surge  motion.  Consequently,  the 
present  calculation  of  surge  force  makes  no 
difference  for  ships  of  an  arbitrary  slender 
form.  In  lateral  motion,  the  above  analysis 
has  assumed  Aj(xj)  = Sj(xj),  where  A 
Is  the  added  mass  per  unit  length,  divided 
by  the  fluid  density.  For  a ahlp  having  a 
conventional  beam-draft  ratio,  the  integrated 
effect  of  the  added  mass  Is  generally  smaller 
than  the  displaced  mass.  As  a result,  the 
present  expressions  for  the  side  force  and 
yaw  moment  virtually  provide  a conservative 
estimate,  which  Is  appropriate  In  dealing 
with  peak  loading  design  calculations. 

Figure  5 of  (I)  shows  the  side  force  on  a 
moored  ship  when  a moving  ship  passes  by. 
In  which  the  calculation  considers  a constant 
ftdded  mass  coefficient  and  assumes  a Kutta 
condition  at  the  stern.  The  principal 
particulars  of  these  two  ships  are  given  in 
(I)  and  included  in  the  following  for  con- 


venience of  reference.  Ship  A is  the  bati^^ 
ship  KING  GEORGE  V,  of  length  740  ft. , 
beam  103  ft.,  draft  29.3  ft.,  and  displace- 
ment 36890  tons.  Ship  B ^ the  R . F.  A. 
OLNA,  of  length  567  ft.V  beam  70  ft., 
draft  30  ft. , and  displacement  23570  tqlfs. 
Thea-  midship  section  areas  are  3050  abd 
2075  sq.ft.,  respectively.  The  calculated 
result  of  side  orce  on  Sjup  A by  the  present 
formulation,  assuming  axlsymmetrical 
double-body  form  and  conslderlhg  no  stern 
effect.  Is  CQRtpared  with  that  of  (I)  as  shown 
in  Figure  Fk  (The  nondlmenslonal  force' 
scale  Is  wrottgly  labeled  by  a factor  of  two* 
in  Figure  5 of  (1). ) 'Itli  axlsymmetrical 
double-body  model  ylMds  a larger  peak  force 
as  expected, l'"  The  difference  Is  mainly 
due  to  the  deviation  In  the  added  masses 
between  the  two  models  and  can  be  roughly 
estimated  from  the  midship  Information 
the  ratio  (Sj  - Ai)/2Sj  or  | - ■f  (T/R)^^,' 
where  T Is  the  mean  draft  and  R Is 
an  equivalent  radius  of  the  midship  section, 

R = (2Sj/Tf)i.  It  accordingly  yields  a 
difference  o^8%  for  the  present  case.  The 
actual  calculation  reveals  a difference  of 
about  30'y«  as  shown  In  Figure  F.  For  ships 
of  smaller  beam-draft  ^tlo,  this  difference 
tends  to  b^^anall.  The  stern  effect  Is 
generallyUbiall;  it  slightly  shifts  the  phase 
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and  yL«ldi  a small  asymmetry  but  affects 
little  on  the  magnitude  of  the  peak  forces. 
Therefore,  for  applications  in  mooring 
calculations  in  which  the  peak  loadings  are 
of  primary  Interest,  the  end  effects  may  be 
Ignored. 


Figure  E - Nondlmens.^onal  Peak  Yaw  Moment 
on  a Moored  Ship  as  a Function  of 
Its  Lateral  Separation  from  a 
^as  sing  Ship  (Subscript  1 denotes 
..  for  moored  ship,  2 for  passing 

' ship) 


APPLICATION  OF  LAGALLY'S  THEOREM 
TO  BODIES  OF  ARBITRARY  SLENDER 
FORM 

As  was  discussed  In  the  previous  section, 
the  body  cross  section  form  does  not  affect 
the  surge  force.  Only  the  lateral  mode, 
therefore.  Is  discussed  In  this  section. 

We  consider  a general  case  that 
Ui  9^  ^2  ^ uniform  flow  field  having 

velocity  components  U and  V,  body  1 has 
approximately  an  affective  distribwtiOA  of 
’ doublets  as  follows: 

Hlx  (XI.  ?)  = ^(xj)tU(xi,  5)  -Ui] 

(17) 

Mly(xi,  ?)  = [ Sj  (Xj)  + Aj(xj)]  V (Xj,  5) 

(18) 

U|  Is  the  constant  speed  of  body  1,  When 
Ui  = 0,  (17)  Is  Identical  to  (7).  Aj(xj) 

Is  proportional  to  the  added  mass  distribution 
of  ship  1.  For  an  axlsymmetrlcal  body 
Ai(xj)  = Sj(x]^)  , (18)  Is  In  agreement  with 

(8L  D and  V are  the  velocity  components 
of  t^e  flow  field  Induced  by  body  2;  they 
have  been  given  In  (5)  and  (6). 

Disregarding  the  detailed  distribution  of 
A|(x^),  one  may  simply  regard  It  as  regular 
as  Sj(x])  at  the  moment  so  that  the 
differential  side  force  may  be  obtained 
through  application  of  Lagally's  theorem 
using  equation  (10).  The  first  term  gives 
the  Legally  force  In  a steady  flow. 

Following  (I),  we  write  V In  the  moving 
reference  frame  of  body  2; 
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Figure  F - Theoretical  Sway  Forces  on  Ship  A (Uj  = 0)  due  to  Ship  B Passing  at 
Speed  U2>  Solid  line  for  symmetric  model  calculated  according  to 
Elq.  (14),  broken  line  for  model  of  constant  draft  calculated  by  Tuck 
and  Newman ‘(1974) 
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V(X2) 
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S;  (X  ) dx 
[ (X2-  x)Z+  r\^]^ 
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Substituting  (17)  In  th«  flrit  term  of  (10), 
making  ui«  of  (19!  for  V,  and  noting  that 

— ^ = -S-  , to  loading  ordar  w« 

8xj  8x2  8x 

obtain: 


dY^  = -P  UjSi(Xj)  V' (X2)  (20) 

Similarly,  aftar  aubatltutlon  of  (18),  the 
tlma  varying  term  In  (10)  gives: 

dY^  = Pd|[Si(xi)  -t  Ai(xi)]  V(X2)J  (21) 

where  ^ , _8_  . u,  -2- 
at  1 8xj 


in  reference  frame  1, 
and  „ - d 


at 


- U 


a 

2'ST 
2 


In  reference  frame  2, 


Separating  Sj(xj)  from  Aj(xj)  , It 
follows  that; 

dY^  = PSj(Xj)  D[V(x2)1 
+ P D[  Aj(xj)  V(x2)  ] 

- pUiSi'(xi)V(X2)  (22) 


Since  that  Sj  (x  ]|[)  = 0 has  been  assumed 
at  the  body  ends,  the  integrations  over  the 
ship  length  of  the  last  term  In  (22)  and  the 
steady  Lagally  force  given  In  (20)  exactly 
cancel  out  each  other.  The  net  result  of  the 
dliferentlal  force  Is  therefore  simply; 

dY  = pSi(xi)D[V(x2)] 

+ PD[Ai  (xi)V  (xj)]  (23) 

which  Is  In  agreement  with  equation  (2b) 
derived  In  (1)  using  conservation  of 
momentum  arguments. 


Up  to  this  point,  no  detailed  distribution  of 
Aj  (xj)  has  been  considered.  Now  following 
the  assumption  of  (1)  that  Aj  Is  allowed  to 
be  non-zero  but  la  regarded  as  a continuous 
function  at  the  sterm  In  order  to  satisfy  the 
Kutta  condition,  the  final  expressions  of  side 
force  and  yaw  moment  (29-30)  given  in  (I) 
can  be  exactly  reproduced.  The  major 
difference  of  theae  expressions  from  those 
for  an  axLsymmotrlcal  body  ^.the  trailing 
.ri^ge  term,  which  correspond!  to  the  rat^ 

9 sheddLpg  of  downward  momentum  at  the 


rear.  Calculations  have  bean  conducted  by 
evaluating  theae  Integrals  for  two  ships 
moving  parallelly  at  an  equal  speed,  but 
various  stagger  distances.  The  experi- 
mental results  of  the  Interaction  effdets 
between  the  two  ships  has  been  reported  by 
Newtoa  (1960).  Taking  the  same  assumption 
as  In  (1)  that  the  drafts  of  the  two  jApe  ere 
constant  along  the  length,  we  have^Ralned 
numerical  results  of  Interactions  between 
the  two  ships.  While  the  results  of  side 
force  agree  with  that  obtained  by  Tuck  and 
Newman  as  shown  In  Figure  2 of  (1),  our 
results  of  yaw  moment  show  better  agree- 
ment with  the  experiments.  The  comparlsan 
between  theory  and  experiments  Is  given  In 
Figure  G. 

CONCLUDING  REMARKS 

In  concluding  our  discussion,  the 
following  remarks  are  made  with  regard  to 
the  Induced  loading  on  a moored  vessel. 

1.  Theoretically,  Figures  C,  D,  and  E 
provide  a conservative  estimate  for  the 
peak  forces  and  moment  on  a moored 
vessel,  resulting  from  hydrodynamic 
Interactions  Induced  by  the  passing  of 
another  ship. 

2.  The  small  hull  asymi.-ietry  In  the  under- 
water profile.  Introduced  by  i-udder 
deadwood,  etc,,  may  slightly  shift  the 
phase  of  Interaction  but  Insignificantly 
affects  the  magnitude  of  the  peak 
loadings. 

3.  For  ships  of  large  beam-draft  ratio, 
the  overestimate  on  side  force  by  using 
Figure  D can  be  approximated  by 

X \2 

.g-l  , where  T Is  the 

mean  draft  of  the  moored  vessel  and 
R Is  an  equivalent  radius  defined  by 
R = (2S,'tt)*,  S being  the  midship 
section  area  of  the  moored  vrsMel.  For 
ships  of  relative  small  beam-draft  ratio, 
say  2,  the  error  should  be  small. 

4.  The  peak  loadings  are  strongly  dependent 
on  the  lateral  separation  distance.  If 
the  passing  ship  is  shorter  than  the 
moored  ship,  the  interactions  are 
noticeable  only  when  the  lateral 
distance  Is  small.  If  the  passing,  ship 

Is  much  longer  than  the  moored  ship, 
the  effects  are  generally  significant 
even  at  a large  lateral  separation. 
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TIm  authon  thank  Ot.  Schmlachan  tor  drawtaf 
attmtlon  toAii  own  diaonwifin  of  OoUata’a  papar,  and  far 
pointint  out  tha  modlllad  final  titia  of  OoUata’  tbaaii. 

Hm  iptanat  in  titia  (torn  “ahlpa"  to  “atUpUoal  cylindara” 
navacthaiaaa  ahirta  tha  formidable  pcobiam  of  how  to  datar- 
mine  tha  circulation  around  a body  with  a blunt  trailing 
adga.  Wa  ahould  atraaa  that,  In  aplte  of  ow  crltioiam,  wa 
regard  tha  papar  of  OoUata  to  be  a alpilflcant  contribution 
In  ita  own  (i^t,  rinoa  it  preaanta  an  “axaot'*  calculation 
in  which  no  aaaumptlona  of  thbuiaaa  or  alandemaaa  have 
bean  made.  Further  oommanta  on  thia  matter  are  contained 
fai  tha  diacuaaion  by  Profaaaor  Tuck  ot  Dr.  Dand’a  papar, 

Wa  ahaia  Dr.  Oand‘a  diainay  at  tha  paucity  of  axpari- 
mantal  data,  and  thank  him  for  noting  tha  lafarwnoa  by 
Moody.  Ratpoding  tha  Importanoe  of  huU  ahapa  in  tha 
ahaUow  water  caaa,  tha  foUowing  nav  reaulta  may  be  of 
intaraat.  Tha  “PraMnt  Thaoty"  curve  of  Figure  7 waa 
computed  by  teplccing  the  eUiptioal  croaa^ection  by  a 
drcumactibing  rectangia.  The  coneapondlng  reaulta  tor 
a trua  eUlpae  have  leoently  bean  computed  by  Mr.  O. 

King,  and  are  ahown  chain-dottad  in  Figure  H.  Thia  figure 
ia  a reproduction  of  Figure  7,  with  the  addition  of  the  new 
theoretical  curve  and  aome  additional  experimental  pointa 
taken  from  Oltnumn  (6).  The  two  theoretical  curvea  ate 
quite  cloie  to  each  othn . It  would  appear  that  the  preaent 
foeory  ia  predicting  the  experimental  reaulta  to  within  an 
order  of  error  oomparabie  to  the  varUbUitlea  in  the  experi- 
manta  themaelvea  due  to  effecta  of  finite  Froude  number 
and  of  aubmeralon  depth.  With  respect  to  ship  huUa  in 
ahaUow  water  of  realiatic  deptha,  it  aaema  unUkely  that 
aatlafactory  reaulta  wiU  be  obtained  until  the  theory  ia  ex- 
tended to  account  for  the  gap  effect  beneath  the  keel,  aa 


outUnad  tar  Saettan  4.  Hopefully,  while  thk  theorattoal 
aKtenaioir  la  in  ptogteaa,  our  towl^-taak  oollaaguaa  wiU 
carry  out  the  oorteaponding  axperimeata.  The  intataotlon 
between  a aroall  ihlp  and  a latga  ahlp,  whan  the  relative 
fluid  deptha  baaad  on  each  ahlph  drift  cm  ver.r  diftaent, 
la  Indeed  an  Intareatlng  problem,  and  one  whiA  could 
poaaibiy  be  aawlyaad  by  aultable  axtenalona  and  combine- 
tiona  of  our  theoriaa,  but  not  adthout  oontidetable  addi- 
tional work. 

We  am  grateful  to  Mr.  Merttn  for  the  imw  experimen- 
tal data  whld)  ha  haa  ihown.  Theaa  reaulta  aM  quite 
atriUng,  by  compariaion  to  the  earlier  pubUahed  raauUa 
for  KGV  end  OLNA,  but  it  la  difficult  to  commant  on 
thaaa  new  reaulta  from  the  theoMtical  atendpoint  without 
performing  oomputetiona  for  the  ahlpe  In  queation. 

Dr.  Wang  haa  elaborated  on  hla  own  parallel  work, 
and  atpeciaUy  on  the  importanoe  of  the  moored-ehip 
interaction  effecta.  He  alio  hu  Uluatrated  the  point  which 
we  made  regarding  Lagally’a  Thaoiem;  thui  hla  aquationa 
(30)  and  (32)  differ  from  our  (36)  or  hla  (23)  by  a perfect 
dltterentlel  in  x,  which  effecta  tha  force  diitribution  end 
yaw  moment,  but  not  the  total  force.  Of  mote  vital 
importance.  Or.  Wang  ha^  brought  to  our  attention  errora 
In  our  original  computation  of  the  interaction  moment, 
ahown  in  FiguN  3,  aa  well  aa  a factor  ot  two  anor  in 
labelling  Figure  6.  Both  ertoia  have  been  corrected  in 
theae  Figutea  aa  they  appear  hem.  We  ere  pleaied  to  note 
that  the  conectad  reeulta  for  the  interaction  moment  ere  in 
In  much  better  agreement  with  the  experimental  valuer, 
and  hence  the  reaervationa  made  in  the  text  below  Figure 
3 are  leu  appropriate  than  had  appeared  ptevioualy. 
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BANK  EFFBCT8  ON  A SHIP  MOVING  THROUGH 
A SHORT  DREDGED  CHANNEL 

N.  H.  HoKKbln 

SwtdUih  SkipbuHdlng  Expi/UmttitaJt  Tank 

Sweden 


ABSmOT 

Thltt  peper  present*  e first  deserlption 
•nd  snnlpsls  of  e series  of  eeptlre  fere* 
wessureswnts  end  "free-xesponse*  trejeotorp 
tests » irtkleh  here  been  perforwed  with  n 
tnnCer  nodelt  nowlnc  nlonf  lonf  end  short 
side  well  bnnks  end  *hellowe«  nnd 

off-set  fron  the  oentnttvitee  of  • dredged 
ohsnnol.  The  results  ||Mi  the  Mssurewent* 
of  Internl  force  end  ^wlnc  noaent  nr*  dls- 
plnyed  in  wnrlous  (mphst  end  they  nxe  ooa- 
pnred  with  onloulntlons  nooordinc  to  known 
theories.  The  ultlaats  sin  of  the  projoot  is 
the  fezbulntion  of  ns  nnnlptionl  nodel,  whleh 
will  slnulnt*  the  *bnnk  effects*  experienced, 
nnd  which,  in  n pnstionlnr  trlnl  oaae,  will 
ank*  it  possible  to  prediet  the  free  response 
of  the  aodel  fron  the  forces  aensured  nt  the 
onptiw*  ieets. 

HOHEHCUTUBS 

Then  nppllonble  the  sjrabols  nnd  nbbre- 
Tlntions  ased  here  hnw*  been  ohosen  in  nooor- 
dnno*  with  the  SHillE  nnd  ITTC  xieoaaendntione. 
Hon-dlnenslonnl  ooefflolents  nr*  in  the 

"bis*  s^stea,  in  which  the  units  for  anss, 
length  nnd  tins  nr*  a,  I.  • L , nnd  L/f  ms- 
peotiwely,  /l/. 

S/nbol  Definition 


A Seotlon  nren  of  hull 

A^  Hidship  seotlon  nren 

A Bttddez  nren 

r 

B Bena  of  hull 

C Pressure  ooefflolent 

P 

D Propeller  dlnaeter 

P Proud*  anabor  (P^| 

^nL  ■ 

H Deight  of  plntfoia 

bnnk 

L Length  of  hull  (L  - 

B Ynwing  aoaant  about 

s axis 

P Propeller  pitch 

S Strouhnl  nuaber 

o 

T Draught  of  hull 


Phjralosl 

Diaansion 


L 

L 

BlV2 


Spabol  Definition  Physlonl 

DinsMlea 

* 

■f  * -1 

7 Tolooltjt  of  origin  of  LT  ^ 

bedp  MIS* 

V Channel  widt*  L 

T , T Dlstnno*  frog  ref.  L 

' line  to  porV*hnd  stb'd 

bank,  rerp, 

X,  T,  Z Hpdrodpnaaio  forces  HLT"* 

nleng  body  axes 


b 

C 

h 


Height  of  xuMtt  Si.  * 

Aooeleration  # LT~^ 

grarity 

Depth  of  water  in  L 

fairway 

Depth  of  water  abew*  L 

platfora  shallow 

Has*  of  body  H 

-t  -2 

Pressure  in  general  HL  T 

Stagnation  pressure 
Tia*  T 

Coaponents  of  T along  LT'*^ 

body  axes 


X,  y,  B Co-oxdlnates  in  right-  L 
handed  systea  of  body 
axus 


y VoluM  displaceaent  L^ 

O Angle  of  drift  tan  p— ^ 

< * 

0 Rudder  angle 

6„  Block  ooefflolent  "* 

1 Dnder-keel  elearano* 

' naraaeter,  ) - T/(h-T) 

yj  Shlp-t*-bank  distanos  - 

pamaetsr,  h - + Up 

Do,  port  and  stb'd 
rasp. 

Beuk  spaoing  paraaeter,- 

h - • hp 

9 Hass  density  of  water 

(j)|s  - Prisaatio  oooffigtsnt  - 
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IITRODDCTIO* 

Th«  problitu  aa*ool«t«d  ¥lth  ataarlnfi 
In  a.  atrnlght  oannl  hava  baan  tha  aubjaot  of 
■any  olaaaioal  axparlnanta  aa  wall  aa  of 
■oxa  raoant  atudlaa  of  analytloal  aatnra« 
all  partalnln^  to  tha  oaaa  of  lon(  hl(h  alda 
wall  bankai  protruding  out  of  tha  watar.  Tha 
author  la  not  awara  of  any  papar  ralatad  to 
tha  *ahort  oanal*  or  laolatad  bank  aagawnt, 
howayari  nor  to  tha  dradgad  ohannal  oon- 
flguratlon.  Tha  thraa  dlagrana  In  fig.  1 nay 
llluatrata  tha  aohanatlo  topography  of  a oon- 
Tantlonal  (oloaad)  oanali  a dradgad  (opan) 


Canal 


Dradgad  chonnal 


Fairway  among  skarries 


ohannal f and  a fairway  boundad  by  abort  alda 
banka  (walls)  and  ahallowa  (platforaa).  Tha 
ultimata  aln  of  tha  praaant  projaut  la  an 
analytloal  nodal,  whloh  will  alnulata  tha 
"bank  affaota"  azparlanoad  by  a ahlp  that 
aowaa  In  a fairway  boundad  by  slnllar  topo- 
graphla  alananta. 

fa  nay  also  hopa  that  tha  raaulta  will 
halp  to  daflna  tha  praetloal  domains  of 
ohannal  and  shallow  watar  nSTlgatlon.-  kooor- 
ding  to  tha  Intarnatlonal  Oil  Tankar  Com- 
mission "ohannal  navigation  la  not  vary 
dlffsrant  from  tha  one  ovar  flat  ground  If 
bank  halgbt  over  dapth  < 0.4,  If  not.  It  oan 
ba  ralatad  to  tha  navigation  In  a oanal  an- 
olosad  batwaan  two  banks",  /2/.  fa  will  sea 
that  our  force  maasuramants  on  a modal  In 
dlffarant  ohannal  seotions  do  support  tha 
first  part  of  this  atataasnt,  but  that  avau 
a modarats  dapth  of  watar  above  tha  platform 
banka  will  raduoa  tha  \»nk  affeots  wall  below 
those  axpaotad  In  a olMsd  oanal. 

fa  may  further  hopa  to  ba  able  to  better 
underatund  tha  msaning  of  a "long*  or  a 
"short"  banki  In  an  sarliar  papar,  and  on  the 
basis  of  an  approximate  oaloulatlon  of  tha 
prasaure  distribution  on  a wall  adjacent  to 
a moving  deep-draught  oval  cylinder,  tha 
present  author  oonoluded  that  "and  affaota 
from  short  banks  will  ba  felt  at  a longi- 
tudinal distance  of  1.5  !•  forward  of  bow  and 
aft  of  stem,  and  transient  phanomana  will 
dominate  daring  the  passage  of  a bank  whloh 
is,  say,  of  a length  less  than  six  tinea  the 
length  of  the  body",  /l/.  igaln  our  foroa 
naasuraments  on  a nodal  abreast  banka  of 
different  lengths  oonflm  this  statement. 
Every  finite  bank  alament,  long  or  short, 
will  have  an  end,  however,  and  tha  maasura- 
mants  also  olearly  indioata  that  a ahlp  will 
axpsrlanoe  yawing  moments  of  appraolabla 
magnitude  during  tha  passage  of  these  ends. 

Tha  olassioal  effect  of  bank  auction  on 
a ship  that  moves  In  a steady  state  off  the 
oentra-line  of  a long  straight  oanal  Is 
Illustrated  In  Fig.  2|  to  balance  the  suction 
force  and  the  bow-away-from-wall  moment  it  is 
neoessary  to  find  an  equilibrium  position 
with  bow  out  and  helm  towards  the  nsar  bank. 
(Typically,  a drift  angle  cf  1^  may  be  asso- 
ciated with  a rudder  angle  of,  say  15*^.} 


Bank  suction 
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Fig.  2.  Equilibrium  conditions  In  motion 
along  a long  oanal  bank 
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Fig.  3.  Raooni  of  th«  Of  on  un- 

oontr014od  nodol  mooting  a shallow 
hank 

What  will  happen  to  a ship  in  a slollar 
oqnllibrluB  position  In  a wide  oanal  If  It 
suidonly  approaohaa  tho  beginning  of  a side 
bank  oloser  to  ane  stde,  or  if  tho  long, 
oanal  suddenly  widens  to  one  side?  A typloal 
rosnlt  of  one  of  the  new  frea-ronnlng  model 
exporlaonts  Is  roArodnoed  in  Fig.  3i  soon 
before  meeting  the  bank  tho  model  wms  lot 
free  to  respond  to  tho  changing  dlsturbanoas. 
The  meeting  phase  is  dominated  by  tho  effoot 
of  f rowing  side-way  suction,  until,  when  its 
full  length  has  passed  past  tho  edge  of  tho 
bank,  tho  model  sheers  away  to  the  opposite 
side.  There  la  eirery  reason  to  study  the  de- 
tails of  the  transient  "bank  effeots*  oausing 
this  bohayiour. 

hODEL  :SXPERI1IE!ITS  - SHIP  MODEL  AMD  PROTOTTPE 

Tho  ship  model  is  a replioa  in  the  soalo 
I164  of  a 280  000  tdw  ■'ore/oil  farrier  proto- 
type, for  whioh  dellrory  frial  data  and  PMM 
model  tost  results  are  ayallable  from  pre- 
yious  studies  of  deep  water  manoeuyrlng,  /3/> 
Body  plan  and  oontours  are  reproduoed  In  Fig. 
4,  whioh  shows  u large  protruding  bulbous 
bow  and  a Mariner  type  half-spade  rudder.  At 
tho  oxporlmeats  reported  on  hors  tho  model 
was  propelled  by  a right-handed  4-Bladod 
screw.  The  main  oharaoterlstloa  of  tho  hull 
form  are  glyon  in  Table  1 , those  of  tho 
rudder  and  screw  in  Table  3. 

To  encourage  oomparatlye  oaloulatlons 
of  hull  hydrodynamlos  the  ordinates  of  the 
sectional  area  ourye  are  listed  in  Table  2. 
(Of.  Fig.  4.) 


Table  1 

Main  Hull  Oharaoterlstloa  (Loaded) 

Model  Ship 

Non. -Dim.  on  L 

Sp  O') 

5.024  J21.56 

m 

IrOOOO 

B 

0.852  54.56 

n 

0.4696 

T 

0.359  21.67 

m 

O.Q(i75* 

'7 

1.192  312  200 

9? 

- 

*(jA 

0.0292 

■ ii 

^pp  A 

0.8213 

f pp  1 

0.8231 

i 

i 0.9978 

Table 


roetlonal  Areas 


Statiyi 

Co-ord.  x/L 

A(i)/A 

• 

- 1 

-0.520 

0 

0 1 

-0.500 

0.043 

1/?X 

-0.475 

0.1QA 

0.9 

1 

-0.450 

1 1/t 

-0.425 

. 0.342 

-0.400 

0.457 

5 J 

-0.350 

0.665 

5 , 

-0.250 

0.9|^ 

0.9IP 

1.000 

7 

1 

-0.150 

-0.050 

IP 

0 

J.OOO 

n 

0.050 

1.000 

15 

0.150 

1.000 

15 

0.250 

1.000 

17 

0.350 

0.954 

10  , / 

0.400 

0.816 

18  1/2  i 

19  , ^ 

0.425 

0.753 

0.450 

0.503 

19  1/2 

f.475 

qgp76 

19  3/4 

0.4875 

0.173 

20 

0.500 

0.1 04 

- 

0.521 

0.054 

- 

0.550 

0 
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Table  3 Charaotaristios  of 

rudder  and  screw 

Bodal  Ship 

Kuddar  area,  total 

A 

r 

0.0281  113.0  n^ 

notable 

^rm 

0.0230  94>4 

Kuddar  haight 

b 

0.217  13.90  m*^ 

Rudder  area  ratio 

A^LT 

0.0165 

Kuddar  aspect  ratio 

1 .660 

Propeller  diamatar 

B 

0.131  0.40  m 

Pitch  ratio 

p/d 

0.630 

Blade  area  ratio 

S/^0 

0.550 

Pig.  5 (Balow)  Captite  test 

i program  - Bank 

•Itaanti  In  tha  TBD  Lnrga 
Shallow  Wator  Tank 


HOSKL  EXFBRmElTS  - WATBBVAT  KODBLS 

Tha  "watarway"  was  aodallad  In  tha  Largs 
Shallow  Water  Tank  of  Taraaehsanatalt  fdr 
Blnnanaohiffbaa  ia  Salsburg  (TjU>),  wbara 
oaptiTs  aodal  tasts  also  pravioasly  had  baan 
parfotasd  within  SSPA  rssaarch  progxaaa,  /l/< 
Tha  watsrway  was  of  ncoaaaitj  liaitad  in 
width  by  tha  aids  walla  of  tha  baain,  9.600  a 
apart,  and  in  dspth  by  tha  aaziana  watar 
haight  h allowwd  for,  1.020  a.  Tha  “fairway" 
is  a aora  narrow  lana  within  tha  waterway, 
bonndsd  by  tha  eawalopa  of  safa  aids  bank  and 
undar-kasl  elaaraness.  At  tha  prasant  tasts 
aide  banks  wars  raprasantad  by  tha  basin 


walls  and  by  platform  solids  of  OBP 
bMa 

thzaa  heights  (B).  To  pxwTaat  prussnn 


bnilt  up  to  thMS  different  lengths 


panals 

Ub)  ^ 


and 


leakage  batwaan  and  into  building  blooks  tha 
platforms  ware  oowarad  by  aluminium  foils 
and  joints  and  screw  holes  wero  sealed  by 
plastic  taps. 


In  *11  11  dlff*r*nt  aodela  of  th«  w*t*r- 
nr*  inT«*ti2*t«d,  ualng  b«iln  nil**  *n4 
pert  uid/or  ■tarboani  platfor*a>  (Sa*  acbaaa- 
tlo  dl*«x*a  In  n$.  ^ J Tor  aaoh  oonfifttra- 
tlon  tasta  war*  ran  at  anwaxal  daptha  of 
watar.  If  h i Rt  watar  dapth  abora  aida  plat- 
fora  la  danotad  hj  ao  that  (h  - hi)/h'i.1. 

■OSKL  IZP1SI1IBIT8  - CAPTITS  TEST  PSOORil 

Tha  eaptlT*  taat  profraa  Inelndad  two 
a*t«aaeaa  of  azpoxiaantat  tha  flrat  azaoutad 
in  1972,  tha  aaoond  in  aarly  1974*  P^“ 

llainary  raaulta  of  tha  1972  "finlt*  langth 
platfoxB*  aariaa  anggaatad  that  thaaa  ax- 
pariaanta  b*  rapaatad  and  aztanded  within  a 
widar  xanga  of  taat  paxaaMtara,  uaing  a naw 
act  of  foroa  gauge*.  (Sa*  balow.)  Tha  1974 
aaxiaa  alao  Inoludad  the  long  bank  oaa*  - 
no  platfora  in  tha  baaln  - and  they  wax* 
finally  oonplatad  by  a aat  of  fxaa-mnnlng 
xaapona*  taata  a*  azaapliflad  haxe  in  tha 
Xntrodttotlon. 
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Fig.  6.  Captive  teat  prograa  - Sapth  xatloa 
in  the  1974  (40  Sariaa)  taata 


For  the  wnrpoaa  of  thia  fixat  report  the 
fnll  rAnga  of  taat  paraaatara  waa  as  glvaa  in 
Figs  3 and  61  additional  mna  oovaxad  varia- 
tion? of  drift  angle  p,  mddar  angle  8^  and 
BOX**  BFII.  (1  mddar  angle  p » 2'’  - port 
mddar  - proved  to  balanuo  tha  aayaaatrioal 
affaot  of  the  alngla  aoraw  la  fra*;  deep 
water,  and  waa  aalaotad  aa  a baaio  aatting 
in  the  40  Sariaa.)  Ilodal  apaad  waa  atnlvalant 
to  6 - 8.4  knota  for  the  322  n ahip.  Frond* 
nnnbar  baaed  na  dapth  never  axoaadad  « 

0.27. 


MORKI.  EXPERIRERTS  - CAPTITE  TECEHIQUK 

The  nodal  waa  fma  to  haav*  and  txln  in 
a aat  of  gnidlng  linkagaa  attached  to  tha 
rigid  fran*  of  tha  oarrlag*.  The  natural 
vartioal  fraguanoy  of  the  eaxrlag*  wna  aati- 
■atad  to  b*  of  tha  order  of  3 Ha.  Spaolal 
aoealaronatar  naaauranant.a  aada  on  tha 
oarxlaga  part  nanbara  of  the  linkage  ayatan 
ahowad  azoltlng  fraquanelaa  of  the  oxdox  of 
1 Ha,  poaalbly  du*  to  wheal  rotation,  and 
laolatad  paaka  at  intarvalai  the  latter  only 
warn  mfound  in  the  foroa  conponant  x«oord*. 

kft  and  forward  lataml  foma,  and  tha 
anall  longitudinal  foma  aa  dlffamnoa  be- 
tween propulsiv*  foroa  and  raaiatanoe,  ware 
all  naaaumd  by  maletanoa-wim-typ*  atmin 
gangaa  in  fnll  bridgaa.  The  analogue  foroa 
moorda  anffamd  fron  oaelllatlona  auparin- 
poaad  on  the  tranaiant  tin*  hlatorlaa,  with 
a ohamotarlatlo  fragnaney  of  0.23  ■ 0.33  H* 
for  lateral  foroaa  and  twle*  aa  hiph  for  tha 
longitudinal  onaa.  (O.23  Ha  oorraaponda  to  a 
Stro^.l  nuabar  baaed  on  bean  agual  to  S0  ■ 
0.4.)  At  tha  anallaat  botton  olaarano*  (h/T  ■ 
1.20}  there  waa  a doainating  dlaturbano*  in 
the  forward  gang*  moorda,  having  a fmqiuanoy 
of  approzlaataly  0.03  H*  or  a period  of  20 
aaoonda,  oormaponding  to  the  tia*  in  whleh 
the  nodal  tmvellad  twio*  it*  length.  Thia 
affaot  aay  b*  attributed  to  flow  aapamtion 
originated  on  tha  bulboua  bow. 

Zero  madinga  warn  taken  with  aodal  at 
mat  before  and  after  each  mn.  Thaa*  aaro 
madinga  am  the  natuml  mfamnoa  valuaa  to 
be  uaed  whan  evaluating  the  fomaa  aamrl- 
vnoed  whan  paaalng  a long  high  wall,  or  a 
high  laolatad  bank.  In  the  oouraa  of  a typi- 
cal run  down  the  baain  and  pait  an  laolatad 
aballow  platfora  bank,  auoh  aa  illnatmtad  in 
Fig.  7,  the  moord  oontaina  on*  aat  of  ataady 
atat*  foroaa  during  tha  approach,  and  another 
aet  of  "ataady  atata”  or  aazlnua  fomaa 
abmaat  the  platfom.  Tha  aaauaption  haa  then 
been  aada  that  the  net  affaot  of  tha  pmaenoe 
of  the  ahallow  bank  la  given  by  the  dlf- 
famnoea  appearing  between  the  two  Beta  of 
valuaa  mad. 

The  aaaunptlon  juat  aade  aay  b*  infarmd 
froa  the  validity  of  the  auparpoaltioa  prln- 
olpl*  a*  daaonatmtad  in  mf.  /1/.  In  par- 
tioular  it  waa  ahown  them  that  the  aaynaetrl- 
oal  foroaa  on  a chip  in  a oanal  could  be  cb- 
talnad  by  adding  the  effaota  fma  port  and 
atarboard  walla.  (In  vary  norrow  oanala  thorn 
ia  alao  a coupling  affect  du*  to  blockage.) 
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Fig.  7.  Baflnltion  of  b«nk  off-B«ta  uid 

8blp-to-b«nk  dlstBua««  In  spproaoha* 

and  bank  paaaagaa 

MODEL  EXPEEIMEITS  - RESDITS  FOR  FORCES  OS 
MODEL  MOVIIG  PIRALLEL  TO  i LONG  HIGH  MILL 
(SERIES  40) 

The  force a and  ■oaents  Baaeured  on  the 
Bodel  BOTlng  along  the  baain  wall  are  pra- 
aanted  In  non-dlBenalonal  fora  In  Flga  6 and 
9*  reapeotlTely,  to  a baa>  of  bank  distance 
paraaeter  t)  • hg  Bp.  Wlxh  reference  to  Fig. 
7 we  obaerte  that 


B replaces  the  length  L used  in  ref. 

The  ordinate  of  aagnltuda  Y^/u"^  - -0.1 
corresponds  to  a auction  force  equal  to  70  S 
on  the  Bodel.  or  to  1 900  aetrio  tonnes  on  a 
ship  diaplaolng  3^2  200  a3  and  aowing  at  a 
speed  of  S.4  knots.  At  the  oaptlve  aodel 
test  about  two  thirds  of  the  lateral  force 
were  oarrlod  by  the  aft  gauges  indicating  a 
clear  bow-away-froa-wall  aoaant.  Much  larger 
transient  Boaenta,  howewari  were  experienced 
by  the  aodel  when  passing  close  to  a finite 
bank  extending  Into  the  fairway. 

MODEL  EXPERIMENTS  - RESULTS  FOR  FORCES  OH 
llODEL  MOVIHO  PAST  HIGH  BANKS  OF  FINITE 
LENGTH  (SERIES  21.  27,  4I , 42,  46) 

As  oan  be  seen  from  Fig.  3 the  test 
program  included  finite  back  sleaents  with 
a length  equal  to  six,  three  and  one  unit  of 
ship  length  L|  the  two  shorter  banka,  six 
\tnit  lengths  apart,  were  paseed  by  In  one 
single  run  down  the  bas'*ri.  The  distanoss 
covered  from  bow-aeets-bank  to  stem-olears- 
bank  are  seven,  four  and  two  units  rsspeo- 
tiveiy. 

Fig,  10  presents  a compilation  of  fore 
and  aft  lateral  force  transients  recorded 
when  meeting  with  the  surface-piercing  6 L 
bank,  all  for  three  different  depths  of 
water  and  one  lateral  bank- passage  distance. 

In  the  analysis  of  these  and  siailar 
reoorda  It  was  found  necessary  to  "filter” 
the  gauge  signal  values  by  use  of  a aean-of- 
envelopee  technique.  In  Fig.  11  the  dotted 
lines  are  time  histories  of  total  lateral 
force  and  total  yawing  aoaent  obtained  in 
that  way  for  the  peasage  of  a surface-piercing 
3 L baric  at  a water  depth  equal  to  I.3  T, 

These  dotted  curves  include  the  unbalanced 
bias  due  to  the  preaenoe  of  the  far  port  and 
starboard  walls.  The  influence  of  the  star- 
board wall  remains  constant  (within  the 
validity  of  the  euperpoaltlon  principle) 
during  the  total  rtin  down  the  test  basin, 
causing  small  shifts  of  the  force  to  positive 
and  the  moaent  to  negative  values.  At  a 
sufflolent  distance  before  and  after  passing 
the  finite  protruding  bank  the  influence  of 
the  far  port  wall  will  cause  a shift  cf  the 
force  to  negative  and  of  the  noaent  to 
positive  values.  The  ful  rrurvea  of  Fig.  11 
have  been  corrected  for  tnis  bias  by  use  '<■ 
the  results  of  Figs.  B and  9« 

Note  that  the  tine  histories  shewn  re- 
late to  the  instantaneous  position  of  the 
bow  of  the  aodel.  Upon  coning  in  line  with 
the  front  edge  of  the  bank  the  nodal  ex- 
periences no  net  effect  of  the  initial  re- 
pulsion, which  could  have  boon  expected  in 
view  of  the  pressure  distribution  on  the  bow 
known  for  the  long  bank  case.  (See  below.) 
There  appears  to  be  a gradual  build-up  of 


where 

/I/. 
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Fig,  10,  Lataral  foru*  trantlanta  for  model 
meeting  eurfaoe-plerolng  finite 
bank 

Fig,  11.  (Right)  Total  net  lateral  foroe 
and  momont  tranalente  ae  Impoeed 
by  finite  bank 

•uotlon  foroe  along  the  model  as  it  proceeds 
towards  the  middle  of  the  bank.  Again,  the 
aooompMying  moment  as  recorded  has  here  a 
tendency  always  to  turn  the  bow  away  from 
the  bank,  which  suggeste  that  the  initial 
lift  is  produced  on  the  after  part  of  the 
hull.  As  the  bow  mowes  beyond  the  rear  edge 
of  the  bank  the  moment  showe  a eeoond  maximum 
oonsistent  with  the  simple  two-dimeneional 
theory. 

A detailed  ewaluatlon  of  the  f.'nlte  bank 
transients  is  under  way.  Awaiting  thia  ana- 
lysis proTislonal  results  fre;  the  1972  testa 
are  glwen  in  Fig.  12,  to  show  the  rolatlre 
magnitude  of  the  maximum  suction  forces  re- 
corded on  the  modal  in  a position  midway 
along  the  bank. 

Roughly,  the  long  bank  walusa  may  be 
reduced  by  10  per  cent  to  giro  values  for  a 
4 ]j  bank|  and  by  2$  per  cent  for  a 2 L bank, 
in  the  latter  case,  however,  this  force 
maTlmum  is  of  very  short  duration,  and  the 
complete  passage  must  be  regarded  as  a tran- 
sient phenomenon  involving  rapidly  changing 
yawing  moments. 
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Fig.  12.  Rclatlvt  magnl-iude  of  Maxiau*  bank 
ai\otlon  foxcaa  oxparlanoad  during 
pattagas  of  banka  of  flnlta  langtha 

Suoh  rapidly  changing  aosanta  ara  par- 
tioularly  danguroua  whan  ibay  InwolTa  a 
ohanga  of  algn  aa  wall.  With  rafaranoa  to 
Fig.  11  on  the  praTiouu  page  it  ahould  be 
pointed  out  that  a prallalnary  evaluation  of 
yawing  noMnt  tranalanta  in  other  teat  runa 
do  indi.  ate  a aaall  initial  tandanoy  to  turn 
agalnat  the  wall. 


Fig.  I).  Sffaot  of  platform  aubaarganoa  on 
aaxiana  auotion  foroa  in  aotion 
paat  6 L platform  hark 

MODEL  EXmiMEBTS  - RESULTS  FOR  FORGES  OR  A 
MODEL  PASSIRO  SHALLOW  PLATFORM  BARKS  (SERIES 
21,  22,  23,  41,  42,  43) 

Again,  the  analyala  la  not  yet  ooa- 
platad  and  provialonal  raaulta  will  be  glvan 
hare  baaed  on  the  1972  aeriaa  of  maaattramanta 
during  the  paaaaga  of  6 L platform  banka  of 
diffarant  haighta,  Fig.  13.  The  new  taata 
oovarad  a range  of  lower  platfom-to-dapth 
ratioa,  and  the  new  raaulta  may  or  may  not 
be  in  aupport  of  the  aimpla  guadratio  dapan- 
danoe  auggaatad  in  the  diagram.  From  thia 
diagram  wa  nota  «ha  rapid  daoraaaa  of  auotion 
foroa  with  avan  a amall  haight  of  watar  ovar 
tho  platform  bank.  Thua,  wo  may  bona fit  vary 
nuoh  from  having  low  aido  banka  floodad  at 
high  tida.  Tha  proaanoa  of  a platform  typo 
ahallow  with  a haight  equal  to  up  to  40  par 
oant  of  the  depth  will  ba  of  no  groat  harm. 


COMPAB^SOIS  WITH  THBORY 

t,a«dl«aa  ta  aay  axpariaantal  raaulta  aa 
thoaa  praaantal  Kara  will  1>a  aora  uaafVl  If 
thay  oan  ba  wiawad  afalnat  tha  baokfrooad  of 
a aultabla  tbaory.  dfaln,  thaoratloal  raaulta 
■uat  oftan  ba  bald  In  doubt  until  thay  hawa 
baan  warlflad  by  earaful  axpariaianta.  Praaant 
thaorlaa  for  wall  intarfaranea  and  aayaaatrl- 
oal  foroaa  ara  llaitad  to  iha  long  wall  oaaa. 

If  wa  ignoxw  tba  daforaatlon  of  tha 
fraa  aurfaea  tha  problan  of  a ahlp  - and  than 
not  naoaaaarily  a alandar  abip  - offaat  to 
ona  aida  of  a long  oanal  or  dradgad  ohannal 
nay  ba  handlad  by  nuaarloal  aathoda  for 
potantial  flow,  /4/«  Tha  problas  la  aquiwa- 
lant  to  that  of  a atationary  flor^  paat  tha 
doublabody  fora  oloaa  to  a wall  or  blooklng 
a tunnal  with  tha  approprlata  wartloally 
aynwatrio  aaotlon. 

it  praaant  thia  approaoh  la  atlll  ax- 
panalvai  and  whan  wa  ooaa  back  to  Ita  appli- 
oatlon  below,  tha  aolutlon  la  for  Juat  ona 
poaltlon  In  the  oanal. 

If  tha  tunnel  aaotlon  la  of  a alapla 
raotangular  ahapa  and  if  the  ahlp  la  alandar 
the  aaywuatrlo  foroa  any  be  found  In  explicit 
fora  by  aa  alagant  but  approxlaata  aathod  of 
aouroa  iaagaa,  /5/«  (For  tha  oaae  of  a alan- 
dar body  of  rawolution  nowlng  In  deep  watar 
near  a wall  Hewnan  haa  aarllar  davlaed  a 
■ora  aoourata  aolutlon  for  the  bank  auction 
force,  including  a diaplaeaaant  of  tha  axial 
aouroa  dlatrlbution  to  aooount  for  the  da- 
fornatlon  otbarwiaa  oauaad  to  tha  body,  /6/. ) 

In  Tlaw  of  tho  aufflolantly  large  width 
of  tha  teat  baain  our  axparlaantal  raaulta 
for  tha  aodal  oloaa  to  tha  port  wall  »ay 
aafaly  ba  oonparad  with  oaloulatlona  for  tha 
aingla  wall  oaaa.  Tha  blaa  praaant  in  tha 
axparlaantal  waluaa  of  I"/u"‘  for  n,  + hp  • 0 
haa  baan  oorraotad  for  in  thia  oonpariaon 
ahown  in  Fig.  14.  (dt  a depth  oorraapondlng 
to  h c 0.20}  L thia  blaa  value  la  -0.002,  ao 
that  tha  figure  -0.1}6  will  read  -0.1}6.) 

Tha  two  thin  r urraa  oonnaot  ozpariKon- 
tal  values  at  diff.jrant  diatanoea  froM  tha 
wall,  aaoh  one  for  tho  dspth-to-langth 
ratio  given  in  tha  dlagraa.  Tha  thiokor 
ourvaa  are  oaloulatad  by  Nawaan'a  approxl- 
■ata  nathod  /}/  for  a body  of  revolution 
having  tha  aaaa  dlatrlbution  of  aaotlonal 
araaa  aa  tho  tanker  font,  and  for  an  < qul- 
valant  apharoid,  defined  aa  having  tho  aaao 
length  and  tho  aaiaa  Bidahlp  aaotlon  area  aa 
our  ship  nodal.  Tba  single  black  aquara, 
finally,  ia  she  value  oaloulatad  aooording 
to  tha^TUBarieal  Bothod  by  Zlaaa  and  Saith 
/4/. 

The  approxlnata  nathod  aaena  to  undar- 
oatlaata  the  lateral  foroa  by  aoBo  4C  par 
cent  whan  tha  proper  aaotlonal  area  curve  is 
uaed,  and  by  aoaa  }0  par  oant  whan  applied 
to  the  aqulvalant  apharoid.  (Theao  valuaa 
will  ba  aonewhat  lower  at  large  depth  figures, 
and  even  higher  for  snail  under-kaal  olaar- 
anoos.)  Tba  alternative  nunarloal  nothod 
gives  a force  within  6 per  oant  of  the  ex- 
perlnantal  value  for  the  test  oaaa  shown. 

(Sea  again  belpw.) 


Tha  nunarloal  nathod  da fine a a aurfaea 
dlatrlbution  of  sonroaa  and  sinks  that  nakas 
tha  nomal  valoolty  equal  to  aero  in  a 
nunbar  of  disorata  pointa  on  tha  boundary. 
Tha  oapaolty  of  tha  nathod  whan  applied  to 
tha  stu'v  of  tha  potantial  flow  past  a oon- 
blnation  of  rigid  surfaces  is  greatly  In- 
oraased  by  any  ayviatry  praaant  in  the  son- 
bination.  Our  prasaut  problan  is  baaioally 
asyfSMtrloal,  and  wa  will  not  benefit  fron 
tha  port-and-starboard  synnatry  as  far  as 
ainlnun  leakage  through  tho  hull  itself  is 
oonoarnad.  In  order  to  produce  a reliable 
result  for  oonparlson  with  axparlnants  wo 
chose  to  study  tha  oaaa  of  the  nodal  moyinr 
at  aero  Froude  nunbar  oloaa  to  ona  wall  of 
a vary  wide  oanal,  ao  that  this  (port'  wall 
(as  well  as  tha  watar  surfaoa)  oould  ba 
oonsidexed  a true  plana  of  synnatry,  which 
did  not  require  any  additional  definition. 
Out  of  a total  of  1 000  surface  slanents  700 


Fig.  14  (Below)  Bank  suction  foroa  ooaffi- 
olants  in  notion  past  long 
high  bank  - Comparison  of 
exparinsnts  and  theory 


for  trua  hull 
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Fig.  15.  Frvsaun  Alairib«tlo&  aroMd  ahip 
hull  fox*  Md  «lo»c  odjMoiit  wall 
In  piano  oloto  bolow  ootox  onrfneo 
(Conpntod  b/  noibod  of  Booo  and 
Smith; 

oould  tharafoxo  bo  dlatrlbntod  OYor  tbo 
vottad  anrfaeo  of  tha  hull  and  tha  r naiaing 
300  ovar  tha  aida  bottom  of  tha  oaaai.  (Tha 
bulboua  bo«  alona  xatultad  100  alamanta«) 

Tha  final  xaault  of  tha  oaloulation, 
T*/a*^  ■ -0.166(  ia  antaxad  aa  tha  elaoh 
B^uaxa  plottad  in  fig*  14t  ubaxa  it  ahould 
bo  oonpaxod  with  tha  adjaaant  opau  a^uaxa 
(at  •0.156)  fron  oxparinant  a«riat  40.  Tha 
agxaonast  ia  anoouraging  fox  oaleulation  and 
oonpaxiaons  aill  bo  paxauad  fox  tha  ahallov 
platfoxn  oaaa. 

In  tha  nunaxioal  oaloulation  modal  baaa 
B vaa  takan  aa  unity  and  tha  long  oanal  «aa 
dafinad  fox  -I4  B ■<  x ■*  I4  B.  Tha  inmadiata 
xaault  wan  obtainad  in  taxna  of  looal  xalo* 
oity  eonponanta  and  paxtuxbation  pxaaaura 
ooaffiolanta  (C-)  iu  pointa  on  tha  hull  and 
oanal  walla.  Tha  diagsam  in  Fig.  15  illu- 
atxataa  tha  pxaaauxa  diatxibutlon  on  tha  two 
aidaa  of  tha  hull  and  on  tha  naar  wall  in  a 
plana  oloaa  balow  the  watox  auxfaoa.  It  may 
ba  obaaxyad  that  tha  pxaaauxa  diatribution 
on  tha  hull  la  iwra  ox  loaa  dixactly  raflao> 
tad  on  tha  wall.  In  tha  normal  plana  contai- 
ning tha  midahlp  aaction  tha  looal  dlffaxanoa 
in  Cp  batwaan  a point  on  tha  hull  aida  and  an 
adjaoant  point  on  tha  oauaal  wall,  and  batwaan 
a point  on  tha  bull  bcttom  and  a point  on  tha 
oanal  bottom  balow  it  do  not  axaaad  4 and  6 
pax  oant  xuapaotiwaly. 

Tha  total  aaynmatxiaai  foroa  on  tha 
modal  la  a^ual  to  tha  pxaaauxa  foxoa  inta- 
gxutad  oYar  tha  full  laagth  of  tha  pi ana, 
Yaxtloal,  naar  wall,  fox  tha  non-dlnanaional 
totaa-foxoa  eoaffiolant  T*/u*2  aaad  thxough- 
out  thi«  papar  me  hawa  ainp^ 
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'.(hia  atudy  waa  nada  poaaibla  by  a gxant 
from  iiha  Swadiah  Batlonal  Board  fox  Taohnioal 
Bavalcipmant  (STU). 

1!ha  authox  wlahaa  to  aoknowladga  tha 
Yaiiuahla  aaalatanoa  xandaxad  by  nambaxa  of 
tha  ataff  of  S8P4  in  tha  annlyala  of  tha 
axpaximanta  and  numarloal  oomputationa  and 
in  tha  pxapaxation  of  tha  papax. 
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DISCUSSION 


C.  T.  EARNKST 

Ih*  author  hai  prtpand  an  intaratting  and  ttmaly 
paper.  It  ii  paitlculaily  partinant  to  problamt  undar  itudy 
of  tha  Panama  Canal  and  rartainly  many  othar  watarwayi. 
“nia  volume  of  ocam  traffic  hai  baan  incraadng  «id,  avan 
mora  dramatically,  tha  lira  of  ihipa  haa  baan  Incraaaing, 
yet  channel!  remain  the  lama  until  aconomici  allow  im- 
provemanta  to  be  funded,  ntia  can  raault  in  ahift  of  traf- 
fic pattama,  operation  at  reduced  drafta,  or  eroded  aataty 
Ibcton  aa  larger  ahipa  uae  eaiattng  channala. 

Ihia  atudy  of  tha  hydrodynamlca  of  varying  deptha  of 
water  adjacent  to  channala  and  of  iaolatad  banka  (ialanda 
or  point!  of  land  adjacent  to  channala)  la  directly  applicable 
to  oondiuona  in  tha  aubmargad  landacapa  of  tha  man-made 
Gatun  Lake  which  la  tha  central  portion  of  the  Panama 
Canal,  llie  traitaiant  hydraulic  force!  cauaed  by  theae  fea- 
ture! are  well  known  by  pilot!  and  can  raault  in  “aheara* 
or  uncontrolled  yawi.  Aa  Figure  14  ahowa  theae  forcee  can 
double  and  triple  aa  the  ahip  movaa  cloaar  to  the  bank,  and 
they  incroaae  iignificantly  aa  the  channd  gate  ahallower.  It 
alao  appear!  that  tha  hull  form  ia  an  important  variable.  Aa 
thla  work  progreaaea,  it  will  hopeAilly  raault  in  further  re- 
fitMmenta  to  the  matliematical  medal  of  ahip  behavior  in 
raatrictad  vratera. 

Thia  Initial  report  covert  full  form  ahipa  moving  In 
channel!  with  a moderate  amount  of  water  under  the  hull 
(h  ■ 1.3).  'Die  writer  vrncoutagaa  extenaion  of  thia  wo<k  to 
include  fine  form  ahipa  with  a block  coefficient  of  pethapa 
.65  or  .60  and  leaaer  deptha  of  water  under  the  keel.  Al- 
though existing  channels  may  have  been  designed  for  more 
conservative  uaage,  cuiient  practice  in  many  arorld  porta  ia 
to  accept  ahipa  with  five  feet  of  water  under  keel  or  even 
lees.  Thia  result!  in  T • 1.16  at  a routine  occ\<trence.  When 
working  at  a scale  of  1 '64  or  1:100  thia  small  water  layer 
would  undoubtedly  bring  boundary  effecta  into  greater  con- 
sideration, however  there  it  a need  to  extend  theory  to 
cover  thia  common  condition. 

With  this  evolving  mathematical  tool  civil  engineeti, 
port  authorities,  pilots  aatociationa  and  ahip  owners  will  be 
able  to  afford  to  teat  hypotheala,  examine  potential  future 
rituationa,  search  for  optimum  aolutioiu  to  channel  dlmen- 
aiotu  and  establish  criteria  for  minimum  ship  handling 
chaiacteriatlcs. 

L.  L.  MARTIN 

I with  to  make  just  a small  comment.  At  AEW  we 
have  occasionally  treasured  pressure  flelda  caused  by  vat  - 
ioua  ships,  with  reiulta  generally  correapoitdlng  very  cloaely 
to  Dr.  Norrbin's  Figure  16,  for  forces  on  the  wall  (though 
the  ships  had  no  bulk).  It  has  been  found  that  these  can 
be  computed  with  fair  accuracy  by  assuming  a continuous 
diattibution  of  aourem  alottg  the  longitudinal  axis  of  the 
ship,  of  strength  V.  , where  V ia  ahip  speed  and  dA/dx 
ia  the  gradient  of  tiie  curve  of  areas. 

E.  MDL1,ER 

Systematic  encountering  and  overtakteg  trials  have 
been  carried  out  by  the  Versuchaanatalt  fiu  Blimen- 
achiffbau,  Duisburg,  since  1960  with  models  of  cargomotor- 
shipa  and  pushing  units  on  the  Rhine,  its  tributary  riven 


and  chsnnela.  Depth  of  water,  draught,  lateral  diatance  and 
speed  of  the  models  variH  during  the  Mala.  On  thia  occa- 
sion not  only  the  occurring  forces,  but  u!so  the  resulting 
dislocation'  of  the  veaeela  were  measured.  Our  results  are 
hi  genera]  in  conformity  with  Dr.  Norrbin’s  results  though 
there  are  some  differences  in  the  detailn.  The  reasons  are 
due  to  the  different  condltlona  of  the  trials,  shapes  of  the 
vessels  and  speeds.  It  ia  easy  to  understand  that  the  pres- 
sure areas  built-up  about  the  veaae’  : atronger  with  fully 
shaped  inland-water-way  veaaels  ivith  relatively  higher 
model  spaed  than  with  the  veeael  treated  by  Dr.  NotTbin. 
On  tills  understanding  Figure  1 is  to  be  contemplated.  The 
coefficients  of  the  changaa  of  the  longitudinal  force 

Cx  = — 2 , 

P/2  V^-Lpp.  T 

transversal  force 

= — V- — 

p/2  Va-  Lpp.T  , 
moment 

N 

'*/2 

- speed  of  the  adverse  ship 

and  tha  changes  of  trimming  and  parallel  lowering  during 
an  encounter  of  two  cargo  motonhlp  models  of  ti  » tame 
size  are  indicated  herein.  The  encountering  phases,  bow 
to  bow,  midship  to  midship  and  stem  to  stem  have  been 
drawn  in  the  diagram  for  better  guidance.  The  vessels 
passed  each  other  in  a lateral  diatance  (board  to  board)  of 
2.7x  ahipl  beam.— Increased  pressure  sonea  on  bow  and 
stem  of  the  vessel  (Fig.  2)  are  atill  clearly  effective  at  this 
distance,  as  evidently  ahown  by  the  resulting  lateral  force 
(repulsion)  and  moment  in  the  beginning  (turning  outward) 
and  end  of  the  encounter  (turning  inward).  If  both  ahipa 
lie  side  by  side,  at  the  same  height,  a maximum  attraction 
is  effective  whereas  the  moment  disappears. 

The  longitudinal  force  will  be  reduced  in  the  first 
half  of  tile  encounter  (reduction  of  the  resistance)  and 
will  be  increased  in  the  second  half  (increase  in  resistance). 
Please  compare  in  this  connection  also  the  course  of  trim- 
ming 6 and  lowering  ^Z/^. 

From  the  forces  measured  it  might  be  expected  that 
ships  passing  each  other  or  pasting  a stationary  obstacle 
ate  continually  subjected  to  translatory  and  rotary  dislo- 
cation. But  tills  is  not  the  case,  w demonstrated  by  Fig- 
ure 3.  Here  rue  shoem  2 procedures  of  overtaking  which 
have  been  carried  out  erith  different  lateral  distance  be- 
tween the  models.  The  change  of  course  has  been  caused 
— as  Illustrated  — substantially  by  the  initial  impulse 
obtained. 

For  reasons  of  simplification  of  the  trials  the  vessel 
passing  ahead  shown  in  Fig.  3 was  guided  on  a straight 
compulsory  course. 


"•Y 

yawing 
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Encountering  Trial  (Captive  Ti 

h^odel.  Carrying  Instruments:  VSUfl  km/h = 7,6  kn  ‘Encountering 
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10'^60-hl2t0 


Overtaking  Trials  (Free  running  Test) 


Ine  initial  impulae  for  thd  caae  shown  in  the  upper 
part  of  the  iUua tratlon  it  produced  by  superpoaiiion  of  the 
increased  pleasure  senes  on  the  bow  of  the  vessel  passing 
ahead  and  on  the  stem  of  the  vessel  which  is  overtaken, 
'nils  impulse  has  a repellent  reaction  on  the  stem  of  the 
ship  overtaken.  Hie  vessel  turns  inward,  and  is  brought 
on  a collision  course. 

In  the  second  ca.se  the  lateral  distance  of  both  ships 
is  so  large  that  the  incmased  pressure  zone  will  no  longer 
be  effective.  Already  before  overlapping  of  the  models 
the  stem  of  tiie  slower  ship  is  attracted  by  the  large  under- 
pressure area  caused  by  the  other  vessel  snd  the  slows ' 
ship  is  turned  outward. 

Measuring  forces  (captive  teats)  is  done  simpler  and 
more  accurate  than  measuring  translatory  or  rotary  dislo- 
cations (free-running  tests),  and  under  simplifying  con- 
ditions, the  resulting  deviations  of  course  can  be  obtained. 

If  the  external  forces  are  shifted  to  the  centre  of 
gravity  of  the  ship  and  summarizini!  them  to  the  resultant 
R,  i(  may  be  concluded: 


with:  e = transversal  displacement 

m = mass 
t = time 


V = speed 
Therefrom  results 


tg  = initial  point  of  ti.me 
tg  = final  point  .of  time 


Correspondingly,  for  the  rotary  motion: 


“ ■ 'zz  ■ -if  ■ 


I22  - moment  of  inertia  referred 

to  the  vertical  axis 

N = moment  around  the  vertical 

axis 

ID  ::  angular  velocity 

♦ = course  angle 


« = [ 


By  means  of  the  results  of  the  measuremaMs  of  forces 
it  is  possible  to  determine  with  good  appioximation  the 
range  of  the  occurring  course  deviation  on  the  assumption 
of  m “ const,  and  I2Z  “ const.  Various  examples  of  cal- 
culation which  have  be«i  carried  out  have  shown  this. 


AUTHOR’S  REPLY 


I am  grateful  to  Mr.  Earnest  tor  his  appearing  in  the 
discussion;  it  is  only  the  exchange  of  experiences  and  find- 
ings oetween  those  engaged  in  the  design  and  operation  of 
nan  ■ waterways  — and  of  the  ships  moving  in  tiiese 
waterways  — that  can  make  a continued  effort  in  this  field 
meaningful. 

Mr.  Earnest  points  out  that  current  practice  of  ocean- 
going ship  operation  accepts  an  under-keel  clcirance  of  five 
feet  in  port  areas,  C0i>esponding  to  h/T  = 1.15  or  even  less. 
In  scale  model  testing  the  viscous  blockage  of  this  small 
clearance  will  obscure  the  quantitative  results,  and,  which 
is  even  more  serious,  the  quality  of  the  results.  It  may 
therefore  well  be  better  to  extrapolate  experimental  values 
from  moderate  clearances  into  the  small-clearance  region, 
preferably  according  to  a theoretical  relationship.  In  as 
much  as  viscous  effects  become  of  importance  also  m the 
full  scale  world  they  may  in  principle  be  corrected  for  by 
introducing  an  effective  clearance,  which  will  be  a function 
of  ship  and  back  flow  velocities,  and  bed  roughness.  Such 
an  approach  should  be  especially  applicable  to  the  problem 
of  lateral  forces  due  to  drift. 

Mr.  Earnest  further  advocates  model  tests  fo?  fine 
form  ships.  It  is  knovm  from  early  tests  that  the  fullness 
of  the  fore  body  of  a hull  may  markedly  influence  the 
bank  effects  in  a long  canal,  and  it  will  certainly  also  in- 
fluence the  transients  in  meeting  with  a short  bank.  The 
model  testing  would  perhaps  present  less  problems  than  in 
the  case  of  full  forms,  but,  unfortunately,  the  amount  of 
new  money  required  is  of  the  same  order. 

Mr.  Martin  refers  to  an  interesting  aEW  experience  of 
pressure  field  measurements  around  ship  models,  and  of 


computations  using  a simple  source  distribution  along  a 
longitudinal  axis  in  the  hull.  This  computational  scheme 
should  work  well  at  a far  distance  from  the  body,  but  it 
is  net  equally  easily  applied  to  a body  close  to  a wall  or 
in  a canal,  where  the  original  line  of  sources  (or  alterna- 
tively the  hull  form)  is  distorted.  It  is  not  clear  to  me  if 
the  fair  agreement  claimed  by  Mr.  Martin  relates  to  cases 
with  wall  taterference. 

Dr.  Muller  has  contributed  an  interesting  report  on 
measurements  on  ship  models  during  encountering  tests, 
which  has  beating  not  only  on  my  paper  but,  perhaps  even 
more,  on  the  previous  paper  by  Newman  and  Tuck. 

The  surface  elevation  survey  reveals  a zone  of  positive 
pressures  forward  of  the  bow  of  the  model  moving  alone 
in  the  canal  model,  and  a large  area  of  negative  pressuKs 
along  almost  the  full  length  of  the  model.  During  the  fint 
phase  of  the  encountering,  when  bow  is  in  line  with  bow, 
each  model  experiences  a repulsion  from  the  other,  and  an 
outward  turning  moment.  At  the  instant  the  two  models 
overlap  by  a qua)  ter  of  their  length  there  is  still  a net  re- 
pulsion, but  now  an  inward  turning  moment.  Again,  as  in 
the  case  of  our  measuremenis  on  a model  meeting  a finite 
bank,  the  pressure  distribution  over  the  total  length  of  the 
hull  must  obviously  be  considered  for  an  explanation  of 
:'ie  force  balance.  With  access  to  the  variation  of  resultant 
force  and  moment  with  the  longitudinal  separation  between 
the  mei  ting  models  it  will  be  a straight  forward  operation 
to  calculate  the  initial  disturbance  of  the  alternatively  let- 
free  model.  But  before  doing  so  we  must  try  to  under- 
stand the  origin  of  the  force  history. 
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ABSTRACT 

This  study  explores  various  methods 
for  calculating  potential  flow  around  a double 
model  of  ship-like  form.  The  discussion  be- 
gins with  the  family  of  ellipsoids,  which  is  the 
simplest  of  three-dimensional  shapes  posses- 
sing three  unequal  axes  of  length,  beam  and 
draft.  For  the  potential  flow  past  an  ellip- 
soid moving  with  arbitrary  velocity,  the  solu- 
tion can  represented,  equivalently,  by  a 
volume  distribution  of  doublets,  or  a doublet- 
layer  distributed  over  the  limiting  confocal 
ellipse,  as  well  as  by  a source-layer  or  a 
doublet-layer  distributed  over  the  ellipsoid  or 
over  an  interior  confocal  ellipsoid.  The 
analytical  behavior  of  these  different  repre- 
sentations of  the  solution  (for  an  ellipsq^d)  is 
examined  in  detail  w4th  objective  to  throw 
light  on  the  singularity  method  for  arbitrary 
bodies  in  general.  A simple  relationship  be- 
tween the  geometry  of  the  confocal  ellipse  and 
the  maximum  principal  curvature  of  confocal 
ellipsoids  is  obtained.  This  relationship 
seems  to  have  a general  validity  as  a rule  for 
determining  the  center  plan  form  of  singular- 
ity distribution  for  arbitrary  bodies  with  a 
plane  symmetry. 

Based  on  the  singularity  method  new 
solutions  are  presented  for  the  Internal  flow 
between  two  confocal  ellipsoids  in  relative 
motion.  These  solutions  may  provide  an 
order -of -magnitude  estimate  of  the  wall 
effects. 

For  arbitrary  ship -like  double  models 
a general  formulation  of  the  potential  flow 
problem  is  presented  based  on  th^  represen- 
tation of  a body  by  a center  plane  distribution 
of  doublets  and  moments  of  doublets  for  trans- 
lational and  rotational  body  motions.'  This 
construction  results  in  an  Integral  equation  of 
the  first  kind  for  the  doublet  density.  Several 
numerical  methods  investigated  so  far  include 
an  approximate  direct  method  and  an  Iteration 
scheme.  The  results  for  a double -elliptic 
hull  form  are  presented. 

1 . INTRODUCTION 

In  naval  hydrodynamics  a continued 
interest  has  been  directed  to  develop  tech- 
niques for  evaluating  the  wave  resistance  of 
ships  more  accurately  than  by  the  Mitchell 
theory,  taking  into  account  more  S^&ctly  the 


boundary  conditioxis  on  the  free  surface  and 
the  ship  hull.  Of  equal  importance  is  to  im- 
prove the  methods  for  predicting  the  viscous 
resistance  due  to  a three-dimensional  boundary 
layer  at  the  hull  and  a wake.  For  both  purpose 
it  is  desirable  to  establish  an  effective  method 
for  calculating  exactly  the  potential  f,ow 
around  a 'double -model'  with  the  objective  that 
the  method  can  be  easily  generalized  to  con- 
sider the  free -surface  effects  and  the  viscous 
effects  on  flow  around  ships.  With  this  vision 
Professor  Georg  Weinblum  stressed  the 
importance  of  improving  our  knowledge  about 
double-model  flows,  both  theoretically  and 
experimentally.  It  is  with  our  profound  appre- 
ciation of  this  viewpoint  that  we  wish  to  dedi- 
cate this  work  to  the  fond  memory  of  Georg 
• Weinblum,  whose  wonderful  stimulus  and 
personal  encouragement  has  inspired  the  pre- 
sent preliminary  study. 


For  numerical  calculations  of  potential 
flow  past  arbitrary  bodies,  the  method  of 
surface-source  distribution  developed  by  Hess 
and  Smith  (1966)  and,  independently,  by 
Landweber  (1974)  is  very  successful.  Its  ex- 
tension to  ship  wave  problems,  however,  still 
sedtns  to  be  a formidable  task.  On  the  other 
hand,  the  representation  of  a certain  class  of 
bodies  (with  a plane  symmetry)  by  a cedjh- 
plane  distribution  of  singularities  has  s^^te 
attractive  features.  First,  this  type  of  r^re- 
sentation  is  actually  an  analytic  continu^|n  of 
the  exterior  flow  into  the  body  surface,  fin 
application  to  ship  waves,  the  local  sgsWytic 
behavior,  near  and  at  the  waterJiU^Tof  the 
flow  quantities  as  provided^^'fue  center-plane 
singularity  (CPS)  method^sy  eliminate  some 

I the  surface -source 

method.  JE^ffThe^  since  the  classical  Mltq 


IW- 


Havelock  ship  theory  is  equivalent  to  a line' 
ized  center -plane  singularity  method, 

Kigher -order  calculations  of  ship  water  wavi^ 
based  on  the  CPS-method  are  likely  to  be 
benefited  by  the  previous  analytical  develop- 
ments in  the  linear  theory,  thereby  some 
numerical  efforts  j|auld  be  curtaift^As  a 
result.  For  thes^^asons  th^  presSt  study 
will  be  directed  to  seek  possible  development 
of  the  center-plane  singularity  method.  In  this 
connection,  Miloh  (197?.^,  as  we  have  just 
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learned^,  haa  made  a contribution  to  this 
subject,  in  which  two  general  methods  were 
explored,  with  a triaxial  ellipsoid  and  a 
double  parabolic  chip  (with  pointed  edges) 
worked  out  as  examples,  including  a discus- 
sion of  the  sftcond-order  wa/e  theory.  Still, 
a central  problem  of  the  CPS  metliod  is 
thought  to  depend  on  a workable  technique  by 
which  the  unknown  plan  form  of  singularity 
distribution  for  round-edged  bodies  can  be 
determined  with  sufficient  accuracy  so  as  to 
lead  to  a convergent  calculation  of  the  singu- 
larity density.  This  may  be  a major  reason 
for  some  previous  unsuccessful  attempts. 

In  order  to  gain  further  insight  on  this 
point,  the  classical  problem  of  potential  flow 
past  a triaxial  ellipsoid  has  been  investigated 
once  again  with  objective  to  find  all  possible 
representations  of  an  ellipsoid  by  different 
singularity  distributions.  Having  found 
independently  the  results  sought,  we  discov- 
ered that  some  of  the  results  were  stated, 
without  proof,  as  'well  known'  by  Havelock 
(1931  a,  b)  in  a fundamental,  but  with  that 
passage  much  neglected,  paper  on  the  wave 
resistance  of  an  ellipsoid.  Wc  have  also 
found  that  major  steps  or  proving  Havelock's 
statement  were  given  by  Lunde  (1951). 

Actually,  a simple  proof  of  these  results  can 
be  traced  back  to  a long  history  of  major  de  - 
velopments in  gravitational  potential  theory. 

In  this  respect  Havelock  was  right  in  implying 
that  no  basic  aspects  of  a proof  (for  the 
potential  flow  problem)  would  be  new,  but  the 
important  link  between  the  gravitational  poten- 
tial and  velocity  potential  pertaining  to  an 
ellipsoid  can  probably  be  attributed  to 
Havelock.  In  view  of  the  elegance  of  the  clas- 
sical work  relating  to  the  subject,  a brief 
account  of  the  proof  is  reviewed  together  with 
the  historical  background.  A different  ap- 
proach to  the  solution  of  potential  flow  in- 
volving ellipsoids  has  been  discussed  by  Miloh 
(1973)  by  using  the  image  singularities  in 
terms  of  the  ollip  loidal  harmonics,  which  will 
be  useful  for  treating  the  related  water  wave 
and  other  general  problems.  Along  the  same 
approach  the  water  wave  singularities  have 
been  determined  by  Newman  (1972)  in  terms 
of  the  spheroidal  harmonics.  In  this  connec- 
tion, we  may  add  that  Havelock's  results  were 
also  discussed  by  Weinblum  (1936)  in  finding 
forms  of  a slender  body  of  minimum  wave 
resiatanqg. 

V (Cjihm  the  known  results  for  ellipsoids 
still  different  variations  of  representation  by 
surface  distributions  of  sources  orAoublets 
are  deduced,  and  new  solutions  are  iMAe&tqti 
for  confocal  ellipsoids  in  relative  motion. 
Further,  from  these  exact  solutions  a specific 
relationship  is  found  between  the  plan  form 


of  singularity  distribution  and  the  maximum 
principal  curvature  of  the  ellipsoid.  In  order 
to  ascertain  if  this  relationship  may  have 
validity  as  a general  rule,  it  is  applied  to  a 
double -elliptic  hull,  which  has  round  edges  on 
all  sides.  The  results  based  on  the  numerical 
methods  proposed  here  are  quite  satisfactory. 
The  indication  by  the  present  preliminary 
study  is  thus  clear  that  further  development 
of  the  center -plane  singularity  method  is  most 
promising. 


2.  The  Fundamental  Problem  of  Ellipsoids  - - 
Historical  Background 

The  most  fundamental  of  the  ex,oct  solu- 
tions fo"  potential  flow  Involving  truly  tnree- 
dimenslonal  bodies  are.  no  doubt,  those  for 
triaxial  ellipsoids  in  translational  and  rota- 
tional motion?.  Interestingly,  it  seems  not 
widely  known  that  the  potential  flow  theory  for 
ellipsoids  is  closely  related  in  mathematics  to 
the  theory  of  gravitational  potential  of  a homo- 
geneous ellipsoid.  The  U tter  has  been  a major 
problem  dating  back  to  Newton,  and  having 
attracted  over  a century  the  remarkable  efforts 
of  Maclaurin,  Jacobi,  Laplace,  Dirichlet,  and 
other  most  eminent  mathematicians  of  the  time. 
In  resolving  the  associ  .ed  hydromechanical 
problems  little  new  efforts  are  required  if 
good  use  is  made  of  the  rich  content  of  the 
gravitational  potential  theory. 

As  a brief  review  of  the  historical 
developments,  we  note  first  that  for  a homo- 
geneous ellipsoid  E,  bounded  by  surface 

3 X.2 

S:  2 -^  = 1 (a  > a > a.)  , (1) 

i=l  a“  12  3 

the  gravitational  potential  is  simply  given  by  the 
Poisson  integral 

= pj  1 (R  = lx  - ll).  (2) 

' E 

p being  the  uniform  mass  density  of  the 
ellipsoid.  (Here  the  universal  constant  of 
gravitation  is  omitted  for  brevity.  ) For  an 
interior  point  (xeE),  the  integral  in  (2)  can  be 
carried  out  directly  (see,  e.  g,  , MacMillan, 
1930),  giving  (the  representation  of  Gauss 
(1813)  and  Rodriques  (1815),  see  Todhunter 
/“(1 873)  and  Chandrasekhar  (1967)) 

3 , 

= ■Tp{A  - S a.  X)  } , (3a) 

i=l  * ^ 

where 


We  are  indebted  to  Prof.  Louis  Landweber 
for  providing  us  with  a copy  of  Miloh's 
thesis  when  this  paper  was  being  written. 
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(3c) 


or 


[(a^  + XHa^  + X)(a^  + X)]^. 

3T 

l/(^=  ifpaja^a^y 


I DO  3 

(1  - X 


1=1  aj  + X 


JM , ^ 


(3d) 


At  an  exterior  point  (x^E),  the  gravitational 
potential  may  assume  Dirlchlet's  representa- 
tion: 

. 2 

J , dX 

2TT’ 

* (4a) 


r>  00  3 a 

i/(X)  = "paia2*3  d ' — 


where  X(x)  is  the  ellipsoidal  coordinate  of  3C, 
which  is  the  algebraically  largest  root  of  ~ 
t » 2 


3 

S 

i=l 


a.^  + X 
1 


= 1. 


(4b) 


This  expression  of  Dirichlet  for  the  exterior 
solution  can  be  shown  to  follow  immediately 
from  the  'Splendid  Theorem'  of  Maclaurin  (as 
so  referred  to  by  Thomson  and  Tait  1883): 

The  gravitational  potentials  at  the  same 
X exterior  to  two  individual  ellipsoids 
of  confocal  shapes 


S = 1, 

i=l  ^ '■ 


S (x'./a',)" 
i=l  " ^ 


1, 


2 

a. 

1 


+ X, 


(5) 


are  equal  if  their  total  uniform 
masses  are  the  same,  that  is 

P*  1*2*3  ■ P'  *1  *2  *3  • 

The  above  solution  shows  that  U (x)  is 
linear  in  x.^  within  the  ellipsoid  E,  continuous 
and  continuously  differentiable  at  the  surface  S, 
and  falls  off  like  R"*  at  large  distances  from 
E. 


*i 


Uf 


(7b) 


This  condition  suggests  that,  since  O is  quad- 
ratic in  x.  within  and  on  S,  <f  may  be  derived 
as  a linear  combination  of  the  f rbt  derivatives 
of  , or,  by  (2), 


In  fact,  the  interior  flow  is  a trivial  uniform 
flow  with  the  potential 

,(X)  = U.X.  (x«E).  (9) 

For  the  exterior  flow,  substitution  of  (4)  in  (8) 
yields  the  potential 

V>(x)  = - 2:ra.a-a  px.r  -■  (x^E). 

* 2 3 i Ux  ( af  V X)A 

‘ (10a) 

3 x.^ 

E P = 1,  (10b) 

i=l  af  + X 

1 

which  satieUes  the  boundary  condition  (7)  if 
(i  = l'2'3).  (10c) 

The  relationship  (8)  between  the  velocity  poten- 
<p  and  the  gravitational  1/  for  ellipsoids  was 
cited  by  Havelock  (1931)  as  being  then  'well 
known' . 

The  integral  representation  (8)  for  the 
exterior  flow  may  be  interpreted  as  a potential 
due  to  a volume  distribution  of  doublets  of  uni- 
form density  p.,  pointing  in  the  pcsitive  U^- 
direction,  respectively.  By  further  invoking 
Maclaurin' 8 theorem,  the  following  alternative 
representations  of  the  exterior  flow  can  be 
obtained. 

(i)  Volume  distribution  of  doublets 
within  an  interior  confocal  ellipsoid. 


2.  1 Potential  Flow  Due  to  Translation  of  an 
Ellipsoi? 

“'rhese  properties  of  i/  immediately 
suggest  that  certain  simple  relationships  exist 
between  the  gravitational  potential  and  the 
velocity  potential  (of  an  ideal  flow)  Involving 
ellipsoids.  We  first  note  that  for  an  ellipsoid 
E undergoing  translation  with  velocity  ^ = 
UjSj(Sj<  &2’  £3  denoting  the  base  vectors  and 
the  summation  convention  being  understood 
unless  otherwise  designated),  the  boundary 
condition  on  the  velocity  potential  (p{x)  at  the 
ellipsoid  surface  S (with  normal  vector  33)  is 

"ill.  =VJi  (7a) 

1 


where 


n-  p,  “1  “2*3 

PI  - Pi  ay-ayay 


(X^E')  . 

(11a) 

(i  = 1,2,3), 

(lib) 


a',,  a!,,  a',  being  the  axes  of  an  interior  con- 
fcfcal  ellipsoid  E', 


3 

Z 

i=l 


(X  7a';^'=  1, 


(a!)^  = 


+ X (-a,<  X <o). 
o ' 3 o 


(11c) 
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(li)  Center -plane  dl«trlbutlon  of  doublets 
over  the  foc^ elllpee. 


(R^  = (Xj  - (X^-  »l)^  + *3  ] 


-2a) 


where  E is  the  limiting  focal  ellipse  reached 
as  X - a?,  or 


= 1 


,2  2 2 .2  ,2  2. 

(ao-ai"  Sj.  b^-  a2*a3). 


(12b) 


Pjll,  »l)=  2p. 


a b 
o o 


(1 


(1=1,2,  3)  (12c) 

By  putting  . a|  in  (11)  and 

" tfie 


Proof. 

taking  the  limit  as  «”-►  0 for  the  case 


^1  ^ ^2  ^ a^. 
to 


the  Xj-coordinate  of  E’  reduces 
2 2 


x=^  ^ = ■ "T  — J ^ ^ 


hence  by  (11). 


^(S)=lim 

t -»o  o o 


wr-R — 


(1  + 0(<  )), 


(lib) 


which  yields  the  result  stated. 

In  this  limiting  case,  the  doublet  distri- 
bution over  the  focal  ellipse  assumes  the 
ellipsoidal  density  (12c)  for  all  three  compo- 
nents of  translation.  Though  for  the  compo- 
nents 1 = 1,  2,  fi(s)  can  also  be  expressed  in 
terms  of  source  distributions  over  E (by 
integration  by  parts),  the  source  strengths, 
however,  have  a square -root  singularity  along 
the  periphery  of  E^. 

(iii)  Focal-axis  distribution  of  doublets 
for  prolate  BPherot<i8.  For  the  prolate  spheroid 

^^1  ^ ^2  " ®3^’ 

^(x)  = C^)  ^^i)  d&  (14a) 


This  result  can  be  obtained  by  a procedure. 


2 _ 


similar  to  the  above  by  putting  X = « 2 - a| 

- a|,  and  taking  the  limiting  value  of  (if) 
as  « -*0.  The  doublet  distribution  now  lies 
between  tlie  foci,  -a  < x,  < a , and  assumes  a 
parabolic  density,  as  noted  by  Chwarg  and  Wu 
(1974a). 


Further  alternative  representations  of 
the  exterior  flow  potential  can  be  given  by 
considering  distributions  of  sources  and  normal 
doublets  at  ellipsoid  surface. 

(iv)  Surface-source  representation.  The 
following  simple  manipulation  on  (S)  yields 


=■1 


E i 
n • p 


dS 


(15a) 


which  is  an  expression  for  f in  terms  of  a 
surface  source  distribution  of  strength 

3 3 ^ 

= (2  Pi^^i/af  )(2  *i*i^^f  (XtS). 

(1 5b) 

Alternatively,  application  of  Maclaurin's 
theorem  (eqs.  5 and  6)  to  (15)  gives 
terms  of  a source  distribution  over  the  surface 
S'  of  an  interior  confocal  ellipsoid  E'  as 


(16a) 


o'(3j)  = p|nj=  (p|  x^/a|^)(XjX^/a^^  a|^')'^(xe  S'), 

(16b) 

where  P|  is  related  to  p.  by  (11b). 

(v)  -.urface -doublet  representatiem.  The 
potential  of  a doublet  layer,  orientated  along 
the  outward  normal  ij  at  S, 

f M|)  i (i>dS.  (17a) 


has  the  well-known  properties 

4it|x  =<p  -ip^  (17b) 

8p'*'/8n  = 8^‘/en,  (17c) 

where  and  denote  the  values  of  ^ on 
the  outer  and  inner  sides,  respectively,  of  S. 

From  the  known  interior  solution  (9) 
and  exterior  solution  (10)  we  immediately 
deduce  that 

~ «’^)  = ^Tra^p^))^  PjXj  (x£S^ 

(17d) 
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in  which  the  lest  step  follows  from  (10c).  This 
result  shows  that  the  density  of  the  doublet 
layer  is  simply  linear  in  x,.  By  a similar 
procedure  used  In  (iv),  we  also  have 

*>(3)  = ^^  (x^E*).  (18a) 

^eSM.  (18b) 

where  is  again  given  by  (11b).  p'(jc)  is  also 
linear  in  x^. 


2.  2 Potential  flow  Due  to  Rotation  of  an 
Ellipsoid. 

By  an  analysis  similar  to  that  shown 
above,  the  velocity  potential  of  the  flow  past 
ellipsoid  E rotating  with  angular  velocity 
Q = in  an  ideal  fluid  can  be  given  as 

»>(5)  = (lXx)-  i d’l  (x^E) 

(I9a) 

3 „ , , C * 1 dX 

= T^TT  A ' 

(19b) 

a^+  ^ -1 

J (19c) 


where  «...  is  the  permutation  symbol,  V = 
(4/3)ir  aja,a,  is  the  volume  of  E,  and  (i,  j, 
in  (19cl  stands  for  an  even  permutation  of 


k) 


(1,  2.  3).  Equation  (19b)  is  obtained  directly 
by  converting  (19a)  into  Dirichlet's  form. 
This  ^ satisfies  the  boundary  condition 


• V If  = n • (O  X x)  (xeS).  (20) 


The  above  solution  may  be  interpreted 
as  a linear  combination  of  moments  of  a 
doublet  distribution.  The  original  uniform 
distribution  of  doublets  throughout  the  ellip- 
soid can  again  be  converted,  as  shown  in  the 
previous  case  of  translation,  into  various  other 
forms  of  distributions  for  the  exterior  flow. 

Some  of  the  above  relationships  between 
the  singularity  distributions  over  confocal 
ellipsoids  have  also  been  discussed  by  Eggers 
(I960)  from  a different  approach. 


2.  3 Virtual  Mass  Coefficients  of  Ellipsoid. 

The  virtual  mass  coefficients,  'W,.,  of 
ellipsoid  E,  defined  in  terms  of  the  klnnic 
energy  T of  the  fluid  as 

2T  = pV?r?j.UjU^  + ^ pVVjn+3.  j+3 

have  only  diagonal  components  in  virtue  of  the 
body  symmetry.  Determination  of  the  compo- 
nents corresponding  to  translation  is  especially 


simple  by  applying  the  extended  Taylor  theorem 
(Yih  1969),  giving 

W?..=  - 1 + 4irp. /Uj  - 0^/(2  - 0^)  (i  = 1,  2,  3). 

(22a) 

The  components  corresponding  to  rotation  are 
given  by 

'^i+3,i+3  = 2-(Vi/fii)(-j  - - af)/(af+a^), 

(22b) 


in  which  (i,  j,k)  stands  for  an  even  permuta. 
tion  of  (1,2,  3). 

An  example  is  given  in  Fig.  1 for  the 
prolate  spheroid  (a,  = a,  a,  = a,  = b).  In 
comparison,  we  note  that  in  the  strip  theory 
for  slender  bodies  (b/a  <<  1),  the  longitudinal 
virtual  mass  is  neglected  while  the 

transverse  virtual  mass  is  taken 

sectionally  to  be  the  limit  of  vanishing  b/a. 
For  slender  ships,  b/a  is  typically  about  1/6, 
in  which  case  the  strip  theory  would  give  a 
approximately  10%  too  high. 

3.  Potential  Flow  Between  Confocal 
Ellipsoids. 

The  ab(.'ve  singularity  method  can  be 
readily  e.xtended  to  consider  the  flow  between 
two  confocal  ellipsoids  in  relative  motion. 

L,et  the  two  confocal  ellipsoids  E and  E'  be 
specified  as 

3 3 

E:  2 (x./a,)2  = l,  E':  S (x'/a<  )^  = 1, 

i=l  ^ ^ i=l  ‘ ' 

( \ = a'^  - a^2  > 0),  (23) 

In  the  case  of  relative  translation,  let  the 
outer  ellipsoid  E'  move  with  velocity  - 
with  respect  to  the  inner  ellipsoid  E,  which 
is  held  at  rest.  Then  the  boundary  conditions 
on  the  velocity  potential  are 


8^/  9n  = 0 (x  on  S) 

= - UinJ  (xonS')  . 


(24a) 

(24b) 
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Figure  1.  The  virtual  mass  coefficients,  j, 
■???,,  (translational  motion)  and  "^44 
(rmiitional  motion),  of  a prolate 
spheroid  of  axis -ratio  b/a. 

The  solution  can  be  constructed  by  a linear 
superposition  of  the  interior  and  exterior  types 
of  flows,  namely  (9)  and  (10),  as 


The  two  terms  inside  the  brackets  are  actually 
the  velocity  potential  of  a solitary  ellipsoid  E 
written  in  the  body  frame  of  E,  placed  in  a 
uniform  stream  of  velocity  - y,.  Therefore 
(24a)  is  satisfied  if  p.  is  given  by  (10c). 
Further,  (24b)  is  satisfied  if 

®l“2*3  2 - o'  -1 

B.  = [ 1 - ^ ^ i ] , (26) 

1 I 2 - “i 

where  Oj  = o.(a,)  as  defined  by  (3b),  and  a!  = 
u.(al).  ^ 

J Similarly,  for  rotation  of  E relative  to 
E'  with  angular  velocity  O, 

y(x)  = C.{-f2jXjX^  + Yi«yi,x.  ^ 

= Cj{-qXjXj^  - I V 


Vi  1 “\a'2«3  *1^-  ^ 1 -» 


The  effect  of  the  presence  of  an  outer 
ellipsoid  on  the  virtual  mass  coefficients  of  a 
moving  inner  ellipsoid  is  demonstrated  in  Fig. 
2 and  Fig.  3 for  ^e  case  of  two  confocal  pro- 
late spheroids  (a.=  a,  a,=  a,  = b,  af  = a', 

" 83  ■ '*')•  Tws  offe«  is  seen  toTncrease 
an  the  virtual  mass  coefficients;  they  Increase 
more  rapidly  when  the  outer  ellipsoid  is 
drawn  closer  to  E. 


0 0.2  0.4  0.6  o.B  1.0 


Figure  2.  The  translational  virtual  mass 
coefficients,  wij , and  ^22.’ 
two  confocal  prolate  sphe rinds 
■*with  axis -ratio  b/a  and  scale 
factor  X.  = a/a'. 


« -.it  ..-jlit)  w.^.i  . 


. 4.  PUn  Form  of  SlagaUrlty  Distribution. 

At  » point  g,  on  an  •llipaotd  K,  thd 
total  curvature  (or  the  sum  of  principal  curva- 
turea),  k,  la  a local  property: 

«(*)  =dlvji  = Kj  +K2  = (*tS), 

OU 

vbere  a(j)  la  the  unit  outward  normal  vector. 
Kj  2 ' Z~‘  ***•  pJfinclpal  curvaturea 

of  S at  Since  k la  a local  property,  there 
exlata,  In  general.  In  the  tangent  plane  at  a 
direction  In  which  the  principal  radlua  of  cur- 
vature R,  la  minimum,  equal  to  R say, 
while  R-*  la  maximum.  At  each  longitudinal 
atatlon  (it  = couat.  ) raachea  a minimum  at 

the  center  plane 


S:  a = 0,  (32) 

a b 

where  (xj,  x-,  x,)  =(x,  y,  r),  (a,,  a,,  a,)  = 
(a,  b,  c),  uaeS  alternatively  throughout  for 
brevity.  At  S the  x-  and  y-component  of  R 
can  be  ahown  to  have  the  value 

^mx  = ^m‘^  = \*'  ^my  = = ri  y* 

a ^ b 

(X€S^)  (33) 


yn.44 


Figure  3.  The  rotational  virtual  maaa  coeffi- 
cient r>t  • . of  two  confocal  prolate 
spheroloa. 


It  la  of  algnlflcance  to  note  that  a bound- 
ary point  X of  the  center  plane  S , the  mini- 
mum radlua  of  curvature  R^  at  , and  a 
boundary  point  x of  the  focal  elllpae  (aee  Eq. 
(12  b),  dealgnatea  them  aa  E ) 


are  related  by  the  following  parametric  equa- 
tlona 

*o  = ■ ^mx)'  >o  = ■ ^my>  ®c>' 


(35) 


In  fact,  Bubatltutlon  of  (33)  In  (35)  given 

2 2 , - 
X y 2 2 

“z — r + rz — z - T 

a-c  b-c  a b 


The  relatlonahl^  (35)  may  provide  a ueeful 
guideline  for  determining  the  region  of  alngu- 
larlty  dlatributlon  In  the  center  plane  for  a 
claaa  of  arbitrary  bodies,  aa  will  be  dlscuased 
next. 

5.  Center-plane  Singularity  Method  for 
ArMtrarv  6ou^e-moder 

The  general  problem  at  hand  is  con- 
cerned with  the  potential  flow  generated  by  the 
motion  of  a double -model  (with  at  least  one 
plane  of  symmetry,  taken  to  be  z = 0),  of 
arbitrary  shape 

S;  B = + t(x,y)  (|x|.$a,  ly|$b), 

(36a) 

so  that  ‘.ts  center -plan -form  is 

S^:  ;(x,y)  = 0.  (36b) 

The  body -shape  function  ((x.y)  is  assumed  to 
be  continuous,  continuously  differentiable 
(except  possibly  at  = 0),  and  bounded, 

1(^1^  c,  so  that  the  body  lies  within  a rectangu- 
lar box  of  sides  a,  b,  c.  We  shall  further  take 
a > b>  c.  The  side  edge  (at  z ::  0)  of  a body  is 
said  to  be  pointed  If  [Vt  | < oo  as  z -► 0,  and 
round  if  | VJ  | -►  no  in  the  limit.  A round  edge 
la  further  said  to  have  a statlonarY,  or  non- 
atatlonary,  curvature  according  to  8R  / 8s  = 

6,  or  ^ 0,  at  z = 0,  where  s la  the  aPl; 
length  of  a curve  formed  by  the  Interception  of 
body  fmrface  S with  a plane  perpendicular  to 
z = 0 cd  containing  the  normal  vector  £ to 
S at  z = 0,  and  R is  the  minimum  princi- 
pal curvature  defied  in  Section  4. 

When  the  body  moves  with  velocity 
y 4 (QX  gj  through  an  Ideal  fluid,  the  velocity 
potential  satisfies  the  condition 


■fj  = (U +fiX*)  • B.  (S«S).  (37) 
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According  to  the  method  ot  center-plane 
singularity  distribution,  the  solution  may 
assume  the  form 

(38a) 

J Pi(t.n)  gjf-  (38b> 

‘^o  '■ 

= ‘ijkig 

° (38c) 

S^:  f^(x,y)  = 0 (S^CS^).  (38d) 

Here  p.,  y.  are  unknown  densities  of  doublets 
end  dout)let -moments,  and  S is  the  unkncwi> 
region  of  distribution,  which ^s  assumed  to  lie 
within  the  center  plane  S and  may  have 
boundary  points  common  with  S . This  inte- 
gral representation  of  <p  is  suggested  by  the 
known  exact  solution  for  ellipsoids.  Although 
only  doublets  are  employed,  it  may  still  con- 
tain isolated  point  sources  and  line  sources  at 
the  discontinuities  of  p ^nd  y.  ft  may  also 
represent  distributions  oi  higher-order  s'agu- 
larities  whon  p and  y can  be  expressed  as 
derivatives  of  some  appropriate  fu'':tions. 

Application  of  condition  (37)  to  (38) 
yields  the  following  integral  equatious 


possible,  however,  to  have  fho  scope  of  body 
family  enlarged  with  further  modifications  of 
the  method,  such  as  by  adding  lines  of  vortices 
and  soxirces  on  body  surface  S to  represent 
local  discontinuities  in  slope  and  curvature  uf 
S and  by  introducing  more  interior  planes  of 
doublet  layers,  if  necessary. 

From  the  standpoint  of  calculation  of 
solution  by  numerical  means,  the  problem  of 
the  Integral  eqxtations  (39)  and  (40)  may  well  be 
ill-posed.  It  is  plausible  that  large  errors  in 
p.  and  y,  may  produce  only  small  errors  of 
tne  integrals  (for  example,  when  p has  a 
smooth  error  In  the  region  where  K Is  oscil- 
latory, and  vice  versa).  Actually,  the  kernels 
K.  and  Q..  all  have  localized  peaks,  which 
become  more  pronounced  with  decreasing  body 
thickness  or  slenderness.  These  peaks  are 
manifested  by  the  value  of  the  following  func- 
tions: 


1 

R 


9 5 (41a) 

[(X  - 6)“+  (y  - r,)^  +ri* 


vi  - - 4 (y  - n)s.,  ■» 

R - 


(41b) 


and  their  higher  derivatives  appearing  in  K, 
and  Qj^.  Thus,  for  fixed  (|  ,n>,  R'^  has  a' 
peak  « 8R/  8x  = 8R/  8y  = 0,  or  at 


j .^.(g,T))Klx,y,  z;|,ri)d€dT|  = U^n^  (x&S), 

(39a) 

Kj(x.y,z:C,r,) 

a t 

(39b) 

‘ijkjg  T,)C.^(x.  y,  z;C.  rjded^  = 

° (*‘  ■'’/<  (40a) 

Q.^(x,y,z;^,,)  -g|^(i)]. 

nu. 

strictly  speaking,  thee  a i v egrai  oqoatU  is  are 
not  linear,  since  the  region  of  inte j .t tion  is 
also  unknown.  They  are  further  characterized 
by  the  particulai  feature  that  the  free  variable 
;;;  and  integration  arisblea  ({,  if ) belong  to 
different  sets  of  su_w.e.  Theory  for  this  kind 
of  integral  equations  is  in  its  Infancy.  There 
is  no  known  necessary  and  sufficient  condition 
on  the  shape  function  S for  ensuring  exis- 
tence of  solution.  Even  when  a solution  is 
found,  it  is  difficult  to  prove  the  uniqueness. 

On  a heu  rlstlc  basis,  this  method  may 
be  applicable  to  a limited  family  of  bodies  (for 
Instance,  under  certain  conditions  on  the  bound 
of  variation  in  convexity  of  S).  It  may  be 


= x ■ g(x,y),  n = y + tty  ■ n(x,y). 

(42) 

It„follows  that  9R"^8x  has  two  pea^s  near 
(S.q),  with  one  on  each  side  of  g = and  so 
forth  for  highe;- derivatives  of  R"  . The 
peaMng  feature  of  these  kernels  actually  en- 
hances the  hope  of  success  in  developing 
adequate  numerical  methods  (though  it  may 
sound  BVperficv'.lly  strange),  if  this  feature  is 
used  to  advantage 

5.  1 The  Plan  Form  o:”  Singularity  Distribu- 
tion. 

Our  experience  with  several  numerical 
methods  sc  far  attempted  indicates  that  the 
error  of  the  solution  is  very  sensitive  to  the 
enor  in  S . When  a first  gc'ss.  S'*)  say, 
of  S is  efther  too  large  or  too  sm^l, 
various  finite -element  methods  that  have  been 
tried  out  generally  produced  poor  results  (as 
measured  bv  the  error  of  the  solution  in 
satisfying  the  integral  equation  at  interpolated 
points),  and  computations  by  iteration  methods 
muy  not  converge.  Satisfactory  results,  how- 
ever, have  been  obtained  when  o is  suffi- 
ciently accurate.  In  the  trial  cases  for  bodies 
with  round  edges,  the  parametric  equation  (35) 
for  S seems  to  have  a general  validity.  We 
thereAre  propose  the  following  rules  for 
determining  the  region  S^. 

(1)  Along  round  edges  of  non -stationary 
curvature.  For  bodies  wltn  non-stationary 
transverse  curvature  along  the  boundary  points 


96 


(x,  y)  of  it8  center  plane  S , the  boundary 
polnta  (x  ,y  ) of  the  distribution  region  S 
are  given  by° the  parametric  equations 


For  two-dimensional  Ranklne  bodies, 
the  relationships  corresponding  to  (45)  become 


xj  = x(x  + a^).  yI  = y(y+  ^ 

(43) 

This  set  of  equations  are  the  same  as  (35) 
since  foi  the  shape  function  (36),  R = - IC  • 
R = - IC  • A.S  has  been  shown  (fee  the  * 
e^Xtl  on  following  (35)),  this  rule  gives  the 
exact  S for  triaxial  ellipsoids  (including 
spheroirfs  and  sphere,  as  special  cases). 

For  axisymmetric  prolate  bodies,  the 
y-'-omponent  of  (43)  automatically  yields  y = 
0,  while  the  x-component  provides  the  two 
te  .minals  of  axial  distribution  of  singularities 
as 

> 

f = a [1  - (1  - , (44a) 


where  i is  the  distance  (towards  the  center) 
from  the  body  nose  at  x = a,  and  R is  the 
principal  radius  of  nose  curvature  (since  at  the 
body  end  x = a,  x = a - f,  = - R ).  For 
slender  axisymmetric  bodies  TR^  « a),  (44a) 
reduces  to 


1 1^ 


(44b) 

uf  wltlch  the  leading  term  is  well  kuuMii,  and 
the  highor-order  terms  have  been  discussed  by 
Landweber  (1951),  Lighthlll  (1951),  Moran 
(1963),  Handelsman  and  Keller  (1967)  and  Miloh 
(1972). 


(ii)  Axisymmetric  prolate  bodies  with 
ends  of  stationary  curvature.'  The  end -rule 
(44),  however,  may  not  bo  valid  for  axisym- 
metric prolate  bodies  with  ends  of  stationary 
curvature,  such  as  the  Ranklne  ovoid  formed 
by  a source -sink  pair  (or  equivalently,  a lino 
of  uniform  doublets).  For  Ranklne  ovoids,  of 
arbitrary  eccentricity,  wo  have  the  relation- 
ship between  the  body  major  axis  a,  nose 
radius  of  curvature  R^,  and  the  'focal  length' 

2x  of  lino  doublet  as 
o 

a(a-RJ-.|x2(5a2  + x^)/(a2  + x2), 

(45a) 

or  after  salving  for  x^, 

Q Ra  1.  t R»  4 

f ■ a - x^  = a{l  - [2(1  + YJ  --J  )*-(!  + yT")]®)- 

(45b) 

For  very  slender  Rankine  ovoids,  (45b)  re- 
duces to 

i Rj^[l  + ■^(•j^  )^  + . . . ],  (45c) 

indicating  that  t.he  singu’arity  distribution 
stops  at  about  3/4  R^  from  the  nosr . 


R^  = 3a(a^  - x^  )/(3a^  + x^),  (46a) 

R R 

f.a.x„=.(l-l3(l--^V(3  + -j^]*}.(46b) 

R R 

f = Y • • • ]•  (46c) 

The  distribution  of  a uniforn.  two-dimensional 
doublets  for  representing  a thin  Ranklne  body 
terminates  at  about  |R  from  the  nose.  This 
last  result  (46c)  has  alio  been  obtained  by 
Miloh  (1972). 

For  the  sphere,  R = a,  both  (44a)  and 
(45a)  give  the  correct  valife  x = 0,  implying 
that  a single  doublet  at  the  or  l^in  will  suffice. 
For  slender  (three-dimensional)  bodies,  the 
distinction  between  f = j)  R^  (see  44b)  and 
f = 4r  (see  45c)(or  between  f = ^R^  and 
f = I R,  two-dimensional  thin  bodies)  can 
be  attributed  to  the  difference  that  in  the 
former  case  the  doublet  density  vanishes  at 
the  end  of  distribution  whereas  in  the  latter  it 
has  a finite  end  value.  This  feature  has  also 
been  noted  before  by  Miloh  (1972).  and  further 
found  valid  in  U Reynolds-number  flows  as 
well  (Chwang  s'  Wu  1974b). 

The  remaining  discussion  will  be  given 
for  the  case  of  translational  motions,  since  the 
methods  of  solution  for  rotational  motions  are 
quite  similar. 

5.  2 Approximate  Solution  by  a Direct  Finite - 
Element  Kfetho?^ 

The  integral  equation  (39)  can  be  re- 
duced to  linear  algebra  when  p((  , q)  is 
approximated  by  piece -wise  constant  values  in 
finite -element  Integration.  Since  each  com- 
ponent U,  can  be  treated  separately,  we  shall 
drop  the  component  indices  for  brevity.  Thus 
we  discretlse  the  integration  by  choosing  a set 
base  points 


(g,.  n,)  (i=  0,  1,  2, . . . m;  j = 0,  I,  2, . . . n). 

‘ J (46) 

of  equal  or  unequal  intervals,  and  keep  only 
those  base  rectangles  whose  centers  lie  within 
S . Let  the  number  of  these  base  rectangles 
b8  N.  Next  we  choose  N points  of  x,  S 
by  taking  (x^,  Yj)  ’'b  the  solution  of  (42)  corres- 
ponding to  the  center  point  (gj,j.  q^j)  - (i  (gj  + 
gl4l)>  i(qj+ qj+j))  of  each  base  rectangle. 

By  approximating  p(^  , q)  in  each  base 
rectangle  by  its  value  at  the  center,  that  is 
P(£>  q)  =P<£cr  ’’cj^  ' ^ij'  integration  in  (39) 

can  be  carried  out  analytically  for  each  element. 
Consequently,  after  reordering  the  elements 
p..  and  n.,  = n(Xj,  y.)  separately  into  a N- 
eliment  vector,  we  obtain  a linear  algebraic 
equation,  given  symbolically  as 
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Hence 

(k  = 1,2,.. 

.N). 

(47) 

Pf  = *^ki‘  ^ 

(1  = 1.2... 

• N) 

(48) 

if  the  matrix  Is 

non-slngula 

r,  and  then 

can  be  convened  back  to  by  Inverting 

the  original  ordering.  Thli  method  can  be 
expected  to  yield  only  an  approximate  solution 
to  (39):  it  may  be  useful,  however,  to  provldo 
a first  approximation  to  if ) for  some 
iteration  scheme  whan  an  improved  accuracy 
is  required. 

This  approximate  method  has  been 
applied  to  an  ellipsoid  of  axis  ratio  a;b:c  = Iti:^. 
In  comparison  to  the  known  exact  solution,  the 
numerical  results  of  p.  have  a root -mean- 
square  error  of  0.  03  and  a maximum  error  of 
+ 0.  1 when  the  total  number  of  elements,  N,  is 
40;  these  errors  ''ecrease  to  0.  01  and  + 0.  03, 
respectively,  when  N is  increased  to  100, 
and  to  0.  003  and  t 0.  01  wh  n N - 200.  The 
computation  took  about  30  secrnds  for  each 
case  on  an  IBM  370/158  Computer  at  the  W.  H. 
Booth  Computing  Center. 

5.  3 Solution  by  Iteration 

In  order  to  Improve  the  accuracy  of  the 
solution  we  have  investigated  a few  iteration 
methods.  Basically  there  are  two  approaches 
to  appropriate  handling  of  the  peaks  of  the 
kernel  in  numerical  integration.  One  approach 
is  by  approximating  p by  a familv  of  known 
functions  so  that  the  resulting  integrals  can  be 
integrated  analytically.  This  approac)'  is 
attractive  since  p(£  , q)  is  expected  to  be  gen- 
erally smooth  and  since  analytical  irtegrations 
help  reduce  errors  due  to  the  presence  of 
large  peaks  of  the  kernel.  When  an  intorpola- 
ting  polynomial  is  assumed  for  p,  the  analyti- 
cal integration  is  readily  carried  out;  this  con- 
venience is  actually  a noticeable  advantage  of 
the  center-plane-singularity  (CPS)  method 
since  the  integration  is  over  a plane.  The 
second  approach  is  by  removing  the  peaks  by 
adding  and  subtracting  the  values  of  p at  the 
peaks  of  the  kernel  K and  by  appropriate  re- 
grouping. These  two  methods  are  described 
below. 

In  the  first  method,  consider,  as  an 
example,  the  case  of  longitudinal  translation, 

(1,0,0).  Since  in  this  case  the  kernel  K 
has  a double  peaks  parallel  to  the  ^-direction, 
it  is  desirable  to  carry  out  first  the  (-integra- 
tion in  (39a),  then  the  q-lntegration.  To  begin 
with,  we  subdivide  S first  by  lines  q = q., 

(j  = 1,  2, ...  n),  -bj  =“q,  < q,  < . . .<q^  - bj, 

where  -b,  and  b,  are  the  lower  and  upper 
bounds  (in  q)  of  S‘.  Let  the  interval  of  the 
line  Ti  = q,  lying  Within  S be  -(r  (’ll)  5 ^ 

(j^(q^).  Ites  also  possible  that,  wlnn^e 

boimdary  of  S is  convex  towards  the  interior, 
the  line  q = q°  may  have  two  or  more  discon- 
nected Intervals  lying  within  S^.  When  this 
happens,  we  treat  each  of  these  intervals 


separately  in  the  same  manner.  For  each 
given  qj,  the  (-interval  it  subdivided  at  the 

base  p.^lnts. 

(,  j(i=  l,2,...m),  -eL<nj)  = 6ji<ejE<  ••• 
<tjm“  W 

The  subinterv-tls  (j  - (j  j = need  not 

be  uniform,  and  m may  be  different  for 
different  j.  In  each  (-subinterval,  we  approxi- 
mate the  doublet  strength  P((  , q)  by  a quad- 
ratic function 


me.'.,)  = P((i,  q j)+((  - (t)PM(i.  qj)+  !<?- 

p"((i.qj)  (6i<e<ewj)  (50) 


in  which  the  sublnJc.-:  j of  (.  , is  omitted  as 

understood.  By  uilng  the  continuity  conditions 
on  p and  8P/8(  at  (.  (i  = 2,  i,  . . . m-1), 
and  two  appropriate  ena  conditions  (such  as 
P - 0 for  edges  of  non -stationary  curvatu-e), 
there  restilts  m^  unknown  parameters  for 

etch  j,  or  S (=  N s-ey)  in  total.  An  even 


better  approximation  to  p would  be  the  cubic 
SPLINE  representation,  use  of  which  is  being 
investigated  in  a continued  study. 

An  appropriate  choice  of  N points 
(Xj,  yj)  on  S is  made  by  taking  (Xj,  y^)  as  the 

solution  of  (42)  for  each  ((^,qj),  or 


» J 1 8 ,2,  , 

5i  = ^ + I <*l'yj>- 


_8 

by 


cH.yj). 

(51) 


from  which  (Xj,Vj)  can  be  solved  by  known 

metliods.  Conversoly,  we  note  that  for  any 
point  (xj,  yj,  ((xj,  Yj))  01.  S,  the  corresponding 

point  ((j,  qj)  given  by  (51)  always  falls  within 


ii  determined  by  (43).  Upon  substitvtlng  (50) 
i^o  (39),  the  (-integration  can  bo  carried  out 
analytically  for  each  (x^,  y^).  Since  the  rffect 

due  to  the  peaks  of  the  kernel  K on  the 
accuracy  of  numerical  integration  is  already 
much  suppressed  after  the  (-integration,  the 
remaining  q -integration  can  be  handled  ade- 
quately by  applying  Simpson's  rule  if  the  q- 
subintervals  are  taken  to  be  imiform  and  if 
some  approximate  valuesof  the  N unknowne 
pjj  are  assigned.  In  the  final  step  the  required 

solution  may  be  sought  by  applying  the  follow- 
ing iteration  procedure 
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pjp*  - X [nj(Xj.yj)-  ^ K(x^,yj 

o 

P^”*(6.tl)d6d,,].  (S2«) 

In  which  the  integration  is  computed  «a  des- 
cribed above  in  each  step,  and  X is  a relaxa- 
tion parameter.  This  Iteration  procedure  may 
be  r«'i:arded  as  a generallaatlon,  to  double 
Integt^ls,  of  the  method  introduced  by 
Landweber  (19S1)  for  axlaymmetric  potential 
flow  problems.  The  rate  of  convergence  of  the 
iterations  generally  depends  on  the  choice  of 
X.  Kased  ou  :he  seme  procedure  as 
Landweber's,  it  proper  choice  of  X for  the 
present  case  is 


X'^  y KU^.yjiS.tild&l,,.  (52b) 

■®o 


For  the  translation  In  the  y-direction, 
^ IT  (0,  1,0),  we  Interchange  the  order  of 
integrations  since  the  double  peaks  of  K.  are 
along  the  Une  y = const.  For  the  translation 
in  the  z -direction  the  order  of  integrations  is 
immaterial.  For  rotational  motions  the  inte- 
grals involved  are  combinations  of  the  cases 
already  discussed. 

The  above  technique  has  been  applied 
to  the  eUlpsoid  of  axis  ratio  a:b;c  s 1:^1^,  the 
result  from  the  first  iteration  was  found  to 
have  a relative  mean  error  of  10" 3, 


6.  Example;  A Double -elliptic  Body. 

As  a representative  example,  we  con- 
sider the  following  shape  function: 


2 1 2 1 

» =±«*.y)  = ±C(1  -^)^(1  (a>b>c). 


(53) 

This  double-elliptic  body  heu  round  edges 
except  for  the  (our  sharp  corners  at  x = + a 
and  y = -f  b (see  Fig.  4).  ~ 


Accoroing  to  the  rule  (43),  the  CPS 
region  S is  bounded  on  four  sides  by  twe 
pairs  of  ^perbolas  (see  Fig.  5) 

X*  «•  a2 

t . 1,  (54a) 

CPC 

4 - *7  = T - »•  (54b) 

c a c 


Figure  5.  The  singularity -distribution  plan 
form  So  of  the  double -elliptic 
body;  So  is  bounded  by  two  pairs 
of  hyperbolas. 


Figure  4.  The  shape  function  of  a double  - 
elliptic  body. 


Using  this  plan  form  of  S , the  doublet 
strength  has  been  computed  by  applying  the 
direct  finite -element  method  (Sect.  5.  2)  for 
the  longitudinal  translation  in  the  x-direction. 


The  results  of  the  doublet  density  are  chown 
in  Fig.  6 for  double -model  I 'vlth  a:b:c  - l;i:i 
and  in  Fig.  7 for  double-model  II  with  a:b:c  = 
1: 1 /6: 1 /8.  Wo  note  that  the  doublet  density 
p decreases  to  zero  rather  rapidly  as  the 
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Figure  6.  The  computed  center  -pl*r-e  doublet 
density  used  <n  representing  the 
longitudinal  translation  of  a double - 
elliptic  bodv  with  axis -ratio  a:b:c  = 
l:i:i  (double -model  I). 


0 02  04  OS  Oil  I.C 

Figure  8.  The  computed  surface  velocity 

componeirts  of  double -model  I in 
longitudinal  translation. 


Figure  7,  The  same  legend  as  in  Figure  6 

for  double -model  II  with  axis -ratio 
a:b:c  = l:l/6:l/8. 

front  and  rear  boundaries  of  Sq  are  approach- 
ed, and  these  two  boundaries  (given  by  54a) 
are  very  close  to  the  bow  and  stern  line, 
v'hereas  p decreases  more  slowly  towards 
the  upper  and  lower  boundaries  (Eq.  54b)  ofS^. 
The  X-  and  z -components  of  velocity  at  the 
surface  of  Model  I along  the  center  line  y - 0 
are  shown  In  Figure  8 in  terms  of  the  body 
frame.  The  corresponding  pressure  distribu- 
tion (in  the  coefficient  form)  is  presented  in 
Figure  9. 


Figure  9.  The  computed  pressure  coefficient 
at  y = 0 on  the  surface  of  double - 
model  I in  longitudinal  translation. 

With  respect  to  the  effect  of  error  in 
Sq  on  the  accuracy  of  solution,  we  remark 
here  that  if  an  approximate  S|,  is  larger  than 
Sq,  some  negative  values  of  doublets  were 
invariably  found  in  the  recion  outside  Sq.  On 
the  other  hand,  if  another  S''  is  smaller  than 
Sq.  then  tne  numarlcal.  results  always  exhib- 
ited large  variations  in  p,  fluctuating  between 
positive  and  negative  values.  In  either  case, 
there  is  evidence  that  the  solution  becomes 
unsatisfactory  at  intermediate  points  of  the 
base  elements. 

In  conclusion,  wo  feel  th  it  the  present 
preliminary  results  have  thrown  much  needed 


light  or.  the  direction  of  further  development  of 
the  center -plane -singularity  method.  Its 
possible  generalization  to  water  waves  pro- 
blems will  be  explored. 
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DISCUSSION 


L,  LANDWEBER 


It  was  in  a 1966  paper  [1]  that  I first  acknowledged 
my  debt  to  George  Weinblum.  Since  then  there  have  been 
oUier  papers,  honoring  him  on  his  va|||te  birthdays;  but 
since  the  firrt  statement,  written  wj^Hl  the  stimulation 
of  a special  occasion,  symboUzea  |l|H|pirationaI  induenoe 
he  has  had  on  his  colleagues  and  ituamts,  it  is  again 
quoted:  “We  are  also  pleased,  here,  to  mention  George 
Weinblum  of  the  University  of  Hamburg,  that  most  inspir- 
ing teacher,  who  pointed  out  the  power  of  the  Lagally 
theorem  and  new  fields  of  research  for  many  of  ns  ” 
Sorrowfully,  the  present  diacu^^,  on  a subject  that  was 
of  close  interest  to  him,  is  also  cmdicated  to  George 
Weinblum. 


In  the  introduction,  the  authors  have  kindly  meation- 
e^he  writer’s  method  of  computing  the  potential  flow 
about  arbitrary  three-dimensional  forms,  but  referred  to 
it  as  (1974),  unpublished.  That  reference  should  have 
been  to  his  1969  paper  [2] . The  authors  will  also  be 
interested  to  kno  w that  the  technique  of  applying  the 
known  gravitational  potential  of  a solid  ellipsoid  to  derive 
the  potential  flow  about  an  ellipsoid  is  mentioned  by  * 
Lamb  [3]  and  developed  by  Munk  [4] . In  discovering 
this  method  independently,  the  authors  have  joined  the 
ranks  (including  Havelock)  of  an  illustrious  group  of 
hydrodynamicists. 


Both  in  a previous  paper,  (Chwang  and  Wu,  1974a) 
us  welt  as  in  the  present  one,  focal  axis  distributions  are 
presented  for  prolate  spheroids.  Evidently  the  authors 
were  not  aware  of  the  Havelock  formula  [S] 


P-;(u)Q®(c)e^®* 


i(3_ 

2^3y 


+ i|-) 
3y 


5 s/2  ^ 

,1  il-C)  P®(C)dC 
J-1  [ (x-5)^+y^+z^]*^ 


which  expresses  the  general  spheroidal  harmonic  in  terms 
of  a dislribution  of  singularities  between  the  foci.  The 
distributions  associated  with  each  of  the  motions  ot  a 
spheroid  can  be  read  immediateiy  from  this  formula. 
Havelock  did  not  present  a proof  of  his  formula;  this  was 
first  demonstrated  by  Bottadni  [6] . An  alternative  proof, 
given  in  the  writer’s  class  notes,  was  published  with  some 
modifications  by  one  of  his  students,  Miloh  (1973).  Indeed, 
it  was  the  Havelock  formula  which  inspired  Miloh  to  seek 
and  find  an  equivalent  result  for  ellipsoids,  which  yields  the 
centerplane  distributions  for  the  various  motions  of  an  ellip- 
soid, just  as  directly  as  the  Havelock  formula  for  spheroids. 


In  the  section  on  virtual  mass  coefficients  of  eilipsoids, 
a more  precise  reference  than  (Yih  1969)  for  the  “extended 
Taylor  theorem"  is  the  writer’s  paper  [7] . The  formulae  for 
the  added  masses  are  also  given  by  Lamb  [3] . Munk  [4]  has 
expressed  these  in  terms  of  elliptic  integrals,  which  are 
better  suited  for  numerical  calculations. 

A novel  and  important  feature  of  the  paper  is  the 
proposed  formula  (36)  for  determining  the  outer  contour 
of  a centerplane  distribution.  Applied  to  a two-dimensional 
section,  with  x ~ 1 and  Xq  ” 1 — s,  this  yields  the  solution 


s “ 1 — y/l  “Rn,  > which  is  exact  for  an  elliptical  extremity. 
More  generally,  however,  if  a nose  shape  near  x “ 0 is  repre- 
sented by  y®  • 2R,„x  + cx*,  the  writer  has  shown  [8]  t 

a . /hq-t-^Oc  - 1 

which  agrees  approximately  with  the  authors’  result  when 
Ic  I « 1 and  R„,  « 1.  For  other  values  of  c,  one  sees  from 
this  expression  that  s varies  from  R,„  to  0 as  c varies  from  —1 
to  cB.  It  appears,  then,  that  (36)  is  applicable  only  to  forms 
which  ate  locally  ellipsoidal  at  theMteints  of  intersection 
with  the  centerplane,  as  the  authoflj^  found  when  attempt- 
ing to  apply  (36)  to  a Rankine  ovoidT 

'Two  methods  of  solving  the  integral  equation  for  a 
centerplane  doublet  distribution  are  described.  One,  in 
which  piecewise  constant  distributions  over  rectangular  area 
elements  are  assumed,  is  similar  to  von  K^mkn’s  early  method 
[9]  of  determining  axial  distributions  for  bodies  of  revolu- 
tion . g^priunce  with  the  von  Kkrman  method  indicates 
that  it  can  yield  useful  results  if  a moderate  number  of 
elements  are  assumed,  N - 0(10),  but  that  the  results  became 
erratic  when  a much  larger  number  of  elements  are  employed. 
This  is  consistent  with  the  theorauf  Fredholm  integral  equa- 
tions of  the  first  kind,  which  intfl^s  that,  when  an  exact 
solution  does  not  exist,  a sequence  of  approximate  solutions 
can  at  best  satisfy  the  integral  equation  only  “in  the  mean.’’ 

It  appears  that  the  favorable  results  with  this  method  are  due 
to  the  fact  that  it  was  applied  to  a spheroid  for  which  both 
an  exact  solution  exists  and  the  domain  of  the  distribution  is 
known.  For  other  shapes,  the  experience  with  the  von 
Karman  method  would  probably  be  repeated.  The  autfers 
have  used  eq.  (42),  giving  peaks  in  1/R  for  fixed 
the  centers  of  the  finite  elements.  Should  not  the  peaks  of 
kernel  for  fixed  (x,y,z)  have  been  used  for  this  purpose? 

The  second  method  is  more  nearly  similar  to  that  of 
Miloh  (1972)  and  Miloh  and  Landweber  [8] , although  the 
philosophy  of  the  methods  are  somewhat  different.  In  the 
latter  papers,  the  sharp  peaks  of  the  kernel  which  can  be 
integrate  exactly,  and  has  peaks  that  nearly  coincide  with 
those  of  the  original  kernel.  Subtracting  the  original  kernel 
within  the  integral,  and  adding  its  exact  value  outside  the 
integral,  leaves  the  integral  equation  unaltered,  but  with  a 
smoother  integrand  to  which  an  accurate  quadrature  formula, 
of  moderate  order,  such  as  that  of  Gauss,  may  be  applied. 

The  resulting  set  of  linear  equations  is  then  solved  by  the 
same  iteration  formula,  (62a). 

Clearly  there  are  many  methods  of  obtaining  useful 
solutions  of  the  integral  equation.  The  main  problem 
remaining  is  to  generalize  the  author’s  formula  for  deter- 
mining the  domain  of  the  centerplane  singularities. 
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T.  MILOH 

The  first  time  I met  Professor  Weinblum  was  in  the 
Summer  of  1973.  I then  had  the  privilege  of  talking  to 


The  most  general  motion  of  an  ellipsoid  may  be 
generated  by  a distribution  of  sources  and  doublets  on 
the  center-plane.  The  same  motion  may  be  also  generated 
by  only  a surface  source  distribution.  [1] . For  this 
r.  .ison  the  derivation  of  a surface  doublet  representation 
in  section  2.1  (v)  seems  to  be  of  limited  use. 

Expressions  for  the  six  added  mass  coefficients  of  an 
ellipsoid,  siven  in  (22a)  and  (22b)  have  been  given  by 
Lamb  [f.j  and  were  displayed  graphically  by  Kochin  et  al 
[3].  Different  expressions  for  these  added  mass  coeffi- 
cients ^Msrms  of  the  tabulated  incomplete  Legendre 
integnIKre  also  given  in  [1].  A comparison  between 
these  iqAlts  and  the  results  given  in  the  paper  indicate 
that  thWerm  (a?  + aj)  appearing  in  (22b)  should  be 
replaced  by  a^ , m accordance  with  the  expression  for  the 
kinetic  energy  given  in  (21). 

The  solution  of  the  potential  flow  problem  between 
confocal  ellipsoids  may  be  found  to  be  useful  in  obtaining 
blockage  corrections  and  in  estimating  the  effect  of 
neighboring  bodies  or  walls.  It  seems  that  they  are  two 
different  definitions  for  y-,  in  (19c)  and  in  (28a).  It  is  not 
clear  which  one  of  these  will  be  used  in  (28b)  and  (30). 
The  added  mass  coefficients  for  the  case  ^ a flow  between 
two  confocal  elliosoids,  here  denoted  by  Mjj,  are  related 
to  the  added  mass  ^pefficients  for  the  unbounded  case 
Mjj  by. 
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him  and  experience  his  warmth  and  friendliness.  Sorrow- 
fully this  was  also  the  last  time.  I remember  that  in  our 
discussion  Professor  Weinblum  was  proposing  to  obtain 
potential  flow  solutions  for  ellipsoids  in  various  motions 
in  order  to  apply  these  results  as  a first  order  approxima- 
tion to  the  motion  of  real  ship  forms.  It  is  not  a coinci- 
dence that  the  present  paper  which  is  dedicated  to  the 
memory  of  Professor  Weinblum  is  concerned  with  the 
same  problem. 

The  writer  wishes  to  acknowledge  the  authors  for 
referring  to  his  work  on  ellipsoidal  bodies,  (Miloh  (1973)) 
“which  will  be  useful  for  treating  the  related  water  wave 
and  other  general  problems.”  Before  this  can  be  done  it 
is  necessary  to  obtain  a formal  expansion  for  1/R  (here 
R denotes  distance  between  two  spatial  points)  in  terms 
of  ellipsoidal  harmonics.  Such  an  expansion  has  been 
recently  derived  and  is  given  in  [1].  It  is  now  possible 
to  make  use  of  this  expansion  in  obtaining  the  water  wave 
singularities  in  terms  of  elliposidal  harmonics  in  a similar 
manner  to  Newman’s  (1972)  work  with  spheroidal  har- 
monics. 
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where  the  prime  denotes  values  corresponding  to  the 
outer  ellipsoid.  This  is  a somewhat  si.npler  representation 
than  (29)  and  (30). 

The  value  of  the  longitudinal  added  mass  coefficients 
for  the  parabolic  ship  was  calculated  in  [4]  by  applying 
the  Taylor  theorem  to  the  numerical  solution  of  the 
integral  equation  for  the  center-plane  source  distribution. 
'ITiis  value  was  compared  with  the  longitudinal  added  mass 
coefficient  of  an  equivalent  ellipsoid  which  yieldr.  a closed 
form  expression.  'The  equivalent  ellipsoid  was  chosen  so 
as  to  yield  the  same  volume,  mid-section  area  and  free 
surface  area  as  real  ship  hull.  The  comparison  was 
surprisingly  good.  A research  along  these  lines  for  other 
modes  of  ship  motion  and  their  equivalent  ellipsoids 
should  be  continued. 
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Profeasor  Landweber  and  Professor  Miloh  have 
pointed  out  several  references  either  not  cited  in  our 
paper,  or  cited  not  precisely  to  the  very  origin.  To  them 
we  are  ve— ' grateful  for  helping  set  the  record  straight 
since  the  urue  source  of  the  original  ideas,  to  which  their 
studies  as  well  as  ours  are  related,  will  be  of  good  historical 
interest. 

For  instance,  the  relationship  between  the  gravitational 
potential  and  the  velocity  potential  involving  ellipsoids, 
as  noted  by  Lamb  (1916,  4th  ed.  pp  14S-149;  1932,  6th 
ed.  pp.  163-164,  in  footnotes)  and  by  Munk  (1984,  Vol. 

I.  p.  304-referenced  to  by  Dr.  Landweber),  must  .date 
back  to  earlier  times  since  Havelock  (1931a,  b)  already 
referred  to  that  relationship  as  then  being  ‘well  known* 
(1931a,  p.  276,  Collected  Papers,  p.  313).  In  fact,  the 
precise  formula  was  explicitly  discussed  by  Basset  (1888, 
Vol.  I,  p.  141),  and  we  can  trace  the  original  idea  back  to 
Green  (1833,  p.  66  footnote:  Mathematical  Papers,  p 317), 
to  whom  we  may  attribute  the  underlying  thought  relating 
the  potential  flow  to  the  theory  of  attraction.  Though  we 
have  rediscovered  this  interesting  relationship  (actually 
first  through  our  recent  work  on  low-Reynolds-number 
flow  problems),  we  immediately  become  aware  of  its 
historical  importance,  and  therefore  include  a discussion 
of  it  under  the  heading  ‘Historical  Background*.  In  that 
Section  a brief  survey  was  given  in  terms  of  the  classic 
works  of  Gauss,  Ro<Mques,  Dirichlet  and  other  great 
mathematicians,  together  with  appropriate  applications  of 
Maclaurin*s  Theorem  on  the  ellipsoid  — an  approach  which 
may  appeal  to  some  as  to  bear  certain  classical  simplicity 
and  elegance.  This  approach,  however,  seemed  to  have 
been  undcrtoncd  by  the  subsequently  more  popular  method 
of  orthogonal  functions,  thus  becoming,  in  a sense,  a sort 
of  lost  art. 

We  are  Indebted  to  Dr.  Landweber  for  showing  us  a 
few  alternative  proofs  of  Havelock*s  formula.  This  formula, 
originally  intended  for  prolate  spheriods,  has  been  extended 
by  Dr.  Miloh  (1974)  to  the  case  of  tri-axial  ellipsoids. 
Undoubtedly,  further  development  and  fruitful  applications 
of  these  formulas  will  be  forthcoming. 

We  agree  with  Professor  Landweber  that  the  main 
problems  remaining  are  (i)  to  generalize  the  formula  for 
determining  the  domain  Sg  the  centcrplane  singularities 
and  (ii)  to  improve  the  numerical  method,  including  the 
aspect  of  evaluating,  by  iteration  if  desired,  the  domain 
Sg  conjointly  with  the  calculation  of  the  singularity 
density.  Dr.  Landweber  and  Dr.  Miloh  have  proposed  a 
different  formula  (for  two-dimensional  sections)  depending 
only  on  the  nose  shape  near  x “ 0 (see  the  last  equation 
provided  in  the  Discussion).  For  an  elliptic  cylinder 
x2/aZ  + z2/b2  = 1 (a>b),  our  equation  (43)  yields  the 
exact  solution  Xg  = ± (a^  — b^)!/*,  or  s = a — Xg,  for  all 
eccentricities.  The  Landweber-Miloh  formula  gives  the  same 
result  as  ours  for  the  circular  cylinder  (in  their  notation, 
c ” —1,  ” 1),  but  differs  somewhat  from  our  result 

at  other  values  of  the  eccentricity.  It  wil  be  welcome 
to  see  their  formula  extended  to  cover  three-dimensional 
body  shapes  so  as  to  permit  further  comparisons  with  our 
formula. 

We  choose  to  correlate  the  integration  variables  (t,  rj) 
with  the  point  (x.y.H^^.y))  on  the  body  siu<ace  according 


to  the  peaks  of  the  kernel  for  fixed  ({,  tj),  rather  than 
for  fix^  (x,y,f)  for  the  following  reason.  This  choice 
may  correlate  those  ((,  rj)  near  the  boundary  of  the  domain 
Sg  of  the  singularities  with  those  points  (x,y,f(x,y))  on 
the  body  surface  whose  projections  onto  the  centerplane 
will  fail  outside  of  Sg , whereas  the  peaks  determined  for 
fixed  (x,y,{‘)  cannot  include  those  values  of  (x,y)  lying 
outside  Sg.  The  first  method  may  be  expected  to  improve 
the  accuracy  of  solution  beyond  that  which  can  be 
achieved  by  the  latter  one.  As  explained  in  the  text,  this 
choice  of  correlate  may  be  subject  to  further  modifica- 
tions in  our  future  development  of  the  method. 

On  this  note  we  would  like  to  reiterate  that  much  will 
need  to  be  done  on  this  interest  ’ ig  problem  in  which  area, 
as  well  as  along  vast  frontiers  elsewhere,  we  have  received 
a great  deal  of  stimuli  from  Georg  Weinblum,  our  mentor 
and  benefactor,  who  once  said,  “The  ellipsoid  is  God*s 
gift  to  the  Naval  Architects**. 
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Reply  to  the  Dlscuasion  by  T.  Miloh 


T.  Y.  Wu  and  A.  T.  Chwang 
California  Institute  of  Technology 
Pasadena,  California 


We  acknowledge  Professor  Miloh's 
comments  and  appreciate  his  taking  inter- 
est in  checking  carefully  our  calculations 
in  detail. 

As  explained  in  our  previous  reply,  we 
presented  in  Section  2.  1 of  our  paper  vari- 
ous integral  representations  of  the  poten- 
tial flow  involving  the  gene  ral  motion  of  a 
tri-axial  ellipsoid,  after  a very  brief  re- 
view of  the  colorful  history  of  gravitational 
potential  theory  and  its  connection  with 
potential  flow  in  Question,  so  that  the  sali- 
ent features  of  the  solution  are  exhibited  by 
the  simple  and  elegant  method.  The  use- 
fulness of  a surface  doublet  representation 
need  not  be  limited  to  naval  hydrodynamics, 
but  may  also  arise  in  electrodynamics  and 
other  branches  of  mathematical  physics. 
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We  note,  however,  that  the  expression  for 
^i+3  i+3  Miloh's  Discussion  is 

at  variance  with  our  result. 


The  normalir.ation  factor  aia:  in  (21) 
should  be  ajj  which  are  related  to  the 
components  of  the  moment-of-inertia 
tensoi,  Ijj  , by 


I. . = -ip  V a. 

11  Sr  s 


where 


We  are  eagerly  waiting  to  read  the 
paper  "Shipcenterplane  source  distribu- 
tion" quoted  by  Professor  Landweber  (as 
his  Ref.  8)  and  by  Professor  Miloh  (as  his 
Ref.  4).  We  share  with  the  conviction  of 
theirs  and  of  Georg  Weinblum's  that 
much  of  the  potential  usefulness  of  the 
centerplane  singularity  method  remains 
to  be  explored. 
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= p\  (y^+z^)dV, 


xy 


vj: 


xy  dV, 


etc. 


By  virtue  of  the  body  symmetry,  a: 
lij  have  only  diagonal  components, 
ajj  = 0 (i  ^ j)  and 


and 
that  is 


^11  " 


etc. 


Equations  (22a)  and  (22b)  are  correct. 

In  order  to  avoid  any  possible  confusion 
in  notation,  we  should,  perhaps,  replace 
yj  in  (27),  (28a,  b)  and  (30)  by  another 
symbol,  say  Yl  the  case  of  confocal 
ellipsoids.  The  virtual  mass  coefficients 
given  by  (29)  and  (30)  are  correct.  Alter- 
natively, we  could  use  a different  repre- 
sentation as  suggested  by  Miloh,  which 
can  be  expressed  as  (for  i = 1,  2,  3) 
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ABSTRACT 

A mathematical  model  of  the  fluid  forces 
and  moments  experienced  by  a ship  model  is  des- 
cribed without  invoking  the  conventional 
approximations  associated  with  the  use  of  slow 
motion  derivatives.  Experimental  data  derived 
from  horizontal  oscillatory  tests  with  a Mariner 
model  is  shown  by  a linear  analysis  to  depend  on 
response  functions  in  the  time  domain.  In 
addition  relationships  are  established  between 
the  components  of  the  hydrodynamic  loadings  in 
phase  with  the  displacement  of  the  model  and 
those  in  queidrature  with  the  model's  displacement. 

The  complementary  nature  of  steady  state 
tests  euid  oscillatory  tests  is  confirmed  and  a 
linear  analysis  is  shown  to  interpret  satisfact- 
orily the  experimental  oscillatory  data. 

The  mathematical  model  is  extended  to  in- 
clude the  non-linear  terms  which  may  be  needed 
to  explain  more  wide  ranging  tests. 

NOT""'ON 

■"bitrary  fluid  force  or  moment  with  per- 
turbations expressed  as  AF,  AF[  ] 

Fx  )itrary  slow  Motion  velocity  or  angular 
.elocity  derivative 

arbitrary  slow  motion  acceleration  or 
angular  acceleration  derivative 

N yaw  'uid  moment 

Nj,  slcf-  motion  yaw  moment  derivative  with 
set  to  yaw  angular  velocity 

Ny  slow  motion  yaw  moment  derivative  with 
respect  to  sway  velocity 

N.  slow  motion  yaw  moment  derivative  with 
respect  to  sway  acceleration 

U stead,  forward  reference  velocity 
v(t)  sway  velocity 
v(t)  sway  acceleration 
Vp  amplitude  of  harmonic  sway  velocity 
Yg  amplitude  of  harmonic  sway  acceleration 
hydrodynamic  coefficient 
x arbitrary  velocity  or  angular  velocity 

4 arbitrary  acceleration  or  angular  , 

acceleration 


Y sway  fluid  force  with  perturbations 
expressible  as  AY(t),  AY[  ] 

Yj.  slow  motion  sway  force  derivative  with 
respect  to  yaw  angular  velocity 

Yy  slow  motion  sway  force  derivative  with 
respect  to  sway  velocity 

Y.  slow  motion  sway  force  derivative  with 
respect  to  sway  acceleration 

^v]v|’  ^v^*  ^vr  hydrodynamic  coefficients 

Yy(<ji)  = Yy(is)  + iY^(m)  Fourier  transform 

of  yy(t) 

y(t)  displacement  to  starboard 

Yg  amplitude  of  harmonic  displacement  to 
starboard 

yj.(t)  variation  of  AY  following  unit  yaw 
angular  disilacement 

y.(t)  variation  of  AY  following  unit  variation 
of  r 

Yy(t)  variation  of  AY  following  unit  step 
displacement  to  starboard 

y.(t)  variation  of  AY  following  unit  step 
variation  of  v 

y*(t)  function  of  Yy(t)  without  delta  function 
components 

y?(t)  function  y^(t)  without  delta  function 
components 

yy^xj(fl »T2)  higher  order  impulsive  functions 
AYjjj  harmonic  component  of  AY  in  phase  with  y^ 

AYqjjAp  harmonic  component  of  AY  in  quadrature 
with  y^  (and  in  phase  with  v^^) 

T,  Ti,  T2  time  variables 
u ■ circular  frequency 

INTRODl'CTION 

When  a ship,  assumed  rigid,  departs  from 
steady  motion  in  a straight  line,  the  water 
exerts  a resultant  force  and  resultant  moment 
about  the  centre  of  mass  as  a consequence  of 
that  departure.  It  is  commonly  assumed  that 
the  force  and  moment  are  uniquely  determined  at 
any  instant  by  the  perturbation  of  the  steady 
motion  at  that  instant.  Bryan  (19H)  proposed 
the  use  of  'slow  motion  derivatives'  to 
represent  the  fluid  forces  and  the  underlying 
theory  is  sometimes  referred  to  as  one  of 
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'quasi-steady  fXow’  - or,  perhaps  better,  of 
'instantaneous  forces'.  In  this  opproach,  the 
fluid  force  or  moTient  AF  is  considered  to  be 
proportional  to  the  velocity  x and  acceleration 
i of  the  perturbed  motion.  Thus  if  the  body 
has  a steady  reference  motion  and  then  acquires 
a velocity  perturbation  x and  an  associated 
acceleration  i the  fluid  force  or  moment  arising 
from  the  perturbed  motion  is  expressed  as: 

AF(x,x)  ••  F^x  + F^x 

where  Fj^  and  F.  ore  the  slow  motion  derivatives 
relative  to  vsiocity  and  acceleration  respect- 
ively. Bryan  developed  this  apisroach  intuit- 
ively and  Garrick  (1959)  noted  its  likeness  to  a 
multi-variable  Taylor  series  expansion  of  a 
function. 


In  manoeuvring  theory,  the  conventional  way 
of  expressing  a fluid  force  or  moment  of  this 
kind  is  to  employ  a multi-variable  Taylor  expan- 
sion for  departures  from  the  steady  reference 
motion.  In  mathematical  terms  we  may  say  that, 
provided  the  multi-variable  analytic  function 
P(xi,  X2,  ...,  x„)  is  sufficiently  regular  in 
the  region  of  xj  • 0 = X2  = ...  • Xj,,  then 
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where  Fg  is  a constant.  For  a small  perturba- 
tion of  the  variables  xj-,  w^  may  write 

AF(xi,X2,...,Xn)  » 


i»l 


F(x,  2.--.Xn)  ■ Fq 
n 

l Fx;  X.. 


The  Taylor  coefficient  Fx-  gives  the  difference 
between  the  instantaneous  value  of  F in  the  new 
motion  of  the  system  and  that  in  the  initial 
steady  state  due  to  a perturbation  x^  alone, 
when  the  remaining  motion  parameters  ore  held 
constant  at  their  original  steady-state  values 
of  zero.  These  coefficients  are  all  assumed 
constant  and  independent  of  time.  If  the  fluid 
force  F is  dependent  on,  say,  velocity  x and 
acceleration  x,  then  the  coefficients  F^  and  F^ 
are  the  corresponding  'slow  motion  derivatives'. 
Physically,  however,  it  is  difficult  to  compre- 
hend how  i can  vary  (according  to  the  definit- 
ion of  the  Taylor  coefficient  F^^)  while  x is 
prevented  from  varying. 


been  developed  for  measuring  these  quantities  on 
a full  scale  ship.  In  any  case,  the  applica- 
tion of  a dynamic  theory  is  useful  in  the  preli- 
minary design  stage  before  the  ship  has  been 
built.  Resort  is  therefore  taken  to  the  test- 
ing of  a ship  model  in  which  the  forces  acting 
on  the  model  are  measured  during  an  imposed 
motion. 

The  simplest  test  is  the  oblique  tow  test, 
in  which  the  ship  model  is  towed  at  a constant 
velocity  and  at  various  drift  angles  to  the 
direction  of  motion  and  the  sway  force  (5C)  and 
yaw  moment  (N)  on  the  model  are  measured.  Ibe 
grsdient  of  the  curve  at  zero  drift  angle  in  the 
plot  of  force  Y against  drift  angle  gives  on 
experimental  value  of  the  slow  motion  velocity 
derivative  Yy;  likewise  the  slope  at  aero  drift 
angle  in  the  moment  curve  gives  the  value  of  Ny. 
No  comparable  practical  method  has  bean  devised 
for  measuring  such  slow  motion  acceleration 

derivatives  Y.  and  N.,  however, 
v V 

To  obtain  derivatives  such  as  those  cf  the 
sway  force  and  yaw  moment  due  to  an  angular 
velocity  of  yaw  (represented  by  Yj.  and  Hj. 
respectively) , attempts  have  been  made  to  employ 
curved  models  in  a straight  towing  tank.  That 
is  to  seo^  a curved  model  i s towed  along  a 
straight  path  rather  than  a straight  model 
towed  along  a circular  path.  The  theoretical 
basis  of  this  substitution  was  set  out  by 
Gourjiunko  (I93*t)  for  the  curvilinear  flight  of 
airships  and  also  by  Albring  (19**7)  in  his 
investigation  of  torpedo  stability,  Tlie  method 
is  unsatisfactory  in  practice  though,  since  a 
special  model  has  to  be  constructed  for  each 
curvature . 

Some  testing  establishmento  have  a special 
facility  - a 'rotating  arm'  - by  means  of  which 
a straight  model  can  be  towed  along  circular 
paths.  By  this  means  it  is  possible  to  obtain 
slow  motion  derivatives  of  yawing.  Apart  from 
the  high  capital  cost  of  a rotating  arm  opera- 
ting in  a large  enough  tank,  a drawback  is  that 
only  angular  velocity  derivatives  ceui  bo 
obtained.  There  still  remains  the  problem  of 
measuring  accele.-ation  derivatives  of  angular 

motion  such  as  Y.  and  N,. 

r r 

It  was  partly  to  avoid  the  expense  of 
special  purpose  facilities,  but  mainly  to  obtain 
acceleration  derivatives,  that  the  Planar  Motion 
Mechanism  (PMM)  was  developed.  This  mechanism, 
which  was  pioneered  by  Gertler  (1959)  and 
Goodman  (I9b0)  can  be  mounted  on  the  carriage  of 
a ship  towing  tank.  it  imparts  an  oscillatory 
motion  to  the  model  while  it  is  being  towed  at 
constant  speed  down  the  tank.  By  imposing 
sinusoidal  motions,  e.g.  of  pure  sway  or  pure 
yaw,  the  analyst  seeks  to  measure  all  the  slow 
motion  sway  or  yaw  derivatives  of  velocity  and 
acceleration. 

Unfortunately,  the  experimental  results 
obtained  by  these  techniques  pose  problems  of 
analysis.  For  example: 


Ship  hydrodynami cists  are  faced  with  the 
necessity  of  specifying  fluid  forces  and  moments 
applied  to  a ship  t^en  it  departs  from  a steady 
reference  motion.  No  satisfactory  method  has 


(i)  Foi-  the  oblique  tow  and  rotating  arm 
experimental  tests  it  is  found  that  the 
forces  and  momenta  do  not  produce  straight 
lines  when  they  are  plotted  against  sway 


no 


jm 


or  yaw  velocit”  This  has  led  to  a modi- 
fication of  the  linear  derivative  theory  to 
introduce  constants  of  proportionality 
(sometimes  loosely  called  'derivatives') 
for  higher  powers  of  velocity.  Such  terms 
as  Yy|^|v|v|  or  Y.,^v^  are  included  in 
expressions  for  sway  force,  for  instance. 

In  effect  the  analysis  of  such  tests  is 
thus  made  into  an  exercise  in  curve  fit- 
ting, using  an  arbitrary  power  series. 
Unfortunately  there  is  little  agreement  as 
to  the  teims  required  in  the  series; 
different  testing  establishments  employ 
different  terms,  dep.,nding  on  the  use  to 
which  the  data  is  to  be  put  and  the  com- 
puting facilities  available.  It  is  to  be 
noted,  however,  that  if  (to  take  a simple 
case)  the  same  experimental  results  are 
fitted  by  the  alternative  expressions 


+ Y I I 
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AY  - Y„v  + Y^  vJ  , 

the  value  of  Y,,  obtained  will,  in  general, 
be  different  as  between  the  two  formula- 
tions. The  linear  derivative  has  there- 
fore lost  its  uniqueness  and,  if  it  is  used 
subsequently  in  a linear  stability  analy- 
sis, different  conclusions  may  well  be 
reached. 

(ii)  Rotating  su:m  tests  display  cross  coupling 
between  sway  and  yaw  or  surge  so  that  terms 
such  as  Yyj.vr  or  XyyV^  are  sometimes  in- 
cluded to  fit  the  experimental  data. 

(iii)  The  results  from  a PMM  test  raise  further 
difficulties . Suppose  that  a PMM  is  used 
to  impart  a pure  sinusoidal  sway  motion 


to  a model  while  it  is  towed  at  constant 
speed  along  a towing  tank.  The  sinusoidal 
applied  sway  force  may  be  measured  and 
expressed  as 

AY  Yju  sin  ut  + AYqu^  cos  ut 

According  to  the  instantaneous  force  theory 
of  slow  motion  derivatives, 

AY  - Y,,v(t)  + Y^v(t) 

■ Yv(yo“  cos  oit)  + Y^(-y^<u^  sin  ut), 

so  that  the  amplitudes  of  the  sM^'  force 
components  that  are  in  quadrature  and  in 
phase  with  the  displacement  y(t)  are 

^’^QUAD  " ’^v  yo“  - Vo 

^’^IN  *■  ’^v  " Vo 

Vhere  v^  (■  you)  and  Vg  ("  -yo<i>^)  are  the 
amplitudes  of  velocity  and  acceleration 
respectively.  Thus,  in  theory,  if  the 
amplitude  of  the  quadrature  component  of 
force,  plotted  against  the 


amplitude  of  the  velocity  Vg,  then  the  alow 
motion  derivative  theory  predicts  a straight 
line  whose  gradient  :;lves  thf  slow  motion 
velocity  derivative.  IV.  practice,  however, 
the  plot  rarely  gives  a straight  line  and 
this  has  led  soma  experimenters,  Chislett 
and  Str^m-Tejsen  (1966)  and  Olansdorp 
(1969)  to  define  and  obtain  'non-linear 
derivatives ' . 


A comparison  of  derivatives  obtained  from  a 
PMM  test  and  those  from  an  oblique  tow  teat  often 
reveals  a quite  unsatisfactory  disparity.  In 
the  nre,  Oertler  (1969)  presented  the  results  of 
co-operative  tests  on  the  Mariner  form  and  the 
values  of  derivatives  varied  quite  widely. 

Though  seme  discrepancies  are  undoubtedly  due  to 
the  use  of  different  models  and  scales,  the 
information  presented  illustrates  the  difficul- 
ties . 

Although  derivatives  have  been  extensively 
and  successfully  used  in  aerodynamic  theory, 
Newman  (1966)  has  discussed  the  fundamental 
objections  to  this  approach  in  the  theory  of 
ship  manoeuvrability.  In  the  theory  it  is 
assumed  that  fluid  forces  and  moments  are  deter- 
mined by  the  prevailing  instantaneous  motions  of 
the  ship  and  the  weakness  of  the  theory  is  that 
time  history  effects  are  ignored;  this  is  the 
essential  assumption  of  quasi-steady  flow. 

Burcher  (197*))  has  shown  that  the  fluid  forces 
and  moments  acting  on  a ship  at  any  instant  are 
greatly  influenced  by  the  previous  motion, 
Nonweiler  (i960),  too,  has  drawn  attention  to 
this  dependence  on  time  history  although  it  has 
been  more  rigorously  considered  by  Cummins  (1962) 
iq  studying  surface  effects  and  by  Brard  (1961() 
in  the  development  of  a vortex  theory  for  a sub- 
merged manoeuvring  body.  Bishop,  Burcher  and 
Price  (1973a,  b)  showed  that  by  expressing  the 
fluid  force  or  moment  in  terms  of  a functional 
analysis  the  entire  time  history  of  the  ship's 
motion  may  be  included.  In  terms  of  this  form 
of  analysis,  the  slow  motion  derivative  theory 
is  merely  a particular  case. 

In  this  paper  we  shall  illustrate  the  use- 
fulness of  this  previous  work  in  the  analysis  of 
some  experimental  results  obtained  with  a PMM. 

We  shall  find,  in  particular,  that  a striking 
degree  of  success  is  to  be  had  with  a purely 
linear  theory.  We  shall  then  recall  the  more 
general  non-linear  form  of  the  fimctional  repre- 
sentation and  give  sane  indication  of  how  it 
might,  if  necessary,  be  employed. 

FUNCTIONAL  REPRESENTATION  OF  FLUID  FORCES 

To  start  with  it  will  be  sufficient  to  in- 
troduce only  the  linear  first  approximation  to  a 
true  functional  representation.  A much  more 
complete  presentation,  in  the  present  context  of 
fluid  forces  and  manents,  is  given  by  Bishop, 
Burcher  and  Price  (1973a);  an  outline  of  it  will 
be  given  later.  As  we  shall  see  the  linear 
representation  can  be  established  in  the  same 
manner  as  the  familiar  Duhsmel  Integral  of 
elementary  dynamics. 

Suppose  that  a ship's  model  is  travelling  at 
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constant  ahead  speed  0 having  a small  super- 
imposed svay  motion.  In  conventional  linear 
quasi-steady  flow  anal>sis  it  is  assumed  that  at 
any  instant  the  perturbed  sway  force  is 

dY  - Y V + Y.<- 
V V 

Alternatively,  Bishop,  Burcher  and/Price 
(1973  c)  have  shown  that,  by  employing 'the  prin- 
ciple of  superposition  together  with  a.  linear 
functional  representation,  we  may  describe  the 
perturbed  sway  fluid  force  in  either  of  two  more 
general  forms: 

(i)  In  terms  of  impulsive  motion, 

m 

AY[v(t)]  ■ I y^(t)v(t -T)dT 

• «» 

where  the  function  y^(t)  is  the  variation  of  the 
sway  force  deviation  AY  caused  by  a unit  impulse 
of  sway  velocity  (i.e.  by  a sudden  unit  step  to 
starboard)  and  is  such  that 

yv(’'')  " 0 T < 0 

v(t  -t)  = 0 X > t 

(ii)  In  terms  of  an  indicial  motion, 

OB 

AY[v(t)]  • I y^(x)v(t  - x)dT 

where  the  function  y.(x)  is  the  variation  of  the 
perturbed  away  force  AY  caused  by  an  indicial 
sway  motion  (i.e.  by  a suddrnly  acquired  imit 
away  velocity  to  starboard)  and  is  such  that 

y^(t)  ■ ^ for  T < C 

❖(t  - t)  * 0 T > t 

Unfortunately  it  is  impossible  to  impose 

either  an  impulsive  or  an  indicial  motion  with 
any  precision.  An  alternative  approach  is 
needed  for  the  purposes  of  testing. 

The  function  7y(t)  may  be  regarded  as  one 
member  ol  a 'Fourier  transform  pair'.  That  is 
to  say  there  exists  a function  Y^(u)  which 
satisfies  the  relationship 

OP 

Yy(ui)  » I yy(x)e“^“^dT 
_«0 
or 

vy* 

yylT)  ■ ^ I 

Thus  it  follows  that  if  either  yy(t)  or  Y^(ii))  is 
known  and  is  mathematically  well  behaved,  then 
it  is  possible  for  TCyM  or  yy(x)  respectively 
to  be  deduced.  This  appears  to  present  the 
experimenter  with  a practic.al  proposition,  since 
the  real  valued  impulsive  response  function 
yy(x)  has  the  cosqilex  valued  inverse  Fourier 
transform 

«e  do 

Yy(u)  ■ I yy(x)oos  0)1  dx  - i I yy(x)sin  ux  dx 
« + iyj(o)). 


in  which  the  real  quantities  Yy(o>)  and  Yy(u)  can 
be  measured  from  an  oscillatory  test  on  a nndel. 
These  integral  relationships  between  the  frequen- 
cy and  time  domains  form  the  basis  of  the  theor- 
etical derivations  of  the  Hilbert  transform  and 
the  Kramers-ICronig  relations  as  discussed  by 
Kotik  and  Mangulis  (1962)  for  ship  motions. 

Suppose  that  a sinusoidal  sway  motion 

y(t)  ■ yji  sin  o)t 

v(t)  ■ ygO)  cos  ii)t  • Vq  cos  mt 

v(t)  ■ -yo»^sin  o)t  « ■>(,  sin  ut 

is  iff.iosed  on  the  model  by  a planar  motion  mech- 
anism, The  deviation  of  sway  force  that  is 
measiu-ed  during  this  motion  is 
00 

AY[v(t)]  I yy(x)v(t  - x)dx 


* V|j  I yy(x)cos  u)(t-i)dx 

•cw 

CO 

■ Vq  cos  ut  I yy(x)cos  ux  dx 
-00 

00 

+ V(j  sin  u)t  I yy(x)sin  uxdx 


“ *^QUAD 

The  amplitudes  AYquad  and  AYijj  can  be  measured  so 
that  Y§(u)  and  Y^(u)  may  be  determined  from  tuo 
relationships 


f?(u) 


and 


yI(w) 


In  practice  difficulties  may  arise  in  the 
evaluation  of  the  inverse  Fourier  transform  due 
to  non-zero  asymptotic  values  of  the  Yy(u))  curve 
for  large  u.  It  has  been  shown  previously  by 
Bishop  and  Price  (197^)  and  Bishop,  Burcher  tuid 
Price  (1973c,  197l*a,  b),  however,  that  this 
difficulty  may  be  overcome  by  expressing  the 
fluid  expressions  in  the  form 


AY[v(t)]  “ lim 


or  eaternatively 


1 ^ ns 

J.1D 

00 

+ 

1 y*(T)v(t  - x)dx 

7[v(t)]  « lim 


■{'(t)  + lim 
u-t-0 


+ I yJ(T)^(t  - x)dx 


•■00 
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where  y*(t)  and  yj(t)  are  now  well  behaved 
functions  which  possess  Fourier  transfoms  with 
sero  asymptotic  values  as  u-t-a.  It  also 
follows  that  there  exists  the  relationship 


Although,  for  illustration,  we  have  dealt 
specifically  with  deviation  dY  of  sway  force 
that  is  dependent  on  sway  motion  v(t),  the 
representation  may  readily  be  extended  in  a 
similar  manner  to  other  deviations  of  force  and 
moment  and  to  other  motions. 


this  coi^utation  [see,  for  example,  Solodovnikov 
(i960)  and  Burcher  (l9T*t)]. 

VAien  the  response  function  yy(t)  has  been 
evaluated  in  this  way,  the  imaginary  part  of  its 
Fourier  transform,  nastely  Y^(u),  can  be  deter- 
mined from  the  expression 

Yl(m^  - -/y^(t  )sin  HIT  dr 

-w 

We  have  seen,  however,  that  Yy  can  also  be 
measured  directly  through  an  oscillatory  sway 
test  in  the  form 


Xy(u) 


COMPARISON  OF  EXPERIMENT  AND  THEORY 

An  interesting  check  on  the  foregoing 
theory  and  an  illustration  of  its  application 
is  provided  by  the  results  of  some  1 rcent  ex- 
periments performed  by  Olansdorp  (19/3)  using  a 
horizontal  planar  motion  mechanism.  The 
oscillatory  teats  were  conducted  with  a l^gth 
scale  Mariner  model  having  a rudder  but  neither 
appendages  nor  propeller.  The  model,  of  length 
2,2906ffl,  was  towed  at  speeds  of  0.922  ms~^  and 
1.23  ms“*  and  oscillated  at  frenuencies  which 
varied  between  1 rad  s”'  and  13  rad  a"'  at 
intervals  of  0.5  rad  s~^ . In  adl  the  testa 
the  amplitude  of  the  lateral  velocity  (i.e. 
transverse  to  the  tank  centre-line)  was  kept 
constant,  such  that 


y^u  ■ 0.25  ms'* , 

by  varying  y and  ui  in  the  appropriate  way. 

For  purposes°of  illustration  only  the  results 
for  the  sway  force  produced  by  sway  ard  yaw 
motions  with  a tow  speed  of  1.23  ms"*  are  dis- 
cussed here.  A similar  interpretation  of  the 
other  experimental  results  will  be  published  in 
the  nean:  future. 

It  has  been  shown  previously  that  the 
response  function  yv(r)  can  be  determined  from 
either  the  real  or  isiaginary  parts  of  its  Fourier 
transform  and  hence  ft'om  ^ther  the  in-phase  or 
quadrature  components  of  the  corresponding 
harmonic  sway  force.  In  practice  it  is  easier 
to  use  dXnyjyj  for  this  purpose,  as  yS(u)  can  be 
determined  with  the  PMM  for  a range  of  frequency 
and  Y^(0)  can  be  measured  as  the  conventional 
slow  motion  derivative  Yy  in  an  oblique  tow  test. 
For  the  latter  test  one  can  write 

w w 

lim  Y*^(u)  « lira  yy{T)cos  ujt  dr  = yy(t)dT 

(i)>0  £ £ 


“ lim 

OJ-+-0 


■ Y 


V 


Thus  the  sway  response  function  yy(x)  can  be 
deduced  as  the  inverse  Fourier  cosine  transform 
from  the  relation 

00 

yy(t)  » ~ I y5(u)cos  ut  du. 

Several  graphical  methods  have  been  proposed  for 


Thus,  if  values  for  AYuj  [or  more  'isually 
AYjjj/(-^o)]  also  available  from  the  PMM 
tests,  then  a comparison  can  be  made  between  the 
directly  measured  experimental  values  for  Y^(u) 
and  those  deduced  numerically  from  Y®(u))  via  the 
appropriate  Fourier  transforms. 

Since  the  use  of  Fourier  transforms  in  this 
way  relates  to  a linear  functional  approach,  the 
comparison  affords  a sensitive  check  on  the 
"linearity"  of  these  oscillatory  experiments. 

In  addition  the  apparent  slow  motion  accelera- 
tion derivative  at  zero  fiequency  can  be  evalu- 
ated from  the  relation 

- [ li. 

^ u**+*0  ^ ^ 

eo 

- I Tyy(x)di  - Y^ 

0 

after  yy(t)  has  been  computed.  A comparable 
analysis  can  also  be  performed  in  terms  of  the 
indicial  sway  response  function  y^(t). 

A similar  analysis  may  be  undertaken  for 
yaw  motion,  in  which  case  the  sway  force  can  be 
expressed  in  terms  of  the  response  functions 
yr(T)  or  y^(x)  as 

OP 

AY[r(t)]  ■ I yj.(T)r(t  - t)dT 
or 

OP 

AY[r(t)]  • I yj(T)r(t  - t)dT 

.U0 

The  application  of  the  above  analysis  and 
its  counterpart  for  yaw  motion  is  illustrated  in 
figures  1-0.  The  response  functions  yy(t), 
y^(x),  y^ix)  and  yi(T)  in  figures  3,  U,  7 and  8 
ore  deduced  from  the  appropriate  components  of 
the  sway  force.  Figures  1 and  5 show  the  in- 
phase  data  which  has  been  deduced  numerically 
from  the  computed  response  functions.  By  using 
both  sets  of  response  functions  it  is  possible 
to  compare  experimental  and  numerically  deduced 
values  for  the  real  and  imaginary  ports  of  all 
the  appropriate  Fourier  transforms. 

The  figures  show  that  the  calculated  and 
experimental  values  are  in  good  agreement. 
Further  it  must  be  emphasised  that  the  slow 
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Figure  1.  « experimental  data 

calculated  from  y*(t) 


Figure  2.  • experimental  data 

calculated  from  y*(t^ 
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Figure  3.  Ir.pulse  response  function  calculated 
from  the  exp>enmer.tal  values  of 


1. 


Figure  U.  Indicial  response  function  calculated 
from  the  experimental  values  of  Y^(w) 
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notion  velocity  derivative,  which  is  normally 
measured  by  an  oblique  tow  test,  can  also  be 
deduced  from  the  experimental  values  for  AYnj 
The  slow  motion  derivatives  obtained  from  the 
above  numerical  investigation  are  as  follows; 


’fv 

“ 

-5 •36"  kgf.B  m”^ 

m - Y^ 

- 

9.20  kgf.s^m'l 
4.56  kgf.s^m'l 

- Y. 

V 

■ 

mO  - Yj. 

= 

3.65  kgf.s 

Y. 

r 

a 

-0.49  kgf.s^ 

Ifr 

a 

2.057  kgf.s 

It. 64  kgf.s^"^) 


Thus  the  steady  state  teat  and  the  planar 
motion  mechanism  test  are  complementary  under 
certain  controlled  conditions.  The  numericeil 
investigation  also  shows  that  the  experimental 
results  relate  primarily  to  a linear  system, 
even  thotigh  they  display  a strong  frequency 
dependence . 

WIDER  APPLICATIOH  OF  THE  'THEORY  OF  FUHCTIONALS 


It  has  been  shown  above  and  previously  by 
Bishop,  Burcher  and  Price  (1974a,  b)  that  the 
results  of  oscillatory  testing,  in  many  cases 
previously  considered  non-linear,  can  be 
explained  in  terms  of  frequency  effects  employing 
a linear  theory.  The  present  interpretation  of 
the  oscillatory  teat  results  rests  however  on 
the  existence  of  straight-line  relationships  (as 
between  sway  force  AY  and  drift  angle  in  a steady 
oblique  tow  test).  There  remain  the  so-callcd 
"nonlinearities"  associated  with  steady  state 
testing. 

When  the  results  of  oblique  tow  or  rotating 
arm  tests  are  plotted  as  fluid  force  or  moment 
against  a velocity  then  the  experimental  data  do 
not  lie  on  a straight  line.  To  be  sure  a region 
of  small  perturbations  can  usually  be  found  in 
which  a straight-line  relationship  can  be  found 
to  good  approximation,  but  this  region  can  some- 
times he  rather  small.  It  is  by  no  means 
unusual  for  a ship  to  manoeuvre  sufficiently 
violently  to  operate  outside  this  region. 

It  should  be  mentioned  that,  in  the  oscil- 
latory tests  that  have  been  cited,  the  (constant) 
sway  velocity  amplitude  v^  was  so  chosen  that  the 
operating  conditions  of  the  model  remained  within 
the  linear  region  of  the  graph  of  AY  against  v 
that  is  obtained  in  a steady  oblique  tow  test. 

Our  purpose  next  will  be  to  examine  in  a 
tentative  fashion  the  possibility  of  relaxing 
this  requirement. 

Departures  from  straight  line  relationsnirs 
in  steady  state  testing  are  not  at  all  easy  to 
explain  in  physical  terms.  Possible  reasons 
have  been  suggested  by  Newman  (1966);  for 
example  he  points  out  that  separation  drag  may  be 
dependent  on  being  vslocil  -r  squared.  This  might 
indeed  account  for  the  eflcct  at  la’.ge  drift 
velocities  but  ships  rai-ely  develop  such  large 
motions.  Similarly,  the  decrease  of  lift  on  an 


* This  is  also  the  value  predicted  by  the  oblique 
tow  test. 


aerofoil  due  to  separation  and  breakdown  of  flow 
is  also  associated  with  large  angles.  Separ- 
ation of  flow  and  vortex  shedding  observed  on 
full-bodied  tanker  forms  may  also  be  part  of  the 
answer  but  again  for  many  ships  this  phenomenon 
is  not  observed.  Tests  performed  with  segmented 
models  in  which  the  distribution  of  force  is 
measured  on  the  hull  have  been  reported  by  Clarke 
(1972)  for  a tanker  form  and  by  Burcher  (1972) 
for  a fast  cargo  form.  Both  these  results 
showed  that  the  forces  on  the  forward  60  percent 
of  the  length  behaved  in  a straight  line 
(proportional)  fashion  up  to  quite  large  drift 
angles  and  rates  of  turn.  The  breakdown  of 
proportionality  occurs  at  the  stern  of  the  ves- 
sel and  is  noticeable  at  low  rates  of  drift  and 
turn.  It  has  been  suggested  that  this  effect 
occurs  because  the  stern  of  the  vessel,  and 
particularly  the  rudder,  operates  in  the  wake  of 
the  hull  where  the  flow  differs  considerably  from 
that  in  open  water.  At  large  angles  of  drift, 
the  stem  is  in  open  water  and  less  subject  to 
the  hull  wake,  which  is  swept  sideways.  These 
observations  suggest  thac  lack  of  proportionality 
may  well  be  leirgely  dependent  on  the  ship's 
previous  motions  - i.e.  on  "memory  effects". 

For  example  the  flow  around  the  stern  at  a 
given  time  may  depei d on  the  conditions  at  the 
bows  a short  time  earlier.  Fluid  disturbances 
shed  by  the  bow  of  a ship  will  be  left  in  a line 
roughly  corresponding  to  the  trajectory  of  the 
bow.  The  stern  follows  a different  path.  For 
example,  in  steady  drift  the  stern  will  follow 
a parallel  path,  whilst  in  a turn  the  stern  will 
travel  along  a path  of  larger  radius  than  that 
of  the  bow.  Under  these  circumstances  the  stern 
will  suffer  the  effects  of  disturbances  left  by 
the  bow.  In  general,  therefore,  if  we  assume 
that  a fluid  perturbation  is  left  'stationary' 
in  the  fluid  then  its  influence  at  any  poinb  on 
a model  passing  near  i e vill  depend  on  their 
relative  positions  at  any  given  time. 

How  are  effects  of  this  type  incorporated 
in  the  f'nctional  analysis  which  has  been  intro- 
duced by  .'ishop,  Burcher  and  Price  (l973a)7  It 
will  be  sufficient  here  merely  to  summarise  the 
results.  Pappose  that  the  perturbed  fluid 
action  F depends  upon  motion  variables  x;(t), 
k2(t),  ...  , Xp(t);  then  the  deviation  of  this 
fluid  action  is  of  the  form 


AF[xi(t),X2(t),..,Xn(t)] 


[ ^ 

I ,I^^'xi(Tl)xi(t-Ti)dTi 


n n 

I I Fxixjtn 
1=1  j=l  J 


—CO 

,T2)xj^(t-Tl  )Xj(t-T2)dXldT2 


+ ...  , 

provided  that  the  system  may  be  regarded  as  time- 
invariant. 

Although  we  are  not  yet  in  a position  to 
present  a systematic  development  of  non-linear 
theory,  it  is  perhaps  worthwhile  to  outline  the 
forms  taken  by  some  preliminary  studies. 
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Consider,  by  vay  of  example,  the  planar 
notion  of  a surface  ship  for  which  only  disturb- 
ances in  surge  (u),  sway  (v)  and  yaw  (r) 
relative  to  a steady  state  ahead  motion  with  a 
speed  0 a:''e  relevant.  The  general  fi-nctional 
expression  quoted  above  can  be  rewritten  for  AY 
as  follows: 


AY[u,v,r] 


00 
' 2 

1 Yx,- 
i"l 


The  expression  for  AY  in  nhe  steady  inclined  tow 
test  corresponds  to  that  for  oscillatory  testing 
in  the  limit  as  Alternatively  in  an 

oscillatory  sway  test,  for  which  v » v^^cos  uit, 
the  integrals  can  be  expressed  in  terms  of  higher 
order  Fourier  transforms,  which  are  functions  of 
01,  and  AY  will  also  possibly  depend  on  v^^,  Vq^, 
etc. 


3 3 

I I yx,-x;(''X»''2)xi{t-Ti)x_j(t-T2)dTidT2 

i=l  0*1 


3 3 3 

ill  yxixiXk(''l»'^2‘''3)*i(t-Ti)x-(t-T2)x^{t-T3)dTidT2dT3 

i=lj=lk=l  ^ •' 


.ee  .M  .meo 


where  we  identify 

xi  = u,  X2  = V,  X3  = r. 

The  functions  y^j..  are  the  first  order  impulsive 
response  functions  which  we  have  discussed 
before,  whereas  yx-x:.  YxiXjXk*  etc.  represent 
higher  order  impulsive  response  functions. 

Some  of  these  functions,  for  example  yuCrj)  and 
yuuUl>T2),  niay  be  zero  for  a ship  with  a fore 
and  aft  plane  of  symmetry.  All  the  functions 
depend  on  the  ahead  reference  speed,  0,  and  tne 
hull  form  of  the  ship. 

For  simplicity  we  will  now  consider  a motion 
for  which  the  only  disturbance  is  in  sway.  Thus 

u = 0 = r,  V 0. 

In  these  circumstances  the  expression  for  AY 
reduces  to 

00 

AY[v]  = j yv(Ti)v(t-Ti)dTi 


On  the  basis  of  the  functional  approach 
therefore  we  can  malce  the  following  tentative 
observations  concerning  the  interpretation  of 
oscillatory  tests  for  v^  * y^u.  For  small 
value  of*  Vq  the  linear  treatment  in  terms  of 
firs'  irr  functionals  is  valid.  For  larger 
value,  of  Vq  higher  order  terms  in  Vq  are  like.ly 
to  contribute  to  AY.  These  terms  introduce 
additional  oscillatory  components  whose  frequen- 
cies are  multiples  of  the  forcing  frequency  u. 

It  should  be  realised  that  the  magnitude 
of  Vq  is  not  the  only  factor  which  determines 
the  relative  importance  of  the  higher  order 
terms.  The  Fourier  transforms  are  functions  of 
frequency,  so  that  for  a given  v,,  different 
combinations  of  y^  and  lo  may  produce  different 
higher  order  effects.  Indeed  the  first  order 
terms  for  small  Vp  have  been  seen  to  depend  on 
(1)  separately  in  addition  to  v^  = 


Yw^'^l  ,T2)v{t-Ti)v(t-T2)dTldT2 


0 

YVW^'^I  ,T2,T3)v(t-Tl)v(t-T2>v(t- 


-cp  »Qo 


+ . . . 


Moreover,  if  the  motion  corresponds  to  that  of  a 
steady  inclined  tow  test,  v = v^  constant,  the 
expression  for  AY  can  be  simplified  further  and 
has  the  form 

AY[v]  = Vg  j y^(Ti)dTi  + I I y.^(Ti,T2)dTidX2 


conducting  oscillatory  tests,  therefore,  it 
woxLld  seem  to  be  worthwhile  to  select  a series 
of  values  of  Vq,  for  each  of  which  a wide  range 
of  y^j  and  u>  should  be  used. 

to  00  OP 

+ I I I y^(Ti.-[2,T3)dTidX2dT3  + ... 
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CONCLUSIONS 

An  allowance  for  memory  effects  can  be  made 
by  suitable  linear  interpretation  of  PMK  res- 
ults. Although  the  analysis  is  more  complex 
than  one  based  on  the  assumptions  of  quasi- 
steady  flow,  considerably  greater  overall  accu- 
racy is  now  possible.  The  high  accuracy  that 
is  obtainable  has  been  illustrated  by  means  of 
some  experimental  results. 

The  results  used  were  obtained  in  testa 
with  operating  conditions  that  fell  reasonably 
within  the  region  of  proportionality  of  steady 
state  teste.  The  device  of  maintaining  a 
constant  anplitude  of  velocity  in  this  region 
appears  to  have  much  to  commend  it  where  linear 
theory  is  to  be  employed  in  stability  and 
control  analysis.  (It  has  been  found  by  Bishop, 
Buroher  and  Price  (1973d)  and  Parkinson  and 
Price  (197**)  that  the  integro-differential 
equations  of  motion  in  such  an  analysis  can 
easily  be  handled.) 

Relaxation  of  the  limitation  to  the  region 
of  proportionaility  in  steady  state  testing  takes 
us  into  the  field  of  nonlinear  analysis.  A 
tentative  approach  has  been  illustrated  and 
remains  under  investigation. 
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L.L.  MARTIN 

I would  like  to  make  an  alternative  approach  to  this 
problem,  to  that  taken  by  th  authors. 

As  an  engineer,  ratier  than  a hydrodynamicist,  what 
is  required  for  simulation  purposes  Is  the  impedance  of  the 
water  as  seen  by  the  ship.  This  is  obtained  by  frequency 
response  testing  using  PMM  or  HPMM  (even  though  they 
were  not  designed  for  this  purpose). 

Since  the  nature  of  the  load  is  little  understood  as 
yet,  it  is  unwise  to  make  too  many  assumptions,  but  it  is 
obvious  that  as  the  steady  state  force  on  the  ship  depends 
on  velocity,  not  position,  velocity  should  be  taken  as  the 
reierence  motion  and  phase  angles  measured  from  it  so  that 
acceleration  becomes  the  quadrature  component  and  veloc- 
ity the  in-phase  compone^l^  (these  being  in  any  case  only 
a convenient  way  of  measuring  the  complex  impedance-by 
suitable  instrumentati<w  the  magnitude  and  phase  of  the 
force  could  be  measursll  directly). 

We  may  then  use  the  authors  new  data,  or  van  Leeuwen’s 
well  known  Results  which  were  the  basis  of  their  previous 
work,  to  take  what  they  refer  to  as  QUAD  as  in-phase  and 
IN  multiplied  by  frequency  as  quadrature  and  produce  a 
Bode-plot.  We  immediately  see.  Fig.  1 (which  is  based 
on  data),  not  only  the  lead  term  due  (ap- 

parently) to  the  conventional  “added  mass’*  and  damping, 
but  also  a resonant/anti-resonant  pair,  at  least  for  Y(V) 
and  N(R)1. 

The  impedance  of  the  water  Is  therefore  representable 
by  the  transfer  function: 

T(V)  N(f?)  (1  + Ta)  (1  + 2?jTjS  + rfs*) 

V r (1  + 2£jT2s  + tIs^) 

Derivation  of  the  appropriate  transfer  function  shows 
that  the  measured  resonance/anti-resonance  cannot  be  due 
to  resilience  in  the  HPMM  mechanism  combined  with  the 
damping  and  “added  mass”  of  the  water.  We  must  accept 
that  they  are  part  of  the  impedance  of  the  water. 

In  the  case  of  Y(R)  and  N(V),  Fig.  2 (also  based  on 
van  Leeuwen's  data),  an  additional  lag  appears  necessary  in 
the  transfer  function.  Y(R),  having  negative  gain  (Yr  being 
positive)  is  not  minimum  phase  and  presents  some  unusual 
phase  shifts. 

Having  established  the  transfer  functions  for  the  water 
impedances  it  is  a trivial  matter  to  include  these  effects  in 
studies  of  the  yaw  stability  of  the  ship,  without,  or  more 
importantly,  with  autopilot  control,  roll-yaw  interaction 
studies  etc. 

For  simulation  purposes,  with  which  I am  concerned, 
knowledge  of  the  transfer  function  is  more  useful  than  the 
impulse  response  because  it  can  either  be  programmed 
directly  on  an  analogue  computer  or  requires  little  addi- 

^By  Y(V)  we  mean  the  aide  force  due  to  away  velocity  and  by  N(R) 
we  mean  the  moment  due  to  rate  of  turn.  Antl-reeonance  impUee 
a quadratic  term  in  the  numerator  of  the  transfer  function,  as  reao- 
nance  impliee  a quadratic  term  in  the  denominator. 


tional  storage  and  computer  time  for  digital  computation. 
Use  of  the  impulse  response  and  convolution  integration 
necessitates  a digital  computer  with  considerable  additional 
storage  and  increase  in  computer  time  for  each  iteration  of 
the  computation. 

Now  since  the  total  damping  of  the  system,  which  is 
measured  by  oblique  tow  or  rotating  arm  tests,  is  known  4 
to  be  nonlinear,  the  transfer  function  will  vary  with  the 
amplitude  of  the  motion  (becoming  in  fact  a describing 
function  fo-r  sinusoidal  motion).  If  however  we  can  identify 
a mechanical  model  with  the  transfer  function  and  this 
model  can  be  shown  to  correspond  to  some  physical  reality, 
there  is  a real  possibility  that  the  nonlinearities  could  be 
incorporated  with  the  correct  dynamic,  as  well  as  static, 
behavior.  The  simplest  system  giving  a transfer  function 
like  Y(V)  or  N(R)  is  a spring  I massidampers  in  parallel 
with  the  conventional  “added  mass”  and  damping.  Fuif 
ther  work  should  be  directed  at  identifying  the  cAnponents 
of  this  resonant  system  and  the  measurement  of  the  individ- 
ual nonlinearities  of  the  damping  elements.  (The  spring 
may  also  of  course  be  nonlinear-it  is  to  be  hoped  the 
“masses”  are  constant).  Whatever  is  the  cause  of  these 
resonance  efforts  it  seems  unlikely  they  are  related  to  the 
“memory”  effects  due  to  the  passage  of  vortices  down  the 
ship. 


PMXOUCN£y  [a/u/mcJ 


Ptg.  1 — Magnitude  and  phaaa  of  Y(V)  and  N(R) 
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M.  SCHMIECHEN 

The  authors  have  1“-'  s as  tar  'unctional  poly- 
nomials for  the jf  noe ' lip  dynamics 


including  memory  effects.  As  has  been  pointed  out  previ- 
ously this  behaviouristic  description  in  the  time  domain  is 
liardly  practical  for  simulation  purposes  even  with  very  large 
computers  (1). 


Much  more  simple  are  equivalent  state  space  descrip- 
tions as  is  well  known  in  many  other  fields  but  apparently 
not  yet  in  our  profession.  An  account  of  the  general 
theory,  of  the  linear  theory,  and  applications  to  hydrody- 
namic systems  has  recently  been  published  (2)  and  an  ap- 
plication to  the  collisions  of  ships  will  be  presented  shortly 
(3). 

From  the  slides  prepared  for  the  latter  presentation 
slides  6 and  6 show  the  simplest  linear  state  space  model 
and  a mechanical  analogue,  respectively,  with  only  two 
additional  fluid  states  for  the  sway  motions  of  a ship  ini- 
tially at  rest.  The  model,  which  does  not  include  low  and 
high  frequency  damping,  is  closely  related  to  that  suggested 
by  Mr.  Martin. 


In  slides  8 and  9 the  liydrodynamic  damping  and  mass 
of  the  simple  model  are  compared  with  theoretical  data  for 
a scale  model  of  the  Japanese  nuclear  ship  Mutsu  Maru. 

For  most  applications  the  simple  model  will  apparently  be 
sufficient,  and  if  it  is  not,  the  description  may  be  improved 
by  introduction  of  further  fluid  states,  maybe  two  or  four. 
Consequently  the  step  responses  as  simulated  and  observed 
for  the  same  scale  model  are  quite  close  as  shown  in  slide 


The  example  given  is  of  course  only  the  simplest  ap- 
plication of  the  theory  of  state  space  models.  Non-linear 
models  will  have  to  be  developed  for  multidimensional 
situations'not  only  in  ship  dynamics  in  the  narrow  sense. 
My  own^otivation  in  studying  state  space  models  was 
primarily  the  need  for  an  adequate  tool  for  investigation 
and  design  of  marine  traffic  control  systems  for  congested 
waters. 


(1)  Schmiechen,  M.;  Design  and  evaluation  of  experiments 
for  the  identification  of  physical  systems. 

Massachusetts  Institute  of  Technology,  Dept,  of  Naval 
Architecture  and  Marine  Engg.  1969.  Report  No. 
69-1. 

(2)  Schmiechen,  M.;  On  state  space  models  and  their  ap- 
plication to  hydromechanic  systems. 

University  of  Tokyo,  Dept,  of  Naval  Architecture, 
1973.  NAUT  Report  6002. 

(3)  Schmiechen,  M.:  Zur  KoUisionsdynamik  von  Schiffen. 
STG  68  (1074)  to  be  published. 


A.  GOODMAN 

In  1968  HYDRONAUTICS,  Incorporateit  provided  the 
Admiralty  Experiment  Worka  (AEW)  with  a complete  PMM 
■yatem  for  aubmarine  model  teatlng.  Thia  ayatem  waa  pro- 
vided aome  twelve  (12)  yeara  after  the  PMM  ayatem  waa 
firat  developed  and  applied  to  mbmarlne  model  teating 
aa  ahown  in  the  encloaed  Table.  In  addition,  complete 
documentation  waa  provided  which  deacribed  the  theory 
and  operation  of  the  PMM  ayatem  aa  well  u the  application 
of  the  reaulta  to  aolving  engineering  problema.  Subaequent 
to  1968,  the  authora  have  publiahed  many  papera,  including 
the  preaent  one,  which  attempta  to  extend  the  uaefulneaa 
of  the  PMM.  It  ia  obvioua,  however,  that  the  authora 
liave  not  read  the  baaic  papera  by  Gertler  (191i9)  and 
Goodman  (1960)  nor  the  materiala  provided  to  AEW 
in  1968  which  not  only  deacribe  the  PMM  ayatem  but 
preaents  the  philosophy  behind  its  development.  Statementa 
such  as,  'Tt  was  partly  to  avoid  the  expense  of  special 
purpose  facilities,  but  mainly  to  obtain  acceleration  deriv 


ativea  that  the  PMM  wu  developed,"  Indicates  that  the 
philosophy  preMnted  in  theae  aforementioned  papera 
either  waa  not  understood  by  the  authora  or  ii^oted 
completely. 

le  facta  really  speak  for  themselves.  The  results 
detc'  <ed  for  PMM  model  testa  over  the  past  twenty 
years  been  used  to  predict  the  behavior  of  many  aub- 
marir,  signs.  Excellent  model  to  full-scale  correlations 
are  available  (unfortunately  in  the  claaallied  literature) 
arhich  demonatratea  the  power  of  the  PMM  system  approach. 

The  authora  are  attempting  to  ahow  that  a highly  non- 
linear problem  can  be  represented  adequately  and  more 
accurately  by  using  a Unew  approach.  Thia  ia  an  interest- 
ing theory  and  deviates  trom  ^e  approaches  used  in  air- 
craft and  submarine  simulations  over  the  past  twenty  yeara. 
It  would  be  interesting  to  see  how  predictions  of  the 
performance  of  an  actual  aubauine  using  this  approach 
compares  with  full-scale  data. 


TABLE  1 

HISTORY  OF  PMM  AND  PMM  SYSTEMS 


Date 

Event 

Location 

July  1962 

Concept  of  PMM  first  developed 
by  A.  Goodman  for  use  in  de- 
termining lateral  stability 
coijfficients  of  aircraft 

NACA  Langley 
Stability  Tunnel, 
Langley  Field, 
Virginia 

October  1966- 
June  1967 

% 

PMM  System  (MARK  I)  conceived 
developed  and  placed  into  aer- 
v.ce  for  submarine  model  test- 
ing by  A.  Goodman  and  M.  Gertler 

DTMB,  U.S.A. 

May  1969 

U.S.  patent  for  PMM  System 
filed  ^ 

U.S.A. 

September  1969 

i'apet  presented  by  M.  Gertler 
describing  improved  PMM  System 

Zagreb, 

Yugoslavia 

September  1960 

Paper  presented  by  A.  Goodman 
c escribing  improved  PMM  System 

Third  ONR  Sym- 
posium, 
Scheveningen, 
Holland 

December  1961 

PMM  System  MARK  11  placed  into 
sevice 

DTMB,  U.S.A. 

July  1962 

P^M  Built  by  J.R.  Paulling 

University  of 
California 

September  1062 

U.S.  Patent  3,052,120  granted 

U.S.A. 

October  1962 

PMM  System  built  by  HYDRO- 
NAUTICS, Incorporated  for  use 
with  High-Speed  Chaimel- 
hydrofoil  testing 

U.S.A. 

1962 

PMM  built  by  Delft  University 
for  ship  model  testing 

Holland 

(Continued) 
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TABLE  1 
(Cont'd) 


Date 

Event 

Location 

1963 

PMM  System  supplied  by  HYDRO- 
NAUTICS,  brcokpoiated  to  Bassin 
d*  Bssais  des  Carenes  tor  submarine 
model  testing 

France 

1964 

PMM  System  built  by  Tokyo  Uni- 
versity tor  ship  model  testing 

Japan 

1964 

PMM  System  built  by  HyA  tor  ship 
model  testing 

Denmark 

1966 

PMM  System  built  by  Nagasaki 
Technical  Institute 

Japan 

August  1966 

Paper  presented  by  J.  Strom-Tejsen 
and  M.S.  Chislett  on  HyA  PMM 
System  used  tor  ship  model  testing 

SUth  ONR 
Symposium, 
Wash.,  D.C. 

May  1968 

PMM  System  supplied  by  HYDRO- 
NAUTICS,  Incorporated  to  AEW 
tor  submarine  model  testing 

U.K. 

November  1968 

PMM  Instrumentation  System 
supplied  by  HYDRONAUTICS, 
Incorporated  to  DTMB 

U.S.A. 

December  1968 

PMM  System  built  by  HYDRO- 
NAUTICS, Incorporated  tor  sub- 
marine model  testing  in  H8MB 

U.S.A. 

1969 

PMM  System  built  by  NSRDC  tor 
ship  model  testing 

U.S.A. 

April  1969 

Lecture  on  PMM  tor  ship  model 
testing  sponsored  by  AEW  and  Uni- 
versity College,  London 

U.K. 

December  1970 

PMM  System  supplied  by  HYDRO- 
NAUTICS, Incorporated  to  Bassin 
d’  Essais  des  Carenes  tor  use  with 
High-Speed  Channel 

France 

January  1971 

PMM  adapted  by  HYDRONAUTICS, 
Incorporated  tor  ship  model  testing 
in  HSMB 

U.S.A. 

1972 

Large-Amplitude  PMM  built  by  HyA 
tor  ship  model  testing 

Denmark 

Note;  This  list  is  by  no  means  complete.  However,  it  indicates  that  the 
PMM  System  concept  has  been  adopted  tor  marine  vehicle  testing 
throughout  the  world. 
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T.F.  OGILVIE 

There  are  many  important  pointi  pretented  in  thli 
paper,  and  I find  that  the  attitude  here  ii  almost  identical 
to  my  own  in  many  wayc.  In  particular,  I believe  thut  we 
should  make  every  effort  to  determine  just  how  far  we  can 
push  a lineu  theory  before  we  conclude  that  a nonlinear 
theory  is  essential.  It  may  well'  be  true,  as  Professor  Newman 
said  this  morning  tliat  viscous  separation  phenomena  am 
much  significant  than  tree-surface  effects.  However,  we 
can  hope  to  solve  the  linear  tree-surface  problems,  even 
numerically,  In  the  near  future,  whereas  the  separation 
problem  will  be  intractable  for  a long  time  yet.  Therefore 
it  seems  prudent  to  investigate  the  tree-surface  problem 
absolutely  thoroughly  before  jumping  to  a conclusion  that 
it  is  unimportant.  We  even  have  some  possibility  of  solv- 
ing nonlinear  tree-surface  problems  before  we  make  much 
progress  on  the  separation  problem.  For  these  reasons,  I 
welcome  this  paper  and  its  point  of  view. 

This  paper  could  have  been  a landmark  paper  — if  it 
had  been  written  ten  years  ago.  The  connection  between 
frequency  domain  and  time  domain  is  well-understood  in 
ship  hyd^ynamics,  at  least  fur  the  linear  problems.  In 
1970,  for  example,  Salvesen,  Tuck,  and  Fultinsen  gave  a 
paper  at  the  Annual  Meeting  of  the  Society  of  Naval 
Architects  and  Marine  Engineers  in  which  they  wrote 
“equations  of  motion"  in  a rather  conventional  form  that 
appears  to  be  in  the  time  domain  hut  is  really  in  the 
fluency  domain.  In  a writte;i  discussion,  I objecte<^  to 
this  misleading  representation.  However,  the  authors  put 
me  down  quickly  with  a statement  to  the  effect  that  I was 


flogging  a dead  horse.  They  *^8llvie 

has  raised  an  issue  which  has  bani^^^^|BMiall  on 
many  occuions.  . ."  But  now,  has 

been  a sequence  of  recent  papers  by  ffw  present  authors  in 
which  these  relationships  ore  rediscovered  on  behalf  of 
naval  architects. 

More  than  ten  years  ago,  various  kinds  of  transient 
tests  were  conducted  at  the  David  Taylor  Model  Basin  and 
elsewhere,  in  the  attempt  to  obtain  transfer  functions  from 
efficient  time<lomain  tMt  procedures.  As  for  as  I know, 
these  attempts  were  largely  abandoned  because  they  required 
too  much  in  the  way  of  experimental  precision.  In  partic- 
ular, a bit  of  noise  in  the  system  ruined  the  results. 

I do  not  know  of  any  early  attempts  to  use  this  experi- 
Vental  technique  for  the  lateral  motion  probleir.  However, 
I should  point  out  that  in  1964  I treated  the  case  of  mo- 
tions withrut  restoring  force  terms  and  showed  analytically 
how  one  can  use  eitlwr  frequency  or  time  domain  descrip- 
tions. I think  that  the  authors  should  review  the  ship  mo- 
tions literature  a bit  more  thoroughly  before  making  broad 
generallxations  such  as  they  have  made  here  about  the  lim- 
itstiona  of  p^vious  work. 

Having  said  these  things  in  defense  of  the  honor  of 
ship  hydrodynamicists  of  long  standing,  I do  now  want  to 
add  that  I welcome  the  energetic  approach  that  these 
authors  are  taking  in  solving  ship  maneuvering  problems, 
Specially  with  regard  to  consideration  of  freeaurface 
ejects. 


AUTHOR’S  REPLY 


L.L.  Mniiin 

Mr  Martin  wishes  +o  employ  techniques  that 
are  familiar  in  contro*  theory.  He  will  find 
that  three  of  us  (REDB,  RKB,  WOP)  have  in  fact 
discussed  this  standpoint  in  somewhat  greater 
detail  than  he  has  in  a paper  that  is  in  the 
com'se  of  publication  by  the  RINA. 


November  1991.  In  fact  an  interesting  account 
of  this  subject  entitled  "Thi  Comparison  of 
Theory  »nd  Experiment  for  Oscillating  Wings"  is 
given  by  W.E.A.  Acum  in  chapter  10  of  volume  2 
of  the  AOARD  Manual  on  Aero -Elasticity . Oscil- 
latory testing  of  aircraft  models  appe°.rs  to  have 
been  practised  in  the  U.K.  before  World  War  II; 
presumably  it  required  some  rudimentaiy  "PMM". 


We  are  unable  to  accept  that  hydrodynamics 
is  outside  the  province  of  an  engineer  who  is 
concerned  with  simulation  of  ship  manoeuvrabilil 
Mr  Martin  in  fact  makes  this  point  for  us.  rt 
he  really  accepts  that  hydrodynamic  damping  "is 
meas’ired  by  oblique  tow  or  rotating  arm  teats" 
and  that  this  is  as  it  should  be,  then  by 
implication  he  asserts  that  memory  effects  are 
non-existent.  The  whole  point  of  the  paper  is 
to  show  that  memory  effects  do  exist  and  that 
they  appear  to  be  very  important. 


\ 


Dr  M.  Soliniechen 

The  opening  sentence  of  Dr  Schmieehen's 
remarks  appears  to  dispose  of  what  he  has 
written.  For  contrary  to  what  he  says,  we  have 
shown  that,  far  from  being  "non-linear",  the 
behaviour  we  have  discussed  is  essentially  linear 
even  when  memory  effects  are  included.  Further- 
more, unless  we  have  misunderstood  his  mechanical 
analogue,  it  does  not  represent  the  formulations 
that  we  attempted  to  outline. 


Dr  A.  Goodman 

• 

We  note  Dr  Goodman's  rebuke  but  remain 
mystified.  So  far  as  we  are  aware  - and  Dr 
Goodman  does  not  question  this  point  - the  PMM 
is  a device  tfhat  fas  originally  designed  to 
measure  derivatives.  Derivatives  have  no  mean- 
ing, save  only  in  the  context  of  quasi-steady 
flow  theory.  Within  that  context,  the  PMM  is 
the  only  device  known  to  us  that  will  measure 
acceleration  derivatives.  As  it  appears  almost 
universally  to  be  the  case  that  quasi. steady  flow 
is  assumed,  this  is  a compelling  reason  to  jmploy 
a PMM  and  model  testWs  are  indebted  to  Dr  Good- 
man for  brilliantly  mining  their  reed.  If  Dr 
Goodman  disappr..ves  offthis,  we  are  at  something 
of  a loss  to  know  what  •he  attraction  of  the  PMM 
is. 

We  natu  'ally  accept  thatvDr  Goodman  and-  his  ^ 
colleagues  deserve  credit  for  producing  the  "PMM 
System",  though  we  are  not  absolutely^«^ar  what 
the  distinction  is  between  the  "PMM"  onC  the 
"PMM  System".  It  is,  however,  the  technique  of 
extracting  results  and  not  their  acqui^flion  that 
we  have  been  moved  to  question,  because  the 
assumption  of  quasi-steady  flow  does  not  seem 
tenable  after  all. 

Dr  Goodman's  historical  survey  seems  quite 
irrelevsnt.  Moreover  it  Svems  thoroughly  mis- 
leading. In  case  anyone  should  be  led  to 
imagine  that  the  first  apparatus  for  oscillating 
models  in  wind  tunnels  was  assemtled  and 
commihsioned  by  NACA  in  July  1952  for  the 
measurement  of  derivatives,  we  would  mention  a 
paper  by  R.D.  halfman:  "E^erimental  Aerodynamic 

Derivatives  of  a Sinusoidally  Oscillatirg  Airfoil 
in  Two  Dimen'ionol  Flow",  NACA  Rep  TN  2465, 


Prof  T.F,  Ogilvie 

We  note  with  amusement  the  epigrammatic 
opening  of  Prof.  Ogilvie 's  second  paragraph;  but 
when  he  fails  to  grasp  the  point  of  a technical 
paper  ho  is  surely  unwise  to  be  rude  about  it  by 
way  of  'discussion'.  Since  he  is  evidently 
intent  on  high  temperature  discussion,  however, 
we  are  by  no  means  unhappy  to  fulfil  his  wish. 

The  sad  fact  is  that  Prof.  Ogilvie  seems  to 
have  missed  several  things: 

1.  Fluid  memory  effects  can  be  allowed  for 

with  complete  generality  by  functional 
suialysis.  Rightly  or  wrongly  we  think 
we  are  the  first  to  suggest  it. 

2.  A linear  first  approximation  to  a 

functional  series  is  nothing  more  nor 
less  than  a convolution  integral. 

This  is  a general  result  and  it  requires 
no  decision  from  a hydrodynamicist 
abujt  the  nature  of  the  hydrodynamic 
theory  that  will  adequately  describe 
the  flow.  It  is  quite  independent  of 
whether  the  motion  is  symmetric  or 
* • antisymmetric,  or  even  of  whether  or 

not  there  is  a free  surface;  in  short 
the  comments  on  the  matter  in  Prof. 

Ogilvie 's  first  aitd  last  paragraphs 
are  benide  the  point.  Moreover  the 
convolution  integral  upproach  provides 
a far  better  interpretation  of  the 
results  of  oscillatory  testing  than 
.the  conventional  methods.  Has  any 
of  this  been  the  stock  in  trade  of 
hydrodynami cists?  We  think  not. 

3.  Pre  rious  writers  have  arrived 

oor.volucion  formulation  by  addiSRlg 
a hydrodynamic  theory  (that  may  or 
may  not  be  accurate).  Unfortunately, 
as  Prof.  0gi](fie  says,  their  results 
could  not  be  checked  by  experiisent . 

We  hav^  pointed  out  that  the  PMM  seems 
to  remove  that  difficulty.  If  this, 
too,  is  something  that  has  baou  known 
for  years,  it  is  surprising  that 
there  appears  *o  be  absolutely  no 
literature  on  the  matter.  (Paren- 
thetically, ve  should  hesitate  to 
suggest  to  an  appli^^mathematician 
that  time/frequency  womain  techniques 
were  devised  by  a 20th  centuiy  hydro- 
dynamicist. ) 

U.  On  the  basis  of  experimental  results 
we  have  thus  been  able  to  measure 
memory  effects  and  to  show  that  they 
are  by  no  means  insignificant.  Since 
theoretical  naval  hydrodynamics  is 
hardly  noted  for  its  devastating 
accuracy,  this  demonstration  does  seem 
to  be  of  some  merit.  Yet  so  far  as 
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ve  know  this  too  is  a new  departure. 

5.  If  the  first  approxiiaation  to  the 

functional  series  will  not  suffice, 
the  behaviour  being  essentially  non- 
linear, then  a functional  series  of 
higher  order  can  be  used.  Again  we 
know  of  no  previous  statement,  let 
alone  development,  of  this  point. 

The  second  of  these  points  is  the  crux  of  this 
matter.  In  hie  spirited  defence  of  hydrodynami- 
cibts  (who  were  not,  by  the  way,  under  attack!). 
Prof.  Ogilvie  has  overlooked  that  this  is  not  a 
paper  on  hydrodynamics  in  his  own  very  limited 
sense  of  the  word. 

The  suggestion  that  we  "should  review  the 
ship  motions  literature  a bit  more  thoroughly 
before  making  broad  generalizations  ...  about 
the  limitations  of  previous  work"  seems  a little 
patronizing.  We  do  try.  But  the  suggestion 
seems  to  come  particularly  ill  from  a critic  who 
manifeatly  has  not  read  what  he  is  criticizing 
with  any  real  depth  of  understanding.  We  know 
very  well  of  Prof.  Ogilvie 's  enormous  contribu- 
tions to  naval  hydrodynamics;  this  is  not  one 
of  them  and  it  is  best  forgotten. 
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LARGE  AMPLITUDE  PMM  TESTS  AND 
MANEUVERING  PREDICTIONS  FOR  A MARINER 
CLASS  VESSEL 


L.  W.  Smltt 
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ABSTRACT 

Simulation  of  ship  steering  and 
manoeuvring  behaviour  is  becoming 
increasingly  common,  both  as  a training 
aid,  and  for  research  and  development 
purposes.  The  behaviour  of  a projected 
design  can,  at  present,  best  be  simulated 
by  obtaining  the  coefficients  of  the 
equations  of  motion  from  captive  model 
tests  . 

The  co-operative  manoeuvring  re- 
search programme  initiated  by  the  ITTC, 
which  originally  recommended  the  compari- 
son of  captive  model  measurements  made  by 
different  model  tanks,  has  been  extended 
to  incli'de  the  comparison  of  simulated 
manoeuvres  with  full  scale  trial  results 


for  the  MARINER  Class  Vessel  "USS  Compass 
Island". 

The  new  large  amplitude  Planar 
Motion  Mechanism,  (PMM)  recently  in- 
stalled at  Skibsteknisk  Laboratorium 
(SL)  has  been  used  to  measure  a com- 
plete set  of  hydrodynamic  coefficients 
covering  the  manoeuvres  made  with  IS  kn 
approach  speed.  The  raw  data  are 
expressed  in  coefficient  form  and  used 
to  simulate  full  scale  manoeuvres,  which 
are  compared  with  tl.c  "Compass  Island” 
trials . 

Measurements  made  with  the  PMM  at 
20  kn  are  compared  with  rotating-arm 
results  from  other  establishments. 
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NOMENCLATURE 


The  nomenclature  used  for  steering 
and  manoeuvring  at  SL  is  based  on  the 
SNAME  "'’echnical  and  Research  Bulletin 
No.  1-5,  "Nomenclature  for  Treating  the 
Motion  of  a Submerged  Body  Through  a 
Fluid,"  (1952).  This  nomenclature  is 
identical,  in  every  major  respect,  to 
that  subsequently  adopted  by  ^he  10th 
ITTC  (1963),  and  to  (1)  (1967)  which 
is  the  most  commonly  available  source. 


Symbols 


x,y,z  axes  fixed  in  ship/model 

u,v,w  velocities  referred  to  x,y,z 

accelerations  - - _ _ _ 

X,Y,Z  forces  - - - _ - 

p,q,r  angular  velocities  about  x,y,z 
- accelerations  - - - - 

K,M,N  turning  moment  - - - - 


0 

G 


U 

& 

/3 

m 

Iz 

u 

Uo 

OJ 


Xo, 

V 

g 

Lpp 

P 


Xo 


origin  of  axes,  x,y,z 
CG  of  ship/model 
distance  from  0 to  G 
equal  to  V"(u2-^v2+w2) 
rudder  angle 

drift  angle,  sin/d  = -v/U 
mass  of  ship/model 
mass  moment  of  inertia  about  z 
speed  loss,  equal  to  u-Uq 
appr  ;h  (initial)  speed 
circular  frequency 
axes  fixed  on  earth 
heading  angle 

gravitational  acceleration 
length  between  perpendiculars 
mass  density  of  water 


^ given  physical  quantity  is  non- 
dimensionalized  by  considering  its 
dimensions  in  terms  of  mass,  length  and 
time  as  fundamental  units  and  dividing 
mass  by  (JpLpp3),  length  by  Lpp  and  time 
by  Lpp/U. 

The  prime  notation  is  used  to  indi- 
cate non-dimensionalized  quantities  and 
the  dot  notation  to  indicate  time  deriva- 
tives . 


Abbreviations 

SL  Skibsteknisk  Laboratorium^ 
NSRDC  Naval  Ship  R & D Centre 
AEW  Admiralty  Experiment  Works 
PMM  Planar  Motion  Mechanism 
DRT  Dead  Reckoning  Tracer 
EM  log  Electro-Magnetic  Log 


^ Skibsteknisk  Laboratorium  (Danish 
Ship  Research  Laboratory)  resulted 
from  the  merging  of  the  former 
Hydro-  and  Aerodynamics  Laboratory 
(HyA)  and  the  Danish  Ship  Research 
Institute . 


Fig.  2 Body  and  Earth  Axes 


INTRODUCTION 

The  development  of  new  ship  types 
for  which  very  little  experience  exists  - 
current  examples  are  mammoth  tankers 
with  very  low  L/B  ratios,  and  very  fast 
container  vessels  - has  given  renewed 
impetus  to  the  need  for  a method  of  eva- 
luating steering  and  manoeuvring  quali- 
ties in  the  design  stages.  It  has 
become  apparent  that  steering  and  man- 
oeuvring behaviour  has  considerable 
bearing  on  economic,  safety  and  acologi- 
cal  aspects  of  ship  operation. 

Simulation  of  steering  and  man- 
oeuvring behaviour  with  the  aid  of  a 
mathematical  model  and  digital  or 
analogue  computers  is  now  common 
both  as  a tool  for  research  and  devel- 
opment and  for  the  training  of  masters, 
navigators  and  helmsmen  etc. 

For  such  simulation  exercises  to  be 
meaningful,  the  design  of  the  mathemati- 
cal model  must  be  tailored  to  the  ship 
type  and  conditions,  and  the  (hydrody- 
namic) coefficients  of  the  equations 
must  be  accurately  determined. 

Hydrodynamic  coefficients  can  be 
found  in  many  ways,  but  although  progress 
IS  being  made  with  theoretical  conside- 
rations and  more  recently  with  applica- 
tion of  system-identification  techniques, 
the  most  accurate  and  complete  results 
are  at  present  obtained  from  captive- 
model  tests. 
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The  ITTC  Standard  Captive-Model-Test 
Programme  was  set  up  in  1962  in  an  endea- 
vour to  assess  the  credibility  of  the 
various  captive-model  test  techniques. 

The  first  phase,  which  consisted  of  a 
comparison  of  data  from  tests  with  a 
standardized  model  of  a Mariner  Class 
Vessel,  has  now  been  formally  ended  (2), 
even  though  few  firm  conclusions  coul3 
be  drawn  due  to  variations  of  the  test 
conditions.  There  still  exists  a 
need  for  test  data  that  can  form  a basis 
for  comparative  studies  of  the  diffe- 
rent captive-model  test  techniques,  and 
the  Recommendations  of  the  Manoeuvrabi- 
lity Committe  adopted  by  the  13th  ITTC 
(3)  invite  t!ie  submission  of:  "....  any 
kind  of  information  related  to  duplicate 
tests  with  Planar  Motion  Mechanisms, 
Rotating  Arms  or  Straightline  Towing". 

The  Committee  urge  that  the  second 
phase  of  the  ITTC  Standard  Captive-Model- 
Test  Programme  "....  be  actively  persued 
to  correlate  computer  predictions  with 
free-running  models  and  full-scale  trial 
data" . 


TEST  CONDITIONS 

Model  and  Ship  Particulars 

A 6J  m long  model  of  varnished  wood 
was  used  for  the  tests.  The  model  confor- 
med with  the  specifications  for  the  ITTC 
Standard  Captive-Model-Test  Programme 
(2)  and  therefore  differed  from  the  USS 
"Compass  Island"  in  that  the  model  bilge- 
keels  were  longer,  and  no  sonar-dome  was 
fitted . 

The  stock  propeller  used  for  the 
tests  had  dimensions  very  close  to  those 
of  the  ship  propeller.  The  propeller 
revolutions  during  the  tests  were  accu- 
rate to  within  i l/4i  which  was  necessa- 
ry for  the  consistent  measurement  of  the 
longitudinal  force.  The  t.odel  was 
entirely  free  to  sink  and  trim,  but  re- 
strained to  zero  heel. 

The  loading  condition  corresponded 
to  the  "Compass  Island"  trials  and  is  gi- 
ven in  Table  1. 


Table  1 Condition  Tested 
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Following  the  installation  of  a new 
large  amplitude  horizontal  PMM  at  SL  in 
the  spring  of  1971,  about  30  different 
designs  have  been  tested  and  simulated. 
The  new  PMM  (4)  was  designed  on  the  basis 
of  8 years  experience  with  a medium 
amplitude  PMM  (5,  6),  and  is  capable  of 
generating  the  full  range  of  motions 
encountered  in  ship  manoeuvres.  The  data 
acquisition  system,  and  in  particular 
the  data  analysis,  mathematical  model 
and  simulation  procedures  have  been  con- 
tinuously refined  through  the  years. 

Opportunities  for  comparison  with 
reliable  full-scale  trial  results  have, 
however,  been  scarce. 

The  extensive  and  unusually  well 
documented  full-scale  trials  conducted 
with  the  use  "Compass  Island"  Mariner 
Class  Vessel  (7) , which  form  the  basis 
for  the  ITTC  Standard  Captive-Model-Test 
Programme,  furnish  an  almost  unique  op- 
portunity. 

The  present  paper  describes  the 
results  of  PMM-tes.ts  with  a 6J  m model 
of  the  USS  "Compass  Island"  and  a compa- 
rison of  full-scale  trial  and  simulated 
manoeuvres.  The  first  part  of  the  paper 
describes  the  results  of  tests  made  with 
15  knots  approach  speed,  the  speed  at 
which  most  full-scale  trials  were  made. 
The  general  philosophy  behind  the  design 
of  the  test  programme  is  expounded  and 
the  measured  values  together  with  the 
analytical  expressions  which  represent 
them  in  the  mathematical  model  are  given. 

The  second  part  of  the  paper  con- 
tains the  full-scale  trial  and  simulated 
manoeuvres,  and  a discussion  of  the 
similarities  and  differences. 

The  third  part  of  the  paper  relates 
to  the  ITTC  plea  for  comparative  PMM  and 
Rotating  Arm  data,  as  it  contains  a com- 
parison of  test  data  (for  20  knots) 
measured  with  the  SL  PMM,  and  the  NSRDC 
and  AEW  Rotating  Arm  Facilities. 


Model  Scale  1:25 

Model 

Ship 

Length  overall 

m 

6.748 

171,80 

Length  between  Perps 

. m 

6.437 

160.93 

Beam 

m 

.927 

23.17 

Draft  forward 

m 

.274 

6.86 

Draft  aft 

m 

.323 

8.08 

Displacement 

m5 

1.064 

16622 

Propeller : 
Designation  number 

Right-Handed 

6137 

Number  of  Blades 

4 

4 

Propeller  Diameter 

.270 

6.706 

Pitch  Ratio  at  .7R 

.963 

,964 

Developed  Area  Ratio 

.524 

.565 

Model  Basin  and  PMM 

Particulars 

tank,  carriage  and  PMM  are  listed  in 
Table  2. 

Table  2.  Tank,  Carriage,  PMM  Particulars 


Length  of  Towing  Tank 

240 

m 

Width  of  - - 

12 

m 

Water  Depth 

5,5 

m 

Max.  Carriage  Speed 

14 

m/s 

Max.  Practical  Speed 

8.5 

m/s 

PMM  Bolted  to  Aft  End 

of  Carriage: 

Max.  Sway  Amplitude 

i .75 

» m 

Max.  Yaw  Amplitude 

± 27.5 

0 

Drift  Angle  Range  i 

1800  in  steps  of 

20 

or  during  Static  Runs 
PMM  revolutions 

± 27.50  continuous 

continously  variable 

0.5  - 15 

rpm 

A general  impression  of  the  layout 
of  the  PMM  in  relation  to  model  and  to- 
wing carriage  can  be  obtained  from 
Fig.  1. 
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Fig.  3 The  Mariner  Class  Vessel,  USS  "Compass  Island" 
Trial  Condition 


The  PMM  is  based  on  a flat  welded- 
up  frame  of  hollow  rectangular  sections 
which,  when  bolted  in  position  on  the 
aft  end  of  the  towing  carriage,  forms 
a very  stiff  foundation. 

A subcarriage  runs  on  two  horizon- 
tal rails  which  extend  over  the  full 
width  of  the  frame.  The  lower  rail  is 
of  circular  section  and  supports  the 
weight  of  the  subcarriage  on  two  axial 
recirculating  ball  bearings.  The  upper 
rail  is  rectangular  in  section  and  the 
subcarriage  is  guided  along  it  by  two 
pairs  of  ball-bearing  wheels. 

Sinusoidal  lateral  (swaying) 
motions  of  the  subcarriage  are  generated 
by  an  O'Dell  linkage  and  rotary  (yawing) 
motions  of  the  main  strut  by  a scotch 
yoke  and  tangent  generator.  These  mo- 
tions are  generated  using  two  identical 
but  counter-rotating  worm  and  wheel  gear- 
boxes driven  by  a common  splined  shaft 
powered  by  a variable  speed  d.c.  motor. 
One  gearbox  is  fixed  on  the  frame  of  the 
mechanism  and  the  other  is  incorporated 
in  the  subcarriage. 

The  amplitudes  of  the  lateral  and 
rotary  motions  are  continuously  variable 
by  means  of  lead  screws  in  the  crank  arms 
and  the  settings  are  indicated  by  mecha- 
nical digital  counters  on  the  cranks. 

The  main  vertical  strut  connecting 


model  and  mechanism  is  supported  by 
bushed  bearings  in  the  top  and  bottom  of 
the  subcarriage  and  can  be  rotated  rela- 
tive to  the  subcarriage  by  a radial  arm 
via  a toothed  coupling.  The  lower  end 
of  the  strut  is  bolted  ,to  a strong-back 
of  welded-up  box  section,  the  underside 
of  which  serves  as  a universal  mounting 
surface  to  which  the  models  are  connec- 
ted. In  the  case  of  normal  displacement 
ship  models,  linkages  permitting  sinkage 
and  trim,  but  preventing  heel,  are 
connected  to  each  end  of  the  mounting 
surface  on  the  strong-back  and  Fv  way  of 
gimbals  to  force  gauges  in  each  ^nd  of 
the  model. 

Static  drift  angles  from  0°  to  360o 
can  be  set  with  2o  increments  using  the 
toothed  coupling,  or  with  a fine  adjust- 
ment screw  at  the  main  strut  to  the 
strong-back  connection  which  has  a con- 
tinuous range  of  t 2°  and  a zero  adjust- 
ment facility.  Using  these  settings, 
static  drift  angles  can  be  superimposed 
on  cyclic  yawing  or  swaying  modes.  When 
making  static  measurements,  the  drift 
angle  can  be  varied  continuously  from 
0°  to  5S°  while  the  carriage  is  in 
motion  by  manually  varying  the  ampli- 
tude of  the  yaw  crank. 

A somewhat  more  complete  descrip- 
tion of  the  system  is  given  in  (4). 
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MODEL  DATA,  IS  KN  INITIAL  SPEED 


General  Philosophy 

the  test  programme  has  b^n  de- 
signed to  provide  a necessary  and 
sufficient  description  of  the  hydro- 
dynamic  effects  governing  steering 
and  manoeuvring  qualities,  within  the 
performance  envelope  corresponding  to 
15  knots  initial  speed,  and  constant 
propelle”  revolutions. 

S'  qualities,  which 

charat-1  . rbility  to  sail  on 

strain'  .0L';se  at  constant  speed,  are 
assoc'.a  ?d  with  full  (initial)  speed 
ant'  small  rudder  angles,  drift  angles, 
rates  etc.  Manoeuvring  qualities 
which  characterize  ability  to  change 
course,  turn,  pull-out  etc.,  are 
associated  with  a speed  loss,  large 
rudder  angles,  drift  angles,  yaw  rates 
etc.  Due  regard  has  been  paid  to 
these  two  distinct  but  related  areas 
of  tha  performance  envelope  in  the 
design  of  tne  test  programme,  a full 
description  of  which  is  given  in  Table 
3. 

Account  has  also  been  taken  of  the 
fact  that  the  "Compass  Island"  is  a 
single-screw  ship,  and  that  the  port  and 
starboard  symmetry  is  therefore  imperfect 
due  to  the  uni-directional  rotation  of 
the  propeller. 


In  principle,  the  ranges  of  the 
variables  £ , u,  v,  r,  and  their  time 
derivatives,  should  be  explored  over 
the  full  range  covered  by  the  ship. 

In  practice,  care  has  been  taken  to  cover 
the  important  areas  thoroughly  and  other 
areas  more  sketchily. 

Finally,  care  must  be  taken  that  a 
particular  hydrodynamic  effect  is  only 
included  once  in  the  mathematical  model 
even  though  it  may  occur  in  more  than  one 
test . 

The  subsequent  discussion  of  the 
individual  test  series  serves  to  illu- 
strate the  application  of  these  general 
principles . 

The  hydrodynamic  effects  are,  in 
general,  proportional  to  the  square  of 
the  relevant  water  flow  velocity. 
Deviations  lesult  from  changes  in  wave- 
making, sinkage  and  trim  variations  with 
speed  etc.  but  are  generally  fairly  small. 
The  variations  of  the  dimensionless 
coefficients  when  non-dimens ionalized 
with  speed  squared  are  thus  also  fairly 
small.  The  results  of  tests  at  different 
speeds  can  in  many  cases  be  expressed 
with  analytical  expressions  that  do  not 
contain  the  variable,  u,  but  do  in  fact 
account  for  minor  speeH  effects. 

The  test  data  are  weighted  such 
that  the  coefficients  give  the  best 
possible  fit  in  important  areas  and  a 
more  relaxed  fit  in  less  important 
areas . 


Table  3 Test  Programme 


Name  of  Test 

Speed 

U 

knots 

Ship 

Parameters 
Varied 
Dur  I ng 
Test 

Fig 

Relevant  Coefficients 



Parameters 
Constant 
During  Test 

STATIC  SPEED 

IS 

-35<6<  35 

# 

Yo 

Yfc 

Y&fc 

Ybb6 

/3,r,r,v,u 

arudder  angle 

13.5 

- 

Yqu 

Y6u 

YfeSu 

Ybb6u 

- 

12 

- 

9 

No" 

Nb" 

N&b" 

Nbb6" 

- 

10,5 

- 

5 

Nou 

^6u 

^66u 

Nfcbbu 

- 

9 

- 

X&E 

- 

7 

Xo 

Xy 

Xyy" 

Xyyy 

“ 

STATIC  DRIFT 

15 

-8</3<  8 

6 

Yv 

Xv 

r, r, v,u 

ANGLE 

10.5 

-15^<  15 

7 

Nv 

Nvv 

Nvlvl 

Xvv 

STATIC  DRIFT 

15 

/3  = -8 

-20<&<  35 

u , r- , r , V , u 

t RUDDER  ANGLE 

/3=  8 

-35<b<  20 

8 

Yblvl 

Xvb 

fi  =-20 

-8-^<  8 

9 

Nyvi 

Xgvv 

- 

6 = 20 

-8^<  8 

■■ 

PURE  YAW 

15 

0<r<0,3 

Yr 

Yrrr 

Vr 

Uibi/JiC-iU 

10.5 

0<r<0 , 7 

10 

Nr 

Nrrr 

- 

15 

0<F<0 , 6 

13 

Y;. 

— 

10.5 

0<F<1 , 7 

Nr 

YAW  & DRIFT+ 

10,5 

r = 0.4 

0<VJ<  10 

Y 

Y 

u,S,v,u 

DRIFT  A YAW 

10.5 

r=0,6 

6«5<  lA 

11 

Nvrr 

Nrvv 

- 

10.5 

73=  12 

0.3<r<0,7 

X„r 

PURE  SWAY 

15 

0<v<0 . 3 

12 

Yv 

Nv 

u,6,r,r,u 

PURE  SURGE 

0 

0<u<0.07 

14 

6,/3,r,r,v 
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Presentation  of  Results 

The  mOJreT*test  measurements  are 
shown  in  Figures  4 through  14.  The 
fairing  expressions  subsequently  inserted 
into  the  mathematical  model  used  to 
predict  ship-scale  manoeuvres  are  drawn 
through  the  measured  values.  The  fairing 
expressions  are  indicated  in  the  figures 
and  the  numerical  values  of  the  coeffic- 
ients of  the  fairing  expressions  are 
given  in  Table  5.  For  example,  in  the 
case  of  the  Pure  Yaw  Test,  the  side- 
force  measurements  plotted  in  Fig. 10 
have  been  faired  with  the  expression;  ^ 

Y'=  Yfr'+  Yi-ri-r'^ 
where  the  values  : 

y;=322.7x10"^,  Yfrr'S52.8xlO*^ 

are  found  in  Table  S and  the  fairing 
expression  is  given  in  the  figure  as: 

Y‘:  (f)“  r,  rrr 

All  of  the  measured  data  correspond 
to  hydrodynamic  effects,  i.e.  the  force 
and  moment  components  due  to  model  mass 
and  mass  distribution  have  been  subtrac- 
ted. The  data  furthermore  refer  to  a body 
axis  system  with  origin  at  station  10 
(and  not  at  the  CG)  as  shown  in  Fig. 3. 

All  of  the  results  are  in  non- 
dimensional  form  except  for  the  added 
mass  in  surge  shown  in  Fig.  14,  where, 
since  the  tests  were  made  t zero  speed, 
and  Cl  is  the  same  for  moiol  and  ship,  it 
was  found  reasonable  to  present  the 
results  dimensionally. 

Apart  from  this  one  exception,  all 
of  the  side-force  (Y)  data  are  plotted 
to  the  same  scale,  as  are  also  all 
turning-moment  (N)  and  all  longitudinal 
force  (X)  measurements.  This  permits  a 
ready  evaluation  of  the  relative 
importance  of  the  different  measurements 
especially  when  it  is  borne  in  mind  that 
all  of  the  excitation  and  damping  effects 
(functions  of  u,  6 , v and  r)  have  been 
measured  over  ranges  extending  a little 
beyond  the  performance  envelope  of  the 
ship.  Thus  for  example  measurements  have 
been  made  for  drift  angles  in  the  range 
-140  4/3  4 140  while  the  ship  range  is 
approx.  -120  4/3  4 12°  for  maximum  rudder 
angle . 

In  the  case  of  the  acceleration 
dependent  effects  shown  in  Figs.  12,  13 
and  f4,  the  tests  extended  considerably 
beyond  the  ship  range,  which  is,  however, 
indicated  in  the  figures. 

For  those  who  are  unfamiliar  with 
these  non-dimensional  values  of  hydrody- 
namic force  and  moment,  it  may  be  help- 
ful to  give  the  following  values  for 
model  and  ship  at  speed  equivalent  to 
IS  knots: 

X'y.lO^  ■=  Y'xlO^  “ 1 corresponds  to 
80,6  metric  tons  force  for  ship  and 
5.2  kp  for  model. 

N'xlO^  • 1 corresponds  to 
13.0  tons  kilometre  for  ship  and 
33.5  kp  m for  model. 


The  relation  between  the  scales 
for  Y and  N has  been  chosen  such  that 
the  relative  accuracy  of  the  Y and  N 
data  is  displayed  *ith  the  same  weight. 

Data  measured  at  approach  speed 
(IS  kn.)  are  indicated  with  solid  points 
and  full  lines  thus  — • — , while  da^ 
from  tests  at  reduced  speeds  are,  nr  the 
most  part,  shown  with  open  points  and 
dotted  lines  thus  — o— □— V— . 


Static  Speed  & Rudder  Angle  Test 
^'igures  4 85 

The  effects  of  rudder  angle  at 
full  speed  were  investigated  fairly 
extensively  as  they  are  important  for 
both  steering  and  manoeuvring. 

The  measurements  are  expressed  by 
the  dominant  symmetiic.al  coefficients: 

Y^  'isss  Xis 

together  with  the  less  important  asym- 
metrical coefficients: 

Yo  Yji  Xi 


Fig.  4 


Side 

/"■^iPs 

/ Spec 


Static  Speed  & Rudder  Angle  Test. 
Si^e-Force  and  Turning-Moment 
us  Rudder  Angle  foi  various 
Speeds 


rig.  5 static  Speed  & Rudder  Angle  Test. 

Longitudinal- Force  versus  Rudder 
Angle  for  various  Speeds 


Contrary  to  "hull-forces"  (which 
are  dependent  on  r and/3)  and  which  are 
nearly  proportional  to  hull-speed 
squared  (U‘),  the  "rudder-forces"  are 
very  much  dependent  on  the  velocity  of 
the  propeller  slip-stream  for  this 
single-screw  centre-line  rudder  confi- 
guration. During  a manoeuvre,  hull- 
speed  falls  more  than  slip-stream  speed. 
As  slip  stream  speed,  and  hence  average 
speed  past  the  rudder  is  unknown,  it  is 
practicable  to  non-dimensionalize  rudder- 
forces  (as  well  as  all  others)  with  hull- 
speed,  and  to  account  for  the  "overload" 
affect  with  reducing  speed  with  the  aid 
of  the  speed-loss  dependent  coefficients: 


^ou 

V 

U 

Niu 

N,uu 

N 

It  is  interesting  to  note  that  the 
centre-o£-action  of  the  rudder-forces 
expressed  by  the  symmetrical  coefficients 


'^iSSu 


(obtained  by  dividing  the  N-coeff icients 
by  the  corresponding  Y-coeffici^Hts) , are 
at  -0.516,  -0.520,  -0.515  anj^.512 
respectively  (see  Table  S),^B.  slightly 
aft  of  the  rudder  stock  (wh^B  is  at 
-0.508  for  origin  of  axis  system  at 
station  10) . For  other  designs  tested 
at  deeper  drafts  the  corresponding  cen- 
tres-of-action  are  usually  slightly 
forward  of  the  rudder,  indicating  that 
the  hull  above  and  forward  of 
the  rudder  carries  part  of  the  force  due 
to  rudder  angle.  However,  possibly  due 
to  the^light  draft  aft  (see  Fig.  3), 
little  or  no  force  acts  on  the  hull  in 
the  pitesent  case. 

The  jfon-dimensional  speed  loss  parameter 
u - (b  - Uj^)/U 

is  seen  to  be  zero  at  initial  speed  and 
the  speed-loss  dependent  coefficients 
thus  express  the  disparity  between  ship- 
speed  and  the  speed  of  the  flow  past  the 
rudder . 

The  coefficients  Yq  and  Np  express 
the  asymmetrical  side-force  aft  due  to 
the  single  propeller,  and  the  values  of 
the  coefficients  Yqu  and  Nq^  the  fact 

that  this  force  is  dimensionally  rather 
independent  of  speed. 

Static  Drift  Angle  Test 
figures  6 & 7 

Measurements  were  made  for  small  and 
moderate  drift  angles  at  initial  spe«4sr 
primarily  to  cover  the  steering  area,  aiY*^ 
for  larger  drift  angles  at  reduced  speed, 
in  the%«anoeuvring  range.  Both  sets  of 
side-force  and  turning  moment  data  were 
then  faired  with  the  coefficients: 


^o  Y 

No  N 
where 


Y 

Y 

Y 

ou 

V 

vv 

VI  VI 

N 

N 

N 

ou 

V 

vv 

VI  VI 

the  coefficients 


No  and  No„ 


were  taken  from  the  Speed  & Rudder  Tests. 
It  was  possible  to  fair  the  data  for  both 
speeds  without  tha  use  of  speed  depen- 
dent coefficients  as  the  "hull-forces" 
due  to  drift  angle  are  largely  propor- 
tional to  speed  squared.  The  coeffi- 
cients Yv  and  Ny  are  primarily  based  on 
the  data  for  initial  speed,  whereas 
Yv (VI  and  Nvivi besides  expressing  the 
non-linearities  with  drift  angle  also 
account  for  any  small  speed  effects 
since  the  measurements  for  large  drift 
angles  were  made  at  reduced  speed. 

The  asymmetrical  terms  Yyv  and  Nyy 
reflect  the  influence  of  the  single- 


propeller,  which  is  unu^^ll/  pronoun- 
ced, presumably  due  to  ffie  relatively 
large  dlamete|Knd  protimity  to  the 
free  surface. 

This  ig| supported  by  the  fact  that 
Nvy/Yw  “ -0.631  (close  to  -O.SLpp), 
which  indicates  that  the  effects  causing 
the  asymmetry  are  concentrated  in  the 
area  of  the  propeller. 

In  order  to  obtain  the  best  possible 
asses%jient  of  steering  (course  stability) 
ability,  the  coefficients  Ifey  and  Ny  were 
also  found  by  hand-fairing  the  results 
for  small  drift  angles  at  full-speed. 
These  values  are  given  in  brackets  in 
Table  5 and  are  seen  to  compare  extremely 
ilell  w:^h  the  linear  coefficients  from 
the  ovAall  fairing. 

The  asymmetrical  variation  of  the 
longitudinal  force  with  drift  angle  shown 
in  Fig.  7 is  largely  influenced  by  the 
variation  of  propeller  thrust,  which  is 
in  turn  dependent  on  the  inflow  velocity 
to  the  propeller.  The  inflow  velocity 
varies  with  drift  angle  since  the  low- 
velocity  frictional  wake-belt  i^^ 
progressively  deflected.  Measu^hents 
of  wake-fraction  vari4tion  with  drift 
angle  for  the  same  eMbl  at  20  kn  have 
been  taken  from  (^  iW  Included  in  Fig. 
7.  The  affinity  is  striking.  Thyfaired 
lines  correspond  to  X y ■X'yy  "0  , is 

a better  representation  than  that  used 
for  simulation  and  given  in  Table  S.  The 
difference  is  small. 


Fig.  6 


Static  Drift  Angle  Test. 
Side-Force  and  Turning- Moment 
^rsus  Drift  Angle  for  two  Speeds 
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Fig.  7 Static  Drift  Angle^'est. 

Longitudinal-Force  versus 
Drift  Angle  for  two  Speeds. 


Static  Drift  & Rudder  Angle  Test 
Figs.  8 & 9 

These  tests  were  made  to  investigate 
cross-coupling  between  the  drift  angle 
and  rudder  angle  effects  already  charac- 
terized by  the  tesis  described  in  the 
above.  The  cross-coupling  phenomena  can 
be  physically  interpreted  by  recourse  to 
the  notion  that  drift  angles  primarily 
give  rise  to  forces  on  the  hull  and  that 
rudder  angles  primarily  give  rise  to 
forces  on  the  rudder.  Cross-coupling 
terms  then  express  deviations  from  these 
main  effects. 

The  coefficients  of  the  variable 
Sivi  thus  expresses  the  "rudder-force" 
component  due  to  drift  angle.  It  can 
be  viewed  as  the  change  of  rudder  lift- 
curve  slope  with  drift  angle  resulting 
from  the  deflection  from  the  centre-line 
of  the  low-velocity  frictional  wake-belt, 
with  resultant  Increase  of  Inflow 
velocity  to  the  rudder.  Hence  the 
character  of  the  variable  d^lvi  which  has 
the  same  sign  for  both  positive  and 
negative  drift  angles.  Note  also  that 
the  centre-of-action,  given  by  N^|y/Y^^, 
is  close  to  the  rudder.  The  effect  is 
small. 

The  variable  divl  is  preferable  to 
the  analogous  but  more  powerful  6vv 
since  the  underlying  phenomenon  is 
more  akin  to  a step  function  than  a 
quadratic  effect  as  once  the  wake  is 
washed  away  the  inflow  remains  more 
or  less  constant  (at  the  new  higher 
Velocity)  for  further  increase  of  drift 
angle. 

,As  can  be  seen  from  Table  5,  the 
mathematical  model  does  not  include  terms 
of  the  form  visi  (or  vS6  ) which  would 
account  for  change  of  drift  angle  lift- 
curve-slope  with  rudder  angle. 
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Experience  has  shown  that  the  values 
assigned  to  such  terms  by  three-dimen- 
sional fairings  of  measured  data  are 
negligible,  which  is  perhaps  not 
surprising  since  no  physical  grounds 
for  their  existence  are  apparent. 


Fig.  8 Static  Drift  8 Rudder  Angle  Test. 
Side-Force  and  Turning-Moment 
versus  Rudder  Angle  for  various 
Drift  Angles 


Fig.  9 Static  Drift  & Rudder  Angle  Test. 

Longitudinal-Force  versus  Rudder 
Angle  for  various  Drift  Angles 


Cyclic  Tests 

All  of  the  tests  described  so  far 
have  been  so-called  static  tests,  i.e. 
tests  in  which  the  motion  parameters  are 
time  Independent  and  where  the  model  is 
moved  along  a straight-line  path.  Such 
tests  are  conveniently  made  with  the 
SL-PMM,  but  its  main  function  is  the  ge- 
neration of  cyclic  yawing  motions,  where 
the  yawing  rate  can  be  varied  from  zero 
to  that  corresponding  to  maximum  turning 
rate  for  the  full-scale  ship. 

Pure  yawing  motion  is  obtained 
(by  definition)  by  moving  the  model  along 
a sinuouE  path  such  that  its  centre-line 
(x-axis)  is  always  tangential  to  the  path 
at  the  origin  of  the  axis  system  in  the 
model.  This  is  exactly  accomplished  by 
the  SL-PMM,  no  approximations  being  in- 
volved, even  the  very  small  cyclic  varia- 
tion of  model  speed  given  by: 

U . , ■ (U  )/cosv 

model  ^ carnage'" 

being  accounted  for  with  good  accuracy  ^ 
in  the  data  analysis. 

The  general  principles  used  for  the 
resolution  of  the  forces  in-phase  with 
the  cyclic  yaw  rate  and  in-phase  with 
the  associated  cyclic  yaw  acceleration, 
as  well  as  the  principles  underlying  the 
assessment  of  non-linear  and  cross-coup- 
ling effects,  have  been  described  in  de- 
tail in  (6).  The  not  inconsiderable  re- 
finements'in  the  logicality  of  the  detai- 
led reasoning  and  numerical  methods,  that 
have  been  made  in  connection  with  the 
introduction  of  the  newer  large  amplitude 
PMM  will  be  published  shortly. 

The  SL  analysis  of  PMM  test  data  is 
founded  on  the  assumption  that  the  hydro- 
dynamic  effects  measured  in  cyclic  tests 
are,  for  all  practical  purposes,  indepen- 
dent of  the  frequency  of  the  motions. 

The  frequency  effects  associated  with: 

a)  tank  resonance  (6) 

a function  of  tank  dimensions 
Ip  and  tost  frequency 
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b)  translatory  free-surface  waves 
generated  by  a pulsating  source 
(9),  a function  of  model  speed, 
test  frequency  and  gravity, toU/g 

c)  unsteady  lift  or  memory-effects, 
a function  of  normalized  test 
frequency , <0  Lpp/U 

are  found  to  be  negligibly  small  (for 
normal  ships)  when 

a)  test  frequency  is  appreciably 
less  than  14  cpm 

b) a)U/g  is  appreciably  less  than 

1/4  (10) 

c) o>Lpp/U  is  less  than  about  3 


Yawing  Tests  Figs.  10,  11  & 13 

Pure  Vaw  measurements  with  small  r's 
were  made  at  IS  knots  to  cover  the  stee- 
ring area,  and  with  larger  r's  at  reduced 
speed  in  the  manoeuvring  range.  The 
linear  coefficients,  Yj.  and  (5j.,  are  ba- 
sed on  t|M  full-speed  measurements,  and 
the  cubic  coefficients,  Yffr  and 
represent  both  the  non-linear  effects 
and  the  small  Speed-effects. 

Th?  results  of  the  Yaw  & Drift  + 
Drift  & Yaw  tests  (analogous  to  the 
j»tatrc  Drift  & Rudder  Angle'  Tests)  can 
be  interpreted  as  due  to  the  integrated 
effects  of  local  cross-flow  drag. 

The  coefficients  Y^yv  and  Nyvv  can  be 
viewed  as  expressing  the  influence  of 
drift  angle  on  the  results  of  the  Pure 
Yaw  measurements,  and  the  coefficients 
Yyrr  and  Nyrr  as  expressing  the  in- 
fluence of  yaw  rate  on  the  results  of 
the  Static  Drift  Angle  tests. 

The  values  of  the  normalized  fre- 
quency parameters  for  the  yawing  tests 
are  given  in  Table  4. 


Table  4 Parameters  for  Cyclic  Yaw  Tests 


Speed 

Speed 

^PMM 

-8^ 

wU  r'  t' 

ship 

model 

g max  max 

knots 

m/sec 

Cpm 

15 

1.54 

4 

1.75 

.07  .33  .58 

10.5 

1.08 

4 

2.50 

.05  .68  1.69 

The  acceleration-dependent  Y and  N compo- 
nents measured  in  the  Pure  Yaw  and  the 
Yaw  & Drift  + Drift  & Yaw  tests  are  plot- 
ted in  Fig.  13. 

The  longitudinal  force  components 
in-phase  with  the  product  of  yaw  rate 
and  drift  angle  (which  has  the  units  of 
acceleration)  are  plotted  in  Fig.  13. 

The  zero  offset  is  due  to  the  asymme- 
trical wake  variation  with  drift  angle 
mentioned  in  connection  with  the  Static 
Drift  Angle  tests.  ^ 
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Fig.  10  Yawing  Tasts. 

Side- Force  and  Turning  Moment 
versus  Yaw  Rate  for 
various  Drift  Angles 
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Fig.  11  Yawing  Tests. 

9 Longitudinal-Force  versus 

product  of  Yaw  Rate 
and  Drift  Angle 


Pure  Sway  Test  Fig.  12 

"fhe  results  of  the  Pure  Sway  test 
furnish  the  Y and  N dependence  on  la- 
teral acceleration  (lateral  added  mass). 
Experience  has  shown  that  the  damping 
components  (in-phase  with  v)  are  more 
sensitive  to  frequency  than  are  the 
damping  components  (in-phase  with  r) 
in  yawing  tests. 

SL-practice  is  therefore  to  use 
the  sway  damping  results  given  by  the 
static  tests  and  only  use  the  cyclic 
Pure  Sway  test  for  the  determination 
of  the  coef f i.jier.ts  Yy  and  Ny  . 

The  measurements  shown  in  Fig.  12 
were  made  with  two  sway  amplitudes  and 
various  fre^encies  as  follows: 


Ship  Speed,  knots 
Model  Speed,  m/sec. 
PMM  Frequency,  cpm 
cuLpp/U 
wU/g 

/3max,  degrees 


IS 

1.54 

2.5  to  10 
1.09  to  4.36 
0.04  to  0.16 
2,  • 4,  ■ 


The  measured  values  for<oLDp/U>2 
have  been  disregarded 

as  normal  SL-practice  is  to  make  measure- 
ments at  low  frequency  only.  The  measure- 
ments at  higher  frequencies  in  this  case 
have  been  included  for  the  sake  of  "new- 
comers" to  the  field,  who  are  particular- 
ly interested  in  frequency-effects. 
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Fig.  13  Pure  Yaw  Test. 

Side-Force  and  Turning-Moment 
versus  Yaw  Acceleration 


Pure  Surge  Test  fig- 

The  results  of  the  Pure  Surge 
test  made  at  zero  speed  are  included 
more  for  the  sake  of  their  curiosity 
value  than  for  their  importance.  The 
hydrodynamic  dependence  on  6 (added 
mass  in  surge)  is  very  small  compared 
with  the  ships  mass  (see  Table  5)  but 
the  resv'ts  are  interesting  in  that 
they  illustrate  the  accuracy  of  the 
measuring  system  when  free  of  carriage 
noise . 

Sir  Horace  Lamb's  coefficients  of 
accession  to  inertia  for  an  equivalent 
ellipsoid  suggest  an  added  mass  of  35 
of  the  displacement.  Making  allowance 
for  the  contribution  of  the  propeller 
(which  was  not  rotating)  and  for  the 
influence  of  the  boundary  layer,  the 
measured  value  of  4. 5 5 ‘4  seems  very 
reasonable. 


Fig.  12  Pure  Sway  Test. 

Side-Force  and  Turning-Moment 
versus  Lateral  Acceleration 


Fig.  14  Pure  Surge  Test. 

Dimensional  Longitudinal-Force 
versus  Dimensional  Surge 
Acceleration 
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Table  S Coefficients  of  the  Mathematical  Model  used  for  Simulation 


FULL-SCALE  MANOEUVRES 
PREDICTIONS  & TRIALS 

Az  discussed  in  the  above,  the  model 
ter  programme  was  specifically  designed 
to  provide  the  coefficients  of  a mathema- 
tical model  for  simulation  of  the  full- 
scale  manoeuvres  made  with  the  USS 
"Compass  Island"  at  IS  knots  (7). 

This  section  contains  a very  brief 
description  of  the  structure  of  the 
mathematical  model,  a discussion  of  some 
aspects  of  the  full-scale  trial  results, 
followed  by  a comparison  of  the  full- 
scale  trial  and  predicted  manoeuvres. 

Mathematical  Model 

The  mathematical  model  is  basic- 
ally as  described  in  (6,11)  and  consists 
of  a de-coupled  longitudinal-force 
equation  together  with  interdependent 
side- force  and  turning-moment  equations: 


X: 

(m  - X^)0  - 

fj(u,v,r,6) 

(1) 

Y: 

(m-Y^)iJ--(mX(.-Yj,)i-  - 

f2(y>v,r,6) 

(2) 

N: 

(mX(.-N^)i>+  (I  ^-N^)  f- 

f3(u,v,r,6) 

(3) 

The  functions  fj,  f^  and  f3  are  defined 
by  the  coefficients  given  in  Table  5. 

As  will  be  apparent  from  the  discussion 
of  tho  model  test  data,  the  number  and 
character  of  the  coefficients  is  tailored 
to  the  particular  ship  type,  loading 
condition,  speed  range  etc.  The  general 
computer  programme  in  use  at  bL  therefore 
contains  all  of  the  combinations  and 
permutations  that  have  so  far  been  found 
necessary,  giving  a total  of  about  70 
coefficients,  (50  are  used  for  the 
presont  case) . Those  not  used  in  a 
particular  case  are  set  to  zero. 
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Continuous  time-base  solutions  for 
Cl,  ^ and  t are  calculated  for  predeter- 
mined rudder  angle  strategies,  and 
integrated  to  give  u,v,  and  r, 
which  are  in  turn  integrated  to  give 
Xo . Yo  and  V- 

As  a digital  computer  is  used  to 
solve  vhe  equations,  there  is  essentially 
no  limit  to  the  number  of  coefficients 
that  can  he  included  in  the  mathematical 
model.  The  computation  time  increases 
somewhat  with  number  of  coefficients,  hut 
this  is  not  an  important  factor.  If  the 
equations  were  to  be  solved  on  an 
analogue  computer,  when  th-j  size  of 
computer  is  roughly  proportional  to  the 
number  of  coefficients,  it  would  be 
feasible  to  reduce  the  number  of  coeffi- 
cients considerably  without  serious  loss 
of  accuracy  by  eliminating  and/or  combi- 
ning some  of  the  analytical  expressions. 


Full-Scale  Speed  Measurements 

A number  of  points  seem  to  indicate 
that  in  the  case  of  the  full-scale  trials 
the  approach  speed  (the  speed  at  the 
start  of  a mau.' :,uvre)  did  not  correspond 
to  the  equilibrium  speed  for  the  power 
output  in  question. 

No  acceleration  trials  were  made 
with  propeller  revolutions  corresponding 
to  15  knots  nominal  speed,  but  the 
measurements  for  revolutions  correspond- 
ing to  10  knots  nominal  speed  show  the 
ship  to  be  accelerating  with  O.OO/Sm/sec^ 
at  9 knots.  This  acceleration 
corresponds  to  an  excess  of  thrust  over 
resistance  of  at  least  12J  tons,  i.e.  a 
thrust  of  more  than  twice  the  resistance, 
indicating  an  equilibrium  speed  of  over 
11  knots  instead  of  10. 

Fig.  18,  showing  final  speed  in 
turns  for  15  knots  nominal  inxtial  speed, 
indicates  that  at  zero  rudder  angle  the 
full-scale  speed  should  have  been  closer 
to  161  knots  than  IS.  This  estimate  is 
based  on  the  inertial  navigation  system, 
which  Morse  & Price  judged  to  be  more 
accurate  than  the  electro-magnet ic  log. 

When  combined  with  the  unexpectedly 
large  full-scale  resistance,  attributed 
by  Morse  & Price  to  fouling  (the  ship 
was  10  months  cut  of  dock)  and  the  sonar 
dome,  these  points  largely  explain  the 
rather  high  fina;*  speeds  observed  in  the 
full-scale  trials. 

The  model  tests  were  maue  with 
constant  propeller  revolutions  corres- 
ponding to  the  ship  propulsion  at  IS 
knots  for  a clean  Mariner  hull  without 
sonar  dome. 

The  use  of  constant  revolutions, 
rather  than  constant  power  (as  was  the 
case  for  the  ship)  is  believed,  with 
hind  sigiit,  to  have  on  average  com- 
pensated for  : ■ 

a)  the  trial  approach  speeds  being 
lower  than  tho  equilibrium 
speeds  for  the  given  revolutions. 


b)  The  ship  resistance  being  greater 
than  expected 

and  to  account  for  the  good  agreement  be- 
tween trial  and  predicted  final-speeds. 

Full-Scale  Path  Measureinents 

Hie  full-scale  recordings  of  ship 
path,  from  which  the  parameters; 

Advance  after  90°  change  of  heading 
Transfer  after  90°  change  of  heading 
Tactical  diameter 
Final  turning  radius 

have  also  been  derived,  were  obtained  on 
board  with  the  aid  of  a Dead  Reckoning 
Tracer  (DRT) . 

The  inputs  to  the  DRT  were  forward 
speed,  u,  from  an  electro-magnetic  log 
and  course, Vpf,  from  the  gyro-compass. 

The  path  was  then  calculated  "by  means  of 


sui table 

integrators  and  resolvers" 

CZ). 

presumably  as  follows: 

T 

^0  DRT 

”^0 

(1) 

o 

1 

1 u sinydt 

(2) 

The  true  path,  however,  is  found  by 
including  the  side-slipping  effect  of 
drift  angle,  when: 


*0  TRUE  “ 


Jo 


(u  cosy-v  siny)dt 


(3) 


>0  TRUE 


u siny+v  cosyldt 


(4) 


In  order  to  be  able  to  compare  the 
full-scale  trials  and  the  predictions  on 
a fair  basis,  special  predictions  of 
"DRT  Path"  have  been  made  in  addition  to 
predictions  of  "TRUE  Path". 

Where  the  difference  between  the  two 
was  significant,  both  have  been  included 
in  the  figures  comparing  trials  and  pre- 
dictions . 


Simulations 

Simulations  have  been  made  of  each 
of  the  full-scale  manoeuvres  made  with  15 
knots  nominal  initial  speed.  The  various 
manoeuvres  are  listed  in  Table  6,  toge- 
ther with  a list  of  the  variables  plot- 
ted in  the  figuies  that  follow. 

No  attempts  have  boen  made  to 
correct  the  model  data  for  scale  effects, 
but  the  tests  were  made  with  constant 
propeller  revolutions  corresponding  to 
the  self-propulsioa  point  for  ship  at 
IS  knots,  i.e.  with  ship  revolutions 
scaled  directly  to  model  scale  using  a 
factor  v'seale  without  making  an/  allow- 
ance for  the  difference  between  model 
and  ship  wakes . 
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All  of  the  coefficients  in  the 
mathematical  model  representing  the  ship 
have  thus  been  taken  directly  from  the 
model  test  results  without  any  modifi- 
cations or  empirical  changes.  The  good 
correlation  between  the  simulations 
and  full-scale  trials  seems  to  indicate 
that  no  pronounced  scale  effects  are 
present  in  this  case. 

This  should  not,  however,  be  gene- 
ralized as  applicable  to  all  shin  types. 
It  should  be  borne  in  mind  tha,t.  the 
"Compass  Island"  is  very  different 
from,  for  example,  large  unstable  tan- 
kers, which  can  experience  drift  angles 
and  non-dimensional  turning  rates  that 
are  twice  as  big  and  where  scale  effect 
could  be  more  important. 

Nevertheless  indications  are,  that 
predictions  of  zig-zag  tests  and  spiral 
tests  for  tankers  show  quite  satisfactory 
agreement  with  full-scale  trials.  More 
full-scale  data  on  large  full-bodied 
ships  are  required  before  possible  scale 
effects  on  cross-flow  drag  can  be  as- 
sessed. 


Turning  Circles 

Not  unnaturally,  there  is  a con- 
siderable difference  between  predicted 
DRT-  and  TRUE  Paths,  particularly  for 
the  turning  circle  turn- entry  transients, 
as  can  be  seen  in  Figs.  15  & 17.  The 
predicted  DRT  Paths  agree  much  better 
with  the  full-scaie  trial  results  than 
the  predictions  of  TRUE  Path  do. 

The  full-scale  trial  results  and 
the  predictions  both  show  a greater 
degree  of  port  and  starboard  asymmetry 
than  is  usual,  most  probably  due  to  the 
large  propeller  operating  near  the 
water  surface,  as  mentioned  in  the 
comments  on  the  model  test  data. 

The  predicted  speed  time  histories 
in  Fig.  16  are  seen  to  agree  quite  well 
with  the  full-scale  trials,  when  regard 
is  paid  to  the  truncated  speed  axis, 
although  the  agreement  should  perhaps  be 
treated  with  reservation  as  discussed 
above . 

The  agreement  between  the  predicted 
and  full-scale  trial  results  in  Fig.  1/ 

& 18  is  otherwise  very  satisfactory. 


Table  6 Full-Scale  Trial  & Predicted  Manoeuvres 


Type  of  Manoeuvre 

Rudder 

Angle 

deg. 

Appro."  ch 
speed 
kn. 

Dependent 

Variable 

Indepen- 

dent 

Variable 

Fig. 

No. 

Turning  Circles 

Time  Histories: 

19.1 

15.4 

8.3 

16.0 

5.0 

15.4 

Typical  Path 

15 

-10 .4 

15.4 

Turning  Rate 

Time 

16 

-11.2 

15.6 

Forward  Speed 

16 

-19  8 

15.6 

-20 .9 

15.4 

Parameters : 

-30^ 

Advance  after  90° 

17 

to 

Transfer  after  90° 

17 

+ 30 

Tactical  Diameter 

17 

in 

15. 52 

Final  Turning  Radius 

b 

IS 

steps 

" Drift  Angle 

18 

Ol' 

" Turning  Rate 

18 

5 

" Speed 

18 

20-20  Zig-Zag 

Path 

19 

Heading  & Rudder  Angle 

19 

15.0 

Drift  Angle 

Time 

19 

Turning  Rate 

19 

Speed 

19 

Spiral  Manoeuvre 

15.0 

Turning  Rate 

& 

20 

1_ 

^ Turning  Circle  Parameters  have  only  been  calculated  for  -30^6^30  as  no 
full-scale  trials  were  made  for  rudder  hard  over. 

‘‘  15.5  knots  is  a good  average  of  the  full-scale  approach  speeds. 
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Fig.  15  Turning  Circle  Path. 

Full-Scale  Trial  and  Predictions 
for  19.1  deg.  Port  Rudder  Angle 
and  15.4  knots  Initial  Speed 


20-20  Zig-Zag  Manoeuvre 

In  order  to  obtain  the  best  possible 
basis  for  comparison,  the  predicted  Zig- 
Zag  was  made  by  starting  the  rudder 
shifts  at  exactly  the  same  heading  angles 
as  in  the  full-scale  trials.  The  rudder 
angles  were  then  changed  with  the  same 
rudder  rate  to  the  same  steady  rudder 
angles.  The  heading  angles,  rudder  rates 
and  steady  rudder  angles  were  therefore 
different  for  each  segment  of  the 
manoeuvre . 

The  trial  and  predicted  results  are 
shown  in  Fig.  19  and  the  general  agree- 
ment leaves  little  to  be  desired,  with 
the  possible  exception  of  the  diffe- 
rence in  period. 

Other  small  differences  can  be 
largely  explained  by  minor  deficiencies 
in  the  full-scale  trial  instrumentation: 

a)  Difficulties  were  experienced 
with  the  inertial  avigator 
used  for  deriving  drift  angles, 
particularly  in  transient 
manoeuvres . 

b)  Although  the  trial  and  predicted 
average  speeds  after  the  first  2 
minutes  agree  within  21,  the 
track  lengths  from  the  second  tc 
eighth  minutes  differ  by  61. 

As  the  tracks  are  almost  iden- 
tical for  trial  and  prediction, 
this  difference  must  either  be 
due  to  inconsistencies  between 
the  speed  used  for  the  DRT  and 
the  average  EM  log  speed  time 
history,  or  due  to  a minor 
error  in  the  DRT  itself. 


r 


Fig.  16  Turning  Circle  Time  Histories. 

Turning  Rate  and  Speed  versus 
Elapsed  Time  for  various 
Rudder  Angles  and  Initial  Speeds 


r • hJi  ■ ‘-U 


..... 


10  zo  dote  30 


17  Turning  Circle  Parameters. 
Advance  and  Transfer  after 
90  deg.  Change  of  Heading, 
and  Tactical  Diameter. 

Trial  Points  & Predicted  Lines 


146 


O I 1 I L I I I 

• 10  20  6oto  so 

Fig.  18  fuming  Circle  Parametsrs. 
Final  Turning  Radius, 

Drift  Ancle,  Turning  Rate 
and 

Tri^Poi#H  a Predicted  Lines 


I 


DRT  predicted  and  trial  paths. 
The  trial  is  shown  with  a 
dotted  line,  the  predictions 
with  a full  line.  Trial  and 
predicted  positions  are  in- 
dicated for  each  minute  of 
elapsed  time. 


/ilHlFIBilHfllH 

IKIHlHr 


The  prediction  has  been  made 
with  rudder  rates,  rudder 
angles  and  shift  angles 
corresponding  to  the  trial 
values . 


iVBSilB 


The  trial  drift  angle  is 
from  the  inertial  naviga- 
tion system,  with  possibi- 
lity of  cyclic  error. 


The  trial  turning  rate  is 
from  gyrocompass  synchro, 
and  probably  accurate. 


»■■■■■■■■ 


The  trial  speed  is  from 
EM- log,  which  is  thought 
to  be  accurate  for  the 
moderate  speed-loss  and 
drift  angles  that  occur 
here.  Note  the  truncated 
speed  axes. 


Fig.  19  20-20  Zig-Zag  Manoeuvre. 

Path,  Rudder  A.igle,  Heading,  Drift  Angle,  Turning  Rate 
& Speed  versus  Elapsed  Time.  Trial  Points  & Predicted  Lines 
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Spiral  Manoeuvre 

The  full-scale  trial  and  predicted 
Dieudonn^  Spiral  Test  results  are  shown 
in  Fig.  20,  which  also  includes  the  final 
turning  rates  from  the  turning  circle 
trials . 

Morse  & Price  interpreted  the  re- 
sults of  the  trials  as  Indicating  a small 
but  definite  instability  loop.  It  was 
later  shown,  however,  (9)  that  the  re- 
sults of  a spiral  test  can  exhibit  a so- 
called  "sloped-loop"  character  unless 
ultra-extreme  care  is  taken  in  waiting 
for  the  speed  to  settle  down  (or  up) 
when  making  the  measurements. 

The  trial  results  for  5 knots 
initial  speed  clearly  show  this  sloped- 
loop  character,  which  neither  confirms 
nor  precludes  the  existence  of  instabi- 
lity. 

The  trial  results  at  IS  knots 
initial  speed  are  more  difficult  to 
interpret,  due  to  the  limited  number  of 
measurements  at  small  rudder  angles,  but 
it  is  suggested  that  they  indicate  the 
vessel  to  be  marginally  stable  as  is  also 
indicated  by  the  value  of  the  predicted 
slope  of  the  r-6  curve: 

(|f)r*o  ° ■“•567  deg/sec/deg. 


Fig.  20  Spiral  Manoeuvre. 

Final  Turning  Rate  versu- 
Rudder  Angle. 

Trial  Points  & Predicted  Lines 


COMPARISON  OF  CAPTIVE-MODEL 
TEST  TECHNIQUES 


Background 

The  ability  to  predict  full-scale 
manoeuvres  with  good  accuracy  on  the 
basis  of  large-amplitude,  low-frequency 
PMM  tests  has  been  demonstrated  in  the 
foregoing  section.  However,  as  also  re- 
flected in  the  recommendations  of  the 
1972  ITTC,  there  is  still  a need  for  the 
comparison  of  different  captive-model 
test  techniques. 

The  foregoing  PMM-tests  made  at  15 
knots  approach  speed  for  comparison 
with  full-scale  trials  at  IS  knots,  were 
therefore  supplemented  with  PMM-tests  at 
20  knots  for  comparison  with  the  pub- 
lished results  of  Rotating  Arm  tests  at 
20  knots  made  at  NSRDC  and  AEW  (12,13). 
These  two  sets  of  rotating-arm  data”were 
chosen  for  comparison  as  they  were  made 
with  comparably  large  models  and  under 
very  similar  conditions  as  shown  in 
Table  7. 

All  three  sets  of  data  were  made  with  the 
ship  loading  condition  defined  in  Table  1 
and  all  three  sets  of  results  represent 
hydrodynamic  effects  only,  i.e.  mass 
effects,  instrument  tares  etc.  have  been 
subtracted  or  corrected  for. 

Constraint  in  heel  is  one  of  the  few 
points  of  difference  between  the  three 
test  conditions,  and  this  can  almost 
certainly  be  discounted  as  a source  of 
differences,  as  the  maximum  heel  angles 
due  to  drift  angle  and  yaw  rate  were 
6}  deg  and  1 deg  respectively  for  model 
(12),  (maximum  final  roll  angle  for  ship 
was  3 deg  ( 7) ) . 

Pure  Yaw  Results 

The  pure  yaw  results,  i.e.  for  zero 
drift  angle,  are  shown  in  Fig.  21.  The 
PMM  results  are  shown  as  measured  points 
and  faired  lines,  the  analytical  expres- 
sions for  which  are  included  in  the  fi- 
gure. 

The  PMM  results  are,  due  to  the 
nature  of  the  integrating  system  used, 
averages  of  the  results  for  port  and 
starboard  turning  rates. 

The  NSRDC  results  are  shown  by  the 
broken  line  which  represents  the  hand- 
faired  line  drawn  by  the  authors  of 
(12)  through  their  16  measured  values. 

Tfie  NSRDC  tests  were  only  made  for 
starboard  turns  and  the  small  zero-r' 
intercepts  have  been  subtracted. 

The  AEW  results  are  shown  by  the 
square  points  which  are  averages  of 
the  results  for  port  and  starboard 
turns . 

The  PMM  tests  were  made  at  S and  7 
cycles/min  of  the  PMM,  corresponding  to 
the  normalized  frequencies  s'uown  in 
Table  7.  As  can  be  seen  from  Fig.  21, 
if  the  measurements  are  frequency  de- 
penaent,  the  effect  is  negligibly  small. 
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Table  7 Parameters  for  Cyclic  Yaw  Test 


Speed 

Speed 

^PMM 

ujL 

u*U 

r' 

t' 

ship 

model 

8 

max 

max 

knots 

m/s 

cpm 

20 

2.06 

5 

1.64 

.11 

.30 

.49 

20 

2.06 

7 

2.29 

.15 

.61 

1.40 

No 

corrections 

have 

been 

made 

for 

the  small  difference  in  the  positions  of 
the  origins  of  the  axis  systems  in  the 
models  used  for  the  PMM  tests  and  the 
Rotating  Arm  tests  (see  Tables  1.8  & 

Fig.  3).  An  idea  of  the  magnitude  of 
the  influence  of  this  difference  can  be 
obtained  by  calculating  the  changes  in 
the  linear  coefficients  Yy  and  Nr  using 
the  transformations  given  in  (1).  If 
the  PMM  test  values  are  transformed  to 
correspond  to  the  origin  position  used 
for  the  rotating-arm  tests,  the  results 
are; 


» 

rO  ' 

^ = 

: 330.6x10"^  : 

315.5x10'® 

t 

rO  ■ 

<G  = 

: -234.5x10*^  : 

-235.1x10'® 

The  change  in  Nr  is  negligible  and 
the  change  in  Yr  changes  the  PMM-test 
results  such  that  they  fall  almost  mid- 
way between  the  two  rotating-arm  test 
results. 

Yaw  and  Drift  Angle  Results 

Figures  22  and  23  compare  the 
results  of  the  two  sets  of  Rotating- 
Arra  tests  and  the  PMM- tests. 

The  PMM-test  results  are  compounded 
from  the  Pure  Yaw  test  results  described 
above,  and  Yaw  and  Drift  + Drift  and  Yaw 
test  results  that  are  completely  ana- 
logous to  those  described  for  15  knots 
ship  speed. 

No  corrections  have  been  made  for 
the  difference  in  position  of  the  ori- 
gins . 

"^he  three  sets  of  data  can  be  said 
to  agree  remarkably  well,  with  the  PMM 
test  results,  in  general,  lying  between 
the  two  sets  of  Rotating-Arm  data. 


Y’xloS  ■ 3.305Sr’  ♦1.9396r'3 

N'xlQi  - -2.3452r’  -2.1S94r'3 


Fig.  21  PMM  and  Rotating  Arm  Data, 

Side-Force  and  Turning-Moment 
versus  Yaw-Rate  for  Zero 
Drift  Angle. 


Table  8 Models  and  Facilities  for  PMM  and  Rotating-4rm  Tests 


SL 

NSRDC 

£AEW 

25 

24.175 

34 

6.437 

6.657 

4.733 

ship 

ship 

ship 

yes 

yes 

yes 

no 

no 

no 

yes 

yes 

yes 

no 

yes 

yes 

stn.  10 

non.  CG 

nom.  GG 

20 

20 

20 

PMM 

Rot. Arm 

Rot.  Arm 

Towing 

Circular 

Offset 

Tank 

Tank 

Rect. 

Linear  Ratio 


Model  L 


pp, 


m 


Propuls lon-point 

Bilge-keels 

Sonar  dome 

Free  to  sink  & trim 

Free  to  heel 

Origin  of  body  axes 

Model  speed,  kn,  ship 

Facili ty 

Basin 


N'xlO^  » -0.004918  -J.5978V'  +0 .05S166v'|v'l 
-2.34S2r'  -2.1594r'3 


Fig.  22  PMM  and  Rotating  Arm  Data. 

Side-Force  versus  Drift  Angle 
for  various  Yaw-Rates. 


Fig.  23  PMM  and  Rotating  Arm  Data. 

Turning-Moment  versus  Drift 
Angle  tor  various  Yaw-Rates. 


CONCLUSIONS 

Captive  model  tests  have  been  made 
with  a 1:25  scale  model  of  a Mariner 
Class  vessel  in  the  loading  condition 
corresponding  to  the  full-scale  steering 
and  manoeuvring  trials  with  the  USS 
"Compass  Island". 

The  full  capabilities  of  the  SL 
large  amplitude  horizontal  PMM  were  uti- 
lized to  vary  the  motion  parameters  over 
the  full  range  experienced  by  the  ship. 
This  was  accomplished  at  very  low  nor- 
malized frequency  by  the  use  of  large 
amplitudes.  The  added  mass  in  surge  was 
measured  at  zero  speed. 

The  model  test  data  have  been  used 
to  simulate  all  of  the  full  scale 
manoeuvres  made  with  IS  knots  approach 
speed,  namely  turning  circles  for  rudder 
angles  between  - 20°  and  + 20°,  a 20-20 
Zig-Zag  and  a DleudonnS  spiral.  The 
simulated  and  full-scale  trial  results 
have  been  compared, in  accordance  with 
the  recommendations  of  the  1969  and 
1972  ITTC’s. 


No  attempts  have  been  made  to 
correct  the  model  data  for  scale  effects, 
but  the  tests  were  made  with  constant 
propeller  revolutions  corresponding  to 
the  self-propulsion  point  for  ship  at 
15  knots,  although  the  trials  were  made 
with  approximately  constant  power. 

Extra  simulations  were  made  in  order 
to  permit  a fair  comparison  with  trial- 
records  of  ship  path  taken  from  ^he  Dead 
Reckoning  Tracer.  The  differences  be- 
tween "True"  and  "DRT"  simulations  were 
found  to  be  substantial  for  turn-entry 
transients,  but  small  for  tactical 
diameter,  steady  turning  radius  and 
Zig-Zag  trajectories. 

The  correlation  between  the  simula- 
tions based  on  model-tests  and  the  full- 
scale  trial  results  is  found  to  be 
excellent,  indicating  that  for  this 
type  of  ship,  the  normal  SL  PMM  testing 
and  analysis  procedures  and  simulation 
techniques  give  accurate  information 
on  actual  ship  manoeuvring  behaviour. 


This  conclusion  should  not,  however, 
be  generalized  as  applicable  to  all 
ship  types. 

The  large  asymmetry  in  manoeuvring 
behaviour  for  port  and  starboard  turns 
shown  by  the  full-scale  trials  is  also 
predicted  by  the  model  results.  It  is 
suggested  that  the  unusually  pronounced 
asymmetry  is  due  to  the  proximity  of 
the  large  propeller  to  the  water  surface 
in  the  light  loading  condition  tested. 

Limited  tests  at  the  equivalent  of 
20  knots  ship  speed  made  with  the  SL-PMM 
have  been  compared  with  results  obtained 
with  the  rotating-arm  facilities  at  NSRDC 
and  AEW.  The  three  sets  of  data  agree 
rather  well,  with  the  PMM  results  lying, 
in  general,  between  the  two  sets  of 
'■otating-arm  data. 

The  paper  demonstrates  the  feasibi- 
lity of  using  a PMM  to  measure  non- 
linear and  cross-coupling  effects  cor- 
responding to  tight  turning  mano^'uvres, 
as  w.^ll  as  linear  effects  corresponding 
to  straigkt-line  course  keeping. 
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[XSbuSSION 


ALEX  GOODMAN  * 

1116  authon  «ie  to  b«  congntulated  on  an  axcellant 
paper.  It  b obvioua  that  the  philoaophy  and  application 
of  the  PMM  ayatem  to  engineering  problema  ia  dearly 
undwatood  by  the  authora.  They  hai^  iefconatrated,  aa 
have  other  inveatigatora,  that  the  application  of  PMM  teat 
raaults  and  analyria  procures  m oombinatioa  with 
dmuUtion  techniquea  provide  accurate  information  on 
actual  ahip  maneuvering  behavior.  Thia  ia  further  aubatanti- 
ated  by  the  oommenta  of  Mr.  Uhlin  of  EXXON.  Aa 
atated  by  the  Chairman,  Dr.  C.  Batea,  "Ihe  proof  of  the 
pudding  ia  in  the  eating." 

Agein  let  me  atate  that  the  PMM  ayatem  ia  a power- 
ful eggineering  tool.  Whan  it  la  properly  underato^  and 

it  can  provide  engineering  cxcelient  anawera  auch  re 
illuatretad  by  tte  preaent  paper. 

.* 

H.C.  UHUIV 

I congratulfkte  the  authora  on  their 
^cellent  paper  and  the  work  they  have 
done  to  advance  this  moat  useful  method. 

At  Exxon  we  have  found  that  a wide 
range  of  tanker  maneuvering  can  be  ac- 
curately performed  by  the  use  of  the 
captured  model  PMM  and  computer  simula- 
tion technique.  This  conclusion  Is 
based  on  a comparative  study  In  which 
good  full  scale  maneuvering  data  for  the 
190  MDWT  ESSO  MALAYSIA  class  tanker  have 
been  compared  with  1:38  scale  model 
results  from  the  high  amplitude  and  the 
medium  amplitude  PMM  apparatus  that  the 
authors  refer  to  In  their  paper.  A com- 
parison has  also  been  made  with  free- 
running  tests  using  this  model. 

The  table  below  summarizes  the  dif- 
ferences found  between  the  full  scale 
and  model  test  maneuvering  data.  The 
full  scale  data  Is  based  on  the  average 
of  three  sets  of  good  trials  on  sister- 
ships  . 

High  Medium 

Amplitude  Amplitude  Free 
PMM PMM  Running 

AV9I*&£G 

Difference  +2.15*  +7.02*  -17.65* 

tandard 

evlatlon  8.69*  11.56*  13. <<9* 


* * 

maximum  advance  and  maximum  transfer+of 
the  ship's  center  is  used,  as  well  as 
the  ratio  of  Initial  to  final  turning 
circle  speed.  For  the  S-Maneuver  the 
first  overshoot  angle  and  non-dimen- 
sional time  to  the  first  course  Inter- 
cept have  been  chosen.  And  finally,  for 
the  spiral  test  the  total  loop  width  has 
been  used. 

The  table  shows  the  average  dif- 
ferences of  full  scale  and  PMM  results 
to  be  quite  small  with  the  high  amplitude 
PMM  having  the  smaller  difference.  The 
plus  sign  Indicates  poorer  maneuvering 
response  than  Is  found  In  full  scale, 
while  the  negative  sign  Indicates  the 
opposite.  The  comparatively  larger  dif- 
ference of  the  free  running  model  can  be 
attributed  to  model  propeller-rudder 
forces  being  too  large,  a consequence  of 
the  hull  alone  having  relatively  more 
resistance  than  the  full  scale  ship. 

These  forces  made  the  model  turn  much 
better  than  the  ship  as  shown  by  the 
large  negative  value. 

Besides  using  the  average  differ- 
ence to  Indicate  the  central  tendency 
of  the  data,  it  Is  also  Important  to 
know  how  far  from  the  average  each  of 
the  measurements  Is  located.  An  Indi- 
cation of  this  dispersion,  or  spread, 
within  the  data  Is  given  by  the  stan..jid 
deviation  figures  appearing  In  the  table. 
The  standard  deviation  for  the  high 
amplitude  PMM  Is  seen  to  have  the  small- 
est value.  Indicating  the  least  amount 
of  data  dispersion. 

For  the  past  several  years  we  have 
used  PMM  test  results  as  Input  to  bridge 
maneuvering  simulators  for  training  and 
research.  We  have  found  that  a wide 
range  of  maneuvers  can  be  simulated 
quickly  and  with  minimum  cost  once  PMM 
results  are  available.  Furthermore, 
controlled  experiments  can  be  conducted, 
ship  motion  In  time  can  be  properly 
scaled,  and  known  wind  and  current  ef- 
fects can  be  added  with  comparative 
ease. 


PERCENTAGE  DIFFERENCE  BETWEEN  PULL  SCALE 
SHIP  AND  MODEL  TEST  MANEUVERING  DATA 

The  numbers  In  the  table  are  cal- 
culated from  ceiTtaln  measures  of  the 
turning  circle,  the  S-Maneuver,  and  the 
spiral  test.  For  th?  turning  circle  the 
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C.C.  GLANSDORP 


The  Deinish  To>ring  TeinR  has  gained  experience 
with  tne  operations  of  a Fl'Bl  as  an  important 
experimental  tool  for  approximately  10  years. 

The  here  presented  paper  shows  that  many 
improvements  have  been  made  in  the  PKM,  in  the 
measuring  technique  and  in  the  mathematical 
model.  PMM-techniques  tor  the  evaluation  of  the 
steering  and  manoeuvring  behaviour  of  ships  are 
becoming  mature  and  they  play  an  important  role 
in  the  determination  of  the  steering  qualities 
in  the  design  stage.  Both  authors  have 
participated  in  the  development  from  the  very 
beginning.  I want  to  congratulate  them  with 
their  important  contributions  with  respect  to 
the  progress  of  PMM-techniques. 

I want  to  make  a few  remarks  with  respect  to  a 
number  of  details.  The  ratio  of  modellength  to 
PMM-amplitude  is  roughly  9.  This  mcani^  that  in 
order  to  cover  the  whole  range  of  yaw-speed  and 
driftapeed  amplitudes  one  should  apply  rather 
lugn  frequencies  of  oscillation.  This  is 
obvious  when  one  looks  to  the  graphs  presenting 
acceleration  forces  and  moments.  The  model  ranges 
of  yaw  and  drift  acceleration  are  much  higher 
than  the  ship  ranges,  hecavae  frequency  squared 
appears  in  the  relevant  formu^  ve  for  the 
accelerations.  In  this  respe^. t the  Delft 
University  Towing  Tank  has  gained  experience 
since  196h  when  the  horisontal  FMH  vtss  put  into 
service.  The  ratio  between  modellength  and 
amplitude  of  this  device  is  about  10,  Taking  the 
dimensiona  of  the  PMM  into  account  compared  to 
actual  shipbehaviour  when  manoeuvring  I would 
like  to  propose  that  devices  like  the  Danish 
and  the  DelC|^^  are  called  medium  amplitude 
PMM's.  W 

The  authors  state  that  the  effects  of  frequencies 
upon  the  forces  and  momenis  ore  negligibly  small 
when  the  dimensionleas  frequency  ul,  /U  is 
smaller  than  3.  De.'ft  Tawing  Tank  pKctice  has 
shown  that  this  limit  frequency  is  lover  and 
lios  in  the  vicinity  of  1 to  1.5  for  some 
sensitive  hydrodynamic  coefficients  like  ¥'  and 

N'.  '' 

r 

Prom  figure  5 one  gets  the  isqiression  that  the 
coefficients  describing  the  re.iistance  of  the 
ship  and  the  delivered  thrust  have  been  determined 
from  these  experimental  results.  This  is  possible 
if  the  propeller  rotates  with  a speed  corres- 
ponding to  the  ship's  self  propulsion  point  and 
if  a tow  rope  force  is  applied  to  correct  for 
differences  between  the  ship's  scaled  down 
resistance  and  the  modelresistance. 

In  this  case  the  propeller  revolutions  were  kept 
at  a constant  value.lt  is,  however,  possible  to 
Include  a simple  description  of  the  propulsion 
dynamics  together  with  a constant  throttle 
setting  for  turbine  ships  respectively  constant 
fuel  supply  for  dieselships  ( 1 ) . 

I like  to  ask  the  uthors  on  their  opinion  with 
respect  to  simulation  of  manoeuvres  with  constant 
revolutions . 


(1)  Bruner  O.M.A. , v.d.  Voorde  C.N.,  v.  Wijk,  VS, 
Olansdorp  C.C. 

"simulation  of  the  Steering-  and  Manoeuvring 
Characteristics  of  a second  Qeneration 
Containership" 

TNO  - HSS  Report  170S,  1972. 


S A H THULIM 

I would  like  to  comment  on  ^jlit  one  of 
this,  for  nanoeuvring  people  ver^[ntereet- 
Ing  paper. 

Inspired  by  reference  [l] , I have  ana- 
lyaad  the  etatlo  speed  <ind  rudder  angle 
teste,  oarrled  out  at  SL  on  behalf  of  8SPA 
on  a twin  eorew/twln  rudder  model,  by  non- 
-dlmenelonallslng  the  foroes  and  moments  on 
t)^  model  due  to  rudder  euglee  by  diwldlmg 
them  b]  the  mean  weloolty  (equarad)  owsr 
the  rudder  eurfaee.^ 

This  weleolty  approximately  oonalate  of 
two  eomponeate  - the  pxupeller  reoe  weleelty 
end  the  adwenoe  veXoolty  at  the  rudder  out- 
side the  rase  (Pig  l)  « and  oan  be  written 


i factor  k has  been  esloulated  [2,5,41 

for  the  infinite  blade  prepellar  (Plg  2}  ax- 

preealng  the  Induoed  mean  axial  veloslty  la 

the  raoe,  u^,  over  the  Induoed  veloelty  far 

behind  the  actuator  dlak,  u. 

’ *oo 


k is  a funotlon  of  the  axial  dietanee  from 
the  propeller  dlak  to.  In  thla  epplloatlen, 
the  quarter  mean  sherd  of  the  rudder. 
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,<  i»>.  nwn  ■ 


Tig  2.  Tb«  H««a  Axial  Taloolty  Induoad  by  a 
Saal-IaflBita  Tuba  of  Hinc  Tertloaa 
Datanilaad  by  tba  tav  of  Biot-SaTart 


To  bo  ablo  to  ooBpnto  tho  ovor-^olo- 
olty  1b  tho  pxopollor  xaoo,  tho  MBoBtua 
thoory  is  appllod  to  tho  raoo  (Fig  3)t 
■00  for  iaatoBoo  [dj. 


(ptOp)  P g 


Tig  3*  Tho  Propollor  Raoo  Aooordlog  to 
Ao too tor  Blok  Thoory 


iBtrodttOiag  tho  propollor  oharaotorlstloo 
tho  iBdBood  axial  rolooity  far  bohlod  tho 
disk  oaa  bo  oxprooood 

or 

u.^  - - T,  V(i  ♦ I *;)▼!  ♦ I 

vhsro  K;,  baood  ob  J'  . tJ[t*  ♦ (bD)*]"* 

is  Boro  OBltablo  for  ooaputor  ealOBlatloBs 
[3J  aad  oaa  bo  takoa  froB  Fig  4* 


«• 
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or 


o 


-oo^ 
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Fig  4.  Iho  Xxtoadod  Propollor  Chaxaotorio- 
tloo 


la  Fig  5 a,  b aad  o tho  Boaonrod 
forooo  aad  BOBoats  oa  tho  hall  dao  to  the 
rudder  aaglo  are  Bon*4lBaaaioallsod  with 
hull  spood.  laoh  ourro  oorrospoado  to  a 
oortala  overload  duo  to  roduood  hull  speed 
at  ooBstant  rate  of  rovoluiioa. 

O U-  1.0  U, 

0 U-0.7V, 

AW  - Qtf<4 


-40  -JO  -JO  -fO  O to  JO  JO  ^ 

«/V 

a.  Loagltudiaal-Foreo  vorous  Rudder  Aaglo 


IM 


0.  RolliD£-MoMnt  T«r»us  Buddar  duel* 


Tig  5.  Stadio  Sp««d  aod  Ruddar  ingla  T««t 
fox  Tarlono  Spoods  at  oonatant  Rata 
of  Raxolutlon 


1^ 


Tha  aaaa  aaaauraaanta  aW  raduoad 

aooordlnc  to  tka  abora  atatad  thaory  and 
ara  lllaatratad  In  Fig  6 a,  b and  o.  Tha 
Maamrad  pointa  oolnolda  alth  tha  oorra 
obtalnad  froa  ragraaaloa  analyala  with 
aooaptabla  aoouraoy  for  aanoauTra  alaula- 
tlon  atuAlas. 


if*'  . • 


1 think  thla  appro4|^pil  aD)m  to  bo 
Torr  proniaalag  In  thla  oaaa  and  partlou- 
larlp  uaoful  whan  ualng  a atook  propallar 
for  tha  Modal  taata.  It  would  bo  Tory  In- 
taraatlng  to  know  If  thla  aothod  la  appli- 


oablo  with  aatlrfaotory 
atanoa  tha  nodal  toatai 
"V8S  Conpaaa  laland". M 


to  for  In- 
d with  tha 


- 1-  M3,  a o"/ 


t • » V 


8 /•/ 

• . Loo<ltudliuil-Fora«  Taraut  Ruddar  An^la 


y'tifl'  / aaa  •<  8 - < 8 181  / 


b.  Slda-7oroa  varsua  Kuddar  Angla 


0.  Rollinc-Monant  varaua  Ruddar  ini^la 
RETCRBRCES 

1.  Rorrblni  I Ht  "Thaorj’  and  Obaarratlona 

Oil  tha  Vaa  of  a Mathaiaatloal  Mo- 
dal for  Ship  Manoauvrlng  In  Raap 
and  Conflnad  Vatara”. 

SSPi  Fuhl  Ho  6B,  GBtahorg  1971 

2.  Gutaoha,  Ft  "Sla  Induktlon  dar  axlalan 

Strablaaaatagaaohwindiglcalt  In 
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AUTHOR’S  REPLY 


Mt.  Goodman’s  comments  are  welcomed  by  the 
authon,  whose  initial  Intereat  in  captive  model  testing  was 
inspired  by  Goodman  & Gertier’a  application  of  the  PMM 
test  method  to  submarines. 

Mr.  Uliiin  preattaia  a raro  and  therefore  extremely 
valuable  comparison  of  model  and  full-scale  steering  and 
manoeuvring  performance.  He  compares  the  average  of 
three  good  full-scale  laMMeuvring-trials  on  sister  slilps,  with 
model  results  from  MMiVith  an  8 m.  model,  which  was 
tested  tree-sailing,  wMt  4kt  old  ,SL  PMM,  and  with  the 
newer  SL  PMM.  The  compariaon  gives  a clear  and  uncom- 
plicated tormuiation  of  the  differences.  The  good  agree- 
ment in  the  case  or  newer  PMM  Is  most  gratifying  and 
indicates  that  it  is  perhaps  not  necessary  to  go  to  model 
sixoa  above  8 m,  aa  is  currently  under  discussion.  It  would 
perhaps  haw  |g*eu  interesting  to  see  che  values  of  standard 
deviation  tm  (he  throe  sots  of  full-scale  trials  included  in 
the  compaitaa- 

Mr.  Ghlin  s contribution  is  especially  significant  as  it 
deals  with  a tanker  form,  i.e.  a ship  type  which  because  of 
its  couise  kMtabiUty  can  twch  very  high  turning  rates  and 
large  tbttt  •hgles,  and  whiiJk  therefore  necessitates  a more 
poihnlH  test  and  simulation  technique  then  is  the  cafe 
for  tik  Ihuriner  Class  of  Vessels.  It  is  very  encouraging  to 
have  a gwctiiing  shipping-company  re-affirm  the  authors’ 
opinion  that  PMM-teita  enn  provide  useful  and  commer- 
cially viable  information. 

Mr.  Glanadrop  is  in  a very  good  position  to  comment 
on  this  paper,  aa  he  and  his  colleaguea  at  Delft  have 
develop^  a sophiriicated  PMM  and  simulation  system 
along  lines  aimUar  lh  (hose  followed  at  Lyngby.  His  pro- 
posal to  call  PMM's  with  sway  amplitude  to  model  length 
or  order  10,  "medium  amplitude"  is  intriging  as  it  hints  at 
a future  need  for  the  claaificatlon  “large-amplitude’’.  Fur 
merchant  ship  forma,  sailing  with  speeds  up  to  values  of 
VA/gU  equal  to  about  0.4,  the  preeent  amplitude  of  the 
SL  PMM  has  been  found  to  be  quite  adequate.  For  the 
6 to  8 m.  models  WMl  in  these  cases,  larger  amplitude  is 
precluded  by  the  necessity  tor  avoiding  wall  effects. 


As  indicated  in  vhe  paper,  the  force  and  moiMnt 
oomporrenU  due  to  the  acceleration  of  the  model  mass  and 
inertia  were  subtracted  from  the  measured  data  and  only 
the  hydrodynamic  components  are  included  In  the  presen- 
tation of  experimental  results.  The  ship  mi«  and  moment 
of  Inertia  were  then  inserted  via  equation  (1,  2,  3)  before 
sunulating. 

The  limit  uiL/U  < 3 applies  to  yaw-acceleration  and 
yaw-damping  coefficients.  The  authors  agree  that  sway- 
damping Sid  to  a lesser  extent,  sway-acceleration  responses 
are  more  sensitive  to  frequency  effects.  However,  the 
ship  range  of  sway-acceleration  asm  easily  be  covered  at 
low  frequency,  and  as  mentioned  in  tha  naper,  results  for 
uL/U  > 2 have  been  disregarded  in  the  determination  of 
the  coettlctants  Y^and  Ny.  The  sway  damping  terms  Y, 
and  Ny  are  obtained  bom  the  static  drift  angle  tests  and  the 
therefore  correspond  to  zero  frequency.  The  yaw  damping 
coefficients  N,,  etc.  have  fortunately  been  found  to  be 
less  sensitive  to  frequency,  as  e.g.  demonstrated  in  Fig.  21, 
where  results  for  coL/U  equal  to  2.3,  1.6  and  0.0  show 
good  agreement. 

It  is  ^e  that  the  coefficients  \ , X„u  and  Xu„„ 
were  in  this  case  derived  from  the  model  test  results,  and 
that  the  propeller  revolutions  corresponded  to  the  ship’s 
aelf-propulsion  point.  The  two-rope  force  at  IB  knots 
and  zero  rudder  angle  can  be  seen  in  Fig.  6. 

The  choice  of  engine  characUtiatics  and  the  resulting 
variation  of  propeller  revolutions  with  speed  is  one  of  the 
flexible  features  of  captive-model  testing  with  a PMM.  As 
mentioned  in  the  paper,  the  choice  of  constant  power  as 
was  the  case  for  the  ship,  seems  to  have  been  counterbalanced 
by  the  high  ship-reaistance  due  to  fouling. 

Mr.  ThuUn’s  elegant  analysis  of  the  speed  & rudder  test 
tests  for  another  model,  where  the  measurements  were  also 
made  with  constant  involutions,  shows  how  he  uses  the  test 
results  simply  to  characterize  the  interaction  between  hull, 
jBXipeller  and  rudder.  Having  done  this,  he  is  free  to  make 
simulations  for  the  ship  in  question,  using  any  propeller 
(defined  by  its  open-water  characteristic)  and  tor  any 
engine  characteristic  or  engine  manoeuvre. 
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ABSTRACT 


This  paper  presents  the  results  of 
a rtuJy  of  the  ship-controllability  of 
a wide-beam  tanker  (L/B=5*0). 

The  report  consists  of  the  follow- 
ing three  parts; 

1)  F.stiination  of  the  indices  of 
the  manoeuvring  characteristics 

0 of  the  ship  by  the  method  of 

sarles  tests  using  similar 
models  which  are  4M , lOM,  30K 
in  length. 

2)  Determination  of  whether  or  not 
the  ship  is  unstable  in  course 
keeping  because  of  so-called 
"unusual  phenomenon,  " 

3)  Determination  of  the  feeling  of 
control  of  the  ship  with  mano- 
euvring characteristics  us 
estimated  by  item  1) , by 
means  of  simulation  of  the 
ohip's  manoeuvres. 

The  results  of  this  study  show 
that  if  a large  wide-beam  tinker  has  a 
large  enough  rudder  area  ratio,  the 
ship  will  be  controllable. 

VGHKNCLATUSE 


Ai'-ruddcr  area 
B=ship  beam 

Ci  = rudder  adjustment  (degldeg) 

C2-yevr  rate  adjustment  ( de.g/deg/sec) 
i-'N-normal  force  coefficient  of 
rudder 

d-ship  draft 

Gr=tr'nsfer  functic»  of  steering 
geax- 

Gs=t’-ansfer  function  of  ship  to  rudder 
action 

Gs'^trnnsfer  function  of  ship  to 
wove 

X,T,Tl,  T2,  Tj,P> 

='tsoring  quality  indices 
K ' ,T  ' =r.oadimensional  staering  quality 
indices 
r = yew  rate 


r ' =nondimensioiia  I yaw  rate 
s=slip  ratio 

Tr =reprosenta tive  time  of  course  change 

V=ship  speed 

w=wake  fraction 

5=helm  angle 

't=tadius  of  gyration 

(^=heading  angle 

=setting  course 

=noise,  response  of  ship  caused  by 
waves 

INTRODUCTION 

It  has  been  concluded  that,  under 
certain  conditions,  a large  wide-beam 
ship  is  attractive  from  the  viewpoint 
of  building  costs  ll3.  However  such  a 
hull  form  requires  oxtei’.siv  j testing 
and  research  before  it  may  be  consider- 
ed to  be  practical.  the  controllability 
of  the  ship  is  one  of  the  most  important 
pxxints  to  be  investigated. 

In  dealing  with  the  controllability 
cf  such  a large  ship  there  seem  to  be 
two  important  points  to  be  considered. 
One  of  them  is  whether  the  ship  is  easy 
to  steer  or  not.  The  other  is  whether 
the  ship  has  enough  stability  in  cou.  se 
keeping  or  not. 

The  former  characteristics  is  con- 
fiimed  by  comparing  the  steering  quali- 
ty indices  o^  the  ship,  which  are 
estimated  from  model  tests,  to  those  of 
conventional  ships.  Moreover,  if  we 
want  to  check  the  feeling  of  the  con- 
trol of  the  full  scale  ship,  useful 
conclusions  may  be  drawn  from  the  exami- 
nation of  the  response  of  the  ship 
obtained  by  a helmsman  using  a simu- 
lation device. 

For  the  latter  it  is  imp  -tant  to 
inve.stigate  the  unstability  in  course 
keeping  due  to  so-called  "unusual  pne- 
nominon"  t 2) , (3).  As  the  mechanism  of 
this  phenomenon  is  not  yet  clear,  it  is 
difficult  to  predict  the  existence  of 
such  a phenomeiion  in  the  full  scale 
ship  before  it  is  built.  But  praciical 
couclusion.s  may  bt  obtained  by  careful 
experiments  using  similar  models  o.' 
various  lengths  4^. 
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Accordingly  three  similar  models, 
'iM , lOM,  and  29 . 9M  in  length,  were 
selected  and  many  kinds  of  manoeuvring 
tests  were  carried  out  paying  particu- 
lar attention  to  the  scale  effect. 
Basing  on  these  results  we  confirmed 
that  there  would  be  no  trouble  in  con- 
trolling the  lary  wide-beam  ship. 

SCALE  EFFECT  AND  SELECTION  OF  LENGTH 
OF  SIMILAR  MODELS 

As  shoim  above,  models  9M , lOM 
and  30M  in  length  were  used  in  the 
model  tests.  Principal  particulars  of 
models  and  the  designed  ship  are  shown 
in  Table  1.  The  profile  and  body  plan 
are  shown  in  Fig.  1 (which  shows  the 
side  view  of  the  arrangement  of  30  M 
model).  The  values  of  the  radius  of 
gyration  shown  in  Table  1 are  as 
calculated  for  the  lOM  and  3OM  model 
and  as  measured  for  the  4M  model. 

It  is  obvious  that  as  large  a 
model  as  possible  is  desirable  to  avoid 
scale  effect.  However  both  from  ex- 
pense and  also  from  the  accuracy  of  the 
results  of  experiment,  too  large  model 


is  'not  desirable. 

For  steering  quality  in  large 
amplitude  motion,  scale  effect  seems  to 
alter  continuously  according  to  Reynolds 
number.  If  the  steering  quality  indi- 
ces can  be  expressed  as  functions  of 
frictional  resistance  Cf  just  as  done 
in  the  field  of  propulsion  and  re- 
sistance of  ships  CsOi  the  3OM  model  is 
large  enough  to  estimate  the  indices  of 
the  full  scale  ship  by  extrapolation 
with  sufficient  accuracy.  This  length 
is  also  favorable  compared  v;ith  the 
area  of  the  test,  Maizuru-Bay.  At 
least  three  models  are  needed  to  obtain 
the  indices  by  extrapolation.  Thus  9M 
and  lOM  models  are  chosen  to  provide  a 
proper  intervals  for  extrapolation. 

As  mentioned  above,  if  the  scale 
effect  can  be  regarded  to  alter  conti- 
neously  according  to  Reynolds  number, 
it  is  reasonable  to  carry  out  the 
tests  using  perfectly  similar  models 
and  at  same  Froude  number.  All  tests 
executed  satisfy  ^ese  conditions. 


Table  1 Principal  particulars  of  models  and  designed  ship. 


'iM  Model 

lOM  Model 

30M  Model 

Actual  ship 

Full  iBallast 

Full  iBallast 

Full  1 Ballast 

Full  1 Ballast 

Lpp 

B (m) 

4.0 

0.8 

10.0 

2.0  1 

29.9 

1 5.98 

350.6 

70.0 

df  (m) 
da  (m) 

Displacement ( t) 
Ar/Lxd  (%) 

0.253 

0.253 

0,670 

2.40 

0.10  3 

0.137 

0.300 

0.632  1 
0.632 
10.49 

2.40 

1.885 

1.915 

289.5 

2.40 

0,793 

1.049 

130.2 

22.15 

22.15 

462,700 

2.39 

9.12 

11.95 

205,900 

Ar 

0.0292 

0.151 

1 .35 

185.0 

. K./L 

0.244  1 0.258 

0.234  1 - 

■0.230  1 0.260 

1 

Wroleller 

^ Dia.  (ra) 

^ Pitch  ratio 
^ Number  of 
W blades 

0.1109 

0.6995 

6 

0.277 

0.6995 

6 

0.828 

0.6995 

6 

9.7 

0.6995 

6 

Speed 

0. 858m/ sp. 912m/ s|l.  335m/ s| 

1 4.55kt 

4.85kt 

I5.6kt  l6.6kt 

Fig.  1 Profile  and  body  plan  of  3O  m model. 
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On  the  other  hand  for  course  keep- 
ing quality  in  relatively  small  ampli- 
tude motion,  the  flow  field  is  expect- 
ed to  change  discontinuously  according 
to  Reynolds  number  and  there  seem  to 
be  complex  problems.  At  first  because 
such  a ship  is  regarded  as  a blunt 
body,  it  comes  into  question  whether 
Reynolds  number  related  to  the  dir 
mension  of  the  body  perpendl  cia^r  to 
the  stream,  namely  ship  width,  exceeds 
the  critical  Reynolds  number  or  not. 

For  the  3OM  model  this  number  amounts 
to  about  2 X 107  and  exceeds  the  criti- 
cal Reynolds  number  10^  - 10°  suffi- 
ciently, so  the  generation  and  trans- 
formation of  the  vortices  in  the  model 
can  be  regarded  to  have  nearly  the  same 
qualitative  character  as  in  the  full 
scale  ship.  The  other  problem  is  con- 
cerned with  the  periodic  fluctuation 
of  the  flow  field.  If  this  phenomenon 
happens  and  the  period  of  ..  ^uctuation 
coincides  with  the  natural  period  of 
yawing  motion  decided  from  the  auto- 
pilot system,  the  course  stability  of 
the  ship  will  become  extremley  bad. 

But  even  in  this  case,  if  this  peri'dic 
phenomenon  can  be  seen  to  happen  in  a 
range  of  certain  Strouhal  number,  the 
characteristics  of  the  full  scale  ship 
can  be  estimated  from  the  model  test 
so  long  as  they  are  carried  out  in  the 
same  Froude  number  as  the  one  of  the 
full  -xcale  ship. 

ESTIMATION  OF  THE  STEERING  QUALITY  OF 
FULL  SCALE  SHIP  FROM  MODEL  TEST  RESULTS 

Manoeuvring  Tests  Using  4M  Model 

Method  and  Rinds  01  model  tests. 
Model  tests  were  carried  out  at  the 
manoeuvring  test  facility  of  Osaka 
University.  A free-sailing  model  with 
radio  control  was  used  in  the  tests. 
Zig-Zag  tests  and  reversed  spiral  tests 
are  carried  out  automatically  l.y  means 
of  electronic  circuits  and  the  data  are 
recorded  on  a recorder  on  board.  Model 
speed  which  corre.sponds  to  the  sea 
speed  was  produced  by  setting  the  pro- 
peller revolution  to  the  value  obtained 
from  the  speed  trial.  Only  this  model 
was  not  fitted  with  bilge  kec's. 

Kinds  of  teats  executed  are  as 
follows ; 

(1)  Full  load  condition 

i)  Original  hull  + Original  rudder 

a.  Turning  test  (-^0°,  -35*^,  -25°, 
il5°,  tlO°,  15°). 

b.  Spiral  teat  and  reversed 
spiral  test 

c.  Zig-Zag  test  (±20°,  ±15°,  ±10°, 

17.5°.  15°). 


ii)  Oi-igim.  - hui ! Jriginal  rudder  + 

Fin  (fitted  to  emphasize  "unusual 

phenomenon"^33 ) 

a.  Spiral  test. 

b.  Zig-Zag  test  (-10°,  ^7-5^.  ^5°). 

iii)  Original  hull  + Small  rudder  (78% 

of  original  rudder  area) 

a«  Spiral  test. 

b.  Zig-Zag  test  (llO°,  1?.5°,  l5°). 
(2)  Ballast  condition 

i)  Original  hull  + Original  rudder 

a.  Turning  test  (l40°,  ±30°,  ±20°, 

±10°,  ±7.5°). 

b*  Spiral  tent  and  reversed 
spiral  tes t . 

c.  Zig-Zag  test  (±20°,  ±10°,  ±7.5°, 
±5°)  . 

Te.ct  results 

(1)  Zig-Zag  tests.  Steering  quality 
indices  obtained  from  the  usual  K-T 
analysis  of  the  Zig-Zag  tests  are  shown 
in  Figs.  2 and  3,  in  which  the  results 
were  iiondimensionalized  using  approach 
speed.  (Same  as  in  lOM  and  30M  model). 

From  these  results  the  type  of 
sc-called  "unusual  phenomenon"  which 
is  characterized  by  stabiliz.^tion  in 
the  range  of  small  amplitude  motion 
can  not  be  found. 

Results  of  the  full  load  condition 
with  fin  are  more  stable  and  those  of 
the  small  rudder  are  less  stable  than 
the  results  of  #lie  original  type. 

(2)  Turning  test,  spiral  test  and  re- 
versed spiral  test.  The  results  ana- 
lyzed by  usual  method  are  shown  in 
Figs.  U and  5. 

Nondimensional  turning  rate  was 
obtained  from  steady  turning  circle  in 
the  case  of  the  turning  test.  In 
other  cases  it  was  calculated  from  the 
measured  turning  rate  and  model  speed 
during  the  turning  which  was  estimated 
from  approach  speed  and  speed  drop 
curve  derived  from  turning  test. 

Full  width  of  the  hysteresis  loop 
is  about  2-3°  for  full  load  condition 
and  in  the  case  of  ballast  condition 
the  ship  is  stable. 

AnotJier  type  of  "unusual  phenome- 
non", which  is  characterised  by  periodic 
yawing  motion  during  the  spiral  test 
was  not  observed.  But  the  data 
scatter  a a little  iu  r'-S  curve  even 
though  such  the  improper  poxnts  as 
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• 2 Indices  K'  and  T'  derived  from 
zig-zag  test  (k  m mode)  full 
load  condition) 


model,  full  load  condition) 


Fig-  3 Indices  K'  and  T'  derived  from 

zig-zag  test  (4  m model,  ballast 
Condi tion ) 


-10 


Fig.  5 Tvrning  characteristics  (4  m 
model,  ballast  condition) 


Teat  resulta 


affected  by  the  wini.'  were  neglected. 

This  phenomenon  happened  especially  In 
port  side  turning  Vith  small  helm  angle 
but  propeller  revolution  did  not  change 
during  such  tests  in  4m  model. 

Manoeuvring  Tests^Using  lOM  Model 

Method  and  k; i-nds  of  testa. 

Tests  were  condm/ted  at  an  irrigation 
reservoir  in  southern  part  of  Osaka 
City.  This  pond/  has  about  200M  x 500M 
area  and  about  depth  and  seems  ex- 
tensive enough  ior  this  model.  The 
method  of  tests/  is  the  same  as  the 
convention"*!  ore  but  in  this  case  the 
model  was  controlled  by  two  persons  on 
board  and  propelled  by  a D.C.  motor. 
Kinds  of  test;  are  as  follows; 

(1)  Full  loaj:i  condition 

i)  Origina?/  hull  + Original  rudder 

a.  Turning  test  (i40°,  i35*^.  -30^, 
t2f°,  flO°,  ±5°). 

b.  Zi;s-Zag  teat  (i20°,  ll5°,  llO°, 
IV .5“,  15°). 

c.  Spiral  test  and  reversed 
spiral  test. 

ii)  Original  hull  + Small  rudder 

(83. of  original  rudder  area) 

a.  Spiral  test  and  reversed 
spiral  test. 


Fig.  6 Indices  K'  and  T'  derived  from 
zig-zag  test  (10  in  model,  full 
load  condition) 


(1)  Zig-Zag  test.  Steering  quality 
indices  obtained  from  the  usual  K-T 
analysis  of  the  Zig-Zag  test  are  shown 
in  Fig.  6. 

For  the  original  rudder,  "unusual 
phenomenon"  of  having  stable  indices  in 
small  amplitude  motion  is  not  seen. 

(2)  Turning  test,  spiral  test  and  re- 
versed spiral  test.  The  results  ob- 
tained from  same  analysis  as  4M  model 
are  shown  in  Fig.  7.  For  the  original 
rudder,  the  "unusual  phenomenon"  of 
having  two  or  more  equilibrium  con- 
ditions in  the  r'-S  curve  occurs  more 
markedly  than  with  the  other  models. 

The  details  of  this  phenomenon  are 
shown  in  Figs.  8 and  9 which  were 
obtained  from  analysis  of  the  reversed 
spiral  test.  As  the  experimenter 
found  a change  of  propeller  revolution 
during  the  test,  the  test  was  continu- 
ed for  many  hours  and  repeated  many 
times.  Especially  in  the  tests  of  the 
small  rudder,  this  phenomenon  was  seen 
distinctly  and  the  difference  between 
mean  values  of  helm  angle  are  about  .5 
degrees  as  shown  in  Fig.  9. 

In  *his  case  the  change  of  state 
was  distinguished  by  experimenter  and 
a remarkable  feature  is  that  the  pro- 
peller revolution  changes  at  the  same 
time.  When  the  experimenter  steers 
the  ship  so  as  to  keep  a certain  yaw 
rate,  the  mean  helm  angle  to  keep  this 
yaw  rate  decreases  suddenly  and  the 
propellei-  revolution  increases  at  the 
same  time. 


Fig.  7 Turning  characteristics  ( 10  m 
model,  full  load  condition) 
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Fig.  8 Unusual  phenomenon  in  turnj.ng 
characteristics  ( 10  m model 
vith  original  rudder,  full  load 
condition) 


Fig.  9 Unusual  phenomenon  in  turning 
characterijtics  (10  m model 
with  small  rudder,  full  load 
condition) 


Manoeuvring  Teats 


g 30M  Model 


Model  ship  and  measuring  system. 

(1)  Ship  hull  and  engine.  The  side 
view  of  the  general  arrangement  is  shown 
in  Fig.  1.  As  shown  before  propeller, 
rudder-,  etc.  are  all  similar  to  those 
of  the  ship.  Only  this  model  was  ma^'^ 
of  steel  and  the  model  surface  was  pre^ . 
pared  to  keep  the  smoothness  according 
to  Japanese  standards.  The  constructed 
surface  was  very  smooth  and  accurate. 

The  welding  beads  wei^  smoothed  by 
grinding  except  for  ^fte  fore  peak  part 
which  was  regarded  as  a turbulence 
s timulator . 


The  main  engine  is  a 40  PS  marine 
diesel  with  reduction  gear  ^id  clutch 
and  it  is  controllable  from  the  wheel 
house.  The  engine  revolution  was  very 
steady  even  at  slow  revolutions. 

(2)  Steering  gear.  The  steering  gear 
ic  an  important  instrument  in  this 
experi.nent  and  was  selected  wj^^  great 
care.  Principal  particulars  are  as 
follows ; 

i)  Type;  electro  hydrolic 

ii)  Maximum  helm  angle; 

iii)  Steering  speed;  8.2  sec. 

fr^»  35°  to  30°  of  opposite 
si^P  (Corresponds  ■’..0.28  sec. 
for  350M  ship). 

iv)  Maximum  error  of  actual  helm 
angle  to  settled  angle;  0.5° 


A block  diagram  of  the  steering 
system  is  shown  in  Fig.  10.  The  deffer- 
ence  between  this  system  and  that  of  the 
ship  is  as  follows  I 

i)  Dead  band  of  the  steering  gear 
is  large/  in  the  30M  model 
f'.an  in  the  ship. 

ll'^-  On-off  control  was  used  for 

the  30M  model  while  proportion- 
al control  was  adopted  for  the 
ship . 

The  above  differences  are  consider- 
ed to  ri.jure  the  stability  of  auto-  % 
pilot  steering  control  loop.  But  in 
other  kinds  of  tests  sucii  a difference 
does  not  affect  the  test  results. 

(3)  Measuring  system  The  out-line  of 
the  measuring  system  ia  shown  in  Fig. 11, 
With  some  exception,  almost  all  instru- 
ments are  similar  to  those  used  in 
manoeuvring  tests  of  ships'  trials. 
However  since  the  current  meter  gave 
frequent  trouble,  the  chip  log  method 
was  used  exclusively . 


Fig. 


10  Block  diagram  of  steering 
system  in  30  m model 
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Fij.  11  Measuring  system  in  30  m model 


(4)  Auto  pilot.  The  auto  pilot  system 
was  constructed  to  sir.iulate  the  ship 
motion  controlled  by  auto  pilot.  The 
signals  of  the  directional  gyro  and  the 
rate  gyro  are  fed  into  this* system  and 
the  combined  signal  is  fed  to  the  steer- 
ing gear.  In  this  circuit,  dead  band 
or  backlash  can  be  added  as  a weather 
adjustment.  Also,  electric  noise  can 
be  inserted  for  the  purpose  of  simul- 
tation  of  course  keeping  iji  waves. 

Figs.  12  and  13  shows  the  circuit  and 
block  diagram  of  this  system. 


Man  XT  fOT. 


Kig.  12  Auto  pilot  circuit  in  30  m model 


Fig.  13  Mock  diagram  of  auto  pilot 
system 

keeping  tests  by  helmsman  wore  also 
carried  out.  Rudder  and  hull  used  in 
the  test  was  the  original  type  only. 
Kinds  of  #ests  are  as  follows; 

(1)  Futi  load  condition 

a.  Turning  test(±37,5°  , *l.'i°  , ±5°)  . 


i 


5 


(5)  Sea  surface.  Tests  were  carried 
out  in  Maizuru  ftjy . Water  depth  is  12- 
20M  and  shallow  ^ater  effect  can  be 
neglected.  As  the  bay  is  surrounded  by 
mountains,  the  wind  is  relatively  weak 
and  as  the  fetch  is  short,  the  wave 
height  was  not  over  50  cm  even  with 
10  m/sec.  winds.  A condition  with  wind 
velocity  of  leas  than  3 m/sec.  was 
chosen  for  the  tests  of  very  small 
amplitude  motion.  ‘ 

Method  and  kinds  of  tests.  Tests 
were  carried  out  by  operators  and  expe- 
rimenters on  board.  The  procedure  of 
experiments  and  method  of  analysis  are 
almost  same  as  those  of  a ship  trial. 
The  relation  between  propeller  revo- 
lution and  ship  speed  was  obtained  from 
speed  trials  between  mile  posts.  The 
turning  circle  was  obtained  from  the 
continuous  record  of  the  angle  between 
two  transits  on  deck,  by  which  experi- 
menters traced  a buoy  fixed  by  anchors. 
Xhe  reversed  spiral  test  was  carried 
out  by  changing  the  rudder  set  switch 
while  looking  at  the  output  of  rate 
gyro  indicated  on  a digital  volt  meter 
(Fig.  12).  The  same  method  was  used  in 
the  Zig-Zag  test.  In  the  course  keep- 
ing test,  the  model  ship  was  set  to  run 
in  a straight  course  with  varous  auto- 
pilot gain  settings.  The  same  test  was 
also  conducted  with  noise.  Course 


b.  Spiral  test  and  reversed 

spiral  tert.  ^ 

c 

c.  Zig-Zag  test.  « ^ 

d.  Course  keeping  test. 

(2)  Ballast  condition 

a.  Tvrnxi.g  test  (-37.5°) 

b.  Spiral  ' est  and  reversed 
spiral  lest. 

c.  Zig-Zag  test. 

Test  results 

(1)  Turning  locus.  One  of  the  results 
of  the  turning  tests  is  shown  in  Fig. 
1^.  The  turning  loci  of  the  full  load 
condition  before  steady  turning  and 
those  of  the  ballast  condition  are  not 
smooth  and  this  can  be  considered  to 
be  due  to  the  effect  of  wind.  From 
the  results  of  calculation,  the  loci 
drift  by  definite  distance  to  definite 
direction  under-  constant  windt(>3  • 

So  the  steady  state  loci  were  modified 
using  direction  and  distance  of  drift 
which  were  obtained  from  the  results 
of  the  steady  state  turning  test. 
Modified  loci  are  also  shown  in  Pig. 

Ik. 
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(3)  Zig-Zag  tast.  Raaults  obtalnad 
from  tha  uaual  K-T  analysla  ara  ahown 
in  Piga.  17  and  l8.  In  tha  full  load 
condition,  the  indicea  show  aiora  stable 
ciMMra  ctaristics  in  tha  range  of  small 
helm  angle. 

" In  the  ballast  condition,  the 
indices  ara  considerably  different  from 
those  of  tha  4m  modal  and  the  "uigigpual 
phenomenon"  of  having  stable  indiife^s 
in  email  amplitude  motion  seems  to 
occur. 

(4)  Course  keeping  test. 


Fig.  l4  Turning  locus  ( 30  m model,  full 
load  condition) 

(2)  Turning  test,  spiral  te<it  and  re- 
versed jplral  test.  The  reoults  are 
shown  in  Fig.  IB  and  16 . The  ship 
spemds  used  to  nondimenMonaliie  ize  the 
remits  wet  e based  on  the  chip  log 
method. 

The  record  of  the  heading  in  the 
spiral  test  shows  a slight  but  not 
periodic  fluctuation  wiille  the  helm 
angle  was  fixed.  The  scattering  of  the 
r'-  5 curve  s;<oms  to  be  remarkable,  which 
is  regarded  to  be  due  to  the  fluctuation 
of  the  flow  field.  In  this  case,  the 
qualitative  trend  of  fluctuation  of 
propeller  revolutions  was  the  name  as 
that  of  the  lOM  model  but  not  so  re- 
markable as  in  the  case  of  lOM  model. 

On  the  other  hand,  scattering  in 
the  r'-5  curve  cannot  bo  found  in 
ballast  condition.  In  this  case,  the 
stabilization  at  small  helm  angles  is 
clearly  seen  as  in  the  Zig-Zag  test. 

O fKVEBSEO  JPlRit  1 W 
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a.  Without  electric  noise.  Some 
of  results  are  shown  in  Figs. 

21  and  22  in  which  rudder 
adjustment,  rate  adjustment  and 
width  of  deadband  were  varied. 

From  these  results  a slight  yaw- 
ing of  long  period  is  observed. 
It  must  be  examined  carefully 
as  to  whether  this  is  due  to 
the  deadband  of  the  amplifier 
of  the  steering  gear  or  due  to 
abnormal  fluid  forces  acting 
on  the  hull. 

b.  With  electric  noise.  One  of  the 
results  la  shown  in  Fig.  23 
which  was  obtained  from  the 
record  of  the  course  keeping 
test  by  auto-pilot  in  which 
electric  noise  was  applied. 

The  noise  applied  was  calculat- 
ed for  this  model  length  using 
the  specti'um  which  was  measured 
by  Koyama  during  the  voyage  of 
a I5OM  length  cargo  ship  in  the 
North  Pacific  Ocean  (in  the 
condition  Sea  6,  Swell  7<  Wind 
15  m/sec.)  (7l« 
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Fig.  15  Turning  characteristics  (30  m 
model,  full  load  condition) 


16  Turning  characteristics  (30m 
model,  ballast  condition) 
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Fig.  21  Results  of  course  stability  test  (30  n models  full  load 
condition,  with  electric  dead  band  and  noise) 


Comparison  of  variance  of  heading 
angle  and  helm  angle  with  noise  and 
without  noise  are  as  follows; 


Varienre 

<i»(dag^) 
(J  (deg^) 


Without  noise 
^•438 
0.773 


With  noise 

0. 677 

1. '»78 


REMARKS  ON  THE  RESULTS  OF  THE  MODEL 
TESTS 

Scale  Effect  on  Monoeuvrability 

Mean  lines  of  the  results  of  the 
i'ig-Zag  tests  for  the  three  models  are 
shewn  in  Figs.  22  and  23. 

From  these  results,  it  appears 
that  the  steering  quality  of  this  type 
hull  form  seems  to  be  influenced  slight- 
ly by  Reynolds  number  in  relatively  large 
amplitude  motlewi  talcing  into  account 
the  scattering  of  the  measured  points 
and  the  difference  of  the  radius  of 
gyration.  However,  definite  conclusions 
on  scale  effect  must  await  the  results 
of  full  scale  ship  trial. 

On  the  other  hand  for  small  motions, 
a obvious  scale  effect  exists  even  if 
the  scattering  of  the  measured  points 
are  considered.  This  effect  has  an  oppo- 
site tendency  to  conventional  results, 
in  which  the  smaller  model  is  more 
stable  than  larger  one  because  the 
rudder  force  is  larger  in  smaller  model 
owing  to  strong  propeller  slip  and 
because  yaw  damping  moment  due  to  trail- 
ing vortices  tends  to  be  generated  in 
smaller  model. 

Two  factorodiMy  explain  the  above 
phenomenon.  mentioned  that  the 

trailing  vortices,  which  produce  a yaw 
damping  moment, tend  to  be  generated 
and  to  be  strongest  as  the  Reynolds 
number  decreases  because  of  the  separ- 
ation of  the  *'low  outside  the  boundary 


layer.  But,  in  a wide  beam  ship  as 
this  type,  it  can  be  considered  that 
the  flow  pattern  has  a same  tendency 
as  a flat  plate  wing  and  the  trailing 
vortices  may  actually  become  weaker  as 
the  Reynolds  number  decreases.  We  can 
also  suppose  that  in  a small  model  such 
vortices  may  be  weak  owing  to  the 
strong  propeller  suction.  These 
factors  seem  to  affect  on  the  phenome- 
non, but  we  can  not  draw  concrete  con- 
clusions because  fundamental  experi- 
ments have  nov  yet  been  carried  out. 

Next  we  consider  the  normal  force 
acting  on  a rudder  which  is  placed  in 
a strong  wake  as  with  the  present  ship. 
In  the  case  of  a very  largo  tanker, 
there  is  considerable  area  of  the 
rudder  on  which  the  propeller  race  has 
no  influence.  This  part  of  the  rudder 
produces  a stronger  normal  force  in  a 
large  model  than  in  a small  model, 
us,  oven  though  the  rudder  part  in 
propeller  race  generates  a smaller 
ores,  the  total  ruddor  force  may  be 
larger  in  a large  model  than  in  a 
small  model.  To  confirm  this,  a brief 
calculation  was  conducted  under  some 
assumptions.  The  value  of  wake  fraction 
used  in  the  calculation  was  obtained  by 
exterpolating  the  value  which  was  de- 
rived from  6.7M  self-propulsion  test, 
according  to  Yazaki  ' a chart  (.8^. 

The  propeller  revolution  was  derived 
from  the  model  testa  for  each  model  and 
estimated  by  conventional  methods  for 
the  ship.  In  the  calculation,  the 
rudder  was  divided  into  two  parts  by 
the  horizontal  line  tangent  to  the 
upper  edge  of  the  propeller  blade  and 
the  normal  forc^,  on  each  part  was  cal- 
culated separately.  The  horn  was  ex- 
cluded from  the  parts.  Aspect  ratio 
of  each  part  was  decided  on  the  as- 
sumption that  each  part  has  a some 
characteristic j as  a double  u^^or 
image  body  with  respecc  to  the  bi  undary 
line.  Normal  force  coefficient  was  cal- 
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!2  Scale  effect  on  the  Indices  K' 
and  T'  (full  load  condition) 


Fig.  23  Scale  effect  on  the  indices  K' 
and  T'  (ballast  condition) 
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2k  Scale  effect  on  the  turning 
characteri*tics  (full  load 
condition ) 
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Fig.  25  Scale  effect  on  the  turning 
characteristics  (balls)t 
condition) 


culated  by  Okada ' s formula  (9^  and 
shown  in  Tabls  2,  in  which  shows 

the  normal  force  coefficient  for  the 
part  placed  in  propeller  race, 
shtfws  that  for  out  of  propeller  race 
and  Cn  shows  tli^  total  normal  force 
coefficient . 


I 


From  the  ^piculation  it  can  be 
seen  that  the  normal  force  coeffici- 
ent varies  according  to  the  change  of 
wake  fraction  and  the  steering  becomes 
stable  tfa  Ae  model  length  Increase. 


There  seems  to  be  only  a slight 
difference  between  the  30M  model  and 
the  ship.  It  is  notable  chat  not  only 
Cni  but  also  C(j2  Increase  as  the  model 
becomes  large.  However  for  large 
motions  the  wake  decreases  and  the 
differejMes  of  the  results  betx^een  each 
model  Hpioaen  small. 

JijjP'was  stated  earlier,  the  only  ‘tM 
model  was  not  fitted  with  bilge  keels. 
The  University  of  Osaka  Prefecture  was 
askM  to  examine  this  effect.  From  the 
results  steering  quality  with  bilge 
kMls  is  more  unstable  than  that  of 
without  bilge  keels  but  the  qualitative 
conclusion  does  not  change. 

In  ballast  condition  3OM  model 
ship  Is  more  stable  In  a range  of  small 
helm  angle  than  model.  This  seems 
to  due  to  so-called  "unusual  phonoinenon" 
but  not  due  to  difference  of  nirmal 
force  acting  on  rudder,  because  in 
ballast  condition  normal  force  is  pro- 
duced from  f.ftg  mostly  and  increment  of 
Cn2  is  very  small.  Unusual  phenomena 
on  K' , T'  are  discussed  later. 

Also  in  ballast  condition  there 
are  obvious  differences  in  K'  and  T'  . 
However  because  ballast  model  tests 
with  the  lOM  model  were  not  conducted 
(as  It  was  not  consider  to  be  Important) 
and  because  we  do  not  have  other  avail- 
able data,  we  will  put  off  any  con- 
clusions until  the  ship  trial  is  carri- 
ed out. 

Mean  lines  of  r'-^  characteristics 
of  each  model  are  ehown  in  Figs.  24  and 
23,  in  which  the  abscissas  are  shifted 
to  coincide  the  point  r'=0.  In  the  range 
of  email  helm  angle,  the  30M  model  is 
clearly  more  stable  than  the  4M  model 
but  in  full  load  condition  the  differ- 
ences are  net  clear.  This  seemt  to  bo 
because  the  flow  field  is  stable  in 
the  ballast  condition  while  it  is  not 
in  full  load  condition. 

In  the  range  of  large  amplitude 
motion  there  is  only  a small  scale  ef- 
fect. The  discrepancy  of  the  tondeucy 
between  turning  characteristics  and  K' , 
T'  may  due  to  the  differences  of  the 
mode  of  the  motion. 


Table  2 Coefficients  of  normal  forces 
acted  on  rudders. 


1 

4.0 

10. 0 

29.9 

350 

1-w 

0.37 

0.406 

0.45t 

0.543 

0.747 

0.709 

0.662 

0.488 

Cni 

0.331 

0.400 

0.503 

0.712 

1 

1.80 

2.06 

2.44 

2.44 

CN2 

[Port 

2.11 

2.38 

2.75 

2.70 

Cvl 

Star- 
1 board 

1.454 

1.67 

1.98 

2,03 

•"N  1 

[Port 

1.69 

1.92 

2.22 

2.23 

"Unusual  Phenomenon" 

"Unusual  phenomenon"  in  manoeuvra- 
bility is  tbs  nane  used  by  Nomoto  for  a 
phe-omanon  that  is  characterized  by  the 
stabilization  of  manoeuvrability  in 
iimall  amplitude  motion  where  yaw  damping 
is  essentially  small  (2^.  This  phano- 
mi  nun  is  said  to  hr  pen  more  frequently 
in  small  modela,  but  In  the  present 
study  the  rather  large  model  appears  to 
Indicate  this  phenomenon  in  the  ballast 
r.ondltic  n. 

Nomoto  has  stated  that  "unusual 
phenomenon"  is  apt  to  happen  If  two 
trailing  vortices  are  generated  from 
the  bilges  when  the  ship  runs  in  a 
straight  '.ourse.  Such  vortices  become 
stronver  ar  the  Reynolds  number  in- 
creases if  then  is  stront  twisted  flow 
outside  of  boundary  layer  (the  flow 
field  around  a wing,  a light  draft  ship 
and  a wide  beam  ship  in  trim  condition 
seem  to  coiTBspond  to  this  situation). 

Even  if  there  is  not  such  a strong 
twisted  exte.-nal  flow,  trailing  vortices 
are  generated  when  the  external  stream- 
wise  flow  is  apt  to  separate  (full  load 
condition  rather  corresponds  to  this 
case).  In  such  a case  traxllng  vortices 
are  supposed  to  be  stronger  as  the 
Reynolds  number  becomes  small. 

Accordingly,  "unusxial  phenomenon"  in 
ordinary  ship  forms  tends  vo  occur  as  the 
models  become  small.  But  if  the  flow 
field  is  affected  by  propeller  suction, 
"unusual  phenomenon"  is  supposed  to  happen 
in  large  models  also.  "Unusual  phenomenon" 
in  balUPst  condition  shown  in  the  present 
study  seems  to  subjected  to  twisted  flow. 
3ut  as  there  are  few  data  for  ballast  con- 
dition, it  is  difficult  to  derive  a 
certain  conclusion. 

In  the  full  load  condition,  the 
type  of  "unusual  plienomenon"  as  noted 
by  Nomoto  was  not  found,  but  another  type 
of  "unusual  phenomenon"  In  small  ampli- 
tude motion  was  foui.d.  The  phenomenon 
of  having  two  equilibrium  condition  in 
r'-  B characteristics  (we  can  not  dis- 
tinguish clearly  but  it  geems  to  have 
two  condition  on  the  average)  can  be 
supposed  to  have  the  same  mechanism  as 
mentioned  before.  But  in  this  case,  the 
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geiieration  of  vortices  is  not  steady 
and  the  turning  characteristics  become 
unstable  if  such  vortices  are  generated 
and  vice-vei'sa . And  if  the  generation 
and  extinction  of  vortices  is  periodic 
in  connection  with  the  stern  flow  field, 
the  ship  results  in  self-exitation  dur- 
ing the  course  keeping  by  auto-pilot  as 
shown  in  small  cement  carrier 

Cn  the  case  of  the  present  ship, 
the  vortex  generation  and  extinction 
does  not  seem  to  be  periodic  from  the 
data  of  spiral  test  (helm  angle  is  fix- 
ed in  the  test)  and  therefore  the  ship 
should  not  experience  this  problem. 

Next  we  conaider  about  thd  reason 
why  the  above  mentioned  phenomeia  tends 
to  happen  in  port  aide  turning  and  why 
the  propeller  revolutions  increase 
when  the  steering  quality  becomes  stable. 
(Figs.  8 and  9).  As  shown  in  Fig.  26 
when  the  steering  quality  becomes 
stable,  a vortex  from  the  starboard 
side,  which  turns  in  a anti-clockwise 
direction,  extincts  and  then  the  load 
of  the  propeller,  which  turns  in  a 
clockwise  direction,  decreases  and  the 
revolutions  increase.  If  we  can  say 
that  the  generation  and  extinction  of 
a vortex  outside  the  bilge  of  turning 
ship  is  affected  by  the  suction  C.^-®  ) 
in  upper  half  propeller  disk,  the  suc- 
tion is  weaker  in  the  second  quardrant 
in  starboard  side  turning  than  tlie 
first  quadrant  in  port  aide  turning 
owing  to  the  direction  of  propeller 
revolution.  For  this  reason  the  vortex 
remains  in  port  side  when  the  ship- 
turns  to  port  side  and  stabilization  is 
apt  to  occur. 

In  addition  to  this,  the  increase 
of  propeller  revolution  contributes  to 
stabilizing  momsnt . But  because  more 
scattering  is  seen  with  the  small 
rudder  than  with  the  original  one,  the 
former  effect  seems  to  dominato. 

Therefore  in  the  case  of  such  a wide 
beam  ship  as  studied  in  this  report, 
it  is  desirable  to  ha^e  a large  rudder 
area . 


Investigation  of  ManoeuvabllitV  from 
the  V iew-point  of  Design 

At  first  we  conaider  the  course 
keeping  quality.  As  shown  Fig.  19  if  a 
weather  adjustment  such  as  dead  band 
and  backlash  is  not  included  in  the 
auto-pilot  system,  maximum  yawing 
amplitude  is  about  2 degrees  and  full- 
width  of  check  holm  is  also  about  2 
degrees.  This  amplitude  of  yawing  is 
by  no  means  small  but  because  an  on-off 
control  steering  system  was  adopted  in 
this  study  and  also  because  It  has  some 
mechanical  back  lash,  this  is  easily 
Improved  by  adopting  the  excellent 
steering  system  in  the  actual  ship. 

Relation  between  width  of  hyster- 
esis loop  and  amplitude  of  check  helm 
is  shown  in  Fig.  28  for  several  ships, 
which  was  obtained  from  the  course 
keeping  test  during  the  speed  trial, 
fn  this  figure,  "H"  indicates  the 
results  of  human  operator  and  "Aj^"  and 
"Aa"  indicate  the  results  of  auto- 
pilots of  different  manufacture.  Be- 
cause of  large  scattering  in  the  re- 
lation between  loop  width  and  check 
helm,  the  range  of  scattering  is  shown 
in  figure  and  the  straight  line  shows 
the  envelope  of  the  maximum  value  of 
"Ai".  As  these  actual  ships  did  not  get 
into  trouble  , we  can  conclude  that  in 
the  case  of  30M  model  2 degrees  of  check 
helm  versus  about  2 or  3 degrees  of  hys- 
teresis loop  is  an  average  value  in  com- 
parison with  the  figure  and  the  "un- 
usual phenomenon"  does  not  injure  the 
course  keeping  quslity. 

Next  we  consider  the  period  of  yaw- 
ing. Although  the  precise  period  can 
not  obtain  from  Fig.  19  it  seems  to 
about  ^0  - 60  seconds.  On  the  other 
hand  the  period  of  generation  of  vortex 
calculated  from  Strouhal  number  related 
to  the  ship  width  as  the  dimension  of 
length  comes  to  about  30  - 15  seconds. 
Because  these  periods  differ  from  each 
other  considerably,  even  when  the  flow 
fluctuates  periodically,  and  because 


Fig.  26 


Schematic  diagram  of  the 
mechanism  of  unusual  phenomenon 


Fig.  28  Relation  between  loop  width  and 
check  helm  (full  load  condition) 
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Fig'  27  Actual  results  of  loop  width  in 
reversed  spiral  test  (full  load 
^ condition) 

the  record  of  yawing  does  not  have  a 
clear  period,  there  is  no  fear  of  self- 
excitation in  auto-pilot  control* 
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Furthermore,  in  the  case  of  navi- 
gation in  rough  aeas,  the  standard 
variationsof  yawing  and  helm  angle 
obtained  are  0.82j  degree  and  1.21  de- 
gree respectively  from  the  results  of 
course  keeping  test  with  noise  even  in 
very  rough  condition  of  seai6,  8Well=7 
and  wind:13  m/sec.  As  these  standard 
variations  are  not  large  in  comparison 
with  conventional  values,  there  seems 
to  be  no  troiible  in  this  point. 

Finally  we  consider  the  steering 
>iuality  indices.  Fig.  ?,9  shows  the  mean 
value  of  tile  results  of  10°  Zig-Zag  teat 
versus  ship  length.  In  the  case  of  this 
ship,  the  value  K':=3.3,  T'='i.O  has  enough 
stability  by  comparison  with  this  value. 

Fig.  27  shows  the  variation  of  the 
width  of  the  hysteresis  loop  from  the 
reversed  spiral  teat  versus  the  devi- 
ation of  rudder  area  from  the  standard 
value  derived  from  Yaniadn's  methodfll). 
The  straight  line  in  the  figure  shows 
the  mean  line  of  the  various  data. 

For  ths  present  ship,  the  width  of  the 
hysteresis  loop  estimated  from  model 
tests  is  about  2-5  degrees  while  from 
this  figure  it  may  become  6 degrees. 

But  even  so.,  there  will  be  no  trouble 
in  steering  as  shown  next  -ecticn  if 
the  ship  does  not  show  periodic  yawing 
due  to  periodic  fluctuation  of  the 
flow  field  [^3]  . 

EXAMINATION  OF  FEELING  OF  CONTROL  OF 
SHIP  BY  SIMULATION 

Object  and  method  of  simulation 

As  we  have  shovm  so  far  as  wo  com- 
pare the  model  test  results  with  those 
of  actual  ship,  it  may  bo  said  that 
400,000  D.W.  tons  tanker  of  the  present 
typo  will  not  get  into  trouble.  But 
the  steering  quality  indices  are  dealt 


a—  Lornm  lm  (m) 

Fig.  29  Actual  results  of  indices  K' 
and  T'  in  10°  zig-zag  test 
(full  load  condition) 
in  nondimenslonal  value  so  we  must  ex- 
amine whether  or  not  any  trouble  will 
occur  in  the  view  point  of  the  feeling 
of  control  by  checking  the  motion  of 
the  ship  due  to  steering  in  real  time, 
becauss  the  actual  ship  of  the  present 
typo  is  larger  in  length  than  convention- 
al 200,000  D.W.  tons  typo  tankers,  In 
the  present  study  the  problem  of  the 
actual  steering  motion  was  examined  by 
tho  method  that  helmsmen  steer  a simu- 
lator in  which  the  steering  quality 
indices  estimated  from  3OM  model  tost 
were  applied. 

The  experiment  was  conducted  using 
the  manoeuvring  simulator  at  Hiroshima 
University.  This  device  can  simulat ' 
the  motion  of  ship.s  having  various  steer- 
ing qualities,  lengths  and  speeds  in  the 
.’.aboravory.  The  details  of  the  device 
were  already  published  (.12^.  For  re- 
ference, an  experiment  using  collision 
avoidance  simulator  was  also  carried 
out . 

The  equation  of  motion  applied  to 
the  simulator  is 

T1T2  f + (Ti  + Tg)  V'  t 

+ = K 5 + KTjS 

Each  coefficient  of  the  equation 
was  derived  from  the  results  of  the 
experiments  of  the  30M  model  in  the  fu.ll 
load  condition.  In  general,  the  results 
of  model  tests  are  more  stable  than  the 
ship  trials.  So  a modified  imaginary 
mo. lei  having  8 degrees  width  of  hyster- 
esis loop  was  also  examined. 

The  tests  were  carried  out  at  two 
speed  conditions  which  were  15.6  knots 
and  8.0  knots  (both  in  the  full  lovd 
condition)  for  the  actual  ship  and  thoae 
speeds  correspond  to  4.56  knots  and  2.34 
knot-  for  the  3OM  modsl  respectively. 
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Table  3 Coefficienta  of  equation  of  motion. 


tifMBOL 

'fi 

a 

Vg(kt) 

Full-width 
of  Loop 

Tj(soc) 

Tg( sac ) 

Tj ( sec ) 

1 

K( l/sec ) 

r""”.  — — 
sec^ ) 

Ml 

29.9 

4.56 

1.9° 

-136.7 

4.21 

15.05 

-0.423 

- 0.90 

M2 

29.9 

2.34 

1.9 

-266.4 

8.14 

29.24 

-0.217 

- 3.42 

SI 

350 

15.6 

1.9 

-466.3 

14.37 

51.1^ 

-0.124 

-10.46 

S2 

350 

8.0 

1.9 

-909.1 

28.01 

99.;' 

-0.064 

-99.79 

S'l 

350 

15.6 

8.0 

-309.5 

14.73 

51.17 

-0.042 

- 5.21 

S'2 

350 

8.0 

8.0 

-603.4 

28.72 

99.76 

-0.022 

-19.87 

The  coefficients  of  equation  of 
notion  are  shown  in  Table  3* 

The  process  of  examination  is  shown 
in  •'‘ig.  30.  To  take  into  account  of 
the  effect  of  individual  differences, 
the  same  test  was  executed  by  two  helms- 
men . 


Helmsman  (A)\  a helmsman  who  con- 
trolled the  30M  model  ship  and 
has  much  experience  controlling 
medium  size  ships  but  no  ex- 
perience controlling  very  large 
tankers . 

Helmsman  (B);  a helmsman  who  has 

much  experience  steering  very 
large  tankers  and  controlled 
the  3OM  model  ship  for  two 
days . 

Course  control  simulation  w^s  con- 
ducted after  the  sequence  shown  in  Fig. 
31.  Helm  angle  was  restricted  to  15° 
at  the  beginning  of  course  change  but 
not  restricted  after  that. 

Collison  avoidance  simulations  were 
carried  out  in  the  cases  of  avoidance  of 
an  anchored  ship  and  crossing  the 
course  of  other  ship  perpendicularly  in 
which  helm  angle  was  not  restricted. 

Results  on  the  analysis  of  simulation 

In  course  control  simulation,  the 
performance  of  a course  change  is  judg- 
ed from  the  time  which  is  required  un- 
til the  ship  seta  on  new  course,  the 
magnitude  of  helm  angle  and  the  ampli- 
tude of  motion.  In  this  paper,  the 
time  history  during  the  course  change, 
the  relation  between  L/V  and  Tr  which 
represents  the  time  of  the  course 
change  and  the  relation  between  L/V  and 


mean  helm  tngle  during  the  ( 

course  change  are  shown  in  Figs.  32,  33 

and  ak  for  a typical  example,  where  ; 

In  Fig.  33,  Tr  for  an  ideal  course 
change  as  calculated  approximately  '[ 

from  the  first  order  system  equation  is  j 

also  shown.  .1 


Namely 


Tr  = L/V  X 


3WK 


We  can  not  find  any  indication  of 
trouble  in  steering  from  the  time  histo- 
ry shown  in  Fig.  32.  The  maximum  turn- 
ing rate  shown  becomes  0.25  degree/sec 
even  in  the  minimum  case,  which  is 
large  enough  in  comparison  with  the 
value  0.12  degree/sec  . 1^1 3 J which  is 
the  minimum  value  necessary  to  make  an 
other  ship  notice  the  motion  of  own 
ship.  And  this  value  is  not  less  than 
the  above  mentioned  value  e'-'en  if  we 
consider  the  50^  loss  of  turning  rate 
due  to  shallow  water  ef  f ect  . 


I 


As  shown  in  Fig.  33  the  value  of 
Tr  derived  from  simulation  test  agrees 
well  with  that  of  ideal  steering  and 
the  control  is  t’ a well.  The  results 
of  the  3OM  model  show  rather  large 
values.  This  seems  to  be  because  the 
helmsman  hesitates  to  steer  in  a small 
ship.  This  phenomenon  is  also  indicat- 
ed in  the  value  of  helm  angle  shown  in 
Fig.  3^.  On  the  other  hand,  in  the 
case  of  a large  ship,  the  motion  of  the 
ship  is  slow  and  the  helmsman  tends  to 
turn  the  ship  actively  with  large  helm 


Fig,  30  Flow  chart  of  criterion  for 
feeling  of  ship-control 
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Fig.  3^  Root  mean  square  of  helm  angle 
versus  L/V  curve 


'i 

■V 
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angles.  In  the  case  of  the  wide  hys- 
teresis loop,  a difference  between 
ideal  steering  and  the  actual  results 
exists.  But  it  is  not  obvious  whether 
this  is  due  to  the  difficulty  of  steer- 
ing or  an  error  from  first  order  system 
approximation.  Because  Tr  is  not  so 
different  from  the  ideal  one  and  also 
because  Tr  is  propotioual  to  L/V  and 
there  is  no  trouble  in  200,000  D.W  tons 
tanker,  any  trouble  will  nmc  occur  for 
such  a L/V  as  studied  in  the  present 
paper . 

Course  keeping  test  was  carried 
out  before  and  after  the  course  chang- 
ing test.  Because  the  object  of  this 
test  is  to  see  the  effect  of  difference 
of  L/V,  noise  corresponding  to  a sea 
disturbance  is  not  put  in  and  the 
simulation  corresponds  to  steering 
mition  in  a calm  sea.  Accordingly, 
yawing  motion  and  helm  angle  is  very 
small  and  the  record  is  omittjd  here. 

It  is  interesting  that  helmsman  (B), 
who  has  much  experience  steering  large 
ships  steers  just  like  the  rate-adjust 
control  and  helmsman  (A),  who  hes  much 
experience  steering  small  ships,  ateors 
Just  like  propoft ional con trol  and  the 
helm  angle  is  rather  largo  in  this 
case . 

Also,  in  the  collision  avoidance 
simulation  no  trouble  was  found.  We 
cannot  obtain  certain  conclusions  from 
the  few  results  of  this  test  but  it 
seems  that  as  L/V  increases  the  helms- 
man tends  to  steer  the  ship  actively 
and  as  a result  the  cvershoot  becomes 
large  and  the  distance  between  the 
obstacle  and  the  ship  enlarges  when  the 
ship  passes  the  obstacle. 

To  examine  the  relation  between 
the  results  of  simulation  and  feeling 
of  control  of  the  helmsman,  impressions 


of  helmsman  were  recorded.  These  are 
gathered  and  as  follows; 

(1)  The  feeling  of  control  of  the 
30M  simulation  model  is  very  similar  to 
that  of  the  actual  30M  model  ship, 
(he'msman  (A)  and  (B)) 

<2)  In  the  case  of  the  350M  simu- 
lated ship  at  15.6  knots  and  8.0  knots 
speed,  the  reaction  to  the  steering  is 
same  as  or  more  exellent  than  that  of 
a conventional  200,000  D.W.  tons  type 
vessel  (helmsman  (B)). 

(3)  No  trouble  will  occur  in  the 
case  of  "SI"  and  "S2"  although  1 have 
no  experience  controlling  very  large 
tanker  (helmsman  (A)). 

(4)  In  the  case  of  "S’x"  and  "S' 2" 
(having  8 degrees  width  of  hysteresis 
loop)  a large  check  helm  is  needed  and 
the  reaction  to  the  steering  is  slow  in 
comparison  wi  th  "S|"  ,"82"  but  even  so  it 

is  not  so  bad  as  get  into  trouble, 
(helmsman  (A)  and  (B)). 

As  mentioned  above  there  is  no  discre- 
pancy between  the  feeling  of  helmsmen 
and  the  results  of  analysis  and  .his 
simulation  test  is  considered  to  give 
rational  results. 

If  the  turning  characteristics  of 
the  3?0M  actual  ship  is  same  as  that  of 
the  3OM  model  in  nondlmena ional  repre- 
sentation, there  will  be  no  trouble 
even  we  consider  the  effect  of  L/V. 

And  even  if  the  350M  actual  ship 
is  more  unstable  than  the  3OM  model 
with  a 8 degrees  wide  hysteresis  loop, 
no  particular  problem  in  control  will 
happen . 
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CONCLUSION 

Unexpected  phenomena  found  from 
various  manoeuverlng  tests  using  three 
similar  models  are  as  follows; 

(1)  In  the  full  load  condition, 
scale  effect  appears  in  the  range  of 
small  helm  angle  and  (unlike  convention- 
al results)  the  steering  quality  indices 
of  the  large  model  indicate  more  stable 
characteristics  than  that  of  small  model. 
The  reason  for  this  phenomenon  is  assum- 
ed to  be  that,  owing  to  the  large  wake, 
the  normal  force  acting  on  rudder  has 

an  inverse  tendency. 

(2)  In  the  full  load  condition, 
the  "unusual  phenomenon"  in  which  the 
turning  characteristics  are  not  defind 
uniquely  is  found  in  the  30M  and  the 
lOM  model  while  it  is  not  found  in  il*e 
model.  The  scattering  becomes  marked 
as  the  rudder  area  becomes  small  and  is 
apt  to  occur  in  port  side  turning. 

This  phenomenon  has  a relation  with  the 
propeller  revolutions,  namely  the  turn- 
ing characteristics  become  stable  when 
the  revolutions  increase  and  vice-versa. 

(3)  In  the  ballast  condition,  the 
"unusual  phenomenon"  of  having  stable 
steering  quality  indices  in  the  range 
of  small  helm  angle  occurs  in  the  3OM 
model  while  it  does  not  occurs  in  the 

model . 

The  reason  for  this  phenomenon 
seems  to  be  that  the  mechanism  of  the 
generation  of  vortices  (which  is  the 
csi.se  of  yaw  damping)  resembles  that  of 
a wing  and  it  becomes  marked  as  the 
Reynolds  number  increases. 

Next  the  steering  quality  of  the 
ship  is  expected  as  follows; 

(1)  The  Indices  K',  T'  and  the 
width  of  the  hysteresis  loop  are  stable 
in  comparison  with  conventional  ships. 

(2)  The  yawing  motion  duo  to  "un- 
usual phenomenon"  is  not  a periodic  one 
and  the  results  of  the  course  keeping 
test  show  almost  the  same  value  of  the 
variance  of  heading  angle  as  a con- 
ventional ship. 

(3)  No  difficulty  in  steering  the 
ship  could  be  found  in  the  simulation 
test  by  helmsmen. 

from  these  results  it  seemc  that 
no  trouble  will  occur  in  actual  navi- 
gation if  the  same  rudder  area  and  the 
same  stern  form  as  the  model  ship  is 
adopted. 

As  to  the  scale  effect  of  steering 
quality,  we  must  wait  till  we  shall  get 
the  results  of  the  full  scale  trials. 


And  it  is  beyond  question  that  we 
need  to  make  more  fundamental  studies 
in  order  to  clarify  of  the  mechanism 
of  the  above  mentioned  "unusual  phe- 
nomena" . 
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h.ri.W.  THIEME 


DtSCUSWON 


The  progress  in  developing  wide- 
besm  large  ships  - nay  be  some  kind  of 
forerunner  of  extreme  "flounder" 
hulls  - as  achieved  by  the  authors 
leads  to  a welcome  Insight  in  very  in- 
teresting problems,  specially  for  the 
maneuvering  people  too.  My  contilbution 
must  be  restricted  to  a more  or  less 
probable  suggestion  to  explain  the 
newly  observed  phenomena. 

The  snown  scale  effect  favouring 
the  larger  models  is  unusual  Indeed , 
but  very  different  from  Prof .Nomoto's 
"Unusual  Scale  Effect"  121 . The  latter 
is  an  overstabilizing  effect  due  to 
increasea  rudder  force  from  unusual 
slue-wash  angle  past  the  rudder  indu- 
ced by  strong  separation  on  the  tur- 
ning inside  stern  part.  Comparable 
results,  and  the  same  possible  ex- 
planation. were  reported  by  Dr.Okamoto 
at  the  T.iird  NSMB-Symposium  1973 i 
an  overstabilizing  effect  only  lor 
the  smaller  models  of  2.0  and  6.0 
meters  in  length. 

Differently  with  the  new  results 
of  the  Wide-Beam  Tanker  geosims.  They 
are  snowing  no  overstabllizlng  at  all. 
turning  instability  for  the  full  load 
condition,  stability  for  the  very  large 
model  arl  a marginally  unstable  small 
model  Iti  ballast  condition.  If  one  cal- 
culate roughly  the  influence  of  trim 
and  light  load,  the  governig  parameter 
for  the  latter  may  be  V/(T.L*)  . 


on  the  turning  stability . an  equivalent 
enlargement  of  about  30  % for  the 
rudder  area  is  found.  This  may  good 
enough  explain  the  good  results  for  the 
ballast  condition. 


More  difficult  I think  is  a reliable 
explanation  of  the  first  mentioned  phe- 
nomenon of  Increased  turning  stability 
with  increased  model  size.  I would  have 
more  appreciated  . when  more  details 
would  be  published  on  liull-fotnn  and 
rudder-section,  speed-loss  and  drift 
angle  during  turning.  It  must  be  very 
emphasized  the  author's  conclusion,  that 
there  is  a need  for  more  fundamental 
studies  in  this  field.  As  a contribution 
to  such  an  extended  program  of  investi- 
gation I may  once  more  suggest  Less 
Rudder  Turning  Tests  and  rudder  force 
measurements  during  normal  spiral-tasts. 
in  order  to  separate  the  hull-phenomena 
from  the  rudder-phenomena. 

In  case  all  the  model  rudders  are 
geometric  similar  not  only  in  area- 
profile  but  also  in  hydrofoil-section, 
e.g.  a normal,  thick  section  familiar 
to  NACA  0018  or  so.  it  must  be  afraid 
an  essential,  direct  and  real  scale 
effect  on  the  rudder  force  of  the  ^i-M- 
model.  The  Reynolds  Number  of  this 
rudder  is  in  the  ran/;e  from  about  0.1 
million  up  to  below  0.2  million  with 
respect  to  the  slip-stream  influence. 

And  this  is  somewhat  toolow;  the  use  of 
a plate-rudder  might  have  a remarkable 
effect. 
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duo  to  tha  dlffaranea  of  tha  waka  fraction  and 
tha  slip  ratio.  And  wa  acraa  with  Nr.  Ihlaaa'a 
mttgMition  that  raddar  forea  aaaaiiraaanta  ara 
uaafttl. 
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think  that  tha  raaaoa  of  thla  phanoaonon  la  an 
OTomtablllalns  affaot  dua  to  unuaual  fluid 
foroa  which  happanaa  In  tha  largar  «dal  onljr. 
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tha  hN  aodal  avan  though  tha  Bapnolda  Nuabar 
of  tha  ruddar  la  aanll.  Bacauaa  tha  ruddar 
la  plaead  In  fully  diaturbad  flow  fiald. 
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CNQITAL  SIMULATION  ANALYSIS  OF 
MANEUVemNQ  PERFORMANCE 
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ABSmCT 

Rctuitt  obtained  In  a aariat  of  digital 
tlmulatloni  ara  given  In  the  area  of  standard 
maneuver  motion  predictions,  hull  form  design 
(e.g.,  af'ect  of  dynamic  coursa  Instability), 
control  systems  design  (e.g.,  affect  of  rudder 
rate),  and  maneuvering  control  In  narrow  chan- 
nels. Hydrodynamic  data  obtained  In  captiva 
model  tests  were  used  to  achieve  a realistic 
modeling  of  ship  dynamic  systerM.  Encouraging 
correlations  ara  shown  for  the  case  of  a typical 
large  tanker  between  digital  simulations  and 
aval  labia  full-scale  trial  data  obtained  In 
various  maneuvers.  Including  highly  nonlinear 
ones  such  as  anter-a-turn  with  a 40-dagrea  rud- 
der angle  and  amargency  stopping  from  the  design 
speed.  Effects  of  Inherent  dynamic  Instability 
due  to  wide  full-form  configurations  are  exam- 
ined In  digital  simulations  as  well  as  eigen- 
value analysis.  Results  Indicate  that  a ship 
with  a large  degree  of  Inherent  Instability  re- 
quires a relatively  high  sensitivity  feedback 
in  yew-rate  to  achieve  directional  stability. 
Evaluation  of  maneuvering  performance  at  the 
design  stage  Is  recommended  particularly  for 
full -form  configurations. 

INTRODUCTION 

During  the  past  tan  years  significant  pro- 
gress has  been  made  In  the  area  of  ship  maneu- 
vering hydro.lynamics  stimulated  by  the  ever- 
Incraaslng  size  of  ships,  such  as  tankers  and 
bulk  carriers.  An  effective  means  frequently 
used  to  examine  ship  dynamic  response  Involved 
digital  simulations  cond>lned  with  captive  model 
data  as  wall  as  the  use  of  free-running  models. 

The  objective  of  this  paper  Is  to  present 
typical  examples  of  our  recent  results  obtained 
from  digital  simulations  uf  ship  maneuvering 
control  in  the  following  areas: 

a)  Standard  maneuver  motion  predictions. 

b)  Control  systems  design  (e.g.,  affect 
of  rudder  rata) . 

c)  Maneuvering  safety  In  restricted  chan- 
nels. 

d)  Hull  form  design  (e.g.,  effect  of 
wide  beam) . 

To  ensure  a realistic  modeling  of  ship 
dynamic  response,  the  mathematical  modal  should 
be  formulated  with  inclusion  of  nonlinear 


hydrody.namic  coefficients  because  shin  maneuver- 
ing motion  is  highly  nonlinear.  The  basic 
mathematical  models  used  In  theta  studies  are 
described  In  the  Appendix.'*  Linear  and  non- 
linear hydrodynamic  coefficients  used  In  the 
mathematical  model  were  determined  In  captive 
model  tests  carried  out  at  the  Rotating-Arm 
Facility  of  Davidson  Laboratory,  Stevens  Insti- 
tute of  Technology. 

STANDARD  MANEUVER  MOTION  PREDICTIONS 

The  following  are  representative  maneuvers 
frequently  employed  In  full-scale  trials  to  ob- 
tain the  maneuvering  characteristics  of  a ship: 

a)  Enter-a-turn. 

b)  Z-manauver, 

e)  Stopping  maneuver. 

Responses  to  these  standard  maneuvers  ware 
obtained  In  a series  of  digital  simulations  for 
a typical  large  tanker  (l.a.,  the  250,000  DWT 
type)  at  a fully-loaded  condition.  Full-size 
principal  characteristics  of  the  tanker  ara 
given  In  Table  I.  The  tanker  model  had  been 
tested  previously  In  the  Rotatlng-Arm  Facility 
of  Davidson  Laboratory.  Figures  1-6  show  typi- 
cal examples  of  predicted  response  to  the  above- 
mentioned  standard  maneuvers  having  an  approach 
speed  of  1 6 knots  In  most  c;ises. 

Figure  I shows  computer-plotted  LCG  loca- 
tions at  20-second  Intervals,  starting  at  the 
tim'.  of  rudder  command.  High  turning  perform- 
ance (e.g.,  high-turning  rata  versus  rudder 
angle)  Is  shown  In  these  trajectories,  which  are 
typical  for  full-form  tanker  configurations  at 
the  fully- loaded  condition. 

Figure  2 shows  predicted  heading  angle 
changes  at  every  IQ  seconds  during  Z-maneuvers 
of  10®- 10®.  20®-20®,  and  30®-30®.  These  three 
response  curves  reveal  fairly  wall  the  maneuver- 
ing characteristics  of  this  particular  tanker. 

The  I0®-10°  Z response  curve,  for  example, 
shows  an  oscillatory  divergent  pattern  of  head- 
ing angle  change.  Indicating  the  ship  Is  un- 
stable under  the  condition  where  magnitude  of 


Most  nomenclature  appearing  In  this  paper  fol- 
lows that  used  In  SNAME  publications  such  as 
fteferances  1-3- 
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yawr«t«  and  ttdatlip  ar«  ralativaly  imall.  Tha 
tankar  It  dynamically  unatabla  on  itralght 
couraa  having  a potitiva  Indax  (o^‘  • 0.17). 

On  tha  othar  hand,  tha  10**-20^  Z raaponta 
curva  thoMt  a itabir  pattarn  of  haading  angla 
changa,  having  approx I mataly  a conatant  haading 
angla  amplltuda  (or  ovarthoot  angla).  Nonllnaar 
hydrodynamic  affact  It  Incraatad  during  tha 
20^-20°  Z-manauvar  dua  to  an  Incraata  In  yaw- 
rata  and  aldatllp  valocity,  making  tha  inharant- 
1y  unttabla  thlp  on  tha  ttralght  courta  ttabla 
during  thit  manauvar. 

Tha  30^>30°  Z ratponta  curva  thoMt  an  ovar- 
thcx>t  angla  (or  haading  amplltuda)  that  raducaa 
with  tima,  having  a maximum  valua  which  It 
thown  In  tha  firtt  ovarthoot  angla.  During  thia 
manauvar,  tha  tpaad  raductlon  duo  to  v*’*~rata 
and  tidatllp  raachat  a tubttantlal  dagraa  with 
tira,  tharaby  introducing  graatnr  ruddar  af- 
factlvanatt  during  tha  latar  portion  of  thIt 
manauvar.  At  a ratult,  the  ovarthoot  angle  it 
roducad  with  tima. 

It  thould  ba  noted.  In  figure  2,  that  the 
tame  thlp  at  tha  tame  loading  condition  bahavat 
differently,  at  a ttabla  thlp  or  at  an  unttabla 
thlp,  depending  on  tha  degree  of  nonlinear  hy- 
drodynamic contribution  duo  to  motion  paramatart 
(a.g,,  yaw-rate  and  tidatllp).  It  thould  alto 
bo  pointed  out  hare  that  ihti  tankar,  which  It 
Inherently  unttabla  on  ttralght  courta  In  opan- 
wator,  can  ba  highly  ttabla  In  rattrlcted  water 
at  revealed  In  recant  ttudlat.*  furthermore, 
tha  tame  tankar  Is  axtramaly  ttabla  at  ballatt 
load  conditions  as  Indicated  in  full-scale  ax- 
parianca  and  from  ratuitt  of  our  recant  rotating 
arm  tattt. 

Stopping  It  one  of  the  most  critical  manau- 
vert  for  thipt.  Tha  complexity  In  dynamic  sim- 
ulations of  stopping  manauvart  It  Incraatad  by 
deviations  In  heading  and  path  duo  to  ravartad 
propeller  revolutions.*  Including  this  ravartad 
propollor  affact  Into  nonllnaar  aguatlons  of  yaw, 
sway,  and  turgo,  digital  simulations  were  made 
for  stopping  maneuvers. 

figure  3 shows  the  computer-plotted  thlp 
spaed  and  longitudinal  distance  traveled  at 
every  30  seconds  for  approach  tpaedt  of  l6,  II, 
and  6 knots,  after  the  propeller  command  of 
-55  rpn.  was  given. 

Correlations  between  these  simulations  and 
available  full-scale  trials  are  shown  In  fig- 
ures 4-6. 

figure  4 slows  a comparison  of  turning  tra- 
jectory for  rudder  angle  of  40  degrees  at  ap- 
pi"oach  speed  of  15  knots.  Extremely  encouraging 
agreement  Is  evident  In  these  highly  nonlinear 
maneuvers . 

figure  5 shows  a comparison  of  the  20^-ZCP 
response,  where  a fairly  good  correlation  Is  in- 
dicated. 

Comparisons  of  predictions  with  full-scale 
stopping  maneuvers  are  shown  In  figure  6.  It 
should  be  pointed  out  that  It  probably  will  be 
difficult  to  obtain  consistent  and  accurate 


results  In  full-scale  stopping  trials  because 
external  ditturbaneet  could  have  significant 
effects,  particularly  at  slow  speeds  In  open 
teat.  Considering  tuch  ditturbaneet,  the  cor- 
relation shown  In  tha  figure  Indicates  a reason- 
ably reallttlc  modeling  of  the  present  digital 
timulatlont. 

The  reallttlc  modeling  of  thlp  maneuvering 
ratponta,  shown  In  tha  above  example,  formulatee 
a firm  basts  for  many  applications  tuch  at  ship 
design,  control  tystam  design,  maneuvering 
safety  procodurat,  and  thlp-handl Ing  t-alnert. 

CONTROL  SYSTEMS  DESIGN  (Effect  of  Rudder  Angular 
Rata) 

frptently  a minimum  ruddar  angular  rate  of 
2-1/3  deg/tec,  which  It  Independent  of  ship 
parameters.  It  required  by  ship  classification 
societies  and  regulatory  agencies.  Ruddar  angu- 
lar rate,  however,  can  ba  better  described  as  a 
function  of  rudder  slia,  ship  form,  proportions, 
length  and  tpeed.*>*  This  Is  particularly  Im- 
portant for  recant  large  ships  tuch  as  VLCC 
(vary  large  cruda-oll  carriers)  because  of  the 
huge  capacity  of  steering  gear.  Accordingly,  a 
limited  computer  study  has  bean  made  to  evaluate 
tha  affects  of  rudder  system  (particularly  rud- 
der angular  rate  In  this  paper)  on  the  perfonn- 
ance  of  the  250,000  OUT  tanki r through  a series 
of  digital  simulations. 

Figures  7 and  8 show  examples  of  turning 
trajectories  with  application  of  3S-deg  rudder 
angle  at  approach  speeds  of  16  and  4 knots,  re- 
spectively. Theta  trajectories  show  that  the  affect 
..  rudder  angular  rate  It  greatly  reduced  at 
low  speeds  (I.e.,  4 and  8 knots)  relative  to  the 
full  speed  of  16  knots. 

Figures  9 and  10  show  examples  of  20®-20® 
Z-manauver  response  at  approach  speeds  of  16 
and  4 knots.  These  figures  also  Indicate  a 
similar  effect  of  ruddar  angular  rate  as  In  the 
case  of  turning. 

A summary  chart  Is  shown  In  Figure  II  as  a 
result  of  a series  of  antaring-a-turn  maneuvers. 
Advance  and  transfer  In  terms  of  ship  length  are 
shown  on  tha  basis  of  rudder  angular  rata  for 
three  different  approach  speeds  (l6,  8,  and  4 
knots).  Advance  and  transfer  are  longitudinal 
and  lateral  distances  traveled  from  the  time  of 
ruddar  command  to  the  time  of  90-deg  heading 
change . 

The  figure  shows  that  tha  magnitude  of  ad- 
vance is  reduced  with  an  increase  of  ruddar 
angular  rate  but  that  tha  rate  of  reduction  be- 
comes insignificant  after  ruddar  rate  reaches  a 
certain  value.  The  effect  of  rudder  rata  on  ad- 
vance becomes  significant  at  high  speeds.  At  all 
speeds  examined,  transfer  Is  vary  slightly  in- 
fluenced by  the  ruddar  angular  rate. 

Figure  12  shows  a sunnary  chart  as  an  ex- 
ample of  results  obtained  from  a series  of 
20°-20*^  Z-maneuver  at  approach  speeds  of  16,  8 
rnJ  4 knots.  Time  to  tha  second  and  third  rud- 
der executions,  yaw  overshoot,  and  lateral  path 
overshoot  are  shewn  on  tha  basis  of  rudder 
angular  rate  In  these  charts.  Results  revealad 
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that  qulcknaia  of  ratponaa  and  ovarthoota  In 
yjM  and  away  ara  all  Improvad  with  an  Incraaaa 
In  ruddar  rata  but  thaaa  ImprovanMnta  bacomr  In- 
significant at  high  ruddar  rata  and,  particu- 
larly, at  low  apaad. 

MNCUVERING  SAFETY  IN  RESTRICTED  CIMNNELS 

During  naatlng  and  paaaing  In  raatrlctad 
channala,  hydrodynamic  Intaractlona  batwean  two 
ahipa  ara  fairly  aignificant,  tharaby  Introduc- 
ing a problam  In  ahip  oparatlona.  Accordingly, 
a almulatlon  atudy  waa  carried  out  for  tha  caaa 
of  larga  full -form  tankara.  Uaing  ra..antty  ob- 
talnad  hydrodynamic  dataA>*  for  tankar  forma, 
the  mathamatlcai  model  waa  fomulatad  on  a digi- 
tal computar  and  a aerlea  of  computar  runa  ware 
carried  out.'' 

Figure  13  ahowa  the  gaonwtry  of  the  canal 
and  tha  couraaa  of  two  ahipa  A and  B.  Tha  dy- 
namic motlona  of  Ship  A wera  almulateo  due  to 
tha  Intarantlon  with  Ship  B whila  maating  and 
paaaing.  Intaractlon  forcaa  and  momanta  during 
maating  and  paaaing,  pravloualy  maaaured  by 
Hoody  In  captive  model  teata  of  full-form  ahipa 
ware  applied  to  digital  almulatlona  (Caaa  I). 

SImulatlona  of  ahIp  motions  were  carried 
out  on  tha  digital  computer  In  tha  following 
manner: 

Initially,  tha  ahip  moved  from  tha  canal 
centerline  course  to  the  off-centerl Ina  course 
and  maintained  tha  off-center  I Ina  straight 
eouraa  with  a ruddar  angle  required  for  retain- 
ing tha  equilibrium  condition.  Than,  time 
histories  of  hydrodynamic  Intaractlona  In  yaw 
moment  and  side  force  wera  applied  to  tha  ship. 

A aerlea  of  simulation  runt  waa  continued  for 
iOOO  taconda  In  full  acala  (t*  ■ 9,  l.a.,  for  a 
parted  of  time  to  travel  nine  ship  lengths.) 

Figures  lb  and  IS  show  computer-plotting 
of  trajectories  (heading  angle  and  path  devia- 
tions, respectively)  for  a period  of  900  sec- 
onds (t'  3 8)  during  meeting  and  after  passing. 
Tha  following  control  system  characteristics 
wera  used; 

(1)  no  control,  a^'«c'-0, 

shown  by  in  the  figures 

(2)  typical  control,  a-3,  b'-I.S,  c'"0, 
shown  by  ***** 

The  figures  show  that  tha  ship  deviates  vary 
little  from  the  Initial  course  during  a period 
of  meeting.  This  small  deviation  la  because 
the  Inertial  terms  of  ships  (including  added 
Inertial  terms  which  ara  great. y Increased  In 
tha  canal)  ara  relatively  larger  than  hydrody- 
namic Interactions,  which  are  somewhat  oscil- 
latory with  ralativaly  short  duration.  This 
small  deviation  during  meeting  justifies  the 
simulation  procedure  in  the  present  study, 
which  utilises  hydrodynamic  Interactions  meas- 
ursd  In  captive  model  tests.  Without  control, 
the  trajectory  Is  divergent  with  slow  oscilla- 
tion due  to  bank  effects.  It  should  be  noted 
that  potential  haiards  are  still  great  after 
passing,  and  that  adequate  control  must  be  con- 
tinued for  a long  time  after  passing  until  the 


disturbance  due  to  meeting  diminishes. 

During  1960-1982,  a sarlas  of  f-.'ll-  and 
modal-scale  tests  carried  out  In  tha  Netherlands 
for  the  North  Sea  Canal  studies  included  meas- 
urements of  two-way  traffic  In  narrow  canals.* 
Comparisons  are  made  here  batvwen  simulation 
trajectories  and  test  results. 

Table  2 gives  ship  and  canal  dimensions  for 
three  cases  as  follows; 

CASE  I.  Digital  simulation  of  larga  full- 
form  tankers  examined  In  this 
study  utilizing  captive  model  test 
results. 

CASE  2.  Full-scale  test  of  the  ASTYANAX 
and  the  WILLEM  BERENDSZ  In  the 
North  Saa  Canal  to  Amstardam.* 

CASE  3.  Manned-model  of  tanker  form.* 

Figure  16  compares  time  histories  of  rud- 
der activity.  In  digital  simulations,  yaw  and 
and  yaw-rate  gains  of  3 and  I.S  ware  employed. 
Time  and  yaw-rate  In  test  results  are  scaled  to 
Casa  I (I.e.,  simulations)  m these  figures.  A 
fairly  good  correlation  In  behavior  of  yaw-rate 
and  rudder  activity  1s  shown  In  three  cases. 

All  cases  Indicate  three  major  peaks  In  yaw-rata 
and  ruddar  activity  at  corresponding  time.  Since 
the  canal  size  relative  to  the  ship  is  the  lar- 
gest In  Case  I (shown  In  Tab!a  I),  the  time 
history  of  yaw-rate  and  rudder  activity  1s  the 
least  pronounced  In  Figure  16. 

Considering  the  difference  in  ship  and 
canal  configurations  In  these  cuses,  the  com- 
parisons presented  In  the  figures  are  encourag- 
ing. It  is  considered  that  the  results  fairly 
well  verify  realistic  modeling  of  the  ship- 
waterway  system. 

HULL  FORM  DESIGN  (Effect  of  Wide  Beam) 

While  e wide-beam,  full-form  hull  Is  one  of 
the  most  promising  designs  for  large  tankers,  it 
is  Important  to  evaluate  the  maneuvering  charac- 
teristics at  its  design  stage  because  of  possi- 
ble inherent  dynamic  course  instability  due  to 
Its  particular  configuration.  Accordingly,  the 
effect  of  inherent  dynamic  course  stebllity  on 
ship  handling  was  examined  for  three  ship  con- 
figurations having  various  degrees  of  Inherent 
stability  through  computer-based  analyses. 

Tha  dynamic  behavior  of  the  following  ship 
conftguretlons  having  various  degrees  of  sta- 
bility was  examined: 

SHIP  A:  Inherently  stable  (slander,  fine 

form) 

SHIP  B:  Inherently  unstable  (wide  beam, 

full  form) 

SHIP  C:  Inherently  very  unstable  (very 

wide,  full  form) 

These  three  ships  ware  at  fully- loaded  condi- 
tions (even  keel)  and  wera  comparad  on  tha 
basis  of  the  same  ship  length  of  910  feet. 
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Principal  dimanslont  of  that*  thip*  are  given 
In  Table  3. 

Digital  ilmulatlont  and  alganvalu*  analyilt 
have  bean  mad*  For  theta  thips  vdth  Incl.'Jtlon 
of  feedback  control  tystams  to  examine  the  ef- 
fect of  yarlou*  degraet  of  Inherent  courte  tta- 
blllty  on  thIp  maneuvering  performance. 

Peolon  Of  Diract'onal  Stability 

Directional  stability  (I.*.,  capability  to 
maintain  a given  heading  by  utilizing  rudder) 

It  one  of  the  most  hatlc  requirements  for  sat- 
is factory  ship  performance.  In  most  cates, 
Inherently  unstable  ships  can  achieve  direction- 
al stability  without  any  difficulty  by  the  use 
of  feedback  control  due  to  helmsman  or  auto- 
pilot, Just  as  stable  ships  do.  However,  un- 
stable ships  require  more  refined  control 
characteristics  to  achieve  dlinctional  stability 
under  greater  limitations  (e.q.,  less  amount  of 
disturbances  due  to  wind  and  waves)  compared 
with  the  case  of  stable  ships.  Typical  examples 
n''e  shown  in  the  following  stability  analysis. 

Feedback  control  of  helmsman  or  autopilot 
can  be  fairly  wall  expressed  by  the  following 
equation ; 


When  the  real  parts  of  all  roots  of  tha  charac- 
teristic equation  have  th*  negative  sign  (I.*., 
%^n  ^ *y*tem  Is  stable  (l.a.,  the  sys- 

tem eventu  i|y  converges  to  the  Initial  equi- 
librium state  after  a small  perturbation  Is 
given).  In  determining  whether  or  not  the  sys- 
tem Is  stable.  It  Is  sufficient  to  know  tha  sign 
of  the  real  parts  of  the  roots  only.  Hurwitz 
(or  Routh)  criteria,  for  example,  can  be  applied. 

On  the  other  hand.  If  all  the  roots  are  de- 
termined, more  detailed  characteristics  of  the 
system  can  b*  obtained.  Tima  constant  and  fre- 
quency of  th*  system  are  determined  from  tha 
real  and  imaginary  parts  of  tha  roots,  respec- 
tively. Furtharmora,  the  solution  vector  can 
be  determined  from  th*  Initial  conditions,  and 
tha  actual  ship  dynamic  response  to  any  distur- 
bance can  be  computed  readily.  If  required  Ac- 
cordingly, instead  of  using  Hurwitz  criteria, 
eigenvalues  of  the  system  were  dirnctly  deter- 
mined on  a digital  computer  for  a wide  range  of 
control  gain  constants  for  three  ships. 

Stability  roots  were  determined  for  three 
ships  with  th*  following  range  of  control  sys- 
tem characteristics; 

Yaw  gain  a - 0 to  10 

Yaw-rate  gain  b*  • 0 to  5.0 

Tim*  constant  t^  ■*  0 to  2.0 


where  6^  •>  rudder  command 

Sg  ■ rudder  at  equilibrium  condition 

i • actual  rudder  angle 

f " heading 

♦j  " desired  heading 

a - yaw  gain 

b'  ■ yaw-rate  gain 

1 1,  " time  constant  In  rudder  response 


Yaw  and  yaw-rat*  gain  constants,  a and  b',  re- 
spectively, are  based  on  nondimans lonal  values 
(e.g.,  nond I mens lonal  time  t'"shlp  length  of 
travel  • tl‘/jl) . Stability  of  heading  angle  can 
be  e.xamined  in  the  following  set  of  solutions  of 
perturbation  equations,  which  are  derived  from 
equations  of  yaw  and  sway  motions  and  rudder 
control 
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where  fn  > Vn  t end  Ap  are  constant  depending 
upon  the  Initial  conditions,  and  o^  are  eigen- 
values of  the  system  which  are  dete.mlned  by 
nontrivial  solutions  of  the  following  charac- 
teristic aquations: 


p a' 
*^o  n 


p,a'  + p,o'  + p^ 


Yaw  gain  constant  of  2 means,  for  example,  that 
a rudder  angle  o^  2 degrees  is  ordered  when  the 
heading  deviation  Is  I degree. 


Figure  17  shows  dl  rect  io,oal  ly  stable  re- 
gions for  three  ships  where  the  abscissa  and  the 
ordinate  represent  yaw-rate  and  yaw  gain,  re- 
spectively. The  figure  reveals  the  following; 

1.  Yaw  gain  must  be  positive  to  achieve 
directional  stability  whereas  yaw-rate 
gain  can  be  negative  under  certain  con- 
ditions (e.g.,  when  the  ship  has  suf- 
ficient Inhas'ent  dynamic  stability  or 
when  sufficiently  large  yaw  gain  is 
simultaneously  used). 

2.  Three  ships,  having  various  degrees  of 
dynamic  stability,  show  a similar 
trend  in  stability  change  with  changes 
in  yaw  and  yrw-rate  gair.s.  Slopes  of 
curves  for  neutral  stability  are 
roughly  th*  same  for  these  three  ships; 
the  only  major  difference  is  In  the  lo- 
cation of  the  Intersection  on  tha 
transverse  axis  (i.e.,  th*  y»«-rate 
gain  axis) . 

3.  Inherent  dynamic  instability  can  be 
compensated  by  adding  hydrodynamic 
damping  duo  to  yaw-rat*  gain  control. 

A ship  with  a greater  degree  of  Inher- 
ent InstabllUy  requires  a greater 
value  of  yaw-rate  gain  to  achieve  di- 
rectional stability  than  that  for  a 
ship  with  a lesser  degree  of  Instability 
(whan  yaw  gain  Is  constrained). 

A large  yaw-rate  gain  constant  (e.g., 
b'  > 0.75)  would  not  be  acceptable  for  operation 
In  a seaway  because  excessive  rudder  activity 
could  be  Introduced  duo  to  yawlr  In  waves.  This 
possible  limit  Is  shown  by  a dc.  line  In 
Figure  17.  It  Is  seen  that  Ship  C has  only  a 
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Ilmltad  iccaptabl*  anil  tt«bl«  region  comparad 
with  those  for  Ships  A and  B.  This  cUarly  In- 
dlcatas  a possible  difficulty  In  handling  of 
tha  very  unstable  Ship  C. 

It  should  bo  stated  mat  stable  regions 
shown  In  Figure  17  arc  results  of  the  eigen- 
value analysis  of  the  linear  system  so  that  the 
results  are  only  valid  for  the  case  whore  devia- 
tions from  the  equi I Ibrlum  conditions  are  very 
small.  For  example,  a limit  In  available  rudder 
angle  In  actual  system  Is  not  Included  In  the 
analysis.  When  large  values  of  gain  constants 
are  used,  there  exists  a great  possibility  of  a 
large  degree  of  saturation  In  rudder  angle  which 
can  Introduce  the  Instability  Into  tha  system 
during  actual  operation.  A.>.cordlngly,  the  dy- 
namic behavior  of  these  ships  is  also  examined 
in  a series  of  digital  simulations,  which  Is  a 
more  realistic  representation  of  ship  motions 
with  Inclusion  of  nonlinear  hydrodynamic  terms. 

Predictions  of  jteadv-TurnInq  Conditions 

Based  on  hydrodynamic  data  of  yaw  moment 
and  sway  force  obtained  from  the  Rotating-Arm 
Facility,  It  Is  possible  to  make  prediction'-  of 
maneuvering  motions.  To  compare  the  dynamic 
course  stability  and  maneuvering  performance, 
steady-turning  conditions  (or  spiral  test  re- 
sults) are  predicted  for  three  ships  through 
numerical  analysis  of  hydrodynamic  data. 

Solid-line  curves  In  Figure  18  show  steady- 
turning rates  predicted  for  Ships  A,  B,  and  C. 
Arrows  along  the  curves  show  the  sequence  of  re- 
sults predicted  for  spiral  tests.  Dotted  lines 
Indicate  Jump  In  steady-turning  rate  during 
spiral  tests  of  dynamically  unstable  Ships  B and 
C.  In  other  words,  an  unstable  ship  exhibits 
hysterasis  loops  In  spirs'  test  results. 

With  respect  to  a given  steady- turning 
state  (r',Vi'),  where  r\'  and  are  steady- 
turning  and  sideslip  velocities,  respectively, 
dynamic  stability  of  the  system  con  be  examined 
(I.e.,  whether  the  dynamic  quantities  of  r{ 
and  vi'  are  convergent  or  not  after  a small  per- 
turbation Is  given).  The  dynamic  stability 
roots  and  aj)  determined  from  nonlinear  e- 
quatlons  of  yaw  and  sway  motions  are  shown  In 
Figure  19-  Whan  the  stability  root  is 
negative  (whore  a{  is  algebraically  greater 
than  at),  the  system  Is  table.  Therefore, 
this  figure  tells  us  the  stability  of  steady- 
state  conditions  shown  In  Figure  18. 

For  example,  the  positive-slope  portion  of 
the  solid-line  curve  for  Ship  C between  vertical 
dotted  lines  in  Figure  18  corresponds  to  the 
pos 1 1 1 ve-va I ue  portion  of  the  curve  for  the 
same  Ship  C In  Figure  19.  Since  the  positive 


value  of  means  dynamical  Instability,  tha 
positive-slope  portions  of  curves  In  Figure  |8 
are  unstable.  Similarly,  tha  negativa-slopa 
portions  of  curves  are  stable  In  the  tame  figure. 

Figure  20  shows  nuaMrIcally  computed  spaed 
reduction  due  to  the  resistance  Increase  Intro- 
duced by  yaw-rate  and  sideslip  during  tha  steady 
turning.  Tha  ordinate  is  tha  ratio  of  ship  speed 
during  turning  to  approach  speed.  Whereas  speed 
change  Is  continuous  for  stable  Ship  A during 
the  spiral  taSk,  there  exists  a large  Jump  In 
speed  change  for  unstable  Ships  B and  C.  Since 
it  takas  a long  time  to  reach  a 'Caady  ship 
speed  after  a Jump,  much  more  time  Is  required 
to  complete  spiral  tasts  for  an  unstable  ship 
than  that  for  a stable  ship. 

honi Inear  terms  In  hydrodynamic  yaw  moment 
and  sway  force  have  a great  effect  on  height  and 
width  of  hysteresis  In  spiral  test  results  of  un- 
stable Ships  D and  C at  shown,  for  example,  In 
Figure  21  where  nonlinear  tarmj  are  changed  rel- 
ative to  the  original  values  keeping  all  linear 
terms  unchanged  as  follows: 

- 0.75,  1.0,  2,  and  4 

where 

Cf,  - (magnitude  of  all  nonlinear  terms)/ 
(original  values) 

Since  linear  terms  are  not  changed,  tha  dynamic 
course  stability  with  respect  to  the  straight 
course  (r'-O,  v'-O)  remains  the  tame.  According- 
ly, slopes  of  curses  at  r'-O  remain  unchanged  In 
Flguro  21.  With  an  increase  In  nonlinear  terms 
(I.e.,  an  Increase  In  C^) , • reduction  In  height 
and  width  of  hysteresis  loops  In  spiral  tost  re- 
sults are  shown  in  tha  figure.  This  Introduces 
a rubstantlal  improvement  In  maneuvering  per- 
formance In  actual  ship  operations  as  indicated 
In  predictions  of  zig-zag  maneuvers. 


Predictions  Of 


Haneuvers 


Based  on  rotatlng-arm  data,  zig-zag  maneu- 
ver trajectories  were  computed  for  three  ships 
at  an  approach  speed  of  14, $ knots.  Results  of 
a series  of  digital  simulations  Indicated  dynam- 
ic behavior  of  these  ships  during  Z-maneuvers 
as  follows; 

The  dynamically  stable  Ship  A has  small 
overshoot  angle  and  can  finish  a zig-zag  test 
In  a short  time  (see  Figure  22).  Tha  unstable 
Ship  B has  a larger  overshoot  angle  and  It  took 
mors  time  to  finish  the  test  than  that  for  Ship 
A.  While  Ship  B finished  the  15  -IS'’  Z-test  in 
a stable  fashion  (due  to  stabilizing  effects  of 
nonlinear  hydrodynamic  terms),  it  could  not 
finish  Z-tosts  of  7.5**-7.5°  and  5°~5®  In  a sta- 
ble manner  (I.e.,  heading  angle  is  oscillatory 


An  ordinary  Z-manauver  Is  accomplished  as  follows:  With  the  ship  on  steady-state  straight  course,  the 
rudder  Is  deflected  to  a certain  angle  (a.g.,  $^)  at  maximum  rudder  rate  and  maintained  at  that  posi- 
tion. When  the  change  of  heading  reaches  the  same  magnitude  as  the  rudder  angle,  a second  rudder 
execution  takes  place  shifting  the  rudder  to  the  opposite  direction.  This  procedure  is  continued. 

In  a modified  Z-maneuver,  the  rudder  angle  Is  shifted  to  the  opposite  direction  when  htisding  angle 
devir.lon  reaches  to  a certain  amount,  e.g.,  1**  (or  when  heading-rate  reaches  to  a certain  magnitude. 


dlv«rg«nt  In  unstable  patterns).  In  the  erse 
of  the  very  unstable  Ship  C where  the  heading 
angle  Is  divergent  after  the  first  execution  of 
rudder  angle,  recovery  could  not  be  achieved  by 
the  use  of  the  opposing  rudder  angle  at  the 
second  execution  (see  figure  22).  The  ship 
finished  the  I5®-I5®  Z-test  In  stable  fashion 
because  of  the  significant  contribution  of  non- 
I Inaar  tarms . 

Since  unstable  ships  cannot  finish  ordinary 
tig-zag  tests  In  a stable  manner  whan  contribu* 
tions  of  nonlinear  tarms  are  relatively  small, 
as  In  the  case  of  2-test  shown  In  figure 

22,  modified  methods  have  been  proposed  to  ob- 
tain test  results  In  n stable  manner.*  figure 
23  shows  predictions  of  heading  angle  response 
during  a modified  zig-zag  maneuver  where  the 
rudder  angle  of  5°  Is  shifted  to  tha  opposite 
direction  when  heading  angle  deviations  reach 
to  Instead  of  heading  change  equal  to  rudder 
angle  (I .e. , f - -4  " 5°) . 

figure  23  Indicates  that  stable  Ship  A 
finished  the  modified  Z-tests,  of  courrs,  in  a 
stable  manner.  It  Is  important  to  note  In  fig- 
ure 23  that  tha  unstable  Ship  B flnijhe^  the 
modified  Z-maneuvers  tested  (I.e.,  5 -I  Z)  In  a 
stable  manner  whereas  the  same  ship  could  not 
finish  some  of  the  ordinary  Z-maneuvers  (e.g., 
5°-5°Z)  as  shown  In  Figure  22.  In  the  case  of 
Ship  C with  a large  degree  of  Inherent  dynamic 
Instability,  however,  an  unstable  divergent 
pattern  of  trajectory  Is  shown  oven  In  the  modi- 
fied Z-maneuvars  (e.g.,  5°-l®Z)  as  shown  In 
figure  23,  Indicating  possible  difficulties  In 
handling  of  this  particular  ship  at  sea.  Ac- 
cordingly, It  Is  reconntended  that  maneuvering 
performance  be  thoroughly  evaluated  at  Its  de- 
sign stage,  particularly  of  wlde-beam  full-form 
sh'pt,  lu  ensure  satisfactory  ship  performance. 

CINCUIOING  REIWRKS 

A series  of  digital  simulation  analyses 
has  been  made  In  the  area  of  standard  maneuver 
response  predictions,  correlations,  hull  form 
design,  control  systems  design  and  maneuvering 
control  In  narrow  channels.  Hydrodynamic  data 
obtained  in  captive  model  tests  were  used  In  an 
effort  to  achieve  a realistic  modeling  of  ship 
dynamic  response. 

Encouraging  correlations  were  shown  for 
the  case  of  the  250,000  OWT  tanker  between 
digital  simulations  and  available  full-scale 
trial  data  obtained  In  various  maneuvers.  In- 
cluding highly  nonlinear  ones  such  as  enter-a- 
turn  with  a 40-dagrae  rudder  angle  and  emergency 
stopping  from  the  design  speed.  It  should  be 
noted  that  adequate  rap  esentatlons  of  linear 
and  nonlinear  hydrodynamic  effects  are  essential 
for  ship  maneuvering  simulations  because  of 
high-turning  performance  of  ships  relative  to 
other  kinds  of  vehicles.  Based  on  these  en- 
couraging correlations,  the  simulation  model  can 
he  effectively  used  for  many  applications  such 
as  ship  design,  control  systems  design  and 
maneuvering  safety  prubloms.  The  major  findings 
obtained  In  these  applications  are  summarized 
as  follows: 

I.  Effects  of  Inherent  dynamic  course 


instability  due  to  wida-baam  full-form  configu- 
rations wara  axomlned  In  digital  simulations  at 
'.vail  at  alganvalue  analysit.  Ratuitt  Indicata 
that  a thip  with  a larga  dagraa  of  Inherent  In- 
ttablllty  requlrat  a relatively  high  sentitivlty 
in  yaw-rate  In  itt  feedback  to  achieve  direc- 
tional ttablllty.  Evaluation  of  maneuvering 
perfoimance  at  the  Initial  design  stage  Is 
racommanded  for  new  designs,  particula.'ly  for 
full-form  configurations. 

2.  An  application  was  made  to  examine  tha 
affect  of  rudder  .ngular  rate  on  maneuvering 
performance  of  tha  tanker.  Summary  charts  ware 
pratantad  as  guidelines  to  determine  adequate 
rudder  rate. 

3.  Dynamic  behavior  of  tankers  during  :.wo- 
way  traffic  In  channels  was  examined  with  vari- 
ations In  control  system  cha>'sct«rlst ics . Re- 
sults reveal  a basic  pattern  of  ship  behavior 
and  rudder  activity  during  meeting,  which  was 
favorably  compared  with  records  previously  ob- 
tained from  full-scale  studies  In  the  North  Sea 
Canal.  Tha  analysis  can  be  affectively  applied 
to  the  maneuvering  safety  procedure  development, 
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APPENDIX 

Basic  Mathematical  Models 


Longitudinal  and  transverse  horizontal 
axes  of  the  ship  are  represented  by  the  x-  and 
y-axes  with  origin  fixed  at  the  center  of 
gravity.  By  reference  to  these  body  ares,  the 
equations  of  motion  of  a ship  in  the  horizontal 
plane  can  be  written  In  the  form 


l,f  - N (Yaw) 

m(v+ur)  Y (Sway) 

m(u-vr)  X (Surge) 


(A- 1) 


where  N.Y,  and  X represent  total  hydrodynamic 
terms  generated  by  ship  motions,  rudder  and  pro- 
pel ler. 


Hydrodynamic  forces  are  expressed  in  terms 
of  dimensionless  quantities  N',Y',  and  X' 
based  on  non-dimensional izing  parameters  p 
(water  density),  U (resultant  ship  velocity  rel- 
ative to  the  water),  and  A , i.e.. 


N' 


N 

f U^Ai 


Y'  - — , etc.  (A-2) 
f U“A 


Hydrodynamic  coefficients  vary  with  posi- 
tion, attitude,  rudder  angivj,  propeller  revolu- 
tion, and  velocity  of  the  ship,  For  example, 
in  the  case  of  hydrodynamic  yaw  moment  coeffi- 
cient, 

N'  ••  N' (v' ,r' ,6,y^,v‘ ,r' ,n' ,u')  (A-3) 


(1  + ks'"®) 

“ (1  +kj  ’-5)  a 


and 


s “ propeller  slip  » ' " 


p " propel ler  pitch 
n propeller  revolutions  per  second 
k • constant  (semi -empi ricai) 
subscript  e indicates  the  value  at  the 
equilibrium  conditions 


The  hydrodynamic  force  coefficients  of  X' 
differ  in  form  from  the  latera>l  force  coeffi- 
cients Y'  in  Eq.  (A-4) , e.g.. 


cs  ■=  X^^  , etc.  (A-6) 

and  X'  - propeller  thrust  depending  on  Kq 
**  and  J (i.e.,  u'  and  n')  . 'ower 
coi:>tant  characteristics  ’ /e  used 
assuming  a steam  turbinr  ,t  the  ship 
In  this  study. 


The  following  rudder  control  c a.-acteristlcs  are 
employed : 

*d  ■ + b'V+c'V‘+4j-6+t;.4'  (A-7) 

where 

4j  = rudder  comjnd 
6^  * rudder  a*  equilibrium  condition 
4 ° actual  rudder  angle 
a,b',c'«  gain  constants 


and  tj.»  0.1,  1^1  = 2.3  deg/sec,  141  ^ 35  deg 
In  most  simulations. 


where 


Finally,  tho  following  poivnomials  were 
obtained  for  predictions  of  ship  dynamic  mo- 
tions: 

N'  « ajj +a^v'+«^  r'+a*  5+^  Y^l^+aav'®  r'+a7v' r'* 

+fj.v'“+a»r'*+aio4‘’+au  y^^  +a^  g r'+ajjv' 

Y'  • bj+bgV'+'3r'+b*4+b6V^+b6V'’r'+b7v'r'“ 

+b»v'*+ber'®-*'.-jo4^+aii  +bi 

X'  « cj+cav' r'+C3v'®+C44®*C6U'+Xp  (A-4) 


TABLE  1 

PRINCIPAL  PARTICULARS 


LBP,  ft 

1085 

Beam,  ft 

170 

Oepth,  ft 

84 

Draft  1 

S5',  5-3/4' 

Draft,  molded 

65',  4-3/4' 

Displacement,  tons 

285,944 

Midship  coefficient 

0.995 

Prismatic  coefficient 

C.834 

Block  coefficient 

0.830 

Waterline  coefficient 

0.909 

KG,  ft 

45.4 

LCG,  forward  amidships,  ft 

23.4 

Tc  c 

Descrl pt ion 


CASE  2 

Ful 1-Scale  Test 


CASE  3 

Manned  Model  Test 
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CASE  1 

Computer  Simulation 


Canal 

CANAL  1 

CANAL  2 

CANAL  3 

Width  at  the  bottom,  Wj 

810  ft 

75m 

13Sm 

Width  at  the  surface,  Wg 

810  ft 

) 60m 

235m 

Water  depth,  Dyj 

78  ft 

12 

5m 

I5m 

Ship 

SHIP  A 

SHIP  B 

SHIP  A 

SHIP  B 

SHIP  A 

SHIP  B 

Tanker 

Tanker 

ASTYANAX 

WILLEM 

Tanker 

Tanker 

Descri ption  of  Ship 

250,000 

170,000 

BARENDSZ 

70,000 

70,000 

OWT 

OWT 

OWT 

CWT 

1/50 

Scale 

Ship  length,  L 

1085  ft 

965  ft 

137.2m 

190m 

24lm 

24lm 

Beam,  B 

170  ft 

151  ft 

1 8,9»n 

27.6m 

34.6m 

3^.6tn 

Fore  draft,  Hj: 

65  ft 

58  ft 

4.3m 

7.0m 

13.3m 

1 1 1 .Om 

Aft  d--aft,  H3 

65  ft 

58  ft 

5.9m 

7.9m 

13.3m 

^mean 

Speed,  U 

6.1  kt 

9.1  kt 

6.1  kt 

5.2  kt 

6.1  kt 

6.5  kt 

’'oL/Hm 

6.75 

5.36 

4.0 

2.7 

3.9 

3.9 

1.2 

1.35 

2.45 

1.68 

1.13 

1.36 

DATE 

Feb 

1972 

i7 

Oct  1962 

i960  to  1962 

TABLE  3.  PRINCIPAL  PARTICULARS 
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A 

B 

C 

' i 

Length,  X , ft 

910 

910 

910 

i 

; i‘ 

X/B 

6.95 

5 

4 

' i 

t/H 

19.56 

16.2 

16.2 

; i 
! 

B/H 

2.81 

3.24 

4.03 

! i 

Block  Coefficient,  Cj^ 

0.613 

0.820 

0.810 

1 i 
, 1 ! 

Prismatic  Coef.,  C 

D 

0.625 

0.823 

0.813 

« < : 

1 

LCG  forward  b/X 

-0.015 

0.026 

0.019 

Rudder  Area/XH 

1/45 

1/53 

1/48 

1 ; 

,1 
! ^ 
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TANKER  (250  TYPE),  FU  ‘.Y  LOADED 
APPROACH  SPEED  Ug  “ 15  KNOTS 
RUDDER  ANGLE  6-40  DEGREES 


. . • • PREDICTION 
FULL-SCALE  TRIAL 


LATERAL  DISTANCE  TRAVELEO/SHI P LENGTH, 

FIGURE  4.  TURNING  TRAJECTORY  CORRELATIONS 
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figure  5-  Z-MAHEUVER  BESPOMSE  CORaELATIONS 


Longitudinal  distance  traveled/ship  length, 


TANKER  (250  TYPE).  FULLY  LOADED 

Approach  speed  •*  16  knots  Approach  speed  ■ h knots 

Rudder  angle  6 " 35  deg 


Lateral  distance  traveled/sh  ■ length,  «•  yjl 
FIGURE  7.  ENTER-A-TORN  TRAJECTORY 
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FIGURE  14.  HEADING  CHANGE  AFTER  PASSING 


21 


SHIP  C 


FIGURE  23.  5°-I°  Z-MANEUVER  RESPONSE 
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Doctor  Eda,  as  usual,  has  contributed  a very  fine 
paper  on  the  subject  of  digital  simulation  analysis  as  ap- 
plied to  the  maneuvering  performance  of  ships.  Again  this 
paper  illustrates  the  power  of  the  captive-model,  computer- 
simulation  approach  to  providing  engineering  solutions  to 
the  maneuvering  problems  of  ships  operating  under  various 
environmental  conditions.  However,  I have  a'few  questions 
which  I hope  he  can  answer. 


used  by  Dr.  Eda  (i.e.,  6-ft  long)  the  propeller  size  and 
model  wake  will  not  produce  meaningful  data. 

(b)  Are  the  static  derivatives  Y'^,  N'^,  V',  and  AfJ.  ob- 
tained by  extrapolating  rotating  arm  data  to  infinite  radius 
0'  = C)7 


(a)  How  is  the  influence  of  the  propeller  slipstream 
on  the  rudder  forces  accounted  for?  For  the  model  size 


AUTHOR’S  REPLY 


At  Davidson  Laboratory,  we  measure  forces  and  mo- 
ments acting  on  the  model  tor  a range  of  rudder  angles  and 
propeller  revolutions  (including  both  ship-propulsion  point 
and  model-propulsion  point).  Itius,  we  can  obtain  the 
necessary  data  regarding  the  effect  of  the  propeller  slip- 
stream on  rudder  forces. 

It  should  be  pointed  out  here  that  yaw  moment  and 
lateral  forces  due  to  the  rudder  located  in  the  propeller 
stream  are  hydrodynamic  moments  and  forces  mainly  due 
to  lifts  acting  on  the  rudder,  and  that  these  measurements 


are  not  critically  influenced  by  the  model  size  (or  Reynolds 
number)  as  expected  in  other  tests,  such  as  resistance  tests. 

We  determine  static  derivatives  VJ,,  N[,,  Y,,  and  WJ.  at 
infinite  radius  (r'  0)  by  oblique  towing  in  our  regular 

towing  tank  (Tank  No.  3 of  Davidson  Laboratory),  and 
also  by  interpolating  (not  extrapolating)  of  rotating-arm 
data  fi'om  r’nta  obtained  at  tr'. 
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INTRODUCTION 

Since  the  end  of  1970  the 
Netherlands  Ship  Model  Basin  has  put 
into  operation  a ship  manoeuvring 
simulator.  On  this  simulator  sailing 
conditions  can  be  encountered  according 
to  the  actual  situations. 

In  Fig.  1 a rough  indication  is 
given  of  the  working  procedure  of  the 
simulator.  It  can  be  seen  that  the 
computation  consists  of  mainly  two 


parts  viz.  the  calculation  of  the  ship 
motions  and  the  calculation  of  the 
setting  of  instruments  on  the  bridge 
and  the  projection  system  from  which 
the  mariner  gets  the  Impression  about 
the  motions  of  the  ship. 

For  the  computation  of  the  ship 
motions  a hybrid  computer  is  chosen 
because  of  its  special  advantages  like 
continuous  integration  and  parallel 
computation  in  relation  with  the  real- 
time simulation. 


control  actions 
such  as: 
rudder  angle 
propeller  RPM 
thruster  setting 
tug-boats  actions 


simulated  outside 
scenery  and 
settings  of 
instruments  on 
the  bridge 


Fig,  1 Schematic  system  of  the  working  procedure  of 
the  simulator. 
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A special  purpose  servo-computation 
unit  with  a mechanical  Integration  unit 
to  determine  the  course  of  the  ship 
has  been  developed  to  enable  Infinite 
course  changes  and  a synchro-coupling 
with  the  compass  on  the  bridge. 

Also  connected  with  the  analog 
computer  Is  the  radar  simulator  on  the 
bridge.  The  coastline  Image  Is  genera- 
ted from  a photographic  picture.  The 
input  for  this  is  the  position  of  the 
ship.  Further  there  are  two  moving 
targets  Installed.  These  targets  can 
be  controlled  manually  or  by  the  analog 
computer . 

SET-UP  OF  THE  SIMULATOR 

An  Impression  of  the  set-up  of 
the  simulator  is  given  in  Fig.  2. 

The  wheelhouse  (width  6m,  depth  4m, 
height  2,15  m)  is  equipped  with 
Instruments  found  on  board  modern  big 
ships.  The  instrument  consoles  include 
a rudder  control  unit  with  rudder 
angle  indicatoi  and  automatic  pilot. 


engine  telegraph  (which  can  be  adapted 
to  both  single  and  twin  screw 
arrangement) , engine  remote  control, 
bridge  control,  repeater  compass,  RPM 
indicator,  log,  wind  velocity  and 
direction  meters,  echo  sounders,  V.H.F., 
intercom  and  control  (RPM  and  pitch) 
for  bow  and  stern  thrusters. 

Further  there  are  a Raytheon  16- 
inch  display  and  a doppler  doclclng 
system  available.  In  the  center  of  the 
wheelhouse  the  chart  table  and  Decca 
navigator  are  placed.  The  location  of 
all  instruments  can  be  changed  and 
adapted  to  the  desired  type  of  bridge. 

Before  reaching  the  bridge  one 
first  passes  a ship's  corridor  and  an 
acclimatization  room  (see  Fig.  3),  to 
make  a gradual  change-over  from  full 
daylight  to  the  simulated  daylight. 

This  room  is  furnished  like  a captain's 
office . 

The  simulation  of  the  outside  view 
is  accomplished  by  means  of  a point- 
light-source  projection  method. 

At  the  top  of  the  wheelhouse  a point- 


Fig.  2 Lectional  perspective  drawing  of  the  simulator 
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Fig.  3 Acclimatization  room 


P. 


light-source  is  mounted.  Around  this 
lamp  a three-dimensional  object  is 
moving  according  to  the  ship's 
movement . 

The  shadow  of  this  object  on  the 
cylindrical  projection  screen 
(diameter  20  m)  which  surrounds  the 
wheelhouse  gives  the  outside  view  of 
for  instance  a harbou'  entrance.  ' 

The  picture  of  the  sliip  in  front  of 
the  bridge  is  obtained  by  the 
projection  of  a slide. 

With  this  projection  system  a 
realistic  view  is  perceptible  when 
looking  aside  or  astern  from  any  point 
of  the  wheelhouse. 

Fig.  4 gives  the  outside  view  of 
a channel  with  a width  of  400  meter 
and  the  entrance  of  a harbour. 

The  computer  is  situated  in  a 
control  room  (Fig.  5)  where  also 
registration  instruments  (like  an 
eight-channel  pen  recorder  and  magnetic 
tapes) , an  instrument  console 


(duplicating  all  bridge  indicators)  and 
a t.v. -circuit  to  observe  the  forward 
view  from  the  bridge,  are  located,  so 
that  manoeuvres  can  be  followed  in  the 
control  room  without  disturbing  the 
officiers  on  the  bridge, 

THE  MATHEMATICAL  DESCRIPTION  OF  THE 
MANOEUVRING  SHIP 

To  Study  the  manoeuvring  of 
surface  ships,  it  is  common  practice  to 
consider  three  degrees  of  freedom: 
only  the  horizontal  motions  of  the 
ship  are  taken  into  account. 

For  certain  applications,  however, 
it  may  be  necessary  in  the  future  to 
include  also  one  or  more  vertical 
motions  in  the  mathematical  model  of 
the  manoeuvring  ship. 

In  the  case  of  third  generation 
container  ships,  for  instance,  it  has 
been  observed  that  these  vessels  can 
attain  considerable  heel  angles  during 
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Fig.  5 Control  room  with  hybrid-computer 


course  changes  when  running  at  high 
speeds,  due  to  the  low  initial 
transverse  stability  and  a large 
heeling  moment  caused  by  the  rudders. 

The  hydrodynamic  forces  will  be 
affected  by  the  heeling  of  the  ship. 
Another  phenomenon  which  may 
necessitate  an  extension  of  the  con- 
ventional manoeuvring  equations  is  the 
sinkage  and  trim  of  ship  in  very 
shallow  water.  The  hydrodynamic 
forces  are  very  sensitive  for  a 
change  in  the  keel  clearance  of  the 
ship.  For  the  case  of  a snip  running 
at  a constant  speed  in  water  of 
constant  depth  this  effect  imposes  no 
special  problems,  but  if  these 
conditions  are  not  met  the  introduction 
of  squat  and  trim  as  additional  degrees 
of  freedom  may  be  needed. 

According  to  Newton's  law,  the 
horizontal  motions  of  a ship  with 
respect  to  a right-handed,  space 


fixed  system  of  axes  as  defined  in 
Fig.  6,  are  given  by; 


Fig.  6 Axes  of  reference 
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th«  mean  forward  valocltv  > th«  ruddar 
angla,  tha  numbar  of  ravolutiona  of  tha 
propallar I 


o o 

^o  - "5^0 

N - 

whara  m ” maaa  of  tha  ship 

momant  of  Inartla  around  tha 
vartioaX  axis  through  the 
centra  of  gravity  of  tha  ship 

Whan  using  the  moving  ayatam  of 
axes  X y z with  Its  origin  In  tha 
centre  of  gravity  of  tha  ship*  tha 
motions  can  be  described  by: 

X - m (u  - vr) 

y » m (V  + ur)  (2) 


In  which  X - longitudinal  force  on  the 
ship 

Y " transverse  force  on  the 

ship 

N ■ momant  atouna  vertical 
axis 

u ■ speed  component  In  x- 
Ulrectlun 

V “ speed  component  In  y- 

dlr'^ctlon 

r - angular  velocity 
U ■ direction  of  motion  U - 

(u2  + v^)-* 

6 “ rudder  angle 
^ ■ drift  angle 

X,  Y and  N are  the  total  forces  and 
mbment  exerted  on  the  sblp  which  are 
composed  of  t 

- hydrodynamic  forces  due  the 
motion  of  the  ship 

- rudder  and  propeller  forces 

- external  disturbances  caused  by 
wind,  waves,  current,  passing 
ships,  banks,  tug  boats  etc. 

At  a constant  waterdepth,  the  hydro- 
dynamic  forces  and  rudder  forces  are 
a function  of  the  motions  of  the  ship. 


X “ X (u,v,r ,u,v,r,n,6) 

Y - Y (u,v,r,vi,^,t,n,fi)  (3) 

h N (u,v,r,<i,«,t  ,n,fi) 

Usually,  the  hydrodynamic  forces  and 
rudder  forcer  are  expanded  In  a Taylor 
ear las  (see  ref.  Ql^  )• 

If  the  expansion  Is  restricted  to 
the  first  order,  and  If  only  small 
deviations  from  a straight  course  of  a 
ship  running  at  constant  speed  are 
considered,  tha  following  linear 
aquations  are  obtained: 

'm  - y^)  V - Y^v  - Y^f  -(Y^-m  U)  r - 


Y^6  - V 


N^)  r + N^V  + NyV  + Nj^r  + N^6 


Y and  N are  d\e  external  disturbances, 
acting  on  the  ship.  U Is  the  ship's 
speed.  The  derivatives  Y^  and  Yj.  are 
called  added  masses,  the  derivatives 
and  added  moments  of  Inertia  and 
Yy,  Yj.,  Ny  and  are  damping 
coefficients . 

The  equations  presented  In  (4),  are 
mostly  used  for  the  determination  of 
the  ship's  stability  Indices. 

Since,  however,  ship  motions  have 
to  be  performed  which  need  not  be  small 
deviations  from  a straight  course  at 
constant  speed,  a further  elaboration 
of  equation  (4)  Is  necessary  when 
simulating  the  ship's  manoeuvrability. 

HYDRODYNAMIC  FORCES 

When  considering  the  hydrodynamic 
forces  It  Is  assumed  that  all 
variables  (such  as  propeller  RPM, 
rudder  angle  and  waterdepth)  other  than 
the  ship  motions  are  constant.  It  then 
can  be  assumed  that: 


1.  all  foccaa  ar«  symmttrlc  to  port 
and  starboard 

2.  the  cross-coupling  between 
acceleration  and  velocity 
parameters  can  be  neglected. 

One  then  finds t 

(m-X|^)  u-  X(u,v,r) 

(m-V^)  V - Y(u,v,r) 

- N(u,v,r) 

Added  Maas»  It  should  be  noted  that 
due  to  retardation  effects  (see  ref. 

[[2^  ) the  added  mass  coefficients 
depend  on  the  frequency  of  which  the 
ship  motions  can  be  composed  of . When 
this  frequency  depency  is  important, 
time  integrals  of  the  retardation 
function  have  to  be  added  in  equation 
(5).  In  deep  water  the  horizontal 
motions  of  large  ships  are  so  alow 
that  it  can  be  assumed  that  the  added 
mass  coefficients  are  constant  for 
different  frequencies  of  oscillations. 

In  ahallow  water,  nowever,  it  can 
be  shown  that  the  addition  of  a 
retardation  function  will  provide  a 
better  simulation  of  the  ship's 
manoeuvrability  than  the  use  of 
constant  added  mass  coefficients  only 
( see  ref . [[3^  ) . 

In  the  present  simulation,  however, 
even  in  shallow  water  constant 
coefficients  are  still  used  which  are 
the  averaged  values  over  as  large  a 
frequency  range  as  considered  necessary. 

From  the  above  considerations  and 
assumptions  it  can  be  concluded  that 
added  mass  coefficients  only  depend  on 
the  ship's  geometry  and  the  waterdepth 
while  no  Influences  from  other  aspects 
such  as  the  ship's  speed,  propeller 
RPM  are  to  be  taken  ipto  account. 

Added  mass  coefficients  can  be 
detsrmi.ied  from  model  tests  wlttt 
oscillation  techniques  as  well  as  from 
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computer  calculations  based  on  potential 
theories . 

The  good  agreement  between  model 
test  results  and  the  results  from 
potential  theories  justify  the 
assumption  that  viscosity  has  little 
Influence  on  the  added  masses  which  is 
in  agreement  with  the  earlier  conclusions. 

uampinq  t The  forces  on  the  right  hand 
side  of  equation  (5)  are  called  damping 
forces  which  are  determined  by  the 
ship's  velocity  component  relative  to 
the  water,  it  is  generally  accepted 
that  for  larger  motions  of  the  ship  the 
damping  forces  are  influenced  by 
higher  order  terms,  which  means  that 
tliese  forces  contain  terms  which  are 
proportional  to  the  second  and  third 
order  of  velocities.  At  the  same  time 
cross-coupling  effects  play  an  Important 
role  which  means  that  these  forces 
contain  terms  which  are  proportional  to 
the  product  of  the  velocity  components. 

Tn  addition  to  this,  one  should 
be  aware  for  the  following  aspects: 

- the  damping  forces  are  influenced 
by  the  waterdepth  (see  ref.  [^43  ) 

In  the  simulation  process  a set 
of  coefficients  is  stored  for  a 
number  of  specific  waterdepths. 

At  each  time  during  thu  manoeuvre 
the  waterdepth  is  known  (as  a 
function  of  time  of  the  tide  and 
of  the  ship's  position)  after 
which  the  coefficients  used  for 
the  calculation  of  the  ship 
motions  are  found  after  an  inter- 
polation process  between  the 
coefficients  known  at  the  pre- 
conditioned waterdepth. 

- Though  the  propeller  RPM  some- 
times will  affect  the  sway  and 
yaw  damping  forces  this 
influence  yet  has  been  neglected 
so  far.  The  same  holds  for  the 
Influence  of  lateral  thrusters 
on  the  damping  force. 


The  damping  coefficients  are 
mostly  obtained  from  model  teats  since 
no  calculation  method  has  been 
developed  yet. 

Calculation  of  these  coefficients  la 
especially  very  difficult  since  pressure 
forces  due  to  separation  effects  play 
an  Important  role.  This  also  means 
that  one  has  to  be  aware  of  scale 
effects  In  the  coefficients  obtained 
from  model  test  results. 

?or  the  experimental  d ;termlnatlon 
of  the  damping  coefficients  mostly  cap- 
tive model  tests  are  performed  In  a 
statical  way  by  means  of  force 
measurements  on  a restrained  model 
(under  a towing  carriage  or  a rotating 
arm)  or  In  a dynamical  way  by  means  of 
force  measurements  on  an  oscillated 
model.  Both  these  methods  are  based  on 
the  principle  that  the  motions  are 
predetermined  and  the  forces  are 
measurud, 

tit  the  Netherlands  Ship  Model 
Basin  use  Is  also  made  of  free  running 
tests,  especially  for  the  determination 
of  the  turning  damping  coefficients.  In 
this  case  the  motions  of  a free  running 
model  are  measured  accurately  at  a 
given  stationary  external  force.  Mostly 
this  force  Is  generated  by  a certain 
rudder  angle  (see  next  section  about 
rudder  forces) . In  this  method  at  least 
as  many  runs  have  to  be  made  as  the 
largest  amount  of  un)cnown  coefficients 
in  one  of  the  three  equations  of 
motion. 

This  method  will  only  lead  to 
more  accurate  values  of  the  coefficients 
at  larger  motions  of  the  ship  model. 

It  will  t>e  obvious  that  these  free 
running  tests  are  performed  at  the  seif 
propulsion  point  of  model.  It  now  Is 
assumed  that,  except  for  the  longitudi- 
nal resistance,  all  coefficients  are 
not  Influenced  by  scale  effects. 

In  the  longitudinal  equation  of  motion 
the  resistance  as  a function  of  the 


ahead  speed  has  to  be  corrected  for 
scAe  effects  by  means  of  an  extra- 
polation method.  In  this  aspect  the  A 
log  A-m«thod  Is  very  much  recommended 
for  shallow  water. 

RUDDER  AND  PROPELLER  rORCES. 

In  order  to  examln°  the  rudder 
forces  which  excite  the  ship  motions. 

It  will  be  necessary  to  consider  first 
a stationary  condition  of  the  ship 
(zero  drift  and  yaw  motion). 

It  will  be  obvious  that  when  a 
single  ship  Is  )capt  on  a straight 
course  with  zero  rudder  angle  some 
resulting  lateral  force  and  yawing 
moment  can  be  detected  due  to  the 
propeller  action.  This  force  and  moment 
will  depend  on  the  propeller  RPM  and 
ship's  speed. 

When  putting  the  rudder  at  some 
angle,  a force  will  be  generated  on  the 
ship's  hull  which  can  be  assumed  to  be 
composed  of  the  following  two  contri- 
butions: 

1.  when  the  rudder  lies  In  the 
propeller  stream,  the  rudder 
acts  as  a guiding  vane  by  which 
a force  Is  generated  on  the 
rudder  as  a result  of  the  decli- 
nation of  the  propeller  stream. 

2.  due  to  this  declination  of  the 
propeller  stream  a circulation 
around  the  ship's  hull  will  be 
generated  which  will  result  in 
an  additional  hull  force.  This 
phenomenon  will  become  more 
dominant  In  shallower  water. 

From  this  consideration  It  will  be 
obvious  that  the  rudder  force  (so  called 
because  It  Is  the  force  due  to  a rudder 
angle)  does  not  depend  only  on  the 
rudder  angle  but  as  much  on  the  propeller 
RPM  and  the  ship's  spaed. 

Frud.  * F(u,n,6)  (6) 
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It  also  will  be  obvious  now  that 

the  point  of  application  of  the  

resultant  force  on  the  ship's  hull  will 
lie  some  distance  before  the  rudder. 

In  this  aspect  it  also  should  be 
remembersa  that  the  rudder  force,  on 
the  merchant  ships  considered,  shows 
hardly  any  discontinuity  at  the  stall 
angle  of  the  rudder  profile. 

When  performing  captive  model 
tests  at  several  combinations  of  ship's 
speed,  propeller  RPM  and  rudder  angles, 
the  rudder  force  in  equation  (6)  can  be 
expressed  by  polynomials . 

It  should  be  born  in  mind  that 
there  will  be  a coupling  between  the 
hydrodynamic  force  in  equations  (5) 
and  the  rudder  force  in  equation  (6). 

The  most  important  coupling  is  mostly 
found  between  the  influence  of  the  rudder 
angle  and  of  the  sway  motion. 

For  this  reason  additional  captive 
model  tests  have  to  be  performed  at  a 
combination  of  ship's  drift  and  rudder 
angle. 

EXTERNAL  DISTURBANCES 


External  disturbances  like  current, 
wind,  bank  suction,  meeting  and  over- 
taking vessels  will  also  influence  the 
ship's  manoeuvres.  Therefore  the 
mathematical  model  should  include  these 
effects. 

For  the  simulator  manoeuvres  it  is 
most  practical  to  determine  the  external 
forces  on  the  ship  at  each  moment, 
dependent  on  the  ship's  position 
together  witn  the  environmental 
situation.  In  this  way  all  ship  motions 
are  obtained  relatively  easily. 

The  current  force  mostly  can  be 
calculated  from  the  relative  motion 
concept.  This  means  that  the  force  of 
a moving  ship  in  still  water  will  be 
equal  to  the  force  on  a stationary 
ship  in  streaming  water.  In  this  way 
one  finds  from  the  earlier  determined 


forces  P in  still  water: 

F [moving  ship  in  still! 

Iwater  with  speed  u.  J 

^ (7) 

- F tmoving  ship  in  current l-F (Uj-u^^) 
•with  speed  Uj^  ^ 

in  which:  u^  = ship's  speed  relative 
to  earth 

Ujp=  current  speed  relative 
to  earth 

j = number  of  direction 

indicating  surge  or  sway. 


Prom  equation  (7)  it  will  be  obvious 
that  due  to  higher  order  terms  there 
will  be  a coupling  between  influence 
of  the  ship's  velocity  and  current 
speed,  both  relative  to  earth. 

In  equation  (7)  only  the  forces 
are  described  in  a homogeneous  current. 
However,  when  the  current  velocity  and 
direction  change  a rotation  of  the 
ship  relative  to  the  water  can  be 
discerned  according  to: 


(8) 


in  which: 

“ apparent  rotation  between 
current  and  ship 

= change  of  lateral  component  of 
current  velocity  over  the  ship's 
length 

= change  of  v^,  due  to  change  of 
current  velocity  with  time. 

When  taking  into  account  equation 
(8)  the  excitation  forces  due  to  an 
instatlonary  current  the  following 
relative  influences  on  the  current 
force  have  to  be  regarded  (see  equation 
(7)  ) , like  ((x-u^)  , (v-v^)  etc. 

in  which: 
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y(5vc  + 6vc 


Comparison  between  the  results  of 
this  calculation  method  with  measure- 
ments of  captive  models  through  inhomo- 
geneous currents  (which  change  smoothly) 
have  shown  good  results.  For  the  deter- 
mination of  the  forces  due  to  more 
discontinuous  current  distributions 
captive  model  tests  seem  the  most 
appropriate  method. 

Other  external  forces  and  moments 
are  introduced  in  equation  (2)  as 
additional  exciting  forces.  These 
forces  and  moments  deoend  on  a lot  of 


after  which  the  coefficients  can  be 
determined  with  model  tests. 

In  the  same  way  the  other  external 
disturbances  like  bank  suction  and 
meeting  and  overtaking  vessels  can  be 
included.  It  should  be  noticed  that 
these  kinds  of  disturbances  depend  on 
a high  number  of  variables  so  tnat  the 
number  of  model  tests  to  determine  the 
coei  ‘iclents  in  the  polynomials  can  be 
extremely  large. 

PROGRAMS  CARRIED  OUT  ON  THE  SIMULATOR 

Up  to  now  two  kinds  of  programs 
have  been  carried  out  on  the  manoeu- 
vring simulator. 

- training  courses 


variables.  The  wind  for  example  is 
depending  on  the  angle  of  incidence, 
the  relative  velocity  and  the  exposed 
projected  area  of  the  ship  and  can  be 
described  by  polynomials  like  (see 
ref.  [5]  ) 

Xw  » v2  A^  [^o+nil  "'wn 
’fw  = '"w  |jl  ^wn  3 

Nw  = ''w  Jl  '"wn  "3 

in  which: 

= steady  longitudinal  wind  force 
“ steady  transversal  wind  force 
= steady  yaw  wind  moment 
pg  = density  of  air 

= wind  velocity  with  respect  to 
the  ship 

A.J,  = exposed  transverse  area 
Aj^  = exposed  lateral  area 

L = length  of  the  ship 
= constants 

wn ' ■*  wn  wn 

ci^  = the  angle  of  incidence  of  the 
wind 


- research  ; rograms 

These  training  courses  are  used 
to  familiarize  the  mariner  manoeuvring 
VLCC's  under  conditions  as  different 
waterdepths,  currents  and  wind.  The 
manoeuvres  are  changing  during  the 
course  like  changing  of  course  with 
leading  lines  or  entering  a harbour. 

From  each  manoeuvre  the  position 
is  recorded  on  a Decca-plot  (see  Fig. 

7)  and  variables  like  velocities, 
rudder  angle  on  an  eight-channel 
pen-reco;  der  (see  Fig.  8) . 

Th.ijse  registrations  are  used  to  discuss 
the  manoeuvres  with  the  mariners. 

Research  programs  are  carried 
out  e.q.  for  developing  new  harbour 
lay-outs  or  design  of  new  navigational 
aids  like  track-predictors.  Durinr 
such  a program  a number  of  mariners 
are  making  the  same  manoeuvres;  the 
conditions  of,  for  example,  wind  or 
current,  are  systematically  varied 
and  of  each  manoeuvre  position, 
heading,  velocity  and  human  orders  like 
rudder  and  engine  are  recorded  on  an 
eight-channel  pen-recorder  and  digital 
tape-recorder . 

These  pen-recordings  are  used  to 
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check  the  registration  signals  while 
the  digital  recordings  are  used  for 
statistical  calculations  like  average 
manoeuvre  (see  ref,  ). 

From  these  calculation  advices  can  be 
given  to  the  principals. 

NEW  DEVELOPMENTS  OF  THE  SIMULATOR 

The  history  of  the  use  of  a 
ship  manoeuvring  simulator  is 
relatively  short,  and  as  may  be 
expected  the  development  goes  fast.  A 
lot  of  effort  therefore  will  be 
devoted  to  the  improvement  of  the 
simulation  techniques.  The  set-up 
of  experiments  has  been  improved  and 
will  be  improved  further  as  insight 
in  the  problems  of  ship  handling 
increases.  As  safety  in  vaterways  and 
harbours  is  of  great  importance,  there 
is  need  of.  a second  simulator  so  that 
two  ships  can  simultaneously  be 
simulated  in  a certain  area.  Also 
the  process  of  analysing  the 
registration  from  rough  data  on  a 
rv.  corder  to  .tieaningful  results  has 
improved  very  much.  It  is  obvious 


i 

i 
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Fig.  8 Registration  on  an  eigh ..-channel  pen-recorder 
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that  this  process  wili'  continue;  new 
fields  of  research  will  be  discovered 


as  knowledge  about  ship  handling 
Increases. 
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ABSTRACT 

An  existing  analog  three-dimension- 
al, vessel  maneuvering  model  was  modi- 
fied and  reprogrammed  in  digital  form. 
Results  of  program  are  compared  with 
analog  runs  and  full-scale  trials.  The 
model  is  then  exercised  over  a number 
of  possible  vessel  encounters.  Results 
indicate  the  desireibility  of  full  for- 
ward throttle  in  close-in  maneuvers  and 
of  coordination  of  maneuvers. 

1.  INTRODUCTION  AND  SUMMARY 

Objective 

The  objective  of  the  research 
described  in  this  report  is  to*. 

1.  Develop  f.  digital  program  for 
simulating  vessel  responses  to  given 
control  commands  in  harbor  situations. 

2 ,,  Exercise  this  program  on  a 
number  of  different  vessel  encounters 
in  order  to  obtain  insight  on  the 
possible  investments  society  might  mare 
in  vessel  harbor  control. 

To  this  end,  a vessel  maneuvering 
model  developed  by  Norrbin  to  drive 
the  analog  simulator  at  the  Swedish 
State  Experimental  Tank  was  extended, 
put  into  digital  form,  and  programmed 
in  PL/1.  One  feature  of  this  program  is  that  it  does 
not  require  the  hydrodynamic  coefficients  of  a given 
hull  as  input  but  rather  estimates  thise  coefficients 
from  a limited  set  of  physical  characi  eristics  of  the  ship.l 


This  program  was  validated  by 
comparison  with  trial  results  of  seven 
vessels,  including  several  large 
tankers,  a fleet  oiler,  and  a moderate- 
sized break-bulk  cargo  ship.  With  some 
exceptions , the  accuracy  of  the  program 
in  deep  water  was  deemed  acceptable 
given  the  wide  range  of  ships  considered. 
Validation  of  the  model's  shallow-water 
results  was  hampered  by  paucity  of 
full-scale  data. 

Computer  run  times  proved  moderate 
and  it  is  quite  feasible  to  simulate 
the  movements  of  four"  or  five  ships 
simulteineously  for  rather  long  periods. 

Tho  basic  model  has  been  imple- 
mented in  a variety  of  forms : 

1.  A validation  package  which 


takes  a given  hull  and  outputs: 

a.  steady-state  speed  as  a func- 
tion of  throttle  setting; 

b.  the  results  of  a spiral  test; 

c.  turning  circles  ac  a function 
of  initial  speed  and  helm  angle; 

d.  the  results  of  an  overshoot 
(zigzag)  test. 

The  purpose  of  this  set  of  routines  is 
to  test  the  model's  results  against 
actual  maneuvering  trials . 

2.  An  encounter  simulator  which 
takes  as  inputs  the  physical  character- 
istics of  two  ships  initially  on  a col- 
lision course  together  with  their 
initial  speeds,  relative  headings,  and 
separations,  and  exercises  this  pair  of 
ships  over  a wide  range  of  maneuvers. 

For  those  maneuvers  which  avoid  colli- 
sion, the  program  outputs  the  closest 
point  of  approach.  For  those  maneuvers 
which  result  in  collision,  the  program 
outputs  who  hit  whom,  which  portions  of 
each  ship  were  involved,  and  the  rela- 
tive speed  and  relative  bearing  at 
impact.  The  logic  of  this  program  is 
quite  comprehensive  and  it  catches 
stern-swing  collisions  as  well  as  ,tow-on 
collisions,  A variant  of  the  encounter 
simulator  allows  the  ships  to  make 
double  moves  (first  turning  away  and 
then  turning  into  in  order  to  get  their 
sterns  out  of  trouble;  . 

3.  The  harbor  control  simulator. 

This  program  takes  as  input  a descrip- 
tion of  a harbor  by  depth , the  physical 
characteristics  and  the  initial  positions, 
headings  and  velocities  of  an  arbitrary 
number  of  ships,  and  outputs  the  track, 
velocity,  and  heading  of  these  ships 
under  an  arbitrary  user-supplied  control 
routine.  Periodically,  the  control 
routine  is  allowed  to  observe  the  entire 
situation  and  to  give  each  ship  throttle 
and  desired  heading  orders  at  this  time. 

Major  Results 

1.  The  vessel  encounter  simulator 
has  bean  exercised  over  a wide  range  of 
encounters,  and  a wide  range  of  possible 
evasive  maneuvers  in  deep  water.  One 
major  theme  runs  through  all  the  results: 
once  you  get  in  tro\ible,  the  best  man- 
euver invariably  involves  full  forward 
throttle  both  as  a means  of  turning  more 
quickly  and  slowing  down  faster.  Once 
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you  get  in  trouble,  sharply  reduced  or 
astern  throttle  is  poor  seamanship. 

The  larger  the  ship,  the  more  drastic 
the  advantage  of  full  ahead  over  reduced 
throttle.  The  Rules  of  the  Road  and  the 
principles  by  which  admiralty  courts 
operate  should  be  changed  to  encourage 
full-throttle  maneuvers  in  close  quar- 
ters and  to  discourage  zero  or  astern 
throttle,  once  you  get  into  trouble. 

2 . Even  very  large  tankers  can 
get  rather  close  to  each  other  on  colli- 
sion course  and  still  miss,  provided 

the  maneuvers  are  coordinated^  For 
example,  two  200,~000-ton  tankers  ap- 
proaching each  other  end  on  at  ten  Hnots 
each  can  come  within  1,800  meters  of 
each  other  before  initiating  a maneuver 
if  one  ship  is  not  allowed  to  maneuver. 

If  both  ships  are  allowed  to  make  one 
maneuver,  this  distance  drops  to  1,400 
ra.  If  both  ships  are  allowed  to  make 
two  maneuvers  (turning  away  for  a while 
and  then  turning  back  to  avoid  a stern- 
swing collision)  , this  disteince  drops 
to  1,000  m or  a little  over  three  ship 
lengths.  In  every  case,  the  optimal 
maneuver  involves  full  forward  throttle. 
Reducing  throttle  can  increase  the  minimum  distance 
at  which  a collision-avoiding  maneuver 
can  be  initiated  by  70%  even  if  the 
turn  is  made  in  the  proper  direction, 
in  certain  crossing  situations. 

Directly  end-on  situations  are  less 
sensitive  to  throttle  reduction. 

3.  As  part  of  the  study  not 
directly  connected  to  the  simulation  of 
vessel  maneuvering,  we  surveyed  what  is 
known  about  actual  collisions.  Almost 
all  vessel  collisions  occur  in  periods 
of  poor  visibility  in  end-on  encounters. 
Generally,  the  vessels  are  aware  of 
each  other  on  radar  in  plenty  of  time 

to  initiate  collision-avoiding  maneuvers. 
Often  the  collision  occurs  because  the 
maneuvers  were  not  coordinated.  Despite 
this  fact,  vessels  in  international 
waters  rarely,  if  ever,  communicate  with 
each  other.  In  extremis,  the  vessels 
usually  reduce  throttle  sharply  or  put 
the  throttle  astern. 

4.  While  cost-benefit  analyses 
were  not  undertaken,  it  is  our  feeling 
that  investment  in  shores ide  control 
stations  may  be  premature.  We  believe 
that  the  above  collision  summary  points 
to  bridge-to-ii  idge  communications  as 

a cheaper,  much  more  comprehensive,  and 
much  more  likely  to  be  effective  alter- 
native. Further,  if  identification 
proves  to  be  a problem,  we  think  a 
transponder-based  system  should  be  as 
seriously  considered  as  shore-based 
control.  Only  if  communication-channel 
saturation  proves  to  be  a problem  does 
shore-based  control  appear  to  offer 
anything  that  cannot  be  obtained  more 
cheaply  and  much  more  comprehensively 
than  vessel-to-vessel  communication 
with  respect  to  collision. 


Major  Limitations  and  Intended 
Future  ResearcE 

^ ~ 1.  In  its  present  form,  the  model 
tends  to  underestimate  yaw  rates  in 
hard-over  maneuvers  for  large  tankers, 
especially  for  twin-screw  ships.  Fur- 
ther refinement  of  the  coefficient- 
generating  routine  is  indicated. 

2.  In  its  present  form,  the  model 
Cannot  simulate  a ship  backing  down,  and 
while  it  is  logically  capable  of  simulat- 
int  a ship  going  ahead  with  the  propel- 
ler going  astern,  this  capability  has 
never  really  been  validated. 

3.  The  shallow-water  terms  need 
considerable  work.  The  present  program 
assumes  that  variations  in  depth  in  the 
vicinity  of  the  ship  are  small  enough  to 
be  ignored.  Full-scale  maneuvering 
trials  in  shallow  water  are  quite  rare. 
Further  validation  of  the  present  flat- 
bottom  model  is  indicated  and  extension 
to  bank  and  chemnel  effects  would  be 
useful. 

4.  The  collision  logic  developed 
for  the  vessel  encounter  simulator  should 
be  incorporated  into  the  harbor  control 
model. 

2.  THE  HYDRODYNAMIC  MODEL 

The  hydrodynamic  model  used  in  the 
vessel  encounter  summations  is  that 
developed  by  Norrbin.  The  model  proper 
consists  of  seven  equations  relating 
forward  velocity, sway , yaw, propeller 
revolutions,  thrust,  rudder  flow,  and 
effective  rudder  angle.  The  model  is 
described  in  detail  in  reference  1. 

Sev  .ral  changes  were  made  to  tlie 
original  model  as  described  in  reference 
1 for  the  purposes  of  this  application. 

1.  In  the  original  model,  sway 
acceleration  and  yaw  acceleration  were 
coupled  in  the  sense  that  yaw  accelera- 
tion ocgurred  explicitly  in  the  sway 
acceleration  equation  and  vicS  versa. 

In  order  to  obtain  a model  that  was 
less  sensitive  to  digital  integration, 
these  equations  were  manipulated  so 
that  yaw  acceleration  and  sway  accelera- 
tion never  occur  in  the  right-hand  sides. 
The  integration  method  used  is  discrete 
time-step  summation.  During  development 
of  the  model,  a range  of  time  steps  from 
.5  to  10  seconds  simulated  time  was 
investigated.  At  3 seconds,  some  oscil- 
lations in  yaw  acceleration  were 
observed,  and  at  5 seconds  or  moio,  Uie 
oscillations  grew  and  generally  became 
unstable.  An  integrating  interval  of  2 
seconds  was  chosen  and  is  used  in  the 
computations  in  this  paper.  More 
advanced  integration  techniques  were 
investigated  but  with  one  exception,  the 
additional  computation  more  than 
balanced  the  increase  in  time  step  pos- 
sible. That  exception  was  the  yaw 
acceleration  equation,  where  a Runge- 
Kutta  method  was  used  to  prevent  under- 
estimating yaw  during  hard-over 
maneuvers  due  to  assuming  that  the 
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rudder  was  at  its  original  position 
throughout  the  time  interval. 

2.  It  was  found  necessary  to 
modify,  refine,  and  extend  some  of  the 
equations  relating  the  physical  parame- 
ters of  the  ship  to  the  hydrodynamics 
coefficient.  Principal  areas  involved 
were: 

a.  Propeller  thrust  and  torque; 

b.  Propulsion  machinei"y  inertia; 

c.  A Froude  number-dependent 
cubic  term  was  added  to  the  straight- 
ahead resistance; 

d.  Changes  to  the  rudder  flow  and 
emgle  of  attack  equations  to  accommodate 
different  screw-rudder  geometry  and 
propeller  going  astern. 

These  changes  are  described  in  reference 

2. 

In  its  present  form,  the  program 
takes  as  input  the  following  eighteen 
physical  parameters  of  each  vessel  to 
be  simulated. 

Prom  these  parameters  it  computes, 
as  a first  step,  eighty  odd  hydrodynamic 
coefficients  according  to  the  relations 
given  in  references  1 and  2. 


For  the  purposes  of  validation, 
the  basic  model  has  been  Implemented  in 
a form  which  takes  as  input  a given 
hull  and  outputs: 

1.  Steady-state  speed  as  a func- 
tion of  throttle  setting; 

2.  The  results  of  a spiral  test; 

3.  Turning  circles  as  a function 
of  initial  speed  and  helm  ^mgle; 

4.  The  results  of  an  overshoot 

test. 

A sample  set  of  results  is  shown 
in  Figs.  1 through  7.  These  are  the 
results  for  the  Swedish  State  Experi- 
mental Tank,  single-screw,  single- 
rudder tanker,  1521B.  For  this  t2uiker, 
the  speed  versus  ti-.rottle  curve  reached 
the  design  speed  of  16  knots  at  a 
throttle  setting  of  1.02,  indicating  a 
good  estimate  uf  resistance.  Vftien 
compared  with  the  analog  results  in 
which  measured  hydrodynamic  coeffi- 
cients were  used,  the  turning  tran- 
sients test  indicated  that  the  digital 
yaw  rate  is  somewhat  low.  The  radius 
of  the  10'  helm  angle  turning  circle  is 
predicted  to  be  1,060  m by  the  analog 


Table  1 Input  Parameters 


Parameter 

(unit) 

Symbol 

Hull 

Length 

(m) 

L 

Be2im 

(m) 

B 

Drnft 

Block  coefficient 

(m) 

T 

Propulsion 

Design  speed 

(Kt)  , 

Vo 

machinery 

Design  RPM 

(min“ ' ) 

No 

Design  shaft  horsepower 
Power  plant  type 
Number  of  propellers 

(shp) 

(steam  or  diesel) 

SHP 

Propeller  diameter 
Propeller  pitch/diameter  ratio 
Propeller  blade  area  ratio 

(m) 

D 

A^A 

Steering 

Depth  of  propeller  shaft 
Number  of  rudders 

(m) 

scT 

system 

Type  of  rudders 

(all-movable  or  fixed  horn) 

Rudder  area 

(mM 

*r 

Rudder  height 

(m) 

b*" 

Depth  to  top  of  rudder 

(m) 

a 

3 .  VALIDATION 

1.  The  program  was  validated  by 
comparing  the  program's  results  against 
the  results  of  the  original  analog 
model  when  the  analog  model  was  using 
experimentally  measured  hydrodynamic 
coefficients.  This  was  done  for  the 
four  SSPA  tankers  shown  in  Table  2, 
which  are  roughly  similar  in  size  but 
differ  in  number  of  propellers  emd 
number  of  rudders. 

2.  Comparing  the  program's 
results  with  model  tests  or  actual 
full-scale  maneuvering  trials  for  the 
final  three  vessels  shown  in  Table  2. 
Shallow-water  trials  were  available  only 
for  the  "Esso  Bernicia" . 


model  (3) , while  the  digital  program 
claims  T,250  m.  In  the  30'  turn,  the 
analog  prediction  is  650  m 2uid  the 
digital,  750  m.  In  the  overshoot  test 
(helm  swung  to  +20'  and  held  there 
until  yaw  equals  20'  and  then  helm 
swung  to  -20'  and  held  there  until  yaw 
equals  helm  and  so  on) , both  the  analog 
cmd  the  digital  models  predicted  an 
overshoot  of  34' . Again  the  digital 
yaw  rate  was  lower.  As  a result,  the 
analog  model  required  4.8  minutes  to 
complete  first  half  cycle  whereas  the 
digital  model  required  5.3  minutes. 

The  spiral  test  correctly  predicted 
dynamic  instability  and  the  shape  of 
the  hysteresis  loop  as  well  as  the 
displacement  of  the  center  of  the  loop 
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Table  2 Overall  Dimension^  of  Ships  Tested 


Ship 

Type 

Length 

Beam 

Draft 

Design  Speed  Engine 

Screws 

Rudders 

SSPA  1521-A 

Tanker 

335.7 

m 

59.4 

m 

19.8  m 

16.0  kt 

Steeun 

2 

1 

SSPA  1521-B 

Tanker 

335.7 

m 

59.4 

m 

19.8  m 

16.0  kt 

Steam 

1 

1 

SSPA  1521-D 

Tanker 

335.7 

m 

59.4 

m 

19.8  m 

16.0  kt 

Steam 

2 

2 

SSPA  1575-D 

Tanker 

328.4 

m 

61.6 

TCI 

20.6  m 

16.0  kt 

Steam 

2 

2 

Mandalay 

Cargo  liner 

135.6 

m 

18.9 

m 

7.8  m 

17.5  kt 

Diesel 

1 

1 

USS  A0108 

Fleet  oiler 

160.2 

m 

22.9 

m 

8.00m 

18.0  kt 

Steam 

2 

1 

Esso  Bernicia 

Tanker 

304.9 

m 

47.2 

m 

18.1  m 

16.5  kt 

Steam 

1 

1 

to  a slight  negative  helm.  The  inter- 
cepts for '0“  helm  matched  for  both 
models  aud  the  intercepts  for  0®/sec 
yaw  rate  were  within  1®  of  helm.  The 
yaw  rate  for  large  helm  angles  (15®) 
was  about  .2 8® /sec  for  both  models. 

The  results  for  the  other  Swedish 
State  Experimental  Tank  tanker  stern 
configurations  were  not  as  good.  In 
general,  the  digital  program  underesti- 
mated straight-ahead  resistance  by 
about  8%-10% , as  compared  to  the  analog, 
2Uid  yaw  rates  were  still  lower,  generat- 
ing turning  circles  which  were  as  much 
as  30%  larger  than  the  2uialog  results 
for  hard-over  maneuvers. 

The  worst  results  were  for  the 
twin-screw,  single-rudder,  with  the 
twin-screw,  twin-rudder  hulls  interme- 
diate. The  pattern  of  the  errors  indi- 
cates further  work  on  design  resistance, 
thrust  deduction  and  the  partial  of 
sway  with  respect  to  the  product  of 
rudder  flow  squared  and  helm  euigle. 

'The  lift  generated  by  the  deadwood  for 
twin-screw,  single-rudder  tanker  forms 
night  stsnd  some  investigation. 

f'  -irst  experimental  test  vessel, 
"Man'  .j  j ',  is  a single-screw,  single- 
rudder cargo  liner  form  and  the  only 
diesel-powered  vessel  used  to  validate 
the  model.  In  this  case,  the  digital 
simulation  results  were  compared  with 
those  generated  by  radio-controlled 
model  tests  at  the  Swedish  State  Experi- 
mental Tank.  The  model  generated  a very 
poor  estimate  of  straight-ahead  speed 
as  a function  of  throttle  setting,  pre- 
dicting the  design  speed  of  17.5  knots 
at  .65  throttle.  This  is  probably  due 
to  errors  in  the  routine  which  attempts 
to  model  the  d.-'  ■>. . However,  by 

ad-l-'o*;'  ihro-;  settings  according 

to  iesult  tne  straight-ahead 
resistance  tests,  the  desired  approach 
speeds  for  the  other  tests  can  be 
obtained. 

Only  limited  maneuvering  data  were 
available  for  this  vessel,  namely  the 
relative  size  of  'turning  circles 
and  a nondimens io  led  spiral  curve. 
Comparison  with  -e  results  Indicated 

once  again  the  y«w  rate  is  low  in  hard- 
over  maneuvers  by  as  much  as  20% . 
However,  the  program's  spiral  teat  cor- 
rectly predicted  a dynamically  stable 
hull.  In  short,  aside  from  straight- 
ahead speed  as  a function  of  throttle 


setting,  which  errors  we  believe  are 
in  the  diesel  throttle  setting  logic, 
the  program  exhibits  the  kind  of 
accuracy  it  displayed  for  the  large 
tankers — qualitatively  correct  response 
with  somewhat  depressed  yaw  rata — 
despite  the  very  much  finer  hull. 

The  second  actual  ship  against 
which  the  model  was  compared  was  the 
OSS  "Pawcatuck"  (A108) , a member  of  the 
A105  clu  '.s  of  fleet  oilers.  In  this 
case,  the  model's  results  were  compared 
against  full-scale  trials.  Once  again, 
the  speed  versus  throttle  setting  curve 
reached  design  speed  at  too  low  a 
throttle  (80%) , although  this  may  be 
due  to  the  very  conservative  estimate 
of  design  speed  which  the  Navy  employs. 

E.'  ;ept  for  this,  the  digital  results 
agreed  extremely  well  with  the  full- 
scale  trials,  despite  the  fact  that 
this  is  a twin-screw,  single-rudder 
hull.  Oversho-it  tests  were  conducted 
at  approach  speeds  of  8 and  16  knots. 

In  both  cases,  the  time  required  for 
the  first  half-cycle  was  correctly 
predicted  by  the  model  and  the  over- 
shoot yaw  angle  predicted  was  within 
5%  of  the  full-scale  results.  Spiral 
tests  were  also  conducted  at  approach 
speeds  of  8 and  16  knots.  The  model 
correctly  predicted  narrow  hysteresis 
loops  and  the  0®  helm  and  0®/sec  yaw 
rate  intercepts.  In  this  case,  the 
yaw  rate  predicted  for  large  helm 
angles  was  within  5%  of  trial  results. 

We  are  somewhat  at  a loss  to  explain 
the  accuracy  of  the  model  on  this  hull 
compared  with  its  much  poorer  perfor- 
mance on  the  twin-screw,  single-rudder 
SSPA  tanker,  although  this  is  a much 
finer  hull. 

The  third  ship  against  which  the 
model  was  tested  was  the  "Esso  Bernicia," 
a 193,000-ton  tanker.  This  is  tht  only 
ship  for  which  we  were  ad)le  to  obtain 
both  deepwater  and  shallow-water  results. 
The  available  experimental  data  con- 
sisted primarily  of  turning  circles  at 
various  approach  speeds  and  loading 
conditions  in  75  and  25  m deep  water. 

Both  the  turning  circles  for  the  deep 
(75  m)  water  and  the  shallow  were  about 
35®  larger  in  maocimum  advance  and  maxi- 
mum transfer  than  the  fullscale  results 
indicating  once  again  we  are  underesti- 
mating yaw  rate.  However,  the  simi- 
larity of  the  errors  in  the  shallow  and 
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deepwater  case  Indicate  that  the  shallow 
water  terms  are  at  least  qualitatively 
correct . 

4.  THE  HARBOR  CONTROL  SIMULATOR 

General  Description 

The  hydrodynamic  model  described 
in  Sections  2 and  3 has  been  implemented 
in  several  forms.  The  basic  version  of 
the  model  is  t..e  Harbor  Control  Simula- 
tor. The  Harbor  Control  Simulator  takes 
as  input  a description  of  a harbor 
(water  depth  on  an  x-y  array  and  current 
speed  and  direction  on  the  S2une  grid)  , 
the  physical  characteristics  of  the 
ships  where  movements  are  to  be  simu- 
lated, and  the  initial  location  <md 
velocity  of  these  ships.  The  program 
is  designed  to  accept  a user-supplied 
subroutine,  the  Traffic  Controller, 
which  contains  the  harbor  control  logic 
being  studied  and  returns  desired 
heading  and  speed  for  each  ship. 

The  Harbor  Control  Simulator  does 
not  account  directly  for  changes  in 
depth  (bank  rejection  or  auction  effecta),  but  rather 
uses  the  water  depth  under  the  vessel's 
center  of  gravity.  Nor  does  it  account 
for  current  sheer.  The  program  assumes 
the  currant  at  the  vessel ' s center  of 
gravity  is  also  the  current  affecting 
the  entire  hull.  Rapid  changes  in 
depth  or  current  are  not  modeled. 

The  structure  of  the  Harbor  Control 
Simulator  is  presented  in  the  flow  chart 
on  the  following  page.  In  order  to 
initiate  the  program,  the  operator  spe- 
cifies the  number  of  ships  in  the 
simulation,  and  the  number  of  minutes 
of  real  time  to  be  slmulateiI7  In  order 
to  allocate  storage  space.  The  harbor 
depth  chart  is  loaded,  and  the  input 
dimensions  and  characteristics  of  each 
vessel  are  stored.  The  coefficients  of 
the  equations  of  motion  are  computed 
and  stored  for  each  ship,  and  the  main 
simulation  loop  is  then  entered.  As 
indicated,  the  decision  cycle  time  is 
thirty  seconds;  that  is,  the  simulation 
is  interrupted  every  thirty  seconds  and 
the  position,  depth,  speed,  acceleration, 
etc.  of  all  the  ships  are  passed  to  the 
Traffic  Controller.  The  Controller  is 
allowed  to  change  any  desired  headings 
or  speeds,  2md  the  simulation  then  pro- 
ceeds for  anoher  thirty  seconds.  The 
depth  is  also  updated  every  thirty 
seconds . 

As  constructed,  the  program  will 
accept  an  unlimited  number  of  ships 
for  an  unlimited  amount  of  time.  How- 
ever, storage  capacity  and  costs  of  the 
computer  may  limit  economic  tests  to 
around  three  hours  of  simulated  time. 

In  a sample  test  in  which  four  ships 
were  run  for  thirty  minutes  of  simulated 
time,  310,000  bytes  of  storage  space 
were  required.  Execution  costs  for  this 
test  (excluding  compilation)  were  approx- 
imately $4.50.  Eor  a one-ship  run,  the 
program  requires  280,000  bytes  of  core. 


Figs.  9 through  11  contain  output 
for  a simulation  of  nine  ships  for 
thirty  minutes.  In  Fig.  9,  the  vessels 
were  initially  placed  at  the  positions 
marked  by  a B at  10  knots  heading  east. 
The  topmost  ship  was  Instructed  to  make 
a hard  left  turn  with  full  astern 
throttle;  the  second  ship  from  the  top 
was  instructed  to  make  a hard  left  turn 
with  0 throttle;  the  third  ship  down,  a 
hard  left  turn  with  50%  throttle;  the 
fourth  ship  down,  a hard  left  turn  with 
full-ahead  throttle.  The  middle  ship 
was  told  to  continue  straight  2diead 
with  full-astern  throttle.  The  bottom 
four  ships  were  told  to  make  a hard 
right  turn  with  100%,  50%,  0%,  and 
-100%  throttle  respectively  from  top  to 
bottom.  Pig.  10  shews  the'  resulting 
speed  reductions  and  Fig.  11  the  head- 
ings as  d function  of  time. 

Description  of  the  Harbor 

Tne  model  Is  constructed  to  accept 
a square  harbor  chart  10  km  (6.2  mi)  on 
a side.  A square  grid  with  a 250  m grid 
spacing  is  overlaid  on  the  chart,  and 
the  depth  at  each  grid  point  is  read 
into  the  program,  resulting  in  a 41  x 
41  member  depth  array  (1,681  data 
points) . At  the  close  of  each  simula- 
tion time  interval  (30  sec) , a new  depth 
is  computed  for  each  ship  position. 

The  depth  is  computed  by  two-dimen- 
sional linear  interpolation  of  the  four 
grid  points  surrounding  any  given  ship 
position  in  the  harbor. 

The  model  also  accepts  a steady- 
s.ate  current  of  specified  heading  and 
speed.  The  correction  to  ship  position 
caused  by  this  velocity  field  is  made 
continuously  during  the  actual  simula- 
tion. The  current  direction  is  dis- 
played on  the  output  trajectory  plot. 

Auto-Pilot 

Each  vessel's  helm  is  controlled 
by  a simulated  proportional  auto-pilot. 
The  auto-pilot  receives  an  instruction 
from  the  Traffic  Controller  in  the 
form  of  a "desired  heading",  and  also 
knows  the  present  heading  and  rate  of 
yaw  of  the  vessel.  The  auto-pilot  then 
"calls  for"  a rudder  angle  according  to 
the  following  relation. 

6*  = rudder  angle  called  for 
H = present  heading 
H'J  = desired  heading 
\ji  =•  present  rate  of  yaw 

6*  - x(H  - H*)  + o(iji)  (1) 

The  rudder  angle  called  for  is 
therefore  proportional  to  both  heading 
error  and  yaw  rate.  The  constants  of 
proportionality  are  given  by: 

Rudder  ratio  y = 

3 for  normal  course-keeping  and 
, maneuvers 

4 for  high-speed  (panic)  maneuvers 


o - 2.5  ^ (2) 

o 

where  L > length  (m) 

> design  speed  (m/sec) 

The  rudder  sngle  called  for  Is 
then  passed  to  the  steering  mechanism, 
which  is  modeled  byi 

Rudder  turning  rate  >2.3  deg/sec  (3) 
Maximum  rudder  deflection  ” 35  deg  (4) 

The  desired  throttle  setting  la  made 
directly  and  Instantaneously  upon  com- 
mand. 

Traffic  Controller 

At  present,  the  Traffic  Controller 
Is  treated  as  a black-box  Internal  si)b- 
routine.  Various  simple  m2meuvers, 
such  as  the  one  illustrated  In  Fig.  9, 
have  been  Implemented.  At  each  decision 
interval  (every  thirty  seconds) , the 
following  data  on  all  the  ships  in  the 
model  is  made  available  to  the  Control- 
ler; 

1.  Position 

2 . Depth 

3.  Running  variables  (speed, 
acceleration,  RPM,  etc.) 

4.  Control  variables  (throttle 
setting,  helm  setting) 

5.  Last  Instructions  received  from 
Controller. 

On  the  basis  of  this  information  and  its 
own  Internal  traffic  control  logic,  the 
Controller  sends  the  following  three 
instructions  to  each  ship: 

1.  Desired  throttle  setting 

2 . Desired  heading 

3.  If  turn  must  be  made,  execute 
as  normal  turn  or  high-speed  (panic) 
turn 

These  instructions  are  transmitted  to 
each  ship,  and  the  simulation  then 
proceeds  for  another  thirty  seconds. 

The  auto-pilot  aboard  each  ship  carries 
out  these  instructions  as  described 
previously. 

Availability 

The  Harbor  Control  Simulator  pro- 
gram, together  with  operating  instruc- 
tions, may  be  obtained  on  deck  or  tape 
by  contacting  tlie  Department  of  Ocean 
Engineering  at  MIT. 

5.  SIMULATION  OF  SIMPLE 
VESSEL  ENCOUNTERS 

Introduction 

In  its  present  forn.,,  the  Harbor 
Traffic  Controlle;:  does  not  really 
simulate  collisions  in  the  sense  that 
two  ships  could  proceed  right  through 
each  other  without  the  program's  being 
aware  of  it.  The  problem  of  efficiently 
determining  whether  or  not  a collision 
has  occurred  is  not  completely  trivial. 
Further,  it  was  judged  that,  at  the 
present  stage  of  the  game,  tioxe  insight 
could  be  obtained  by  working  in  the 


context  of  simple,  two-vessel  encounters, 
studying  these  in  detail,  before  working 
in  the  context  of  an  entire  harbor. 
Therefore,  further  development  of  the 
Harbor  Traffic  Controller  was  deferred 
in  favor  of  simple  vessel  encounter 
studies. 

For  this  purpose,  a variant  of 
the  basic  hydrodynamic  model  known  as 
the  Encounter  Simulator  was  developed. 
This  program  tedces  as  input  the  physical 
characteristics  of  two  ships  and  their 
initial  spaed,  heading,  emd  separation. 
The  initial  conditions  are  chosen  so 
that  in  absence  of  a maneuver,  a colli- 
sion will  occur.  The  program  exercises 
these  ships  over  twelve  simple  maneu- 
vers: 

la.  Throttle  setting  to  -100% 

(full  astern) , rudder  hard  over  to  port. 

1.  Throttle  setting  to  0%,  rud- 
der hard  to  port. 

2.  Throttle  setting  to  50%, 
rudder  hard  to  port. 

3.  Throttle  unch^u:ged,  rudder 
hard  to  port. 

4.  Throttle  setting  to  +100%, 
rudder  hard  to  port. 

5.  Do  nothing,  mai,'  ;ain  course 
and  throttle  setting. 

5a.  Throttle  setting  to  full 
astern,  maintain  course. 

6.  Throttle  setting  to  +100%, 
rudder  hard  to  starboard. 

7.  Throttle  unchanged,  rudder 
hard  to  starboard. 

8.  Throttle  to  50%,  rudder  hard 
to  starboard. 

9.  Throttle  to  0%,  rudder  hard 
to  stuboard. 

9a.  Throttle  to  -100%,  rudder 
hard  to  starboard. 

All  maneuvers  are  exercised  under  the 
control  of  the  auto-pilot  described  in 
the  last  section  operating  in  the  panic 
mode.  Strictly  speaking,  the  order  is 
not  "rudder  hard  over"  but  rather  "come 
to  new  course  110'  to  the  right  (left) 
of  present  course . " 

For  each  maneuver,  the  program 
determines  whether  or  not  a collision 
occurs  and  if  so,  returns  the  particu- 
lars of  that  collision  (who  hits  whom, 
position  of  impact,  relative  speed  at 
impact,  and  relative  angle  of  impact), 

If  no  collision  occurs,  the  program 
returns  the  closest  point  of  approach. 

In  order  to  execute  the  above 
orders  involving  astern  throttle,  a 
modification  of  the  auto-pilot  was 
required.  Our  original  auto-pilot 
became  quite  confused  by  the  reversal 
in  rudder  flow  in  hard  astern 
mweuvers  and  began  hunting  wildly. 

This  was  corrected  by  changing  the 
sign  of  the  rudder  movement  when  the 
rudder  flow  went  negative.  Once  this 
change  was  made,  the  auto-pilot  was 
able  to  steer  the  ship  in  propeller 
astern,  ship  still  going  aFiead  situa- 
tions. Needless  to  say,  no  real-world 
auto-pilot  has  this  capability,  and 
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sv«n  very  ezp«rienoed  halmitnen  hm 
a great  deal  of  difficulty  in  determin- 
ing when  they  should  reverse  the  helm 
with  the  ship  going  ahead  and  the  pro- 
peller going  astern. 

Results  of  Vessel  Encounter  Simulations 

The  key  result  61  our  vessel 
encounter  simulations  can  be  expressed 
in  one  sentence.  Large  ships,  espe- 
cially very  large  tankers,  will  not 
only  turn  much  more  sharply  but  also 
will  slow  down  more  quickly  if  the 
throttle  is  advanced  rather  than  retarded 
during  the  maneuver.  In  general,  crash 
■Item  appears  to  be  an  extremely  inef- 
fective means  of  avoiding  collision 
once  the  ships  are  in  close  quarters. 

This  result  is  illustrated  by 
Figs.  9,  10,  and  11  which  display 

the  track  speed  and  heading  for  a large 
tanker  under  eight  hard-over  maneuver 
with  a range  of  changes  in  throttle. 

Note  that  full-ahaad  throttle  resulted 
in  the  sharpest  turn  and  the  sharpest 
drop  in  speed. 

The  fact  that  slowing  down  the 
engines  is  an  ineffective  maneuver 
once  a ship  is  in  trouble  is  not  an 
original  observation.  Tani  in  1960 
gave  a rather  detailed  comparison  of 
head  reach  under  hard-over  and  hard- 
astern  maneuvers  and  cites  references 
going  back  to  187 S on  the  und«iinble 
effectr  of  going  astern  (.i) . Recently, 
Crane  displayed  a series  of  full-scale 
trials  on  191,000-ton  tankers  in  which 
head  reach  uridcr  crash  action  was  four 
times  that  under  hatd-over  at  service 
power  (5) . Interestingly  enough,  the 
side  reach,  £or  these  single-screw 
ships,  under  the  full-action  order  was 
approximate? ly  the  same  as  that  under 
hard-over.  However,  the  fact  that  you 
not  only  turn  sharper  but  also  slow 
down  faster  under  advanced  throttle  has 
not  been  sufficiently  emphasized. 

These  basic  hydrodynamic  facts 
seem  to  have  had  no  affect  on  the  Rules 
of  the  Road  or  actual  operator  responses 
in  collision  sltuabions.  (See  first 
section.)  Discussions  with  operators 
indicate  that  while  they  are  quite 
aware  of  "the  loss  Jn  rudder  co.\trol" 
associated  with  sharp  throttle  decrease, 
no  one  wimts  to  go  into  court  in  a 
collision  which  occured  after  he  had 
called  for  full  ahead.  The  operators 
claim  that  court  policies  effectively 
rule  out  this  option.  The  recent 
revision  of  the  Rules  of  the  Road  is  no 
Improvement  in  this  regard.  The  new 
Rule  8(e)  states  specifically,  "If 
necessary  to  avoid  collision,  a vessel 
shall  slacken  her  speed  or  taka  all 
way  off  by  stopping  or  reversing  the 
means  of  propulsion."  No  mention  is 
made  of  advancing  throttle  as  a colli- 
sion avoidance  mechanism.  Clearly, 
we  might  do  well  to  rethink  our  legal 
attitude  toward  throttle  changes  in 
encounter  situations. 


Minimiw  Saparations  At  Which  Collision- 
Avoiding  Maneuver  Can  be  InitiateJ 

t^oUo wing  Kenan,  the  VbimI  finoountet  dtmxillator  can 
be  used  to  estimate  the  minimum  separa- 
tion at  which  maneuvers  can  be  initiated 
for  a given  situation  and  a collision 
still  be  avoided  and  the  maneuver  which 
leads  to  this  minimum  separation (6).  Thla 
is  done  for  given  Initial  speeds  and 
relative  bearings  which  would  result  in 
a collision  in  the  absence  of  a maneuver, 
by  looping  over  initial  separation. 

The  results  for  two  large  tankers  in 
which  one  tanker  is  moving  at  10  knots 
and  does  not  alter  course  and  speed 
(the  sland-on  vessel)  while  the  other, 
the  give-way  vessel,  is  also  at  10 
knots,  aro  displayed  in  Fig.  12.  The 
ship  usee  in  these  runs  is  the  193,000 
ton  tsmker  "Barnicia" . The  separation 
decrement  used  in  these  studies  was  100 
m.  The  minimum  separation!}  ranged  from 
1800  m (bow  on)  to  0 m ("overtaking"). 

The  minimum  separations  were  achieved 
by  non-book  maneuvers;  throttle  full 
ahead  and  hard  turn  to  starboard  when 
initial  relative  bearings  were  less 
than  50“  (bow  on  to  slightly  overtaking) 
and  throttle  full  idiead  and  hard  turn  to 
port  when  relative  bearings  ware  greater 
than  50“ . 

The  advantage  of  the  unusual  hard 
turn  to  port  over  the  more  obvious  turn 
to  starboard  under  the  privileged 
vessel's  stern  when  "overtaking"  is  a 
product  of  stern  swing.  Turning  into 
the  privileged  vessel  rather  than  away 
prevents  the  stern  from  swinging  into 
the  privileged  vessel.  The  minimum 
separation  in  these  cases  is  quite 
small,  one  or  two  ship  lengths. 

Note  the  increase  in  minimum 
separation  for  the  crossing  cases  with 
decrease  in  throttle.  Minimum  separa- 
tion can  be  increased  by  as  much  as  a 
factor  of  two  in  some  orientations  by 
sharp  reductions  in  throttle  even  if  the 
ship  turns  the  right  way.  The  end-on 
cases  are  much  less  sensitive  to  throttle 
decreases  as  long  as  some  turn  is  made. 
Maneuver  A is  the  throttle  astern, 
maintain  course  alternative.  As  the 
figure  Indicates,  this  is  not  a particu- 
larly bad  maneuver  for  the  overtaking 
cases  but  becomes  progressively  worse 
as  the  angle  on  the  bow  decreases. 

These  analyses  were  iterated  over 
a number  of  burdened  ship  maneuvers 
including  hard  astern,  maintain  course, 
a hard  port  turn  (full  ahead,  port  helm) 
and  a hard  starboard  turn.  The  results 
for  the  hard  astern  maneuver  were  quite 
similar  to  Fig.  12.  There  was  very 
little  change  in  minimum  separation  and 
no  change  in  ha  optimal  maneuver  on 
the  part  of  the  burdened  vessel.  Fig. 

13  indicates  the  results  for  a port 
turn  on  the  part  of  the  formerly 
privileged  vessel.  A port  turn  with 
full  ahead  throttle  on  the  part  of  the 
formerly  privileged  vessel  results  in 
about  a 25%  reduction  in  minimum 
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separation  for  direct  meeting  situations 
if  combined  with  a hard  port  turn  on 
^e~part  of  the laur Aened  veasei.  TKere 
is no  change  in  minimum  separation  for 
the  intermediate  relative  bearings  even 
if  the  moves  are  coordinated  and  a 
drastic  increase  if  they  are  not.”  A 
Hard  port  turn  results  in  an  Increase  of 
500  m or  so  in  minimum  separation  dis- 
tance in  overtaking  situations  over  no 
maneuver,  even  if  the  burdened  vessel 
does  the  best  he  can  against  this  move. 
Most  Importantly,  the  burdened  vessel's 
optimal  maneuver  against  a port  turn  is 
quite  different  from  that  against  no 
maneuver,  for  headings  greater  than  84* 
(relative  bearings  less  than  48*). 

Not  surprisingly,  the  most  attrac- 
tive move  on  the  part  of  the  burdened 
vessel  was  a hard  starboard  turn.  The 
results  for  this  maneuver  are  shown  in 
Fig.  14.  The  decrease  in  direct  meeting 
situations  is  again  about  25%  over  no 
maneuver  and  more  importantly  the 
burdened  vessel's  optimum  maneuver  is 
the  same  as  it  is  if  the  priviie^d 
vessel  ma3e  no  maneuver . Minimum 
separation  for  Intermediate  relative 
bearings  are  the  same  as  no  maneuver. 
However,  by  performing  a hard  starboard 
turn,  the  privileged  vessel  gains  some 
separation  if  the  burdened  vessel  does 
something  other  than  the  optimum.  The 
overtaking  cases  are  about  the  same. 
According  to  the  program,  the  privileged 
vessel  has  nothing  to  lose  and  something 
to  gain  by  executing  a starboard  turn, 
provided  of  course  he  has  sufficient 
nea  room. 

In  short,  according  to  our  calcula- 
tions, for  large  tankers  proceeding  at 
10  knots,  allowing  both  vessels  to 
maneuver  will  decrease  the  minimum 
separation  at  which  a maneuver  can  be 
initiated  from  something  like  six  ship 
lengths  to  five  ship  lengths  for  end-on 
situations  if  the  privileged  vessel 
makes  the  right  move  or  the  moves  are 
explicitly  coordinated.  Allowing  the 
privileged  vessel  to  maneuver  in  cross- 
ing situations  gains  almost  nothing  as 
long  as  the  burdened  vessel  makes  the 
right  move.  It  can  have  rather  disas- 
trous results  if  the  privileged  vessel 
makes  the  wrong  move. 

Multi-Turn  Maneuvers 

'TiT''tHcr'aBo^  analysis,  each  ship 
was  allowed  at.  most  one  maneuver. 
Especially  in  end-on  situations,  the 
possibility  arises  that  the  ships  could 
do  better  if  they  were  allowed  a double 
maneuver,  l.e.  first  turn  away  and  then 
turn  back  toward  each  other  in  order  to 
swing  their  sterns  out  of  the  way.  To 
investigate  this  possibility,  a variant 
of  the  encounter  simulator  was  con- 
cocted in  which  two  ships  meeting  end-on 
both  turned  to  starboard  and  then,  after 
a time,  turned  back  to  the  original 
course.  Some  of  the  results  are  shown 
in  Tables  3 through  7.  These  tables  are 
based  on  two  200,000-ton  tankers  each  at 


initial  speed  of  10  knots.  The  tables 
show,  as  a function  of  initial  separa- 
tion distance  (range)  and  the  time  that 
the  helm  is  hold  over  (in  thirty-second 
intervals)  before  being  brought  back, 
either  of  two  things.  If  no  collision 
occurs,  the  program  outputs  CPA*«xxx 
where  xxx  is  closest  point  of  approach 
in  meters.  If  a collision  occurs,  the 
computer  prints  out  xx.yyzzs  where  xx 
is  relative  speed  at  impact,  yy  are 
two  letters  which  take  one  of  the 
following  forms t 

BB — bow  of  ship  1 collides  with 
bow  of  ship  2 

BM — bow  of  ship  1 collides  with 
midsection  of  ship  2 

BS — bow  of  ship  1 collides  wJ  th 
stern  of  ship  2 

MB — bow  of  ship  2 collides  with 
midsection  of  ship  1 

SB — bow  of  ship  2 collides  with 
stern  of  ship  1 

SM--stern  of  ship  1 collides  with 
midsection  of  ship  2 

MS — stern  of  ship  2 collides  with 
midsection  of  ship  1 

SS — stern  of  ship  1 collides  with 
stem  ot  ship  2. 

For  the  purposes  of  tills  analysis , bow 
is  defined  to  be  the  forward  10%  of 
waterline  length  tmd  stern  the  aftmost 
10%. 

In  Table  3,  which  refers  to  the 
situation  when  the  throttle  is  advanced 
to  full  ahead  throughout  the  manauvor, 
the  best  maneuver  shown  is  to  hold  the 
first  turn  for  two  half-minutes, 
resulting  in  a miss  distance  of  some- 
thing over  1000  m.  This  compares 
favorably  with  the  1400  m when  both 
ships  were  allowed  to  maneuver  once  and 
1600  m when  only  one  ship  was  allowed 
to  maneuver  once.  Note  that  by  holding 
the  first  maneuver  for  only  one-half 
minute,  the  minimum  miss  dist.tuice 
increases  to  something  over  1300  m. 
Approximately  the  same  miss  distance  is 
obtained  if  he  holds  the  first  maneuver 
for  four  half -minutes . However,  note 
that  in  the  latter  case  we  have  a 
stem-swing  collision  at  17  knots,  while 
in  the  former  we  have  a bow-on  collision 
at  20  knots. 

Tables  4 through  6 show  the  similar 
results  for  throttle  setting  of  50%,  0%, 
and  -100%  throughout  the  maneuver.  The 
effect  of  reducing  throttle  is  to 
increase  the  minimum  distance  at  which 
the  maneuver  can  be  initiated,  with  no 
decrease  in  relative  speed  on  impact, 
if  a collision  does  occur.  Reducing 
throttle  also  leads  to  bow-on  collisions 
in  situations  where  increasing  throttle 
leads  to  stern-swing  collisions.  In  the 
final  table,  the  throttle  was  Initially 
set  full  astern  but  when  the  turn  back 
to  original  course  was  made , the 
throttle  was  moved  back  to  full  ahead. 
This  resulted  in  a slight  improvement 
over  the  throttle  full  astern  through- 
out but  is  still  definitely  inferior  to 
throttle  full  ahead  throughout. 


4 

5 


I 


228 


A word  of  caution  is  In  ordar  in 
Intarprating  these  results.  They  are 
all  deepwater  runs  of  a model  which 
appears  to  underestimate  yaw  rates  and 
does  not  account  for  a hydrodynamic 
interaction  between  the  two  hulls.*  The 
model  has  not  been  validated  with  the 
propeller  going  astern  and  employs  a 
rather  too  clever  auto-pilot  which  is 
able  to  steer  the  ship  with  the  propeller 
going  astern.  Nonetheless,  we  believe 
these  results  offer  some  interesting 
insightu.* 

We  performed  the  same  analysis  for 
the  case  of  S knot  approach  speeds.  In 
this  situation,  the  differences  between 
the  alternative  throttle  maneuvers 
becomes  even  more  striking.  Once  again, 
the  optimal  maneuver  is  full  ahead  and 
hold  the  first  turn  for  two  half- 
minutes. The  resulting  minimum  separa- 
tion at  which  the  maneuver  can  be  ini- 
tiated is  something  over  700  m,  barely 
two  ship- lengths . Propping  the  throttle 
setting  to  48%  increases  minimum 
separation  distance  only  about  100  m. 

But  dropping  the  throttle  to  0%  increases 
the  minimum  separation  distance  to  over 

l.'^OO  m and  throwing  the  throttle  astern 
increases  the  distance  to  over  1600  m, 
at  which  point  the  ships  are  practically 
stopped.  Under  the  sharply  decreased 
throttle  settings,  the  optimum  time  to 
hold  the  first  maneuver  increases,  as 
might  be  expected  given  tlie  more 
gradual  turn. 
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Also  the  bow  to  midsection  results  in 
column  1 of  these  tables  sure  undoubted- 
ly actually  bow  to  bow.  At  these  rela- 
tive speeds,  the  ships  can  travel 
"through"  the  bow  before  the  program 
realizes  that  a collision  has 
ocerrred. 
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Tabl*  3 Double  Maneuver,  Initial  Speeds  10  knots,  Both  Ships  Advance 
Throttle  to  Full  Ahead  Throughout  Maneuver 


SEPARATION 

TIME  HOLDING  FIRST 

MANEUVER 

(SECONDS) 

(n) 

30 

60 

90 

120 

150 

180 

210 

240 

1000 

20.BB179 

19.SB179 

19.BS179 

19.BS179 

19.BS179 

19.BS179 

19.BS179 

19.BS179 

1100 

20.MB179 

CPA-70 

18.MS179 

18.MS179 

10.MS179 

18.MS179 

18.MS179 

18.MS179 

1200 

20.HB179 

CPA-93 

CPA-98 

18.MS179 

1S.MS179 

18.MS179 

18.MS179 

18.MS179 

1300 

20.MB179 

CPA-118 

CPA-133 

17.SS179 

17.SS179 

17.SS179 

17.SS179 

17.SS179 

1400 

CPA-51 

CPA-143 

CPA-172 

CPA-170 

CPA-170 

CPA-170 

CPA-170 

CPA-170 

Table  4 

Double  Maneuver, 

Initial  Speeds  10  knots.  Both  Ships 

Use  Half 

-Ahead  Throttle  Throughout  Maneuver 

SEPARATION 

TIME  HOLDING  FIRST 

MANEUVER 

(SECONDS) 

(in) 

30 

60 

90 

120 

150 

180 

210 

240 

1000 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

1100 

19.BB179 

19.SB179 

19.SB179 

19.BS179 

19.BS179 

19.BS179 

19.BS179 

19.BS179 

1200 

19.BB179 

CPA- 6 3 

18.MS179 

18.SM179 

18.SM179 

18.SM179 

18.SM179 

18.SH179 

1300 

19.MB179 

CPA-80 

CP A- 8 8 

18.MS179 

10.MS179 

18. MSI  79 

18.HS179 

18.MS179 

1400 

CPA-48 

CPA-98 

CPA-113 

CPA-113 

17.SS179 

17.SS179 

17.SS179 

17.SS179 

1500 

CPA-53 

CPA-116 

CPA-141 

CPA-143 

CPA-142 

CPA-142 

CPA-142 

CPA-142 

Table  5 

Double  Maneuver, 

Initial  Speeds  10  knots , Both  Ships 

Stop  Engines  Throughout  Maneuver 

SEPARATION 

TIME  HOLDING  FIRST 

MANEUVER 

(SECONDS) 

(m) 

30 

60 

90 

120 

150 

180 

210 

240 

1000 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

1100 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

1200 

19.BB179 

19.MB179 

18,MB179 

18.MB179 

18.MB179 

18  MB179 

18.MB179 

18.MB179 

1300 

19.BB179 

18.MS179 

18.MS179 

18.MS179 

18.MS179 

18.MS179 

1B.MS179 

18.MS179 

1400 

18.MB179 

CPA-64 

18.SS179 

18.MS179 

18.MS179 

18.MS179 

18.MS179 

18.MS179 

1500 

18.SS179 

CPA-77 

CPA- 8 5 

CPA-85 

CPA- 8 5 

CPA- 8 5 

CPA-85 

CPA- 8 5 

1600 

CPA-60 

CPA- 9 2 

CPA-102 

CPA-104 

CPA-104 

CPA-104 

CPA-J04 

CPA-104 

Table  6 

Double  Maneuver,  : 

Initial  Speeds  10  knots,  Both  Ships 

Use  Full 

Astern  Throttle  Throughout 

Maneuver 

SEPARATION 

TIME  HOLDING  FIRST 

MANEUVER 

(SECONDS) 

(m) 

30 

60 

90 

120 

150 

180 

210 

240 

1000 

19.BB1-79 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

1100 

19  BB179 

19.DB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

1200 

19.BB179 

19.BB179 

19.BB179 

19.BB179 

19.B8179 

19.BB179 

19.BB179 

19.BB179 

1300 

19.BB179 

19.BB179 

18.BB179 

18.BB179 

18.BB179 

18.BB179 

18.BB179 

18.BB179 

1400 

18.BB179 

18.MB179 

18.MB179 

18.MB179 

13.MB179 

18.MB179 

18.MB179 

18.MB179 

1500 

18.BB179 

17.SM179 

17.MS179 

17.MS179 

17.SM179 

17.SM179 

17.SM179 

17.SM179 

1600 

17.MS179 

17.SS179 

17.SS17S 

17.SS179 

17.SS179 

17.SS179 

17.SS179 

17.SS179 

1700 

16.SS179 

CPA- 7 2 

CPA-75 

CPA-76 

CPA-76 

CPA-76 

CPA-76 

CPA-76 

1800 

CPA- 6 4 

CP A- 8 4 

CPA-88 

CPA-89 

CPA-90 

CPA-90 

CPA-90 

CPA-90 

■ 


Table  7 Double  Maneuver,  Initial  Speeds  10  knots,  Both  Ships  Initially 
j Go  Pull  Astern  and  Than  Go  Full  Ahead  on 

j Cominencement  of  Second  Turn 

I SEPARATION  TIME  HOLDING  FIRST  MANEUVER  voECONDS) 

I i (n>)  30  60  90  120  150  180  210  240 

19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179 

19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179  19.BB179 

19.BB179  19.3B179  19.BB179  19.BB179  19.BS179  19.BB179  19.BB179  19.BB179 

19.BB179  19.BB179  18.BB179  1S.BB179  18.BB179  18.BB179  18.BB179  18,PB179 

19.BB179  18.MB179  18.MB179  18.MB179  18.MB179  18.MB179  18.MB179  18.MB179 

19. BB179  CPA=50  18.MS179  18.MS179  17.EM179  17.SM179  17.SM179  17.SM179 

20. BB179  CPA=58  CPA=64  CPA=64  17.SS179  17.SS179  17.SS179  17.SS179 

20.BB179  CPA=65  CPA=75  CPA=76  CPA=76  CPA=76  CPA=76  CPA=76 

20.BB179  CPA=72  CPA=87  CPA=89  CPA=90  CPA-90  CPA=90  CPA=90 
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Turning  Circle  for  30®  Heln>-“16  Knots  Approach  Speed 
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Approach 


ocity  and  Yaw  Rate  in  30°  Turn- 


16  Knots 


rollllON  cation 


Fig,  6 Track  in  20®  Zigzag  Test 
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Pig.  9 Track  as  a Piaiction  of  Maneuver,  "Esso  Bernlcla*  Initially  at  10  knots 

Simulation  Ended  After  10  Minutes 


Throttle  Code 

1 full  ahead 
.3  half  ahead 
0 stop 

-1  full  astern 


Helm  Code 

p helm  hard  to  port 
8 helm  hard  to  stbd 
c maintain  course 
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INITIAL  HEADING  OF  BURDENED  VESSEL  (PRIVILEGED  VESSEL  INITIALLT  HEADED  NORTH) 


INITIAL  HEADING  OF  BURDENED  VESSEL  (PRIVILEGED 


THE  ANALYSIS  OF  SAFETY  MARGINS  IN  THE 
MANEUVERING  OF  LARGE  SHIPS  IN 
CONFINED  WATERS 


I.  Olde.nkamo 
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SUMMARY 

In  the  present  paper  ship 
manoeuvres  are  considered  as  the  out- 
put of  a stochastic  process.  The  main 
reason  for  the  process  being  stochastic 
is  the  fact  that  the  ship  is  steered  by 
a human  controller.  A mathematical 
description  of  manoeuvres  is  derived 
which  shows  resemblance  with  the 
description  of  other  irregular  signals. 
The  analysis  is  applied  to  an  experiment 
excecuted  on  the  manoeuvring  simulator 
of  the  Neth.. lands  Ship  Model  Basin. 
Results  of  these  experiments  are  pre- 
sented, showing  the  large  influence  the 
mariner  has  on  handling  capabilities  of 
the  steered  ship. 

INTRODUCTION 

In  the  present  paper  the  analysis 
of  safety  margins  in  the  manoeuvring  of 
large  ships  will  be  elucidated  by 
results  of  simulator  studies.  The  same 
type  of  analysis  can  be  performed  for 
actual  manoeuvres  when  systematic 
records  are  available  of  those 
manoeuvres . 

The  simulator  considered  consists 
of  a ship's  bridge  with  the  instruments 
usually  found  on  board  modern  ships. 

Fig.  1 shows  the  interior  of  the  bridge. 
The  bridge  is  situated  in-  the  middle  of 
a cylindrical  screen  with  a diameter  of 
60  ft.  on  which  the  outside  view  is 
projected.  Fig.  2 and  3- 


Fig.  1 ^e  bridge  of  the  simulator 
during  an  approach  manoeuvre 
to  a harbour  entrance. 

The  ship's  charocteristics  as  well  as 
the  influences  of  wind,  current  and  for 
example  bank  suction  are  programmed  on 
a hybrid  computer,  so  that  the  ship's 
reactions  on  for  example  a rudder  call 
are  the  same  as  the  reactions  of  the 
real  ship  in  a corresponding  situation. 


Pig.  2 Sectional  perspective  view 
of  the  simulator. 
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; ( processing  of  input  1 rsgistration ) 


Pig.  3 Pictural  block  diagram  of 
the  simulator 

These  properties  are  used  to  investigate 
the  influences  of  external  disturbances, 
ship's  characteristics,  navigational' 
aids  and  the  mariners  skill  on  the 
safety  of  the  manoeuvres  performed. 

THE  SYSTEM 

Manoeuvring  a ship  can  be 
schematized  in  its  simplest  form  as  a 
feed-back  control  system  as  shown  in  Pig. 
Pig.  it. 


DISTURBANCE  (of  wind, current  etc.) 
(0) 


Pig.  4 Block  diagram  of  a man- 
steered  ship. 


The  ship  responds  to  rudder  calls  with 
a certain  output  (0).  The  human  operator 
which  may  be  the  helmsman,  the  captain 
or  the  pilot,  compares  this  output  with 
the  input  (I)  which  means  that  he 
checks  whether  the  ship  is  performing 
the  desired  manoeuvre. 

On  a discrepancy  between  the  input  and 
output,  called  the  error,  the  human 
controller  decides  for  corrective 
reactions . 

The  blocks  shown  in  Pig.  have  an  in- 
and  output.  Por  the  block  representing 
the  ship  this  is  quite  obvious. 

In  the  example  shown,  the  input  is  the 
rudder  angle  set  by  the  helmsman,  calls 
to  a bow  thruster  or  calls  to  tugboats. 
The  output  is  the  reaction  of  the  ship 
on  the  input  and  on  disturbances  of 
wind,  current,  bank  suction  etc.,  the 
latter  indicated  as  (D)  in  Pig.  . 

There  is  an  important  difference  in 
the  blocks  representing  the  human 
controller  and  the  ship.  Por  the  ship 
there  is  a unique  relation  between  the 
input  plus  the  disturbance  and  the  oui  • 
put.  This  means  that  a manoeuvre 
repeated  under  the  same  external  con- 
dition and  the  same  x'uddei'  calls, 
results  in  exactly  the  same  manoeuvre.’ 
The  human  operator  is  quite  different 
in  this  respect,  he  generally  will  not 
nor  can  repeat  the  same  manoeuvre  under 
the  same  conditions. 

The  fact  that  there  is  no  unique 
relation  between  man's  in-  and  output 
makes  that  it  is  not  possible  to  predict 
exactly  how  a manoeuvre  will  be  per- 
formed. There  can  only  be  a prediction 
with  a certain  probability  that  the 
manoeuvre  is  executed  between  some 
boundaries.  Por  a better  understanding 
of  the  prediction  a great  deal  of  effort 
has  to  be  devoted  to  the  description 
and  intex’pretation  of  recorded  manoeu- 
vres . 
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DESCRIPTION  OP  MANOEUVRES 

Consider  a ship  sailing  through 
a canal.  This  manoeuvre  can  be 
described  by  registration  of  the 
distance  of  the  centre  of  gravity  of 
the  ship  to  a reference  line,  for 
example  the  centre  line  of  the  canal, 
and  furthermore  by  registration  of 
speed,  heading,  rudder  angle  and  any 
further  signal  which  may  be  of  interest. 
The  registration  of  the  manoeuvre 
performed  is  also  the  registration  of 
the  output  (0)  of  the  model  presented 
in  Pig.  4. 

This  output  is  a stochastic  signal, 
since  the  human  operator  is  unable  to 
reproduce  a manoeuvre  even  if  the 


circumstances  of  wind,  current  etc. 
were  constant.  This  means  that  when 
a number  of  canal  transits  are  re- 
corded, the  ship's  trajectories  will 
deviate  from  each  other.  Different 
measures  have  been  developed  to  des- 
cribe the  manoeuvres  considered. 

The  average  manoeuvre  has  been  called 
the  result  of  the  procedure  in  which  the 
ship's  trajectory,  the  rudder  angle, 
the  speed  and  any  further  signal  for 
a set  of  manoeuvres  have  been  averaged. 
Pig.  5 shows  how  by  this  procedure  the 
average  trajectory  is  accomplished. 


individual  trajectories 

average  trajectory 


cross  section  j 


DISTANCE  TRAVELLED  ALONG  CENTRE  LINE  (km) 

Pig.  5 Example  of  the  determination  of  the  average 
trajectory  from  N individual  trajectories. 


Y (average)j  = E Yij , j = 1...M  = average  v?‘'ue  of  Y 
i=l  at  cross  section  j . 


The  standard  deviation  of  the  signal 
describes  how  signals  of  individual 
manoeuvres  are  spread  around  the 
average  signal.  Particularly  important 
is  the  standard  deviation  oi  a set  of 
the  ship's  trajectories.  The  average 
trajectory  may  be  near  the  centre  of 
the  canal,  safe  manoeuvring  requires 
that  during  each  individual  run  the 
trajectory  remains  within  the  channel 
boundaries.  As  a result  of  experiments 
carried  out  so  far,  it  has  been  found 
that  trajectories  are  spread  around 


the  average  trajectory,  according  to  the 
Gaussian  distribution.  The  fact  that 
the  distribution  has  been  identified, 

I 

implicates  that  the  deviation  of  the 
trajectories  is  fully  defined  by  the 
standard  deviation. 

In  Pig.  6 an  example  is  given  of  the 
distribution  of  individual  trajectories 
around  the  average  trajectory. 

In  this  figure  the  distance  to  the 
average  track  is  plotted  on  the  horizon- 
tal axis  on  a linear  scale,  the  fre- 
quency that  the  distance  was  below  a 
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Pig.  6 Cumulative  distribution  function  of  distance  to  the 

reference  line. 


certain  level  on  the  vertical  axis  on 
a non-linear  scale.  If  the  distribution 
is  normal,  a straight  line  appears. 

Here  indeed  this  condition  is  satisfied. 

With  this  standard  deviation, 
however,  the  width  of  lane  cannot  be 
determined  directly  yet.  This  can  be 
illustrated  as  follows.  Take  for 
example  an  average  trajectory  with 
around  it  a collection  of  trajectories 
from  individual  runs.  Pig.  7. 

If  now,  as  an  experiment  of  mind,  two 
piers  would  be  placed  at  a certain 
cross  section,  the  standard  deviation 
defines  the  probability  that  a track 
chosen  at  random  passes  between  the 


ends  of  the  piers.  If  there  were  another 
pair  of  piers  at  another  cross  section, 
again  the  probability  could  be  calcula- 
ted from  the  formula : 

P (track  lies  between  both  pair  of 
piers)  = P (track  lies  between 
piers  A)  X P (track  lies  between 
piers  B under  the  condition  that 
the  track  was  between  piers  A) 
...(1) 

This  last  probability  cannot  be  cal- 
culated if  we  have  the  standard  devia- 
tion of  the  trajectories  only.  To 
illustrate  this,  point  I in  Fig.  7 
should  be  considered  where  a trajectory 
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DISTANCE  TRAVELLED  ALONG  CENTRE  LINE  (km) 

Fig,  7 Two  times  the  standard  deviation  has  been  plotted 

on  both  sides  of  the  average  trajectory  as  a function 
of  the  distance  travelled. 

P (track  goes  between  both  pair  of  piers)  = 

P (track  goes  between  piers  A)x  P (track  goes 
between  piers  B under  the  condition  that  the 
track  went  between  piers  A) 
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intersects  section  A.  The  probability 
that  this  trajectory  passes  between 
piers  B depends  on  the  nature  of  the 
oscillation  around  the  average  track. 

If  the  number  of  oscillations  per  unit 
length  is  high,  it  will  be  less  certain 
that  this  trajectory  passes  between 
piers  B.  So  the  calculation  of  the 
possibility  that  a track  will  pass 
between  sots  of  piers  or  in  the  case  of 
an  infinite  nuuber  of  piers  (a  channel) 
requires  knowledge  about  the  distribu- 
tion of  the  amplitudes  of  the  oscilla- 
tions around  the  average  track  and  the 
number  of  oscillations  per  unit  length. 

In  Fig.  7 the  track  of  a run  is 
given,  together  with  a reference  line. 
The  track  oscillates  more  or  less 
around  this  line  if  this  line  is  the 
average  track  of  a number  of  runs . 

In  the  trajectory  left  and  right 
extremes  can  be  discerned.  A left 
extreme  is  defined  to  occur  if  the 
distance  of  the  track  to  the  reference 
line  (in  this  case  the  average  track) 
reaches  an  extreme  value  pointing  to 
Port.  In  the  same  way  a right  extreme 
is  defined.  An  essential  and  sufficient 
condition  for  the  requirement  that  the 
track  does  not  exceed  the  sides  of  a 
channel  with  sides  parallel  to  the 
average  track  is  that  the  extremes  are 
smaller  than  half  the  channel  width. 

The  occurrence  of  an  extreme  is 
the  result  of  a stochastic  process;  its 
size  and  its  likelyhooa  of  occurrence 
therefore  have  to  be  given  in  the  form 
of  probability  density  functions  de- 
fining respectively  the  probability  of 
the  occurrence  of  a certain  size  of  an 
extreme  and  the  number  of  extremes  per 
unit  of  length  of  the  channel. 

For  the  calculation  of  the  safety  of 
manoeuvres  the  probability  density 
function  of  the  extremes  has  to  be 
known.  The  hypothesis  is  now  that  this 
probability  function  is  simular  to  that 
of  an  irregular  signal  which  has  the 


following  properties: 

a.  The  average  of  the  signal  is  zero 
and  is  distributed  according  to  the 
Gaussian  distribution  around  this 
average . 

b . The  signal  is  ergodic , 

c.  If  the  signal  is  thought  to  Li,  cu.. 
posed  of  sine  functions,  the  phase 
differences  between  the  sine  functions 
should  be  random. 


Knowing  these  properties,  the 
distribution  of  the  extremes  of  the 
signals  is  known;  see  Rice  (1). 

Condition  (a)  is  satisfied  if  we  deduct 
from  the  individual  trajectories  the 
average  trajectory.  When  enough 
manoeuvring  space  is  available  the 
trajectories  are  distributed  according 
to  the  Gaussian  distribution.  Condition 

(b)  is  in  general  not  satisfied  since 
first  of  all  the  standard  deviation  is 
not  constant  over  the  manoeuvre. 

However,  this  can  be  overcome  by 
dividing  the  extremes  by  the  local 
value  of  the  standard  deviation. 

Consider  a part  of  the  manoeuvre.  The 
trajectories  can  be  assumed  to  be 
composed  of  an  infinite  number  of  sine 
functions.  The  expected  number  of 
extremes  per  trajectory  will  in  general 
be  different  from  the  expected  number 
of  extremes  of  another  part  of  the 
manoeuvre  of  the  same  length.  If  the 
difference  is  too  large,  a separate 
calculation  has  to  be  made  for  both 
parts  of  the  manoeuvre.  The  condition 

(c)  needs  to  be  checked  after  each 
experiment . 

Some  indications  led  to  the 
conclusion  that  this  condition  may  not 
be  entirely  satisfied  when  in  a parti- 
cular point  of  the  manoeuvre  the 
situation  is  different,  such  as  near  a 
location  where  the  channel  is  narrowing, 
another  ship  is  meeting  or  when  a 
different  phase  of  the  manoeuvre  begins. 
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i I The  distribution  of  the  magnitude  of  distribution  of  the  size  of  the  extremes 

» 1 ' 

I I the  extremes  is  given  in  Pig.  8 in  the  can  be  calculated. 

! I • form  of  a cumulative  distribution  If  the  trajectories  are  composed  of 

i function.  Since  for  the  present  problem  sine  functions  of  nearly  the  same 

I one  is  only  interested  in  the  very  large  frequency,  e equals  zero  and  the  dis- 

extremes,  which  seldom  appear,  the  tribution  of  the  size  of  the  extremes 

vertical  scale  of  Fig.  8 is  logaritmic  equals  the  Rayleigh  distribution 

i to  permit  interpretation.  function.  When  e equals  unity  it  is 

There  appears  another  factor,  the  the  Gaussian  distribution.  In  this  case 

’ i parameter  e.  It  has  been  stated  before  sine  functions  of  all  frequencies  are 

( that  for  a part  of  the  manoeuvre  the  present.  In  the  experiments  carried 

s trajectories  can  be  considered  as  out  so  far  it  has  been  found  that  the 

( being  composed  of  an  infinite  number  parameter  e is  close  to  the  unity. 

! of  sine  functions  of  different  Prom  Pig.  8 the  probability  can 

"frequency".  It  should  be  noted  that  be  calculated  that  one  extreme  exceeds 


the  frequency  here  has  the  dimension  a given  magnitude.  Since  many  more 

of  number  of  oscillations  per  unit  of  extremes  are  likely  to  appear  during 

length.  From  the  distribution  of  the  a number  of  manoeuvres  a certain 

frequencies  of  the  sine  functions  probability  has  to  be  chosen  that 

which  compose  the  trajectories,  the  sequential  extremes  do  not  exceed  a 


Pig.  8 The  probability  p that  one  extreme  is  larger  than  n 

(The  probability  that  n sequential  extremes  will  be  smaller 
than  n equals  n x p,  since  for  small  values  of  p the 
following  approximately  yields;  i-(l-p)'^  = n.p.) 
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give!  value.  As  the  extremes  are  not 
correlated  the  probability  that 
sequential  extremes  do  not  exceed  the 
given  value  follows  from  the  formula: 

P = 

P = probability  that  n subsequent 
extremes  will  not  exceed  a 
given  magnitude 

p = probability  that  one  extreme 
exceeds  a given  magnitude 

n -■  number  of  extremes  concerned. 

It  should  be  mentioned  that  the 
number  of  manoeuvres  is  very  large. 
From  the  above  formula  it  follows 
that  the  probability  p of  one 
extreme  exceeding  a certain  magnitude 
should  be  very  close  to  zero  to  allow 


lity  that  n sequential  extremes  do  not 
exceed  the  given  magnitude. 

Pig.  9 shows  the  relation  between 
P and  p for  some  values  of  n. 

As  an  example  it  is  supposed  that  n 
probability  of  .60  is  required  that  no 
accidents  occur  in  a certain  period  of 
time,  say  10  years.  Prom  Fig.  9 the 
required  value  of  p then  can  be  de- 
termined . The  total  number  of  extremes 
during  this  period  of  time  can  be 
estimated  from  the  average  number  rf 
extremes  per  manoeuvre  and  the  expected 
number  of  ships.  Knowing  the  value  of 
n , n then  follows  from  Pig.  8;  the 
required  width  of  lane  then  can  be  de- 
termined by  multiplying  n with  the 
standard  deviation.  In  the  next  section 
an  illustration  of  the  method  is  given 
based  on  manoeuvres  made  on  the 
simulator  during  an  experiment. 


a reasonable  value  of  P,  the  probabi- 
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Fig.  9.  Probability  P that  no  extreme  exceeds  the 


given  boundaries  during  n extremes 

In  the  Figure,  lines  are  given  for  n equals 

30;  100;  300  ...  100,000 
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THE  ’'.^vi^RIMENT 

A canal  was  almulated  with  a width 
of  ^00  m,  see  Pig.  10. 

The  sides  of  the  canal  could  be  seen 
from  the  bridge,  though  not  so 
sharply  as  in  ordinary  daylight  due  to 
some  limitations  of  the  projection 
system.  In  the  canal  there  were  no 
obstacles  as  meeting  or  overtaking 
ships.  The  ship  was  a tanker  of  200.000 
OUT.  The  ship's  particulars  are  shown 
in  Table  1.  The  subjects  of  the  experi- 
ment were  four  experienced  Europoort 
pilots  aged  between  55  and  63.  During 
the  experimental  runs  the  ship's  speed 
was  either  12  or  16  knots  and  the 
subjects  were  asked  to  keep  the  ship 
either  in  the  centi’e  of  the  canal  or 
on  a line  parallel  bo  the  centreline, 
100  meters  to  starboard.  To  investigate 
what  the  influence  was  of  bank  suction 
half  of  the  experimental  runs  were 
carried  out  with  bank  suction,  the 
other  half  without.  Further  the 
schedule  was  arranged  so  that  the 
improvement  in  the  performance  of  the 
subjects  could  be  analysed. 

Table  2 gives  an  outline  of  the 
experimental  conditions . 


The  entire  experiment  was  composed  of 
6 it  runs. 

RESULTS 

Fig.  11  shows  the  average 
trajectories  and  the  standard  deviations 
for  the  conditions  of  the  line  to  be 
followed  and  first  eight  runs  of  each 
subject  and  his  last  eight  runs.  It 
shows  some  very  interesting  results. 

With  regard  to  the  average 
trajectory  in  all  conditions  the 
reference  line  was  followed  very  well 
with  deviations  not  larger  than  20 
meters.  The  standard  deviation  shows, 
however,  that  individual  runs  deviated 
much  more  than  20  meters  from  the 
reference  line.  At  the  start  of  the 
manoeuvre  the  standard  deviation  is 
zero,  since  all  manoeuvres  started 
precisely  on  the  reference  lines. 

As  the  runs  continue,  the  subjects 
start  to  make  corrections  which  causes 
the  phenomenon  that  the  trajectories 
deviate  from  each  other.  This  is 
something  special  for  the  human  con- 
troller. If  they  had  not  used  the  rudder 
at  all,  the  ship  would  have  sailed 
perfectly  on  the  reference  line,  except 
for  those  runs  during  which  bank  suction 


CANAL  WIDTH 


Pig.  10  Dimensions  of  the  simulated  canal. 

T = 65' 

D > 3 times  T 
Canal  width  = 400  m. 

The  length  of  the  canal  was  infinite. 
The  simulator  runs  covered  12  km. 
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Flg>  11  Average  trajectoriea  and  standard  deviation  as 
function  of  the  distance  travelled. 


was  simulated  and  the  reference  line 
was  100  meters  starboard  from  the 
cent'T'e  line.  A plausible  explanation 
for  ;;his  is  that  the  subjects  could 
only  estimate  their  position  with  a 


limited  accuracy,  so  that  they  falsely 
believed  to  have  sailed  away  from  the 
reference  line.  Another  (leas  obvious) 
reason  could  be  that  the  subject  liked 
to  use  the  rudder  Just  to  see  if  the 
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ship  responded  as  they  expected  her  to 
respond. 

Onoe  the  subjects  had  introduced 
the  first  error,  they  had  to  use  the 
rudder  from  time  to  time  to  correct 
their  subsequent  errors.  After  aome 
four  to  five  kilbmeters  the  manoeuvre 
is  completely  "developed”,  which 
means  that  the  standard  deviation  has 
reached  a more  or  leas  stable  level 
and  the  manoeuvre  is  not  influenced 
any  more  by  the  fact  that  the  runs 
were  started  four  to  five  kilbmeters 
ago  on  the  reference  line. 

Great  differences  appear  when  the 
first  eight  runs  are  compared  with  the 
last  eight.  The  required  width  of  lane 
drops  by  a factor  four  in  case  the 


centreline  of  the  channel  had  to  be 
followed  and  reduces  with  a factor  two 
when  the  reference  line  100  meters  to 
starboard  had  to  be  followed. 

Apparently,  subjects  could  improve  a 
lot  as  they  got  more  acquainted  with 
the  ship  and  the  manoeuvre.  Also  one 
observes  a striking  difference  in  the 
factor  with  which  the  performance  im- 
proves depending  on  which  reference  line 
had  to  be  followed. 

An  explanation  for  this  phenomenon 
is  that  in  the  beginning  of  the 
experiment  the  subject  needed  a lot  of 
space  to  manoeuvre.  In  case  the  centre 
line  had  to  be  followed  more  apace  was 
available,  than  when  the  other  reference 
line  had  to  be  followed.  With  some 
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ACTUAL  CHANNEL  WIDTH 

Illustration  of  finding  the  optimal  channel 

width. 

When  a too  narrow  channel  is  tested,  the 
mariner  has  great  difficulty  to  steer  the  ship, 
with  the  result  that  the  standard  deviation  of  the 
trajeotoriea  is  large  and  therefore  the  computed 
width  of  lane  will  be  larger  than  the  actual 
channel  width.  When  the  actual  channel  width 
is  very  large,  the  computed  width  of  lane  will 
be  small. 
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extra  effort  the  subject  succeeded  in 
using  the  smaller  space  available.  As 
the  subjects  got  trained,  the  easier 
task  was  performed  better.  This 
phenomenon  was  also  observed  during 
other  experiments.  When  the  task  to 
manoeuvre  the  ship  becomes  more 
difficult,  the  steered  ship  behaves 
more  unstable.  This  has  some  peculiar 
consequences  when  designing  a channel. 
An  illustration  is  given  in  Pig.  12. 

If  the  channel  with  width  w^  is 
tested  and  the  computed  width  of  lane 
cWj^  is  found  to  be  larger  than  w^. 


this  does  not  mean  that  the  actual 
required  width  of  lane  has  to  be  equal 
or  larger  than  cwj^ . When  a channel  with 
width  Wo  is  tested  (wg  being  larger 
than  Wj)  the  required  width  of  lane  oWg 
found  will  in  general  be  smaller  than 
owj.  When  optimising  the  channel  width 
it  is  therefore  necessary  to  perform 
tests  with  the  approximate  final  channel 
width  under  conditions  equally  difficult 
as  those  the  channel  is  designed  for. 

The  question  what  type  of  influences 
have  a great  consequence  is  a very 
important  one.  The  following  results 


without  bank  suction 


Fig.  13  Influence  of  forward  speed  and  bank  suction  on 
the  computed  width  of  lane . 

The  condition  forward  speed  and  no  bank  suction 
has  been  set  at  1.00 
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of  the  experiment  give  some  indication. 
See  Pig,  13. 

The  effect  of  tne  ship's  speed 
and  the  presence  or  absence  of  bank 
effects  had  a complex,  but  in 
quantity  not  so  large  effect  as  the 
effect  of  training. 

The  presonce  of  bank  suction  caused 
the  task  to  be  a little  more  difficult 
than  without  bank  suction.  Under  the 
first  condition  the  required  channel 
width  was  about  60  percent  larger  at 
the  speed  cf  12  knots. 

High  speed  is  a disadvantage 
when  sailing  through  a channel, 
especially  when  bank  effect  is 
experienced.  This  finding  is  in 
accordance  with  findings  of  Bindel  (2) . 

A ship  in  a canal  becomes  course  un- 
stable at  Increased  speeds. 

The  increase  in  required  channel 
width  was  more  than  100  percent. 

When  no  bank  suction  was  simulated, 
the  effect  of  the  ship's  speed  was  not 
so  large.  The  required  channel  width 
was  40  percent  larger  at  16  knots  than 
at  12  knots. 

During  other  experiments  it  has 
been  found  that  the  ship  dynamics  have 
no  great  influence  on  the  ship's 
trajectories  provided  that  the 
manoeuvre  is  not  too  close  to  the 
physical  limits  of  the  ship  to  make 
the  manoeuvre.  Usually  this  is  a 
requirement  for  safe  manoeuvring.  Much 
more  Important  is  the  influence  of  the 
human  controller  as  was  demonstrated 
here  by  the  huge  learning  effect. 

Also  disturbing  conditions  like  from 
wind,  current,  bank  suction  etc. 
influence  the  safety  of  manoeuvring 
very  much.  If  now  the  block  diagram 
of  Fig.  4 is  considered  again,  the 
elements  which  have  the  greatest 
influence  on  ship's  trajectories  are 
presented  with  a double  line.  The 
human  controller  and  the  external 
disturbances  working  on  the  ship  are 


meant  in  the  broadest  sence.  Considering 
the  human  operator,  the  following 
factors  are  found  to  be  of  importance: 

- The  skill  with  which  the  mariner 
performs  his  task,  which  includes 
his  motivation  to  perform  the 
manoeuvre;  his  knowledge  about 
the  local  conditions  as  from 
harbour  layout  and  tidal  current. 

- Availability  of  navigational  aids. 
This  means  both  instruments  on 
board  and  ashore  including  land- 
marks. Essential  again  is  to 

what  degree  the  mariner  is  trained 
in  the  use  of  his  equipment. 

The  effect  of  navigational 
equipment  is  very  complex.  A great 
many  sources  of  information  is 
often  undesirable  no  natter  how 
accurate  the  information  may  be. 

Pew  instruments  giving  tlio  essen- 
tial information  is  preferable. 
Which  information  is  given  and  the 
way  in  which  it  is  presented  is  of 
importance . 

- Disturbing  conditions  like  those 
of  current,  wind,  bank  suction 
etc . Not  only  the  magnitude  of 
the  disturbance,  but  also  its 
variation  during  the  manoeuvre  as 
well  as  the  degree  to  which  the 
mariner  is  informed  about  it. 

Naturally  this  summary  is  far  from 
complete,  but  it  indicates  some  im- 
portant factors. 

PINAL  REMARKS 

In  this  paper  a mathematical 
description  of  ship  manoeuvres  has  been 
given.  It  permits  the  calculation  of 
the  probability  that  during  a manoeuvre 
channel  boundaries  are  exceeded.  In 
this  way  different  conditions  like  the 
available  navigational  aids,  trained  or 
untrained  mariners  etc . can  be  compared 
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with  respect  to  safety. 

It  1b  recognized  that  the 
mathematical  description  presented  has 
up  to  now  been  applied  to  only  a few 
cases.  The  method  has  to  be  evaluated 
further.  At  present  an  experiment  is 


conducted  in  which  the  results  of 
simulator  testa  will  be  compared  with 
manoeuvres  made  in  reality. 

The  results  of  these  studies  will  oe 
presented  in  the  near  future. 
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TABLE  1. 


PRINCIPAL  DIMENSIONS  OF  THE  SHIP. 


TABLE  2 


Displacement 

200.000 

DWT 

Length 

290 

m 

Breadth 

47 

m 

Draft 

65 

ft. 

Number  of  propellers 

1 

(right  turning) 

Number  of  rudders 

1 

PARTICULARS  OF  THE  EXPERIMENTAL  CONDITIONS 


Size  of  the  experiment  6^1  runs 


Effect  Levels  Remarks 


Bank  suction  2 

Learning  period  2 

Reference  line  to  2 

be  followed 

Speed  2 

Subjects  4 


with/without  bank  suction 
first  8/ last  8 runs 

centre  line/line  100  m to 
starboard  of  centre  line 

12/16  knots 
Europoort  pilots 
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SOME  ASPECTS  OF  MANEUVERING  IN  COLLISION 
SITUATIONS  IN  SHALLOW  WATER 


T.  (d.  Vand 

National  Phyilcat  LabofiatoKy 
filtham,  UlddliitK,  England 


ABSTRACT 

Hydrodynamic  effects  which  could  contribute 
to  a collision  ’ tween  ships  in  shallow  water 
are  discussed.  A numerical  method  for  the 
computation  of  interaction  forces  and  moments 
is  presented  and  it  is  used  qualitatively  in 
the  discussion  of  two  particular  types  of  col- 
lision which  have  b en  reproduced  on  model 
scale.  The  effect  of  water  depth  on  manoeu- 

vring and  the  crash  stop  are  mentioned  where 
they  are  relevant  to  collision  situations  in 
shallow  water. 

NOMENCLATURE 

a j length  of  major  axis  of  ellipse 

b maximum  beam  of  ship 

C|^  moment  coefficient  N/pb^U^ 

Cj^  longitudinal  force  coefficient  X/pbU^ 

Cy  transverse  force  coefficient  Y/pbU^ 

h water  depth 

1 longitudinal  separation  of  centroids 

of  two  ellipses 

L^,  Lg  lengths  of  ships  A and  B 

N N + N 

u s 

N^  steady  Lagally  moment 

N^  unsteady  moment 

n oiitward-drawn  normal  vector  of 

magnitude  n 

r position  vector  of  magnitude  r 

Ss  length  of  source  panel 


X overlap  parameter  = x^  (ship  B)  - 

Vw  A) 

5x  projected  length  of  source  panel  on 
centreplane 

Y Y + Y 

u s 

Y^  transverse  Lagally  force 

Y^  unsteady  transverse  force 

Y^  transverse  separation  of  centreplanes 

of  ships  A and  B 

y ordinate  of  source  panel  in  question 
y_  local  half-beam  of  hull 

a angle  of  to  space  axes 

B depression  angle  of  camera 

6 helm  angle 

n ordinate  of  source  panel  other  than 

that  in  question 

6 angle  between  directions  of  U_  and  U„ 

K i> 

C abscissa  of  source  panel  other  than 

thac  in  question 

p water  density 

o surface  'source  distribution 

o^  contribution  to  a from  ith  source  panel 

<^  velocity  potential  of  undisturbed  flow 

i(ig  velocity  potential  of  body  singularities 

potential  of  source  on  jth  source  panel 

♦ potential  of  total  flow 

i))  angle  between  course  of  Ship  B and  that 
of  ship  A 


t time 

St  time  incremont 

T draught  of  sliip  at  rest 

Ua>  Ug  volocities  of  ships  A and  B 

Ug  relative  velocity  of  ships  A and  B 

I!  normal  component  of  velocity  on  ith 

‘ ‘i  source  panel 

u,  V perturbation  velocities  in  x and  y 
directions  of  body  axes 


Xg  longitudinal  Lagally  force 
X^  unsteady  longitudinal  force 


1 INTRODUCTION 

Collisions  at  sea  occur  for  a variety  of 
reasons.  They  may  be  due,  among  other  things, 
to  human  error,  mechanical  failure,  weather  and 
sea  conditions,  or  they  may  be  'assisted'  by  the 
use  of  radar  (ref  1 ) . It  is  with  none  of  these 
aspects  that  this  paper  is  concerned,  but  rather 
with  the  hydrodynamic  interaction  between  two 
ships  and  the  effect  of  depth  of  water,  both  of 
which  can  change  the  manoeuvring  characteristics 
of  ships  in  close  proximity  and  may  in  fact  lead 
to  a collision  where  one  might  suppose  none 
would  occur. 

We  consider  collisions  which  occur  in 
shallow  water  only,  for  it  is  often  in  confined 
waters  of  limited  depth  that  ships  find  them- 
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selves  in  conditions  of  close  proximity  where 
the  risk  of  collision  is  high.  In  water  of 
limited  depth  it  seems  reasonable  to  assume 
that  the  flow  becomes  more  nearly  two-dimensional 
and  Weinblum  has  shown  theoretically  (ref  2) 
that  interaction  forces  are  far  larger  in  two- 
dimensional  than  three-dimensional  flow.  This, 
coupled  with  deterioration  in  manoeuvring 
characteristics  in  shallow  water,  makes  the 
problem  of  navigating  two  ships  in  close  prox- 
imity all  the  greater,  thereby  increasing  the 
likelihood  of  a collision. 

2 INTERACTION  BETWEEN  TWO  SHIPS  IN  SHALLOW 

WATER 

2.1  General 

When  two  ships  approach  each  other  in  deep 
or  shallow  water,  some  measure  of  hydrodynamic 
interaction  occurs  which  may  cause  one  or  both 
of  the  ships  to  deviate  from  her  course,  pos- 
sibly resulting  in  a collision  (ref  3).  The 
vessels  are  subjected  to  interaction  forces 
in  the  longitudinal  and  transverse  directions 
which  may  cause  either  ship  to  be  repelled  from 
or  attracted  to  the  other,  as  well  as  a moment 
in  the  horizontal  plane  which  may  cause  either 
ship  to  turn  towards  or  away  from  the  other. 

Such  effects  are  intens_.'ied  in  shallow 
water  and  have  been  the  subject  of  some  model 
studies  (ref  4).  However,  such  studies  have 
of  necessity  been  restricted  to  particular 
occurrences  and  have  usually  dealt  with  cases 
where  the  models  are  constrained  in  some  way 
so  that  they  pass  on  parallel  courses  with  no 
collision. 

Model  results  have  been  used,  however,  to 
deduce  manoeuvring  characteristics  when  passing 
in  confined  waters  when  the  vessels  are  not 
allowed  to  deviate  too  much  from  a parallel 
course  (refs  5,6,7).  Furthermore,  the  types 
of  hull  form  to  which  such  analytical  studies 
are  applicable  are  restricted  to  those  used  in 
the  model  experiments.  Finally,  such  studies 
do  not  allow  for  the  case  where  the  ships  are 
on  converging  courses. 

It  would  therefore  seem  desirable  to 
investigate  Interaction  between  ships  from  an 
entirely  theoretical  point  of  view  and  use  this, 
in  conjunction  with  model  tests,  to  investigate 
the  likely  behaviour  of  ships  in  danger  of 
collision.  4n  early  investigation  of  interac- 
tion, applicable  to  deep  water,  was  due  to 
Havelock  (ref  8) , and  this  was  extended  by 
Sllverstein  (ref  9)  who  presented  results  of 
calculated  interactions  experienced  by  two 
deeply- submerged  Rankine  ovoids.  More  recently, 
Collatz  (10)  presented  a solution  of  the  two- 
dimensional  problem  of  two  elliptical  cylinders 
moving  on  parallel  courses,  taking  into  account 
unsteady  terms  in  the  calculation  of  interaction 
forces  and  moments,  but  neglecting  any  free 
surface  effects. 

The  approach  below  follows  Collatz  but  uses 
a numerical  rather  than  analytical  solution  io 
the  problem  to  allow  extension  to  the  case  of 
ships  of  more  realistic  plan  form  than  an  ell^se, 
moving  on  non-parallt.  1 courses  at  different 
speeds.  Calculated  results  are  then  compared 
qualitatively  with  results  of  experiments  using 
free-running  models,  thereby  enabling  sample 
collisions  to  be  analysed  and  discussed. 


HULL  REPRESENTATION 


SHALLOW  WLTIS  OS  CONSTANT 

dcstkoa  a ua  mvaaiant  with 
TIUI  NO  BANKS  PNCSKHT 


TRAJECTORY  REPRESENTATION 


Fig.  1 Main  Assumptions  of  Computational  Scheme 
2,2  Theoretical  Approach 

2.2.1  Assumptions.  In  the  calculation 
method,  which  is  outlined  briefly  below,  the 
following  assusqptions  are  made  or  Implied  (see 
Fig  1): 

i)  The  flow  is  everywhere  two-dimensional, 
irrotational  and  possesses  a velocity  potential. 

ii)  Free  surface  effects  are  negligible, 
iii)  Interaction  forces  may  be  represented 

by  the  potential  flow  field  alone,  ie  frictional 
forces  and  the  effect  of  the  wake  and  propeller 
slipstream  are  neglected. 

iv)  The  ship  may  be  represented  by  a strut 
whose  plan  form  is  the  same  as  the  load  water- 
plane  of  the  ship,  but  whose  body  sections  are 
everywhere  rectangular.  This  implies  that  the 
water  is  very  shallow  indeed. 

v)  The  ships  move  at  constant,  but  not 
necessarily  equal,  speeds  on  linear  trajectories 
which  need  not  be  parallel, 

A computer  program  has  been  written  to  com- 
pute forces  and  moments  according  to  these 
assumptions,  but  at  its  present  stage  of  devel- 
opment it  incorporates  two  further  limitations: 

vi)  The  ships  are  sufficiently  far  away 
from  any  channel  bank  so  that  bank  suction 
effects  aro  negligible. 

vii)  Ihc  hull  surface  slopes  are  small 
enough  to  permit  linearisation  of  the  basic 
hydrodyna,Tiic  equation.^.  This  limitation  is  at 
present  dictated  by  limits  of  computer  size  and 
speed  and  it  is  intended  to  lift  this  limitation 
at  a later  stage  of  program  development. 
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Fig.  2 Axis  Systems 

2.2.2  Axis  Systems.  Three  axis  systems 
are  used,  one  fixed  in  space,  and  two  moving  and 
body-centred  in  ship  A and  ship  B,  as  in  Fig  2. 
The  position  of  ship  B relative  to  ship  A at  any 
instant  of  time  is  found  from  their  relative 
velocity  Uj^  and  the  course  ili  of  ship  B rela- 
tive to  ship  A.  Ship  A is  assumed  to  have  a 
linear  course  which  lies  parallel  to  the  x-axis 
of  the  space  axes.  Thus 

“r  " * “b^  ^ Vb 

with  a direction  a to  the  space  axes  where 


e + ij/ 

sin'l  1 

Da  sin  iji 

"R 

2.2,3  Computation  of  Source  Distributions. 
We  represent  each  ship  by  a two-dimensional  sur- 
face  source  distribution  o which  is  recalcu- 
lated at  each  Instant  of  time  from  the  relative 
positions  of  each  ship. 

We  consider  the  waterline  of  each  ship  to 
be  subdivided  into  plane  panels  of  length  ds, 
upon  each  of  which  is  a uniform  source  distri- 
bution of  strength  oj.  In  the  absence  of  any 
other  such  source  panels,  the  body  boundary  con- 
dition is  satisfied  by 


where  is  the  local  component  of  velocity 

along  the  outward-drawn  normal  on  the  ith  panel. 

Equation  (3)  is  modified,  however,  by  the 
presence  of  all  the  other  source  panels  repre- 
senting both  the  hull  in  question  and  the  other 
hull  which  induce  a normal  component  of  velocity 
on  the  ith  panel.  We  assume  that  these  other 
source  panels  may  be  adequately  represented  by 
point  sources  located  at  the  centre  of  each 
panel . The  velocity  potential  of  such  a two- 
dimensional  source  is  given  by 
1 

♦i  • — in  T.  5s,  (4) 

3 2ir  J 3 J 

where  rj  is  the  distance  from  the  Jth  source 
panel  to'*the  centre  of  the  panel  under  consider- 
ation (see  Fig  2} , The  normal  component  of 
velocity  to  be  added  or  subtracted  from 


equation  (31  is  given  by 

34j  1 3 

„ — o — (in  rj  5s. 

3n  2ir  ■’  3n  ■’  ■' 


where  n is  the  outward-drawn  normal  for  each 
ship. 

Wo  adopt  a system  of  subscripts  used  by 
Collatz  to  differentiate  between  the  source 
distributions.  The  surface  source  distribution 
representing  ship  A is  given  the  subscript  A 
while  that  representing  ship  B is  given  the  sub- 
script B,  The  distance  r is  given  two  sub- 
scripts; the  first  refers  to  the  panel  in  ques- 
tion while  the  second  refers  to  the  location  of 
the  source  panel  inducing  a velocity  on  the 
first  (see  Fig  2). 

Therefore  the  source  distributions  may  be 
found  from  a solution  of  the  following  simul- 
taneous equations 


0.,  1 m 3 

-r  * — J°Aj  — 

2 2tt  j»i 


1 m B 

— I 0 (tn  r,^^)  5S;^  = U 

2it  j«l  ■'  3n. 


jAA-"  “'A 

jBA-'  "’B  ■ “An 


«Bi  1 " 


(6) 


- I 0 

2 2x  j“l 
1 

27t  j = l 


B.1 


(in  r,„„)  5s»  + 


dn 


B 


In  d 

— .1  °Ai  — ^AB^  ^®A  ' 
3ng 


jBE-"  “’B 

jAB'  “"A  " “Bn 


where  the  summations  exclude  the  panel  in 
question. 

These  equp  ions  are  similar  to  those  pre- 
sented in  ref  lO  as  integral  equations  which 
Collatz  solved  using  a Fourier  Series  method  for 
the  special  case  of  two  elliptic  cylinders  of 
the  same  size  on  parallel  courses. 

We  now  apply  the  simplifying  assumptions 
that  the  ships  aire  sufficiently  thin  to  allow 
the  substitutions 


3 3 3 3 

— “ — ; 5s  = 5x;  — = — 

3n  3y  3s  3x 


and  we  have,  for  example,  when  the  ships  are  on 
parallel  courses  and  using 

r^  » (x  - + (y  - 

3 (In  r)  (y  - n) 


3y 


r2 


(7) 


1 m (y^  - tia) 

I r-  * 


2n  j-1 


jAA 


Ira  (y^  - Ob) 

— I 

2tt  j.l  r 


B 


‘jBA 

1 m (yg  - ng) 


— I Ogi 

2"  3-1  ^ rjgg 

1 ra  (yg  - n^l 

jil  “Aj  — 


5x„ 


'^jAB 


" (8) 


»B 


aypB 

3xg 
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where  ^ 

y > local  half  breadth  of  hull  at  source 
panel  under  consideration  In  body 
axis  system  of  each  ship 
y =■  ordinate  of  panel  under  considera- 
tion in  body  axis  system  of  ship 
A or  B 

n • ordinate  of  source  panel  other  than 
that  under  consideration. 

Equations  (8)  are  a set  of  2m  simultaneous 
equations  which  were  solved  using  pivotal  con- 
densation to  yield  source  distributions  for 
each  hull. 

The  equations  were  found  to  be  well-behaved 
and  typical  results  of  calculated  distributions 
for  m 9 20  are  shown  in  Fig  3. 

It  should  be  noted  that  the  terms  3(tn  r)/3y 
in  equation  (8)  refer  to  the  local  body  axes  of 
each  ship  so  that  when  considering  two  ships  on 
non-parallel  courses,  account  must  be  taken  of 
this  in  the  numerical  calculation  of  the 
derivatives. 


iMPt  OH  PAtALLCL  COMlia 

lofl-l  Y*a«  a«fOt 


where  the  oj^  and  3x  are  appropriate  to  the 
ship  in  question  and  the  local  perturbation 
velocities  u and  v are  those  induced -on  the 
ship  in  question  by  the  other  ship.  For  example, 
following  CoMatz  the  values  of  u and  v for 
ship  A,  Induced  by  ship  B are  given  at  the  1th 
hull  panel  on  ship  A by 


“Ai 


'Ai 


- 1 
2n  j«l 


«*A  - «A 


(10) 


where 


3X. 


3 (In  r^j^) 


»A  - Sb 

- «B^*  ♦ (yA  - 

XA  - IB 

(Xa  - 5b)^  + (y^  - 


Unsteady  Forces  and  Moments.  Unsteady 
forces  and  moments  are  calculated  according  to 
the  extended  Legally  Theorem  given  in  ref  11  and 
arise  from  the  variation  with  time  of  the  singu- 
larity distributions  representing  the  flow. 

For  a ship  moving  at  constant  speed  with  no 
rotation  the  unsteady  forces  are  given  by 


5 *°Ai 

■ P .1  ■■■  ’‘Ai 


i»l  3t 


P I ysi  «*A 

i.l  3t 


(11) 


Fig.  3 Computed  Source  Distributions  for  Ship  A 

2.2.4  Computation  of  Forces  and  Moments. 

To  cal';ulate  Interaction  forces  and  moments,  use 
is  made  of  Lagally's  Theorem  as  generalised  by 
Cummins  (ref  11)  to  the  case  of  non-steady  flow. 
We  consider  the  steady  and  unsteady  or  time- 
dependent  components  separately. 


Steady  Forces  and  Moments.  It  is  shown  in 
rets  id  and  ll  that  for  a continuous  distribution 
of  sources  and  sinks  the  steady-state  forces  and 
moment  may  be  written,  using  Lagally's  Theorem 


= - p a u ds 

■ - p o V ds 

• - p o (xv  - yu)  ds 

which  in  our  simplified  scheme  become 
m 


- p I 0.  u.  ox 
i»l  ^ ^ 


- p I O.  V,  «x 
i-1  ^ ^ 


“ ®i^’‘i  ''i  ■ yf  “i^  ** 


(9a) 


(9b) 


for  ship  A with  similar  expressions  for  ship  B. 

In  order  to  confute  numerically  the  time 
rate  of  change  of  the  surface  source  strength  on 
one  panel,  the  following  expression  was  used  at 
time  t • t^. 


3t 


o^(tj  + Ct)  - °i(tj  - it) 


t»t. 


2 it 


(12) 


Thus  the  computational  method  calculated 
source  distributions  and  steady  forces  at  some 
instant  in  time  t « tj  whereas  the  unsteady 
forces  were  calculated  at  t » tj  only  after  the 
source  distribution  at  t - tj  +'^«t  was  known. 
For  a ship  on  a linear  trajectory,  approximation 
(12)  may  be  used  as  it  stands,  but  in  the  case 
of  more  general  motion  involving  curved  trajec- 
tories the  problem  would  be  moi'e  difficult  as  all 
forces  and  moments  must  be  know.i  at  t ■ tj 
before  the  relative  positions  of  the  two  ships  at 
t ■ tj  ♦ it  can  be  projected. 

Expressions  similar  to  (11)  for  the  calcu- 
lation of  the  unsteady  moment  were  not  obtained 
by  Cuimr.ins  in  ref  11.  Instead  the  unsteady 
moment  was  left  in  the  form 


p 


/s 


— [r  X n]  ds 
3t 


(13) 
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for  a continuous  distribution 

flow 

U*  iU»  • t Oi  V./<  R l-Oi  COiMMS  MlALklt 

AAtH  tLLIMII  IDINTICAL.  POMCC  • MOWINT  OM  tVUMt »HO«N 

where  * is  the  potential  of  the  total 
r is  a position  vector 

RIV 

— — COLLATI'  CAkCUCATIOM 
. ...  MMRlCAi.  CAtOUUkTK>N.  « i 

n is  the  outward-drawn  normal. 
Resolving  the  vector  terms  into  their  com- 

to 

ponent  parts,  we  find  that  (13)  becomes. 
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where  the  term  In  sqiuiTe  brackets  is  evaluated 
at  the  body  surface.  Applying  our  assumptions 
that  3x/3s  =<  1 and  that  3y/3s  is  negligible 
in  comparison  with  unity  we  have 


N , 


3* 

p / — X dx 


3t 


N 


m 3«{ 

P I 


i-1  3t 


Xj^  fix 


(15) 


for 


m source  panels. 

In  order  to  compute  34j^/3t  use  was  made 
of  a numerical  approximation  similar  to  that 
given  in  equation  (12)  above. 

Now  ♦ is  given  by 


♦ * ♦b 


where  ^ 


is  the  potential  of  the  undisturbed 
flow 


K is  the  potential  of  the  body 


singularities. 

As  the  ships  are  assumed  to  have  linear 


trajectories  and  velocities  which  are  Invariant 
with  time,  we  have 


3*  3*1, 


Values  of 
face  from 


3t  3t 

were  calculated  at  the  hull  sur- 


fix 

fT 


1 f 1 

•“l"!  lnC.x2+y2)  dx+  I a,  tn  r,  fix) 
27T  ^ J fix  j.-l  ^ ^ > 

■T 

” — (o,  [tn(fix/2)-l]fix  + f o.  tn  r.  fix} 

2x  1 ^ j.l  J - 


(16) 


where  the  first  term  in  brackets  represents  the 
contribution  to  the  velocity  potential  of  the 
distributed  sources  on  the  1th  source  panel  and 
the  siunnation  represents  the  contribution  from 
all  the  other  source  panels  (j  i). 


Pig.  4 


Interaction  Forces  and  Moments  oii 
two  Ellipses 


2.2.S  Coaqaarison  with  Collatz’  Theory. 

A Fortran  computer  program  has  been  written  to 
calculate  interaction  forces  and  wments  using 
the  methods  outlined  above.  Forces  and  moments 
per  unit  draft  were  non-dimensionallsed  using 
the  scheme 


''X 

where 


X 

pbU2 


Y 

pbU^ 


N 

pb*U* 


b > maximum  beam  of  ship 
U • velocity  of  ship 
p ■ water  density. 


Although  values  of  were  calculated. 


these  were  in  general  very  small  and  we  concern 
ourselves  only  with  Cy  and  C|i)  values  in  the 
discussion  idtich  follows. 

The  theory  outlined  above  is  to  be  used 
initially  to  help  gain  an  Insight  into  trajec- 
tories taken  by  auHlels  in  collision  situations. 

It  is  to  be  used  In  a qualitative  rather  than  a 
quantitative  sense.  l^rther,  we  are  concerned 
at  present  with  only  the  overtaking  type  of 
situation  where  we  make  the  further  assumption 
that  the  unsteady  Legally  force  and  moawnt  terms 
are  negligibly  small.  This  is  probably  not 
unreasonable  for  the  overtaking  situation  pro- 
vided the  relative  velocity  of  the  two  ships  is 
not  high. 

Kith  this  further  assumption  a comparison 
may  be  made  with  calculated  results  given  in 
ref  10  for  the  case  of  two  identical  ellipses 
proceeding  on  parallel  courses  at  the  same  speed 
but  with  different  longitudinal  separations,  1/a. 
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This  is  th«  c«*«  treated  by  Collata  which  aost 
cloieXy  reaeables  the  overtaking  case. 

The  coaparieon  is  shown  In  Pig  4,  where 
each  ellipse  has  been  represented  in  the  niaeeri- 
cal  scheae  by  twenty  source  panels,  ie  a « 20. 

It  is  seen  that  although  qualitatively  the 
agreeaent  between  the  two  aethods  of  calculation 
is  reasonable,  quantitative  agreeaent  is  poor. 
Tills  lack  of  quantitative  agreeaent  is  probably 
due  in  part  to  the  treataent  of  the  ends  of  the 
ellipse  in  the  nuaerlcal  calculations  and  this 
is  borne  out  by  the  under-estiaatlon  of 
values.  Values  of  dy/dx  at  the  ends  of  an 
ellipse  are  infinite  whereas  a finite  value  is 
assuaed  in  the  niaKTlcul  calculation.  Purther- 
aore,  each  side  of  the  ellipse  is  represented 
by  only  10  source  panels,  so  that  under- 
estiaation  of  surface  slopes  at  the  ends  is 
greater. 

Clearly  this  could  be  overcoae  by  the  use 
of  aore  source  panels  near  the  ends,  but  it 
should  be  reaeabered  that  the  nuaerlcal  aethod 
is  Intended  uitiaately  fer  use  with  shlp-llke 
fora*  where  the  surface  slopes  near  the  ends  are 
in  general  finite. 

2.3  Model  E-Teriaents 

To  Investigate  interaction  between  ships 
in  collision  situations,  several  experlaents 
have  been  aade  at  Ship  Division  NPL  using  two 
sMll  radio-controlled  free-running  models. 

The  use  of  free-running  aodels  was  preferred  to 
force  auasureaents  on  towed  models  for  the 
following  reasons: 

1)  Both  aodels  were  free  to  interact  .«lth 
each  other  and  not  constrained  to  move  on 
prescribed  and  possibly  unrealistic  courses. 

ii)  The  ultiaate  aim  of  this  investigation 
is  the  prediction  of  the  likely  trajectories  of 
ships  in  close  proximity  using  a combination  of 
future  developments  of  the  theory  outlined  in 
section  2,2  and  the  known  manoeuvring  charac- 
teristics of  the  ships  in  question.  For  this, 
realistic  model/ship  trajectories  must  he  known. 

A disadvantage  of  using  free-running  models 
is  that  it  is  very  difficult  not  to  impose  some 
human  element  Into  the  trajectories  due  to  con- 
trol exerted  by  the  operators.  To  attempt  to 
minimise  this,  all  trajectories  of  the  models 
when  in  close  proximity  were  obtained  with  the 
helm  sot  amidships  and  no  control  was  applied 
during  the  collision/passing  phase  of  the  man- 
oeuvre. This  seemed  to  high-light  the  changes 
of  course  due  to  interaction. 

2.3.1  The  Models.  The  models  themselves 
were  made  of  wood,  were  1,524  m and  1,817  m 
between  perpendiculars  and  had  block  coefficients 
of  0.70  and  0.76  respectively.  They  were  each 
powered  by  printed  circuit  motors  running  from 
6 volt  lead  acid  batteries.  Two  channels  of 
radio-control  were  provided,  one  enabling  the 
drive  motor  to  be  set  at  any  one  of  three  speeds, 
ahead  or  astern,  and  the  other  enabling  control 
over  rudder  movement  which  was  continuous  from 
35*  port  to  35*  starboard.  HarJ-over-to-hard- 
over  times  were  arranged  to  give  scale  values  on 
each  model. 

Before  experiments  commenced,  the  rotational 
radius  of  gyration  cf  each  model  was  measured  on 
a blfilar  suspension  which  gave  a value  of  about 
23%  of  the  length  for  both  laodels  after  some 
adjustswnt  of  internal  ballast. 


2.3.2  Measurement  of  Nodnl  Trajectories. 
The  experiments  were  run  In  the  shallow  water 
section  of  NPL  No  2 towing  tank  which  was  sealed 
off  from  the  main  tank  to  give  a working  area 
measuring  36.6  a h 6.1  m.  The  depth  of  water 
was  varied  to  give  water  depth/at  rest  draft 
(h/T)  values  ranging  from  1.1  to  7.7  with  most 
of  the  shallow  water  interaction  work  done  at  a 
water  depth  giving  an  h/T  of  1.4  for  the  smaller 
BKidel  and  an  h/T  of  1.1  for  the  larger  model. 

Hie  trajectories  of  each  model  were  swa- 
sured  photographically  using  a motorised  Canon 
FI  caawra.  This  was  situated  in  the  roof  of 
the  tank  and  due  to  the  coiqiaratively  low  roof 
height,  was  mounted  with  a depression  angle  of 
some  17|*.  Bach  photograph  had  therefore  to 
be  corrected  for  perspective  and  scaled.  To 
do  this,  two  datum  buoys  were  fixed  in  the  water 
surface  known  vertical  and  horlsontal  distances 
from  the  centre  of  the  camera  lens.  Further- 
more, two  vertical  masts  were  fitted  fore  and 
aft  on  each  model,  the  tops  of  each  being  in  the 
same  horizontal  plane,  so  that  the  position  of 
each  model  at- any  instant  could  be  determined 
(see  Fig  5). 


Fig.  5 Experimental  Arrangement  for  Model  Tests 

A conqiuter  program  was  written  to  accept 
data  obtained  from  each  photograph  afeer  projec- 
tion onto  a digitiser.  The  program  corrected 
for  perspective,  scaled  and  printed  out  trajec- 
tories and  other  data  such  as  trajectory  curva- 
ture, rate  of  turn,  speed  on  the  trajectory 
(obtained  from  a knowledge  of  the  time-lapse  of 
the  motorised  camera)  and  drift  angle. 

Experiments  were  conducted  not  only  into 
collision  situations  but  also  into  simulated 
crash-stop  and  sceady-state  turning  manoeuvres 
in  various  depths  of  water.  In  all  cases  the 
models  were  run  where  possible  close  to  the 
longitudiAal  centreline  of  the  tank  to  minimise 
bonk  suction  effects. 

3 THE  'OVERTAKING'  COLLISION 

We  now  discuss  two  collision  situations 
which  were  measured  when  the  smaller,  faster 
model  was  allowed  to  overtake  the  larger.  Both 
models  were  on  approximately  parallel  courses 
and  we  show  how  the  theory  outlined  in  2.2  above 
can  be  used  to  explain  some  of  the  features  of 
the  trajectories  of  each  model. 

Interaction  effects  are  more  likely  to  pre- 
dominate in  the  overtaking- type  of  collision  for 
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Fig.  6 Ovartaklng  Colllalcn  - 'Bov  to 
Stern*  Collision 

3 . 1 The  ' Bow-to-Stern ' Colllalon 

The  first  type  of  overtaking  col- 
llalon occurred  when  the  bow  of  the 
overtaking  nodal  collided  with  the  stern 
or  aftbody  of  the  slower  nodel.  As 
shown  In  fig  6 the  trajectories  of  both 
aodals  are  approxlnately  parallel  apart 
from  a slight  tendency  to  turn  to  star- 
board prior  to  collision  which  Is  dis- 
cussed In  section  4 below. 

It  was  quits  apparent  when  observ- 
ing the  behaviour  of  the  models  that, 
as  the  faster  began  to  overhaul  the 
slower,  : suddenly  sheered  into  Its 
nelghbou.  and  a collision  occurred  at 
point  P.  Both  rudders  remained  amid- 
ships for  the  duration  of  the  experi- 
ment. It  Is  also  of  interest  to  note 
that  the  models  apparently  axparlanced 
some  repulsion  at  point  Q. 

Calculations  for  two  overtaking 
ships  are  shown  In  Figs  7 and  8.  These 
results  were  obtained  with  the  numeri- 
cal method  outlined  above  using  as  In- 
put data  the  load  water  lines  of  each 
ship,  each  rsprusented  by  20  source 
panels.  In  the  Figures  the  smaller, 
faster  ship  Is  designated  ship  A. 
Calculated  force  and  moment  coefficients 


are  plotted  agalnat  a nen-dlmenelonal 
overlap  paraneter  X./L.  where  X^  la 
given  by  " * ® 

*o  ‘ *bow  ■ =bow 

end  la  the  length  of  ship  B. 

It  la  seen  in  Fig  7 that  for  re- 
ducing X /L-,  as  tha  featar  ship  begins 
to  ovartak<^,  tha  Interaction  forces 
cause  a repulsion  for  X^/L-  ^ 0.78 
and  than  change  algn  to°eaSaa  an  attrac- 
tion between  the  two  vassals  for 
-0.6S  £ X /Ig  £ 0.78  with  tha  mexlnua 
ettrncTlon  for?a  occurring  whan  the 
bova  of  each  vaaael  are  very  nearly 
level.  In  conpany  with  this  tha  Inter- 
action momenta  Initially  attain  large 
positive  values,  particularly  for  ship 
B,  than  change  sign  for  both  ships  In 
the  region  of  X /L-  - 0,  aubsaqtantly 
attain  large  neSatlve  values  and  than 
decrease  as  the  overtaking  ship  moves 
clear  of  Its  neighbour.  Tha  affects  of 
lateral  aeparatlon  are  shown  in  Fig  8 
which  Indicates  the  reduction  In  force 
and  moment  to  be  obtained  whan  tha 
lateral  aeparatlon  is  Incraasad  by  SOX. 
It  should  be  noted  that  these  calcula- 
tions were  made  for  ships  on  parallel 
courses. 

Therefore  If  Figs  7 and  8 can  be 
taken  to  give  a general  picture  of  the 
Interaction  forcaa  and  moments  during 
an  overtaking  manoeuvre,  it  may  be  seen 
that  the  overtaking  ship  nay  Mntur  tha 
'attraction  sons'  and  be  atttacted 
toward  the  larger  ship  while  turning 
toward  It  as  its  neighbour  turns  away. 
Because  of  this,  the  distance  between 
the  vessels  reduces,  the  forces  and 
moments  Increase  and  a collision  occurs. 
It  Is  perhaps  relevant  that  most  of  the 
bow-to-stern  overtaking  collisions 
observed  In  the  nodel  tests  occurred 
with  the  overtaking  model  striking  the 
larger  model  In  about  tha  vicinity  of 
the  beginning  of  the  'attraction  sone ' 
at  X /Lg  - 0.78. 

*^10  the  nodel  experimenta  the 
larger  nodel  had  a depth/draught  ratio 
of  about  1.1  whereas  that  of  tha  smaller 
no  iel  was  sbout  1.4.  This  suggests 
that  the  larger  modal  would  be  less 
responsive  to  interaction  forces  and 
moments  due  to  Its  increased  Inertia 
in  very  shallow  water. 

A further  point  about  Interpreta- 
tion of  Fig  6 Is  that  both  nodals  had 
a tandency  to  turn  to  starboard  with 
helm  amidships.  This  Is  apparent  In 
the  trajectories  prior  to  collision. 

3 . 2 The  'Stern  to  Stern'  Collision 

If  the  courses  and  speeds  of  the 
two  ships  aru  such  that  the  Interaction 
forces  and  moments  of  Fig  7 do  not  give 
rise  to  a collision.  It  appears  that 
both  ships  will  begin  to  turn  In  the 
same  direction  with  the  result  that 
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th«lt  tr«j«otarl*ii  a«7  dlv«rt«.  Further 
calculation*  hav*  ahovn  Chat,  whan  th* 
trajactorlaa  diyari*,  th*  attraction 
force*  bat^aan  tha  aKlpa  dlnlnlah  and 
th*  poaltly*  turning  nonant  of  ahlp  A 
baconaa  nagatlva  baf or*  that  of  ahlp 
B Indicating  that  ah*  rill  turn  ***7 
fro*  har  neighbour.  kloraovar  th* 

Inartla  of  ahlp  B nay  b*  auch  that  It 
continue*  th*  turn  to  port  Initiated  by 
th*  large  poaltlv*  Interaction  nonant 
of  tha  earlier  ut&gaa  of  overtaking 
ragardlaa*  of  any  aubaaquent  anallar 
Interaction  nonanta  applied  aa  th* 
couraaa  dlvorg*.  Such  an  occurrence 
la  ahown  In  Fig  d whar*  th*  nodal* 
war*  eaan  to  divarg*  violently  fron 
aach  other,  with  th*  poaaihlllty  of  a 
atarn-to-atarn  colllalon  at  point  R. 

The  behaviour  of  both  aodala  during 
th*  run  ahown  In  Fig  9 wa*  alnllar  to 


that  obtained  whan  aach  nodal  *xperl» 
anead  'rajactlon*  by  a ataap  bank. 

Thua  w*  aa*  that  dlacuaalon  of 
both  typa*  of  overtaking  colllalon  1* 
lllunlnatod  by  th*  calculated  Inter- 
action forcaa  and  nonanta.  It  la  of 
Intaraat  to  not*  that  th*  calculated 
raault*  war*  obtained  for  ahlp*  on 
parallel  couraaa  1*  couraaa  which,  on* 
night  auppoaa,  would  not  load  to  a 
colllalon.  But,  du*  to  Interaction, 
colllalona  did  occur,  at  tinea  very 
violently.  Clearly,  aa  Interaction 
force*  and  nonant*  act  on  aach  ship 
thalr  couraaa  change  and  any  axtan- 
alons  to  tha  theory  should  taka  con* 
account  of  this,  but  It  la  apparent 
that  at  this  stage  ol'  davalopnant 
plauslbl*  qualitative  raault*  can  ba 
obtained. 


4  THE  EFFECT  OF  WATER  OEPTH  ON  MANOEUVRING 

Although  we  do  not  Intend  to  discuss  the 
effect  of  weter  depth  on  itenoeuvring  in  detail. 

It  Is  relevant  to  the  collision  problen  In 
shallow  water  to  iMntlon  that  isanoeuvrlng 
characteristics  change  with  reducing  water 
depth  (ref  12).  This  was  confined  In  the 
taodel  experlaents  described  above  where  turning 
circle  diameters  were  Increased  and  rates  of 
turn  and  drift  angles  reduced  as  water  depth 
reduced. 

A particular  feature  noted  was  that  rates 
of  turn  for  small  rudder  ani;les  were  sensitive 
to  water  depth  for  the  mallor  model  which  gave 
rise  to  rapid  rates  of  turn  In  sK>derately 
shallow  water.  This  Is  relevant  to  the  col- 
lision problem  because,  although  both  vessels 
are  moving  In  the  same  depth  of  water,  the  depth/ 
draft  ratios  will  differ  and  therefore  so  will 
the  manoeuvring  characteristics.  For  the 
experiments  described  above,  the  slow  model  was 
very  close  to  the  bottom  whereas  the  smaller, 
faster  model  was  reasonably  well  clear. 

Therefore,  the  slower  model  responded  to  the 
helm  more  sluggishly,  unlike  the  smaller,  faster 
model,  and  a collision  situation  could  build  up 
gradually  bofore  the  final  violent  Interaction 
phase  which  may  lead  ultimately  to  collision. 

A measure  of  the  size  of  the  Interaction 
forces  and  moments  may  therefore  be  obtained 
from  manoeuvres  as  in  Fig  9 where  Interaction 
has  caused  a violent  movement  off-course  from 
the  larger  and  apparently  more  sluggish  model. 
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Fig.  10  Crash  Stop  Manoeuvre 


A feature  also  noted  and  mentioned  above 
was  the  tendency  for  each  model  to  turn  slightly 
to  starboard  with  helm  amidships.  This  ten- 
dency was  less  pronounced  for  very  shallow  water, 
whereas  In  deep  water  an  i.-iltlal  tendency  to 
turn  to  port  vms  followed  by  a sheer  to  star- 
board. The  models  were  checked  and  no  lateral 
asymmetry  was  found. 

5 THE  CRASH  STOP 

A manoeuvre  which  may  feature  in  some  po- 
tential collision  situations  In  crowded  and  con* 
fined  waters  Is  the  crash  stop.  Simulated  crash 
stops  were  run  on  each  model  and  the  track  of  one 
for  the  larger,  fuller  model  is  shown  In  Fig  10. 

During  this  manoeuvre,  at  a depth/draft 
ratio  of  1.1,  t))e  model  was  brought  up  to  speed 
on  a straight  course,  the  drive  motor  was  stopped 
and,  after  a short  Interval,  put  astern. 
Throughout  the  whole  manoeuvre,  the  helm  remained 
amidships. 

It  Is  seen  from  Fig  10  that  the  results  were 
quite  dramatic.  The  ship's  head  falls  away  to 
starboard  with  the  stern  simultaneously  moving 
to  port,  causing  change  of  heading  of  about  60° 
in  thi  example  shown.  Clearly  if  such  a 
manoeuvre  were  used  to  avoiil  a head-on  collision, 
it  would  make  matters  worse  by  exposing  most  of 
the  ship's  side  to  the  oncoming  ship. 

Further  crash-stop  experiments  were  carried 
out  with  this  model,  whereby  attempts  were  made 
to  reduce  the  change  in  heading  with  appropriate 
use  of  helm  before  the  stodel  had  lost  all  head- 
way. The  results  showed  that  use  of  the  helm 
did  little  to  alter  the  trajectory  shown  in 
Fig  10. 

6 GENERAL  DISCUSSION  AND  CONCLUSIONS 

The  purpose  of  this  paper  has  been  to  raise 
some  hydrodynamic  Issues  relevant  to  collision 
situations.  Where  it  has  helped  to  Illuminate 
the  behaviour  of  models  in  close  proximity,  use 
has  been  made  of  an  interaction  theory.  This 
theory,  in  spite  of  many  approximations  and 
assumptions  and  a neglect  of  free  surface  con- 
ditions, appears  to  produce,  qualitatively  at 
least,  plausible  forces  and  moments  which  may 
occur  when  two  ships  interact,  while  one  over- 
fakes the  other. 

Discussion  has  centred  on  the  overtaking 
type  of  collision  for  this  is  perhaps  the  one 
which  builds  up  most  slowly  and  inevitably. 

To  the  ship'  officer,  problems  of  perception 
arise  when  overhauling  ar  cher  ship,  due  to  the 
difficulty  of  assessing  distance  off.  Further, 
as  Figs  7 and  8 show.  Interaction  forces  act 
suddenly,  by  which  time  it  may  be  too  late  or 
impossible  to  take  avoiding  action.  It  would 
appear  that  the  vessels  will  also  interact  in 
different  ways  depending  on  their  relative 
velocities.  It  is  interesting  that  for 
four  separate  model  runs,  two  had  values  of 
Ua/'^B  about  1.4  and  a stern-t j-stem  col- 
lision resulted,  whereas  for  the  other  two 
values  of  U;^/Ug  wore  about  1.2  and  bow-t.o- 
stom  collisions  occurred. 

Furthermore,  interaction  forces  have  been 
shown  to  reduce  with  increasing  lateral  separa- 
tion so  It  would  appear  that  there  is  some 
'danger  zone'  round  every  ship,  dependent  on  its 
relative  velocity,  into  which  another  ship  strays 
at  its  peril. 
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It  Is  also  laportsnt  to  note  thst  the  tr*- 
jectorles  shown  were  obtained  with  self-pror«lled 
models  and  no  discussion  has  been  nade  of  the 
effect  of  the  propeller  and  its  wake  in  manoeu- 
vring prior  to  a collision.  In  Figs  6 and  S 
s'.jip  A has  to  overhaul  ship  B by  running  along- 
side the  wake  of  B and  in  the  type  of  collision 
shown  in  Fig  9 the  final  collision  of  stems 
could  be  magnified  by  the  increasing  proximity 
of  the  low-pressure  regions  around  the  propellers 
of  each  ship. 

Recoemiendations  for  collision  avoidance  have 
been  made,  based  on  aircraft  practice  (ref  13). 
Clearly  when  using  such  reconmiendations  for 
framing  rules  for  the  avoidance  of  collision  at 
sea,  some  account  should  be  taken  of  the  hydro- 
dynamic  behaviour  of  ships  in  close  proximity. 
Collisions  can  build  up  slowly  and  human  reaction 
to  such  a slow  sequence  of  events  may  n'>t  be 
adequate  to  deal  with  the  potentially  violent 
manoeuvres  which  may  follow. 
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OISCUSSiON 


E.  O.  TUCK 

As  mentloneci  In  the  paper  by  Prof- 
essor Newman  and  myself,  the  work  of 
Collatz  (ref. 10)  is  of  limited 
practical  utility  because  of  failure  to 
allow  for  circulation  around  the 
bodies,  and  a similar  objection  applies 
to  the  present  paper  by  Deind. 

Additional  information  bearing  upon 
this  question  is  contained  in  a paper 
of  my  own  (J.  Fluid  Mech.,  Vol.50, 

1971,  pp . *(8l-it91)  in  which  a numerical 
analysis  quite  similar  to  that  cf  Dand 
was  carried  out  on  thick  bodies  in 
ground  effect,  but  in  which  an 
arbitrary  circulation  k was  allowed. 
The  einalogy  is  with  the  steady  problem 
for  two  identical  ships  at  zero  stagger. 

The  resulting  force  V is  a 
quadratic  expression  in  k,  and  a 
typical  result  (for  an  automoblle-llke 
shape  of  length  L,  moving  at  speed 
U)  is 

Y « -0.21(HpU*L) 

+ 1.26(pUk)  -0.69(>5PK*/L)  . 

The  value  of  F at  x = 0 corresponds 
to  the  type  of  force  to  be  expected 
frosi  the  Collatz  or  hand  approaches, 
ana  for  thin  boales  will  vary  like  the 
square  of  body  thickness.  On  the  other 
hand,  the  c1 rculat 1 on-rtependent  terms 
are  numerically  much  larger,  depending 
only  on  the  first  power  of  body  thick- 
ness for  thin  bodies.  Bor  such  bodies 
the  circulation  can  be  determined  by 
satisfying  a hutta  condition,  as  in 
the  Tuck-Newman  paper,  and  gives  in 
genei'al  a very  much  increased  value  for 
the  side  force,  but  less  effect  on  the 
n.oment . 

1 am  rathei'  surprised  by  the  large 
discrepancy  between  the  Dand  and 
Collatz  estimates  of  the  forces  and 
moments  in  Blg.iJ,  and  disturbed  by  Dr. 
band's  explanation  of  this  discrepancy 
as  due  to  numerical  Inaccuracy.  The 
discrepancy  appears  to  be  particularly 
bad  for  the  moment,  so  that  circulation 
is  not  to  be  blamed  for  this.  I should 
very  much  like  to  see  this  agreement 
improved,  since  it  seems  to  me  that  Dr. 
Land's  procedure  is  capable  of  being 
extended  to  include  circulation. 

Aside  from  the  above  critical  comments,  I should  like 
to  commend  Dr.  Dand  for  a very  interesting  paper.  I feel 
that  the  experimental  aspect  of  the  paper  is  of  especial  in- 
terest and  importance  in  view  of  the  appalling  lack  of  such 
measurements  in  the  past.  I hope  Uiat  Dr.  Dand  will  make 
actual  force  measurements  in  any  future  experiments. 


PETER  OLTMANN 

I would  like  to  comment  on  one  special  point  of  this 
very  interesting  paper,  which  gives  a good  insight  into  the 
mechanics  of  possible  collision  situations  in  shallov  water. 

The  Author  follows  Collatz  in  his  theoretical  approach 
toward  calculating  the  hydrodynamic  interactions  between 
ships  in  close  proximity  to  each  other,  and  enphasizes 
that  the  outlined  theory  is  to  be  used  rather  in  a qualita- 
tive than  a quantitative  sense.  In  a recent  experimental 
investigation  an  examination  of  the  theoretic^  results  ob- 
tained by  Collatz,  using  two  identical  elliptical  cylinders 
with  a ration  of  a/b  ■ 8.0,  had  been  undertaken.  Ref.  1. 

The  transverse  force  coefficient  Cy  ■ and  the  moment 
coefficient  ” M*  for  a transverse  ratio  of  yQ/b  ^ h lb 

“ 6.0  with  “ Ug  “ U aie  given  in  two  graphs,  see  Ref. 

1 (Fig.  8a  and  Pig.  9a).  There  is  good  qualitative  agree- 
ment between  the  experimental  and  theoretical  results,  but 
quantitatively  they  are  far  apart.  The  discrepancy,  es- 
pecially in  case  of  the  transverse  force  coefficient,  is  due 
to  the  fact  that  Collatz  only  takes  into  consideration  the 
displacement  flow,  although  it  is  known  that  a vortex  flow 
must  exist.  Furthermore,  a pronounced  asymmetry  can  be 
noticed,  which  is  not  indicated  by  the  theory  of  Collatz. 

A quite  plausible  interpretation  of  this  effect  has  been 
given  by  Tuck  and  Newman  in  their  paper  at  tliis  sympouium. 

Collatz  has  also  considered  the  case  of  unsteady  motion, 
i.e.  when  one  body  is  at  rest  and  the  other  moves  with  a 
constant  velocity  U on  a parallel  course.  As  can  be  seen 
firom  two  graphs.  Ref.  1 (Pig.  X8a  and  Fig.  19a),  the  ex- 
perimental results  for  the  condition  ^ 0 and  t/g  “ U 
with  yg/h  “ 6.0  are  in  excellent  agreement  with  the  theo- 
retical prediction.  TTie  explanation  might  be  that  in  con- 
trast to  the  steady  motion  case  of  I/4  = = U here  a 

vortex  flow  can  not  develop  and  hence  the  hydrodynamic 
forces  and  moments  may  be  represented  by  displacement 
flow  alone. 
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1.  Oltmann,  P.:  Experimentelle  Untersuchung  der  hydro- 
dynamischen  Wechselwirkung  schiffsaknlicher  Korper. 
Schiff  und  Hafen,  22.  Jahrg.  (1970),  S,  701  709 


M.  SCHMIECHEN 

Similar  tests  as  those  mentioned  by  Dr.  Dand  and  Dr. 
Muller  have  previously  oeen  carried  out  in  the  Berlin  Model 
Basin  to  establish  limits  for  the  size  of  passing  ships  in  the 
Kiel  canal  (1).  These  tests  have  been  successfully  simu- 
lated on  analogue  computers  using  the  simple  relative 
motion  concept  mentioned  in  the  contribution  to  Prof. 
Tuck's  and  Prof.  Newman’s  paper  presented  earlier  at  this 
Symposium,  and  including  bank  effects  (2).  Some  correc- 
tions found  necessary  in  the  general  theory  of  relative 
motions  as  developed  in  the  last  reference  will  be  published 
shortly  together  with  a contribution  to  the  theory  of 
centrifuges  (3). 

1.  Hoffmann,  M.:  Contribution  to 

Collatz,  G.:  Potentialtheoretische  Untersuchung  der 
hydrodynamischen  Weehselwirkungen  zweier 
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STG  57  (1963)  S.  281/329. 

STG  67  (1963)  S.  388/370. 

2.  Schmiechen,  M.:  Fmgen  der  Kumtabilita't  und 
Steuer/ahigkeit  von  Schiffen. 

STG  68  (1964)  S.  319/340. 

3.  Schmiechen,  M.;  Reletivkinetik  von  Schiffen. 
To  be  pubiiahed. 


other,  it  conceivable  that  viacout  effecti  may  be  im- 
portant, eapeciaiiy  if  the  overtaken  ehip  ii  of  full  form, 
with  a boundary  layer  flow  in  the  item  region  cloie  to 
separation.  Hien  the  additional  pressure  gradients  induced 
by  the  overtaking  ship  may  give  tiM  to  an  asymmetrical 
separation  over  the  stem  of  the  overtaken  one.  It  would 
be  of  interest  to  look  at  the  flow  with  tufts  to  see  if  any 
such  effects  talts  place. 


t G.  E.  GAOD 

I 

I Regarding  the  interaction  which  occurs  in  the  over- 

1 taking  case,  when  the  bow  of  one  ship  comes  close  to  the 
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AUTHOR’S  REPLY 


'Hie  author  U particularly  grateful  to  Profeaaor  Tuck 
for  hii  contribution  to  the  diacuaaion  which  contains  much 
useful  and  constructive  criticism.  It  is  fully  appreciated 
that  the  computational  method  outlined  in  the  paper  is  de- 
ficient in  that  circulation  around  the  bodies  is  ignored  and 
steps  are  now  being  taken  to  Include  the  effects  of  this  in 
the  computer  program. 

The  reason  for  the  poor  agreement  between  the 
Collatz  calculations  and  my  own  as  shown  in  Fig.  4 is  due 
to  the  fact  that  the  computer  program  would  only  allow 
the  source  panels  to  be  of  equal  length  dx.  This  meant 
that  the  treatment  of  the  en^  of  the  ellipses  was  very  ap- 
proximate and  this  was  reflected  in  the  calculated  inter- 
action moment.  This  has  been  confirmed  recently  by  re- 
writing the  program  to  accept  a variabk  panel  size  and  the 
results  show  that  the  moment  is  predicted  well  when 
smaller  panel  sizes  are  used  at  tlie  ends  of  the  ellipse.  'Hie 
practical  implementation  of  the  numerical  method  still 
suff-!ts  however  from  the  small  number  of  panels  which  can 
be  used  to  lepir^sent  the  hull  and  this  will  be  remedied  in 
the  future. 

We  are  at  present  actively  engaged  on  an  experimental 
Investigation  of  two-ship  interaction  in  shallow  water  during 
which  it  is  intended  to  measure  the  forces  and  moments 
arising.  It  is  hoped  to  publish  the  results  in  due  course. 


Mr.  Oltmann  also  mentions  circulatory  flow  and  re- 
fers to  his  interesting  experiments  using  ellipses.  'Die  asym- 
metry in  the  forces  and  momenta  to  which  he  reteis  has 
been  noted  and  we  intend  to  investigate  this  as  well  as  any 
possible  Ftoude  number  effects  in  the  experim<snts  at  NPL 
referred  to  above. 

I am  grateful  to  Dr.  Eichmiechen  for  providing  some 
useful  additioirs  to  the  references  given  in  the  paper  and 
look  forward  to  the  publication  of  his  paper  on  the  general 
theory  of  relative  motions  and  centrifuges. 

Dr.  Gadd  raises  the  important  point  of  the  effect  of 
viscosity  mention*  1 also  in  the  paper  on  interaction  pre- 
sented by  Tuck  and  Nearman  at  this  conference.  It  is  not 
knoam  if  the  flow  was  separating  on  the  overtaken  ship  in 
the  model  tests  described  in  the  paper,  but  it  is  hoped  to 
investigate  this  further. 

Finally  the  author  thanks  all  the  contributors  for  an 
interesting  and  useful  discussion. 
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WHEN  IS  COLLISION  UNAVOIDABLE? 


W.  C. 

UnlviM-ity  oi  CatiioKnia. 
8i>ikitei/,  Cat-iio/inla 


ABSTRACT 

The  motions  of  a large  super  tanker 
in  response  to  various  maneuvering  com- 
mands is  computed  using  the  non-linear 
hydrodynamic  coefficients  presented  by 
van  Berlekom  and  Goddard  (18) . The 
results  of  the  simulations  were  analyzed 
to  determine  the  critical  range  (the 
range  at  which  collision  is  unavoidable) 
and  the  single  maneuvers  necessary  to 
minimize  this  range.  The  study  shows 
that  the  critical  range  depends  strongly 
on  the  two  ships'  headings  and  speeds, 
and  on  the  pei^sslble  maneuvers.  The 
effect  of  design  features,  such  as  rud- 
der size  and  radar  accuracy  does  not 
appear  very  significant.  The  effect  of 
operating  procedures  such  as  "Rules  of 
the  Road"  or  the  "^ght  Turn  Rule"  does 
seem  significant. 

INTRODUCTION 

The  collision  of  ships  at  sea  has 
recently  Md  justly  become  a topic  of 
great  interest.  A study  by  the  Committee 
on  Oceanography  of  the  National  Academy 
of  Science  predicted  the  potential  world 
losses  from  strandlngs  and  collisions 
during  the  mld-nlneteen  seventies  at 
around  $500  million  a year  (1).  In  1970, 
one  out  of  every  fourteen  ships  of  500 
gross  tons  or  more  was  involved  in  a 
collision.  Of  these  involved  in  colli- 
sion, one  out  of  twenty-five  result.id  in 
total  loss  (2).  That  is,  in  1970,  one 
out  of  350  large  ships  sailing  the  ocean 
was  conpletely  lost.  When  one  considers 
all  of  the  ships  at  sea,  it  is  easy  to 
appreciate  the  magnitude  of  the  problem. 

Ship  collision  is  one  of  those 
problems  which  so  Intertwines  diverse 
disciplines  that  it  is  hard  to  develop 
a good  perspective  of  one  facet  without 
at  least  an  awareness  of  the  whole  pro- 
blem. For  example,  we  must  at  least 
consider  the  following  factors: 

Hydrodynamics . The  ability  of  a 
ship  to  avoid  a collision,  once  a col- 
lision course  has  inadvertently  been 
attained,  depends  on  its  2d)ility  to 
change  course  and  speed.  This  ability 
is  determined  by  the  hull  size  and  form. 


rudder  size  and  location,  steering 
machinery  response,  propeller  design  and 
propulsion  system  response,  etc.  All 
of  these  can  be  prescribed  during  the 
design  of  the  ship.  If  it  were  known 
what  effect  they  had  on  ship  collision, 
a prescription  of  them  based  on  colli- 
sion performancti  might  become  an 
important  aspect  of  ship  design. 

Current  designs  are  evaluated  for 
maneuvering  performance  by  conducting 
model  tests  (such  as  planar  motion 
mechanism  tests)  and  full-scale  trials. 
In  the  latter,  spiral  tests  wd  zig-zag 
tests  are  common.  What  is  not  known  is 
the  direct  relation  of  these  measure- 
ments to  the  avoidance  of  collision. 

The  theoretical  prediction  of  the 
maneuvering  performance  (such  as 
measured  in  trials)  to  a given  and  un- 
tested ship  configuration  is  only 
somewhat  understood,  which  means  that 
the  overall  relation  between  ship  con- 
figuration and  collision  avoidance 
performance  is  cloudy  indeed. 

Human  factors . When  two  ships  are  on 
a collision  course,  the  master  of  each 
vessel  must  make  a decision  of  what 
command  to  give  to  avoid  the  impending 
catastrophe.  Generally,  these  decisions 
are  uncoordinated  (made  independently  of 
each  other,  without  communication) . The 
pressure  on  these  men  is  t-emendous.  If 
a collision  does  occur,  it  s almost 
certain  that  one  of  them  wr  .1  be  denied 
another  conmand,  perhaps  shattering  his 
career.  Maritime  law  does  not  have  a 
"no-fault"  provision  and  one  master 
will  almost  inevitably  be  deemed 
responsible. 

In  order  to  cope  with  this  difficult 
decision  making  process,  many  ship 
maneuvering  simulation  facilities  have 
been  developed  in  which  masters  can  be 
trained  using  either  physical  models  or 
complicated,  computer  driven  simulators. 
This  on-shore  experience  at  least  helps 
the  master  know  the  abilities  of  his 
ship  in  a collision  situation. 

The  "Rules  of  the  Road"  (12) . These 
International  maritime  rules  define  the 
actions  that  masters  should  take  in  case 


i' 


of  an  impanding  collision.  Unfortunately 
these  rules  have  the  force  of  law  and, 
accordingly,  are  written  in  a fuzzy  way, 
wide  open  to  Interpretation.  For 
exanpla,  r'.ule  18  requires  vessels  meeting 
"end  on,  or  nearly  end  on,  so  as  to 
involve  risk  of  collision"  to  alter 
course  to  starboard.  What  does  "nearly 
and  on"  mean  in  quantitative  terms? 

What  amount  of  risk  Is  necessary  in 
order  for  this  rule  to  apply?  whan  the 
ships  are  five  miles  apart?  ten  miles 
apart? 

A close  examination  of  these  rules 
indicates  that  almost  all  specificity 
of  the  required  decision  criteria  has 
been  eliminated,  resulting  in  an  extra 
burden  for  the  master.  The  irony  is 
that,  in  a survey  of  court  decisions, 

99  percent  of  the  cases  of  collision 
were  a result  of  the  "failure  to  obey 
the  Rules  of  the  Road"  (2) . Of  course, 
since  there  is  no  "no-fault"  provision, 
and  the  purpose  of  these  court  actions 
is  to  produce  a culprit  on  the  basis  of 
the  single  legal  document,  "The  Rules 
of  the  Road",  this  is  hardly  a surprising 
conclusion. 

Sensing  eouipraent.  In  addition  to 
visual  perception  of  impending  collisions 
many  masters  rely  on  other  devices, 
particularly  radar.  It  is  unfortunate 
that  radar  requires  the  user  to  acquire 
a significant  amount  of  training  to 
interpret  the  situation  from  just  the 
observation  of  the  radar  screen.  The 
term  "Radar-Assisted  Collision"  has 
become  a synonym  for  misinterpretation 
of  data  (6) . A classical  exanple  is  the 
"Andrea  Ooria"-"Stockholm"  disaster, 
where  both  radar  equipped  ships  were 
aware  of  each  other's  position  for  27 
minutes  before  the  collisionl 

The  development  of  true-motion  radar 
has  eliminated  some  of  the  problems  in- 
volved with  the  original,  relative-motion 
devices,  but  Inteirpretation  of  the 
display  still  requires  skill. 

Environmental  considerations.  The 
"Torrey  Canyon"  case  (although  a 
grounding)  has  played  a major  role  in 
transforming  sea-borne  disasters  of 
tankers  from  little  publicised  Insurance 
statistics  to  a topic  of  international 
public  concern.  In  a recent  case  of 
collision  between  two  tankers  in  San 
Francisco  Bay,  the  clean  up  costs  due 
to  the  resulting  oil  spill  exceeded  the 
value  of  either  ship.  The  cleanup  of 
the  spillage  of  oil  from,  say,  a 200,000 
DWT  supertanker  could  easily  be  a 
hundred  million  dollar,  hurculean  task 
[see  (3)  , (4)  and  (5)  ] . 

Traffic.  Increased  shipping  density, 
higher  speeds,  reduced  turn-around  tiiues 
and  Increased  ship  sizes  all  lead  to 
severe  traffic  problems.  One  often 
stated  rule  is  that  the  master  should 


strive  to  maintain  at  least  two  nautical 
miles  separation  between  ships.  The 
density  of  shipping  in  the  Dover  Straits 
is  now  so  high  that  this  objective  is 
a practical  in^possibility . Projections 
of  the  future  great  increases  in  traffic 
in  this  area  can  only  lead  to  grave  dif- 
ficulties since  "neat-misses"  are 
already  relatively  common  place  here. 

The  question  which  arises  here  is  how 
safe  is  the  two  mile  separation  figure? 


When  all  of  these  factors  are  put 
together,  the  picture  which  emerges  is 
one  in  which  all  of  the  burden  is 
placed  on  the  masters  of  tdte  endangered 
ships.  The  guidance  which  he  is  given 
is  incc.vists>  fuzzy,  and,  in  the  case 
of  radar,  difficult  to  understand.  It 
is  perhaps  a wonder  that  so  few  ships 
are  involved  in  collisions!  Efforts 
have  been  made  recently  to  improve  the 
situation  in  severa'  ways.  The  advent 
of  small,  inexpensive  computers  means 
that  it  is  now  possible  for  these 
electronic  devices  to  help  with  the 
interpretation  of  the  radar  signals, 
and  to  aid  the  master  in  determining  a 
safe,  non-collision  path.  Many  of 
these  collision  avoidance,  radar- 
computer  systems  are  now  available.  As 
a general  rule,  these  devices  are  still 
limited  to  avoidance  of  collision  when 
the  ship  ranges  are  large.  The  target 
ship  is  treated  as  a point  and  course 
changes  result  in  highly  sinpllfied 
trajectories.  There  is  no  assurance 
that  these  devices  will  be  significantly 
helpful  if  the  situation  arises  when 
collision  is  imminent,  since  neither 
ship  can  be  considered  a point,  or  for 
that  matter,  any  elementary  geometric 
figure.  Further,  ships'  trajectories 
are  very  complicated  and  the  usual 
assur.ptions  incorporated  in  these  de- 
vices of  instantaneous  course  change, 
or  of  parabolic  trajectory  shape  is 
not  appropriate  in  the  last  few  instants 
before  the  time  when  collision  is 
unavoidable.  The  shore-based  ship 
maneuvering  simulators  do  give  the 
mastezs  (at  least  those  in  the  more 
affluent  shipping  lines)  many  lifetimes- 
worrh  exposure  to  collision  situations 
without  the  danger  of  real  loss. 

These  advances  have  omitted  from 
consideration  two  other  avenues  of 
improvement:  Increasing  ship  maneuvering 
performance  by  means  of  design  changes 
and  changes  in  the  "Rules  of  the  Road." 
It  is  not  hard  to  see  why  these  aspects 
have  been  ignored  (or  overlooked) . 

First,  direct  knowledge  of  the  relation 
between  maneuvering  performance  (as 
mbasured  in  a ship  full-scale  trial  or 
model  test)  and  collision  avoidance 
performance  is  not  clearly  known. 

Second,  a change  in  international 
regulations,  although  not  unknown,  is 
a terribly  ponderous  undertaking. 
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THB  OBJICTIVE 

Th«  objectlvw  h«r«  !■  to  dufln*  th« 
boundary  b«tw««n  altuatlons  In  which 
colliaion  la  avoldabla  and  whan  It  la 
not.  Thla  boundary  haa  algnlflcanca  to 
many  aapacta  of  tha  ahlp  oolllalon 
problam  mantlonad  In  tha  Introduction. 

Thla  boundary  will  ba  axpraaaad 
hara  aa  a critical  ranga.  That  la,  tha 
diatanca  batwaan  tha  two  ahlpa  at  which 
colliaion  juat  baconwa  unavoldabla. 

Thla  ranga  will  dapand  on  a variety  of 
thlngat  each  ahlp 'a  apaad,  heading, 
alza,  and  maneuvering  charactariatlca, 
the  governing  operating  procedure  (for 
Inatance,  the  "Rulaa  of  the  Road")  and, 
of  couraa,  whetiter  or  not  the  maatera 
ma)ce  good  declalona.  Nonthelaaa,  the 
critical  range  doea  provide  a quanti- 
tative meaeure  of  tha  colliaion 
oerfomance  ao  Utat  one  can  weigh  all 
of  these  factors  and  _lft  out  the  most 
important  ones. 

Consider  Rule  21  of  the  "Rules  of 
the  Road. " Thla  rule  states  that  the 
*prlvilfc..jsd  vessel"  is  required  to  main- 
tain course  and  speed  as  long  aa  the 
"burdened  vessel"  by  its  action  alone 
can  avoid  colliaion.  The  master  of  the 
privileged  ship  must  rely  on  nothing 
but  experience  to  determine  when  this 
criteria  la  met,  and  naat  rely  on  faith 
that  the  burdened  master  will  not 
execute  a disastrous  maneuver. 

When  collision  does  become  inevi- 
table both  masters  should  abandon  all 
atte<if)ts  at  avoidance  and  join  in  to 
make  the  collision  aa  gentle  as  possible. 
This  normally  means  a sat  of  maneuvers 
approaching  the  ideal  bow-to-bow 
collision,  where  each  vessel  exposes 
only  the  beat  damage-sustaining  part  of 
the  hull.  Determination  by  the  master 
that  collision  is  unavoidable  is  rarely 
early  enough  for  him  to  introduce  the 
proper  collision  maneuvers.  Again,  the 
master  currently  has  no  information  on 
this  subject  to  guide  him  and  it  is 
hoped  that  the  critical  range  informa- 
tion developed  in  this  study  will  at 
least  lead  to  soma  insights  j .to  this 
decision  process.  The  variati.on  of 
rltlcal  range  with  the  bearing  of  the 
u\:her  ship  delineates  the  bearings 
which  involve  the  greatest  danger,  that 
is,  the  bearings  with  the  greatest 
critical  range. 

It  is  not  clear  that  the  current 
"Rules  of  the  Road"  are  the  best 
operating  procedures  for  minimizing  the 
possibility  of  collision,  even  if  they 
are  stripped  of  their  fuzziness.  The 
current  "Rules  of  the  Road"  were  pre- 
dated by  a rather  less  codified  rule 
known  as  the  "Right  Turn  Rule."  This 
iTUle  stated,  in  essence,  that  In  case 
of  the  danger  of  collision,  neither 
ship  is  to  make  a left  turn.  It  is 
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instructive  to  examine  this  ancient  rule 
as  well  in  order  to  see  the  lavact  of 
operating  procedures  on  the  collision 
performance. 

Finally, and  most  important  foi 
the  naval  architect,  is  the  l>vaot  of 
the  details  of  the  design  of  the  ship  on 
the  collision  performance.  It  is  rela- 
tively easy  to  assess  the  increased  cost 
involved  in,  say,  making  the  rudder 
larger,  increasing  the  slewing  speed  of 
the  steering  machinery,  or  decreasing 
the  reaction  time  required  to  reverse 
the  engines.  It  is  within  the  technology 
to  determine  linear  and  non-linear  motions 
derivatives  for  a given  hull  form  by  use 
of  a planar  motion  mechanism.  These 
derivatives  can  be  used  to  model  quite 
adequately  the  results  of  standard 
maneuvering  tests  (spiral  and  zig-zags) . 
What  is  missing  in  order  to  select  the 
appropriate  design  features  is  a way  to 
convert  the  maneuvering  characteristics 
into  a rational  mtric  of  collision 
performance,  so  that  the  added  costs 
involved  in  installing  larger  rudders 
or  more  sophisticated  machinery  can  be 
balanced  against  improvements  in  the 
ability  to  avoid  a ccllision.  The  con- 
cept of  critical  range  can  provide  this 
metric.  If  some  inprovenmnt  in  the  ship 
design  can  lead  to  a measurable  decrease 
in  tha  critical  range  then  this  means 
that  the  master  will  have  a longer  time 
to  sift  out  the  facts  and  make  the  best 
decision  before  collision  is  unavoidable. 

DETERMINATION  OF  THE  CRITICAL  RANGE 

In  order  to  determine  the  critical 
range  between  two  given  ships  on  a col- 
lision course  it  is  necessary  to  know 
in  detail  how  each  ship  will  react  to 
any  command  of  the  master  and  to  know 
the  ship's  geometry.  The  reaction  of 
each  ship  to  a given  command  is  informa- 
tion not  usually  available.  During  sea 
trials  the  ship  is  subjected  to 
maneuvering  tests  which  include  spiral 
tests  and  zig-zag  tests.  The  results  of 
these  tests  are  usually  represented  by 
global  auiswers  such  as  the  turning  radius 
for  a given  rudder  angle  or  the  overshoot 
in  a zig-zag  test,  in  order  to  predict 
the  critical  raiige,  one  needs  to  know 
the  whole  trajectory  resulting  from  a 
given  command.  Further,  in  an  emergency, 
the  master  may  elect  to  change  speed  as 
well  as  rudder  angle,  and  it  is  unusual 
to  have  such  combinations  tested  in  full- 
scale  trials.  The  prediction  of  trajec- 
tories has  been  cccomplished  successfully 
by  the  use  of  linear  and  non-linear 
hydrodynamic  derivative  dat<<  measured  in 
a towing  tank.  The  work  of  Strom-Tejsen 
(13)  and  van  Berlekom  and  Goddard  (18) 
represent  the  advanced  levels  of 
trajectory  prediction  now  available. 

For  the  purposes  of  this  study, the 
characteristics  of  a super  tanker  were 
chosen,  since  these  ships  are  not  only 


of  high  capital  valua  but  rapraaant  a 
aavara  anvlronnantal  hasard  aa  wall. 

Van  Barlakom  and  Goddard  (IB)  praaant 
datallad  hydrodynamic  coafflolanta  for 
a particular  ship  (an  Easo  190,000  ONT 
tankar) . Thaaa  ooafflclanta  ara  baaad 
on  nondlmanalonal  aquations  of  motion 
davalopad  by  Norrbin  (19),  tha  so- 
callad  ”bia*  systam.  Tha  coafflolanta 
includa  not  only  thosa  raqulrad  for 
tha  aquations  of  surga,  away,  and  yaw, 
but  also  Includa  aquations  for  pro- 
pallar  thrust  and  torqua  (togathar  with 
tha  dynamics  of  tha  propulsiva  systam) . 
An  important  faatura  of  this  prasanta- 
tion  is  that  It  axpllcitly  Includas  tha 
affact  of  tha  propallar  raca  on  tha 
forcas  davalopad  by  tha  ruddar.  Tha 
"blanketing''  of  the  ruddar  during  crash 
astern  manauvars  is  a wall  known 
phanomana  and  van  Barlakom* s coaffi- 
cianta  reflect  this. 

Aa  a preliminary  to  tha  computation 
of  critical  range,  a computer  program 
was  written  to  determine  the  trajec- 
tories of  tha  tankers  presented  by  van 
Berlekom  (Including  the  geosium  aeries 
and  tha  ruddar  variation  sariaa) . Th, 
programs  were  checked  against  the  data 
presented  in  his  paper  for  standard 
maneuvers.  In  the  process  of  this 
development  it  was  discovered  that, 
although  the  coafflciants  referred  to 
the  "bis*  system,  tha  notation  appears 
to  be  somewhat  different  from  Norrbin 
in  that  the  (l/nl)  factors  arising  from 
the  Taylor's  expansions  of  the  forcas 
seem  to  be  incorporated  into  the 
published  hydrodynamic  derivatives. 

As  part  of  this  numerical  simula- 
tion, two  features  were  Included  which 
were  not  in  van  Berlekom' s work.  First, 
the  rudder  angle  deflection  was  assumed 
to  have  a delay  of  two  seconds  (to 
reflect  the  time  between  the  master's 
command  and  tha  turning  of  the  helm  by 
the  helmsman) . Once  the  rudder  did 
respond,  it  was  restricted  to  a rate  of 
three  degrees  per  second,  a typical 
figure  for  a large  ship.  Second,  the 
change  in  power  level  was  assumed  to 
have  a delay  of  five  seconds,  repre- 
senting the  time  between  the  initiation 
of  the  command,  its  transmission 
through  the  telegraph,  and  the  reaction 
of  the  engine  room  watch  officer.  The 
subsequent  change  in  engine  RPM  is 
given  by  the  dyntunlcs  presented  hy  van 
Berlekom. 

A second  preliminary  to  the  confu- 
tation of  critical  range  involved 
developing  a prograun  to  determine  the 
minimum  distance  between  two  ships  of 
arbitrary  orientation.  If  the  actual 
ship  geometries  were  used,  this  would 
be  an  exceptionally  difficult  task. 
Instead,  following  Kenan  (20)  , a 
simplified  form  was  selected  to  repre- 
sent the  shape  of  the  deckedge.  The 


form  was  a flat  oval,  a ractangla  with 
a semicircular  closure  bow  and  starn 
(see  Figure  1) . 


X 
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Figure  1.  Definition  of  Coordinates 

For  two  such  forma,  the  algorithm 
to  determine  the  shortest  distance,  M, 
between  them  Is  given  by  (see 
Figure  2) 

M • max  [(min{dtp)-H  -R  ),0.0\ 

1 2 

where 

d « min  {D(I,J)} , 

p » min  {PdfJj},  subject  to  the 

requirement  that  the  Intersection 
is  within  the  line  connecting  the 
bow  2und  stern  centers.. 

Af  is  zero  whenever  the  forms  inter- 
sect or  touch.  An  additional  algorithm 
is  required  to  detect  the  case  of  the 
ships  overlapping  one  another.  If  the 
intersection  of  the  two  ship  centerlines 
lies  within  the  line  connecting  bow 
stern  centers  for  both  ships  then, 
again,  M is  set  equal  to  zero. 

Considerate  on  was  given  to  many 
other  geometric  forms,  but  this  one 
seems  to  be  a good  representation  as 
well  as  a simple  one  to  analyze. 
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Figure  2.  Definitions  for  Determining 
the  Minimum  Distance. 

The  Ships 

The  ship  asBxuned  for  this  study  is 
a relatively  conventional  super  tanker 
with  the  following  specifications  given 
by  van  Berlekom  (18) : 


Length  between  perps.(ft.)  1000 

Beam  (ft.)  154.75 

Draft  (ft.)  60.56 

Total  displacement  (long  tons)  222,000 
Ship's  speed  (knots)  16 

Nominal  propeller  RFN  80 


It  is  assumed  that  both  ships  involved 
in  this  collision  have  tlie  same  overall 
dimensions  as  eibove.  Of  course,  it 
would  be  interesting  to  consider  the 
collision  of  ships  of  different  sizes 
It  is  hoped  that  this  might  be  investi- 
gated at  some  future  date.  For  this 
ship  the  values  of  C,  the  distances 
between  centers,  and  R,  the  radius  of 
the  ends,  was  chosen  as 

C - 422.625  ft. 

R - 77. 375  ft. 

T?fe  Maneuvers 

It  was  aspunved  that  both  ships  were 
proceeding  along  a given  course  at  a 
fixed  speed.  At  time  equal  to  zero, one 
or  both  of  the  ships'  masters  perform  a 
collision  avoidance  maneuver.  The 
maneuver  consists  of  two  parts:  a srudder 
command,  and  a speed  command.  It  is 
assumed  that  the  rudder  command  could 
be  any  of  the  seven  following  commands; 

turn  to  starboard  - 

rudder  angle  » +12®,  +24"  or  +36° 
no  turn  - 

rudder  amgle  “ 0°  * 

turn  to  port  - 

rudder  angle  = -12°,  -24°  or  -36° 


The  hydrodynotnlc  terms  corresponding 
to  the  steady  state  sway  force  and  yaW 
moment  due  to  the  propeller's  rotation 
which  lead  to  a non- zero  rudder  angle 
for  a straight  line  course  were  omitted 
so  that  a sero  rudder  angle  would  cor- 
respond to  a straight  course.  It  is 
realised  that  a rudder  angle  of  36*  is 
a little  bit  larger  than  the  usual  35* 
maximum  rudder  angle,  but  this  range 
was  selected  so  as  to  have  a convenient, 
equally  spaced  set  of  rudder  commands. 

It  was  also  assumed  that  the  speed 
control  was  limited  to  two  options,  ''.6 
knots  and  8 knots.  Because  of  the 
"blankt.ting*  of  the  rudder  by  d»e  pro- 
peller, van  Berlekom' c model  vlrtua?.ly 
meUces  the  rudder  ineffective  for 
propeller  RPM's  less  than  or  equal  to 
zero.  As  a result,  if  controllability 
is  desired  to  be  maintained,  the  com- 
ma.ided  RPM  (equivalent  to  a commanded 
steady  speed)  must  remain  positive. 

Only  two  speeds  were  chosen  so  that  the 
number  of  combinations  of  maneuvers  was 
minimized.  It  should  be  pointed  out 
that  if  a ship  is  at  16  knots  and  the 
commanded  speed  is  8 knot's,  it  will 
take  a very  long  time  for  this  new 
speed  to  be  achieved.  In  fact,  this 
time  is  so  long  compared  to  the  time.: 
required  for  collision  to  occur,  that 
the  commanded  speeds  represent  really 
a Blow  acceleration  (or  deceleration) 
during  the  final  moments  before)  colli- 
sion. The  simulation  modal  shows  that 
the  fastest  way  to  decrease  forward 
speed  is  to  execute  a turn.  This  is 
in  keeping  with  practical  experience. 

With  seven  rudder  settings  and  two 
speed  consnands,  there  were  fourteen 
different  maneuvers  investigated,  it 
was  assumed  that  once  a given  maneuver 
was  executed,  it  was  maln+alned.  No 
sequential  maneuvers  were  considered. 

The  Search  Procedure 

The  process  o'£  "determining  the 
critical  range  for  a pair  of  maneuvers 
(one  maneuver  per  ship)  is  straight- 
forward, but  tedious.  For  the  given 
initial  headings  and  speeds  of  each  ship, 
and  \n  assumed  value  of  critical  range, 
coo;  dnates  of  the  centers  of  both 
ships  were  determined  such  that  if  no 
maneuvers  were  executed  by  either 
master,  the  ships  would  collide  along  a 
path  which  would  bring  their  centers 
into  coincidence.  In  other  words,  a 
perfect  collision  course  is  assumed. 

The  internal  axes  of  Ship  1 were  assumed 
to  be  aligned  initially  with  the  geo- 
graphic axes  (X  pointing  North  and  Y to 
the  West) . The  locations  of  each  ship 
are  determined  in  an  earth-fixed 
coordinate  .system  which  coincides  with 
the  internal  coordinate  system  of  Ship  1 
at  time  t •=  0 , From  their  given  initial 
conditions  the  motions  were  simulated  by 
a stepwide  integration  of  van  Berlekom' s 
equations  of  motion.  After  the  end  of 
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each  tlDW  atap,  tha  diatanoa  batwaan 
tha  two  ahipa  waa  computed.  Thla  pro- 
caaa  contlnuad  until  tha  ahipa 
collidad  or  until  wall  after  tha  time 
of  tha  minimum  diatanoa  had  paaaad.  If 
tha  ahipa  collidad,  than  tha  aaav’mad 
range  between  them  wna  incraaaed;  if 
they  did  not  collido,  tha  aaaumad  range 
waa  decraaaad.  When  a range  waa  found 
auch  that  the  ahipa  juat  touched,  thia 
waa  aat  equal  to  the  critical  range  for 
thia  Bpecific  maneuver  pair.  The 
aearch  process  was  continued  over  all 
possible  combinations  of  maneuver  pairs 
and  over  tha  conflate  range  of  rela- 
tive headings. 

It  should  be  noted  that  any  hydro- 
dynamic Interaction  between  the  ships 
when  they  are  in  close  proximity  has 
been  ignored. 

Coordination  of  Maneuvers. 

In  a collision  siiuation  we  can 
consider  many  possible  groups  of 
maneuver.  For  instance,  only  one  ship 
might  perform  a maneuver  while  the 
other  does  not.  In  another  case,  both 
ships  might  simultaneously  perform  a 
maneuver.  The  choice  could,  if  selected 
properly,  improve  tho  situation  (de- 
crease the  critical  range)  or  worsen  the 
situation  (increase  the  critical  range) 
over  that  which  would  occur  if  only  one 
ship  maneuvered.  Tha  study  presented 
here  presents  five  basic  variations. 
These  aret 

1.  The  best  maneuver  cf  both  ships. 

The  critical  ranges  for  each  possible 
maneuver  pair  are  examiued.  Selection 
of  the  minimum  critical  range  amongst 
these  determines  the  best  set  of  coor- 
dinaced  maneuvers. 

2 . The  best  maneuver  of  one  ship 
coupled  with  the  worst  maneuver  of  the 
other.  The  purpose  here  is  to  deter- 
mine the  maneuver  that  one  ship  master 
must  ma)ce  in  order  that  there  will  not 
be  a collision,  irrespective  of  the 
choice  of  maneuver  of  the  other  ship. 

For  this  situation,  for  each  maneuver 
of  Ship  1 the  D\aneuver  of  Ship  2 which 
maximizes  the  critical  range  is  doter- 
mlned.  The  minimization  of  these 
maximum  critical  ranges  determines  the 
best  maneuver  of  Ship  1.  The  corres- 
ponding maneuver  of  Ship  2 represents 
its  most  disastrous  maneuver.  Again, 
the  rolea  of  Ship  1 and  Ship  2 can  be 
reversed  to  obtain  the  best  maneuvering 
of  Ship  2 coupled  with  the  worst 
maneuver  of  Ship  1. 

3.  The  best  maneuver  of  just  one  ship. 
If  it  is  assumed  that -Ship  1 maintains 
course  aiid  heading,  then  selection  of 
the  minimum  critical  range  for  the  range 
of  possible  maneuvers  of  Ship  2 deter- 
mines its  best  maneuver.  By  reversing 
the  roles  of  Ship  1 and  Ship  2,  one  can 


determine  the  optimum  maneuver  of 
Ship  1. 

Those  three  different  procedures 
yield  an  ordered  set  of  critical  ranges. 
That  is,  the  critical  ranges  determJ.ned 
for  2 above  must  be  larger  than  those 
determined  for  3,  which,  in  turn,  are 
larger  than  those  for  1. 

Operating  Frocedures . 

Two  different  operating  procedures 
were  considered.  The  first  one  allows 
course  changes  both  port  and  starboard. 
The  second,  the  "Right-Turn  Rule", 
assumes  that  only  turns  to  starboard 
are  allowed. 

Time  before  Collision . 

Two  different  times  were  determined 
in  association  with  each  critical  range. 
The  first  is  the  "nominal"  time  before 
collision.  This  is  tho  time  which 
would  be  required  for  the  centers  of 
both  ships  to  become  coincident  at  the 
critical  range  if  no  avoidance  maneuver 
was  adopted.  The  second  time  is  the 
tinte  required  for  the  ships  to  just 
touch,  if  the  proper  maneuver  was 
selected  just  at  the  critical  range. 
Generally,  this  . vtter  tlma  is  somewhat 
longer  than  the  "nominal"  time  for 
collision  and  represents  the  time  after 
the  maneuver  is  begun  before  it  is  known 
that  a collision  will  not  occur. 

THE  RESULTS 

The  evaluation  of  critical  ranges 
was  made  for  several  different  con»iaa- 
tions  of  conditions.  In  these  studies 
both  ships  were  identically  sized 
tankers,  as  described  ed>ove.  These 
studies  were) 

Both  Tankers  at  16  Knots. 

The  critical  ranges  for  this  situa- 
tion are  tidjuiated  in  Table  1 and  shown 
in  Figures  3 and  4. 

1.  Unrestricted  turning. 

a)  Both  Ships  Maneuvering  (Curve  a 
On  Figure  3) . The  critical  range 
varies  from  4164  ft.  when  the  ships  are 
approaching  end-on  to  0 ft.  when  the 
ships  are  on  the  same  heading.  Only  the 
headxngs  of  Ship  2 which  result  in 
bearings  relative  to  ohip  1 between  0" 
and  90”  are  tabulated.  The  results  for 
critical  range  for  bearings  between  0” 
and  270”  are  Identical  to  those  between 
0”  and  90”,  fro.ti  symmetry.  However,  the 
maneuvers  for  the  port  bearinga  require 
rudder  angles  which  are  the  negative  of 
those  for  starboard  bearings. 

Curve  a on  Figure  3 shows  the  varia- 
tion of  critical  range  with  bearing  as 
seen  by  Ship  1.  This  polar  plot  corres- 
ponds to  what  one  might  see  on  a radar 
screen  on  Ship  1.  If  the  radar  image 
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BBARING  BEARING 

HEADING  OP  SHIP  2 OF  SHIP  1 CRITICAL 
SHIP  2 SEEN  BY  SEEN  BY  RANGE 

DEGREES  SHIP  1 SHIP  2 


COMMAND-SHIPl  COMMAND-SHIP2 
SPEED  RUDDER  SPEED  RUDDER 


NOMINAL 

TIME 

BEFORE 


TIME 

UNTIL 

SHIP 


COLLISION  TOUCHES 


a.  Both  Ship*  Manauvering 


180 

0 

0 

4164 

16 

t36 

16 

i36 

77.2 

95.7 

210 

15 

345 

4037 

16 

136 

16 

±36 

77.2 

94.5 

240 

30 

330 

4107 

16 

136 

16 

±36 

87.5 

87.5 

270 

45 

315 

3464 

15 

-36 

16 

+ 36 

90.5 

145.4 

300 

60 

300 

2200 

16 

-36 

16 

+ 36 

81.2 

,U8.6 

330 

75 

285 

1095 

16 

-36 

16 

+ 36 

78.3 

91.1 

360 

90 

270 

0 

— 

— 

— 

— 

Best  Maneuver  of  Ship 

1 and  Worst 

Maneuver  of 

Ship  2 

180 

0 

0 

9070 

16 

136 

8 

;^24 

167.9 

274.8 

210 

15 

345 

8550 

16 

-36 

8 

+ 12 

163.9 

273.0 

240 

30 

330 

8275 

16 

-12 

8 

+12 

176.6 

271.3 

270 

45 

315 

5564 

16 

-36 

8 

-12 

145.4 

184.8 

300 

60 

300 

4404 

16 

-36 

16 

-12 

162.7 

182.3 

330 

75 

285 

2641 

16 

-36 

16 

-2  4 

188.8 

163.5 

360 

90 

270 

0 

-- 

— 

— 

— 

Only  Ship  ! 

1 Maneuvering 

180 

0 

0 

5602 

16 

136 

16 

0 

103.8 

107.2 

210 

15 

345 

4415 

16 

+ 36 

16 

0 

84.7 

99.1 

240 

30 

330 

4121 

16 

+ 36 

16 

0 

88.2 

85.9 

270 

45 

315 

3978 

16 

+ 36 

16 

0 

102.6 

96.5 

300 

60 

300 

2731 

16 

-36 

16 

0 

100.9 

148.4 

330 

75 

285 

1176 

16 

-36 

16 

0 

84.1 

106.9 

360 

90 

270 

0 

— 

““ 

— 

Right  T\irn 

Rule  - Both  Ships  Maneuvering 

180 

0 

0 

4164 

16 

+ 36 

16 

+ 36 

77.2 

95.7 

210 

15 

345 

4037 

16 

+ 36 

16 

+ 36 

77.2 

94  ,5 

240 

30 

330 

4107 

16 

+ 36 

16 

+ 36 

87.5 

87.5 

270 

45 

315 

3895 

16 

+ 36 

16 

+24 

102.0 

96.9 

300 

60 

3G0 

2731 

16 

0 

16 

+ 36 

100.9 

148.4 

330 

75 

285 

1176 

16 

0 

8 

+ 36 

84.1 

106.9 

360 

90 

270 

0 

— 

— 

— 

Right  Turn 

Rule  - Best 

. Memeuver  of  Ship 

1 and 

Worst 

Maneuver 

of  Ship  2 

0 

270 

90 

0 

— 

--- 

30 

285 

75 

2641 

16 

+ 36 

16 

+24 

188.8 

163.5 

60 

300 

fiO 

4404 

16 

+36 

16 

+ 12 

162.7 

182.3 

90 

315 

t5 

5564 

16 

+ 36 

8 

+12 

145.4 

184.8 

120 

330 

30 

8032 

16 

+12 

16 

0 

171.4 

186,6 

150 

345 

15 

6709 

15 

36 

16 

0 

128.6 

140.1 

180 

0 

0 

5602 

I 6 

+ 36 

16 

0 

103.8 

107.2 

210 

15 

345 

4505 

l6 

+ 36 

8 

0 

86.4 

103.4 

240 

30 

330 

4188 

.'.6 

+ 36 

8 

+ 36 

89.3 

90.6 

270 

45 

315 

4083 

1C' 

+ 36 

8 

0 

106.7 

100.8 

300 

60 

300 

3591 

16 

+ 36 

8 

0 

132.7 

114.1 

330 

75 

285 

2702 

16 

+ 36 

8 

0 

192.8 

126.9 

Right  Turn 

Rule  - Only  Ship  1 Maneuvering 

0 

2 70 

90 

0 

— 

— 

— 

— 

30 

285 

75 

1176 

16 

+ 76 

16 

0 

84.1 

106.9 

60 

300 

60 

2731 

16 

+ 36 

16 

0 

100.9 

148.4 

90 

315 

4b 

5017 

16 

+ 36 

16 

0 

131.2 

202.3 

120 

330 

30 

8032 

16 

+ 12 

16 

0 

171.4 

186.6 

150 

345 

15 

6709 

16 

+ 36 

16 

0 

128.6 

140.1 

180 

0 

0 

5602 

16 

+ 36 

16 

0 

103.8 

107.2 

210 

15 

345 

4415 

16 

+ 36 

16 

0 

84.7 

99.1 

240 

30 

330 

4121 

16 

+36 

16 

0 

88.1 

85.9 

270 

45 

315 

3978 

16 

16 

0 

104.1 

96.6 

300 

60 

300 

3478 

16 

+ 36 

16 

0 

128.7 

108.9 

330 

75 

285 

2576 

16 

+ 36 

16 

0 

184.2 

120.1 

Table  1 

. Critical 

Ranges  for 

Two  190 

,000 

Dwt.  Tankers  at 

16  Knots. 
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Figure  3.  Critical  Ranges  for  Two 
190,000  Dvrr  Tankers 
at  16  knots. 


of  Ship  2 lies  within  this  curve  and 
Ship  2 is  on  a collision  course,  then 
collision  is  unavoidable,  even  if  both 
ships  make  the  best  evasive  maneuvers. 

Notice  from  Table  1 that  the  beat 
maneuvers  are  those  in  which  the  ships 
maintain  the  commanded  speed  (although 
the  actual  speed  decreases  as  a result 
of  the  added  drag  in  the  turn) , and  the 
ships  execute  a maximum  turn.  For 
Ship  2 bearings  equal  to  or  leas  than 
30**,  the  best  maneuver  is  for  ooth 
ships  to  execute  the  same  turn  either 
starboard  or  port.  For  bearings  equal 
to  or  greater  than  45°,  Ship  1 should 
execute  a port  turn  while  Ship  2 should 
execute  a starboard  turn.  This  meems 
that  the  best  strategy  changes  drama- 
tically for  some  heading  between  30° 
and  45°. 

The  nominal  time  to  collision  is 
remarkably  Independent  of  bearing  oven 
though  the  critical  ranges  are  not. 
Unless  action  on  the  part  of  both  ships 
is  taken  about  80  seconds  before  the 
predicted  time  of  collision,  the  colli- 
sion is  unavoidable. 

b)  Best  Maneuver  of  Ship  1 and 
Worst  Maneuver  of  Ship  2.  (Curve  b on 
Figure  3) . If  Ship  2 makes  the  worct 
possible  maneuver,  then  Ship  1 must 
make  its  best  maneuver  soon  enough  to 


Figure  4.  Critical  Ranges  for 

"Right  Turn  Rule"  for 
190,000  DHT  Tankers 
at  16  knots. 

c)  Only  Ship  1 Maneuvering. 
(Curve  c on  Figure  3) . If  only  Ship  1 
maneuvers,  then  it  is  seen  from  Table  1 
or  Figure  3 that  the  critical  ranges 
are  only  somewhat  .larger  than  for  the 
cases  of  both  ships  maneuvering,  except 
for  the  case  of  the  ships  approaching 
end  on  (a  bearing  of  0°) , in  which  the 
critical  range  is  about  40  percent 
larger.  Again  the  best  commands  are 
not  quite  tlie  same  as  for  both  ships 
maneuvering.  The  avtiidance  maneuver 
must  be  executed  about  90  seconds  before 
the  predicted  time  of  collision. 

An  interesting  conclusion  is  that 
not  too  much  is  to  be  gained  by  com- 
munication between  the  ships  in  order 
to  coordinate  evasive  maneuvers.  The 
coiqparlson  between  the  three  curves  in 
Figure  4 shows  that  there  is  a much 
greater  Increase  in  critical  range  if 
both  ships  maneuver  but  with  one 
picking  the  wrong  maneuver,  than  there 
is  gained  by  both  ships  picking  the 
best  maneuver.  Apparently,  this  is  the 
rationale  behind  the  concept  of  "privi- 
leged" and  "burdened”  ships  in  the 
"Rules  of  the  Road." 

2.  Right  Turn  Rule."  Situations 
similar  to  those  presented  above  were 
confuted  for  the  case  in  which  all  port 
turns  are  excluded  and  these  results 
are  tabulated  in  Table  1 and  shown  on 


only  slightly.  As  before,  the  critical 
range  polar  Is  synmetric  about  0* 
bearing.  For  bearings  between  0”  and 
270*,  the  m.meuvers  of  Ship  1 and 
Ship  2 are  to  be  Interchanged. 

b)  Be^t  Maneuver  of  Ship  1 and 
Worst  Maneuver  of  Ship  2 (Curve  e In 
Figure  4.)  It  Is  assumed  that  Ship  2 
makes  the  worst  maneuver,  but  does  not 
mak«  a port  turn.  In  this  situation, 
the  polar  critical  range  plot  is  no 
longer  symretric.  When  Ship  2 has  a 
bearing  between  0*  and  90°,  the  stric- 
ture against  starboard  turns  prevents 
it  from  making  a very  disastrous  turn. 
However,  for  bearings  between  0°  and 
270°,  it  is  possible  to  have  Ship  2 
make  a bad  decision  and  critical  range 
results  are  comparable  to  l.a)  auuvu. 

On  the  average,  the  critical  ran'ies  for 
this  situation  are  greacly  reduced  over 
those  when  turning  is  unrestricted. 

Only  in  a narrow  bearing  range  are  they 
excessively  large,  and  if  t.  "Right  Turn 
Rule"  were  to  be  adopted,  the  master 
would  know  that  shipn  on  his  port 
quarter  would  represent  his  greatest 
danger. 

c)  Only  Ship  1 Maneuvering. 
(Curve  f on  Figure  4) . Similar  to  2.b) 
above,  the  critical  range  polar  is  not 
symmetric  and  bearings  of  Ship  2 on  the 
port  quarter  represer  ■;  the  greatest 
hazard.  If  the  "Right  Turn  Rule"  were 
expanded  to  include  the  concept  of  ' 
"burdened"  and  "privileged"  vessels  so 
that  the  "burdened"  vessel  is  the  one 
which  lies  on  the  port  side  of  the 
other  ship,  then  the  critical  ranges 
for  on.ly  one  oh.ip  maneuvering  would  be 
the  symmetric  image  of  curve  f from  0° 
to  90°  shown  as  a dotted  curve  on 
Figure  4.  In  this  case  for  bearings  of 
Ship  2 between  0°  and  90°,  Ship  1 would 
maneuver.  For  bearings  between  270° 
and  0°  Ship  2 would  maneuver.  Examina- 
tion of  the  results  in  Table  1 indicate 
that  for  this  situation  the  critical 
ranges  between  the  "Right  Turn  Rule" 
and  unrestricted  turning  compare 
favorably. 

One  can  conclude  that  the  "Right 
Turn  Rule",  if  the  concept  of  "burdened" 
and  "privileged"  ships  is  adjoined  to 
it,  produces  similar  results  to  the 
current  "Rules  of  the  Road"  except  that 
it  produces  less  disastrous  results  if 
one  ship  chooses  tlie  wrong  command.  In 
other  words,  the  "Right  Turn  Rule" 
eliminates  a significant  number  of  bad 
decision  possibilities. 

Both  Tankers  at  8 Knots 

The  calculations  performed  for  the 
16  knot  case  above  were  repeated  for 
the  situation  in  which  both  tankers 
were  at  8 knots,  and  the  results  are 
tabulated  in  Table  2.  The  features  of 
the  results  are  generally  similar  to 


those  for  the  16  knot  case  but  with  two 
major  exceptions.  First,  although  the 
critical  ranges  are  much  smaller,  the 
nominal  time  before  collision  is  larger. 

In  the  best  of  situations,  in  which  both 
ships  maneuver,  the  decialon  to  maneuver 
must  be  made  fully  two  minutes  before 
tho  time  of  expected  impact  or  else  the 
collision  is  unavoidable.  Second,  the 
optimum  maneuver  appears  to  be  most  often 
to  speed  up  (to  a commanded  speed  of 
16  knots) . This  is  just  a reflection 
of  the  numerical  model  which  shows  that 
the  ship  is  more  controllable  when  the 
propeller  race  is  faster.  It  is  pro- 
bably rare  indeed  for  a master  to  order 
full  speed  ahead  in  a collision  emergency, 
however,  these  calculations  show  that  it 
is  in  his  bi-  ;t  Interest. 

Ship  1 Travelling  at  8 knots  and 
Ship  S at  16  knots. 

Vhe  results  for  these  calculations 
are  tabulated  in  Table  3.  The  critical 
ranges  for  the  case  of  both  ships 
maneuvering  lie  in  between  those  for 
both  ships  travelling  at  16  knots  and 
both  ships  travelling  at  8 knots.  Notice 
that  the  bearings  which  Ship  1 appears 
to  Ship  2 are  limited  to  ±30°.  For 
heading  of  Ship  2 near  0°,  Ship  1 is  in 
front  of  and  is  being  overtaken  by 
Ship  2,  For  headings  of  Ship  2 near  180°, 
Ship  1 and  Ship  2 meet  bow  to  bow.  The 
optimum  commands  of  each  vassal  vary 
considerably  with  bearing.  When  Ship  2 
is  overtaking  Ship  1 the  optimum  speed 
command  for  Ship  1 (originally  steaming 
at  8 knots)  is  16  knots.  In  other  words, 
speeding  up  appears  to  be  a good  stra- 
tegy in  this  situation.  Also  note  that 
it  is  not  always  true  that  the  best 
strategy  is  to  put  tlie  rudder  hard  over. 

An  investigation  was  made  for  the 
case  of  only  one  ship  maneuvering.  Here 
lifferent  results  are  obtained  for 
Jhip  1 alone  maneuvering  and  those  for 
Ship  2 alone  maneuvering.  It  is  shown 
that  the  critical  range  for  only  Ship  1 
maneuvering  is  about  twice  that  for 
Ship  2 maneuvering.  This  means  that  the 
master  of  Ship  2 has  the  ability  to 
avoid  the  collision  by  his  maneuver  at  a 
much  later  time  than  that  of  Ship  1.  In 
other  words,  if  only  one  ship  maneuvers 
(whicl.  is  generally  the  case  following 
the  "Rules  of  the  Road") , the  faster 
ship  is  "the  last  one  to  avoid  the 
collision. 

The  Effect  of  Rudder  Size. 

The  situation  in  which  the  rudder 
of  Ship  1 was  increased  20  percent  in 
size  over  the  standard  tanker  referred 
to  above  was  considered  for  the  case  of 
both  ships  travelling  at  16  knots.  The 
appropriate  hydrodynamic  derivatives  for 
this  case  are  given  by  van  Berlekom.  The 
results  of  this  calculation  are  shown  in 
Table  4.  For  both  ships  maneuvering  and 
for  only  Ship  1 maneuvering,  the  critical 
range  decreases  marginally  due  to  the 
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USAOING 

BBARING 
OF  SHIP  2 

BBARING 
OF  SHIP  1 

CRITICAL 

COMMAND-SHIPl 

C0MMAN0-SHIP2 

nominal 

TIMB 

time 

UNTIL 

SHIP  2 
DBGRSBS 

SBBN  BY 
SHIP  1 

SBBN  BY 
SHIP  2 

RANCiB 

. 

SPEED 

RUDDER 

SPEED 

RUDDER 

BEFORE 

COLLISION 

SHIP 

TOUCHES 

a.  Botii 
180 

Ships  Mar 
0 

lauvaring 

0 

3219 

16 

136 

16 

±36 

119.1 

148.2 

2x0 

15 

345 

3117 

16 

±36 

16 

±36 

119.7 

148.6 

240 

30 

330 

2876 

16 

+ 36 

16 

+ 12 

122.5 

161.1 

270 

45 

315 

2370 

16 

-36 

16 

+ 36 

12  4.3 

179.5 

300 

60 

300 

1614 

16 

-36 

16 

+ 36 

119.7 

146.0 

330 

75 

285 

856 

16 

-36 

16 

0 

122.0 

125.9 

360 

90 

270 

0 

— 

— 

-- 

— 

b.  Bast  Maneuvar 
180  0 

of  Ship  1 
0 

and  Worst  Maneuver  of  Snip  2 
6055  16  136  8 

±24 

223.7 

329.4 

210 

15 

345 

5743 

16 

-36 

8 

+12 

220.3 

326.4 

240 

30 

330 

5988 

16 

-36 

16 

0 

255.1 

320.2 

270 

45 

315 

4028 

16 

-24 

8 

0 

211.0 

305.7 

300 

60 

300 

3263 

16 

-24 

16 

-12 

241.1 

202.0 

330 

75 

285 

2382 

16 

-24 

16 

-12 

340.5 

268.0 

360 

90 

270 

0 

— 

— 

— 

— 

c.  Only  Ship  1 Maneuvering 
180  0 0 

4617 

16 

±36 

8 

0 

170.5 

165.5 

210 

15 

345 

3411 

16 

+ 36 

8 

0 

130.7 

146.0 

240 

30 

330 

2876 

16 

+ 36 

8 

0 

122.5 

118.3 

270 

45 

315 

2741 

16 

+ 36 

8 

0 

143.4 

120.7 

300 

60 

300 

1770 

16 

-36 

8 

0 

131.2 

173.2 

330 

75 

285 

856 

16 

-36 

8 

0 

122.0 

±25.9 

360 

90 

270 

0 

-- 

— 

d.  Right  Turn  Rule  - Botii  Ships  Maneuvering 
180  0 0 3219  16  +36 

16 

+ 36 

119.1 

148.2 

210 

15 

345 

3117 

16 

+ 36 

16 

+ 36 

119.7 

148.6 

240 

30 

330 

2876 

16 

+ 36 

16 

+ 8 

122.5 

116.3 

270 

45 

315 

2801 

16 

+ 36 

16 

+ 8 

146.3 

123.4 

300 

60 

300 

1770 

16 

0 

16 

+ 36 

131.2 

173.2 

330 

75 

285 

856 

1C 

0 

16 

+ 36 

122.0 

125.9 

360 

90 

270 

0 

— 



-- 

e.  Right  Turn  Rule  - Best  Maneuver  of  Ship 

1 and  Worst  Maneuver 

of  Ship  2 

0 

270 

90 

0 

-- 

— 

-- 

--- 

30 

285 

75 

2382 

16 

+24 

16 

+ 12 

340.5 

768.0 

60 

300 

60 

3263 

16 

+24 

16 

+ 12 

241.1 

202.0 

90 

315 

45 

4028 

16 

+ 24 

8 

0 

211.0 

305.7 

123 

330 

30 

5988 

16 

+ 36 

16 

0 

255.1 

320.2 

150 

345 

15 

5637 

16 

+24 

16 

0 

215.6 

205.2 

180 

0 

0 

4617 

16 

+ 36 

3 

0 

170.5 

161.5 

210 

15 

345 

3411 

16 

+ 36 

8 

0 

130.7 

146.0 

240 

30 

330 

3079 

16 

+ 36 

8 

+ 36 

131.1 

140.2 

270 

45 

315 

2945 

16 

+ 36 

8 

+ 36 

154.4 

136.4 

300 

60 

300 

2649 

16 

+ 36 

8 

+ 36 

196.0 

152.8 

330 

75 

285 

2101 

16 

+ 36 

8 

+ 36 

300.0 

172.0 

f.  Right  Turn  Rule  - Only 
0 270  90 

Ship  1 Maneuvering 
0 

30 

285 

75 

856 

16 

+ 36 

8 

0 

122.0 

125.9 

60 

300 

60 

1770 

16 

+ 36 

8 

0 

131.2 

173.2 

90 

315 

45 

3232 

16 

+ 36 

8 

0 

169.4 

236.4 

120 

330 

30 

5988 

16 

+ 36 

8 

0 

255.1 

320.2 

150 

345 

15 

5637 

16 

+24 

8 

0 

215.6 

205.2 

180 

0 

0 

4617 

16 

+ 36 

8 

0 

170.5 

161.5 

210 

15 

345 

3411 

16 

+ 36 

8 

0 

130.7 

146.0 

240 

30 

330 

2876 

16 

+ 36 

8 

0 

122.5 

136.3 

270 

45 

315 

2741 

16 

+ 36 

8 

0 

143.4 

120.7 

300 

60 

300 

2446 

16 

+ 36 

8 

0 

IRl.O 

134,7 

330 

75 

285 

1886 

16 

+ 36 

8 

0 

269.4 

148.3 

Table  2.  Critical  Ranges  for 

Two  190,000  Dwt.  Tankers  at 

8 Knots . 
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i 
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a*»fc>dfc^ 


HEADING 
SHIP  2 
DECIDES 

BEARING 
OF  SHIP  2 
SEEN  BY 
SHIP  1 



BEARING 
OP  SHIP  1 
.SEEN  BY 
SHIP  2 



CRITICAL 

COMMAND-SHIP  1 

COMMAND-SHIP  2 

RA2*)G£ 

SPEED 

. 

RUDDER 

SPEED 

RUDDER 

a.  Both 
0 

Ships  Maneuvering 

180  0 

1430 

16 

±36 

16 

±36 

30 

234 

24 

1447 

16 

+12 

16 

-36 

60 

270 

30 

2063 

16 

+ 36 

16 

-36 

90 

297 

27 

2804 

16 

-36 

16 

+ 36 

120 

319 

19 

2883 

16 

-24 

8 

0 

150 

340 

10 

3352 

8 

-12 

16 

+ 36 

180 

0 

0 

3551 

8 

±36 

16 

±36 

b.  Only 
0 

Ship  2 Maneuvering 
180  0 

1527 

8 

0 

16 

±36 

30 

234 

24 

1457 

8 

0 

16 

-36 

60 

270 

30 

2469 

8 

0 

16 

-3G 

90 

297 

27 

3013 

8 

0 

16 

+ 36 

120 

319 

19 

3090 

8 

0 

16 

+ 36 

150 

340 

10 

3375 

8 

0 

16 

+ 36 

180 

0 

0 

4301 

8 

0 

16 

+ 36 

0.  Only 
0 

Ship  1 Maneuvers 

180  0 

2941 

16 

+12 

16 

0 

30 

234 

24 

2174 

16 

+ 36 

16 

0 

60 

270 

30 

2970 

16 

+ 36 

16 

0 

90 

297 

27 

4585 

16 

-36 

16 

0 

120 

319 

19 

4279 

16 

-36 

16 

0 

150 

340 

10 

5137 

16 

-36 

16 

0 

180 

0 

0 

6516 

16 

+ 36 

16 

0 

d.  Right 
0 

Turn  Rule  - 
180 

Both  Ships  Maneuvering 
0 1430 

16 

+ 36 

16 

+ 36 

30 

234 

24 

1457 

8 

0 

16 

+ 36 

60 

270 

30 

2469 

8 

0 

16 

+ 36 

90 

297 

27 

3642 

16 

+ 36 

16 

+ 36 

120 

319 

19 

3751 

16 

+ 36 

16 

+ 36 

150 

340 

10 

3512 

16 

+ 35 

16 

+ 36 

180 

0 

0 

3551 

8 

+ 36 

16 

+ 36 

Table  3.  Critical  Ranges  for  TVo  190,000  Dwt.  Tankers 

(Ship  1=8  kts..  Ship  2 = 16  Kta.) 


HE.\DING 
SHIP  2 
DEGREES 

BEARING 
OF  SHIP  2 
SEEN  BY 
SHIP  1 

BEARING 
OF  SHIP  1 

CRITICAL 

COMMAND-SHIPl 

COMMAND 

-SHIP? 

[change  IN 
RANGE 

CRITICAL 
DUE  TO 

SEEN  BY 

RANGE 

SPEED 

RUDDER 

SPEED  1 

RUDDER ] 

1 RUDDER  1 

SHIP  2 

1 FEET  1 

[:  % 1 

a.  Both  Ships  Maneuvering 
180  0 0 

4117 

16 

±36 

16 

+ 36 

-47 

-1.1 

210 

15 

345 

3895 

16 

+ 36 

16 

+ 36 

-147 

-3.5 

240 

30 

330 

3864 

16 

+36 

16 

+ 12 

-243 

-5.9 

270 

45 

315 

3354 

16 

-36 

16 

+ 36 

-110 

-3.2 

300 

60 

300 

21'  3 

16 

-36 

16 

+ 36 

-47 

-2.1 

330 

75 

285 

1'  31 

16 

-36 

16 

+ 24 

-14 

-1.3 

360 

90 

270 

0 

— 

— 

0 

b.  Only  Ship  1 Maneuvering 
180  0 0 

5539 

16 

±36 

16 

0 

-63 

-1.1 

210 

.15 

345 

4339 

16 

+ 36 

16 

0 

-73 

-1.  8 

240 

30 

330 

3864 

16 

+ 36 

16 

0 

-257 

-6.2 

270 

45 

315 

3741 

16 

+ 36 

16 

0 

-237 

-6.0 

300 

60 

300 

2528 

16 

-36 

16 

0 

-203 

-7.4 

330 

75 

285 

1119 

16 

-36 

16 

0 

-57 

-4.8 

360 

90 

270 

0 

— 

— 

— 

— 

Table  4.  Critical  Ranges  For  Two  190,000  Dwt.  Tankers  at  16  Knots. 
(Ship  1 has  a 20%  larger  rudder) 
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Increased  rudder  size.  An  average 
critical  range  reduction  is  approxi- 
mately 100  feet  for  both  ships 
maneuvering  'nd  150  feet  for  only 
Ship  1 mane_.erlng.  It  is  felt  that 
this  reduction  In  critical  range  is 
very  marginal  euid  probiibly  is  not 
worth  the  added  cost  of  the  larger 
rudder  and  steering  ms.chinery  in  this 
case.  It  should  be  einpl.asized, however, 
that  the  decrease  in  critical  range 
does  give  the  naval  architect  here  a 
useful  inetric  to  make  this  decision 
of  rudder  size. 

The  Effect  of  the  F,adar  Information. 

Unless  extremely  high  resolution 
radar  is  used,  the  image  of  a ship 
on  the  radar  screen  is  a circular  or  oval 
patch.  Since  the  radar  "sees"  only 
reflective  surfaces  such  as  the  ship 
side  and  deckhouse  front,  the  center  of 
this  patch  may  not  be  and  probably  is 
not  the  center  of  the  ship.  Determi- 
nation of  whether  an  approaching  ship 
is  on  a collision  course  or  not  is 
somewhat  difficult  and  it  is  improbable 
that  one  can  differentiate  to  within 
200  feet  what  the  collision  situation 
is.  In  all  of  the  above  calculations 
it  was  assumed  that  the  ship  paths  were 
such  that,  without  avoidance  mcineuve^s, 
the  centers  of  each  ship  would  become 
exactly  coincident.  Suppose  the  fol- 
lowing situation  occurs.  The  paths  of 
the  two  ships  cross,  but  when  the 
center  of  Ship  1 crosses  the  path  of 
Ship  2,  the  center  of  Ship  2 is  some 
distance,  dg , from  this.  The  inaccuracy 
in  interpreting  the  radar  signal  is 
equivalent  to  a variation  in  d . 

The  following  sot  of  variations 
were  performed  for  two  tankers  at  16 
knots  and  with  the  heading  of  Ship  2 
at  270°  (that  is,  for  a bearing  of 
Ship  2 relative  to  Ship  1 of  45°).  In 
the  first  case,  it  was  assumed  that 
Ship  1 was  either  on  a perfect  collision 
course  (^g  = 0 ft.)  or  ±100  feet  from 
the  perfect  collision  course 
(<±g  = ±100  ft.).  The  critical  ranges 
for  each  of  these  three  Ship  1 initial 
situations  was  determined  for  each 
maneuver  pair.  The  maximum  value  of 
the  three  was  set  equal  to  the  critical 
range  for  the  maneuver  pair  under  the 
uncertainty  of  d^.  Variations  assuming 
uncertainties  of  ±200  ft.  and  ±300  ft. 
were  also  performed.  The  results  are 
shown  in  Table  5,  The  bearing  error 
presented  in  this  table  represents  the 
variation  in  bearing  caused  by  tlie 
variation  in  d^  at  the  critical  range. 

It  can  be  seen  that  even  relatively 
large  bearing  errors  do  not  change  the 
critical  range  much. 


a.  Both 

Ships  Ma 

neuvering 

dg,ft. 

bearing 

error 

critical 

range 

change  in 
critical 
range,  ft. 

.0 

0 

3464 

0 

0,±100' 

±1.3° 

3520 

56 

0,±200' 

±2.6° 

3553 

89 

0,±300’ 

±3.9° 

3586 

122 

b . Orly 

Ship  1 Maneuverin: 

J! 

0 

0 

3968 

0 

0,±100' 

±1.0° 

4083 

115 

0,±200' 

±2.0° 

4172 

204 

0,±300' 

±3.0° 

4200 

234 

Table  5.  Effect  of  Radar  Inaccuracy 
(Ship  2 Heading  = 270°) 

Optimal  Commands . 

In  a collision  situation  a typical 
command  issued  by  a master  might  be: 
full  astern,  rudder  hard  to  starboard 
(or  port) . Although  this  seems  at  first 
glance  to  be  a good  course  of  action,  the 
results  of  thij  section  do  not  substan- 
tiate this.  Full  speed  astern  causes 
the  rudder  to  be  ineffective,  as 
discussed  above.  It  is  also  not  always 
true  that  the  maximum  rudder  commands 
(such  as  hard  to  port,  hard  to  starboard) 
are  the  best  commands.  It  is  well  known 
that  in  simple  mechanical  systems , bang- 
bang  control  systems  using  maximum 
commands  are  best.  The  major  difference 
here  is  that  the  two  ships  considered 
have  great  size  and  are  not  considered 
to  be  points.  For  instance,  consider 
the  case  of  one  ship  overtaking  ano'.  aer 
when  both  are  on  the  same  course  and 
track  (see  the  first  entry  of  Table  3a 
for  a Ship  2 heading  of  0°) . If  Ship  2 
does  not  maneuver,  then  Ship  1 must,  in 
order  to  avoid  the  collision.  Detailed 
examination  of  the  trajectories  indicated 
that  a rudder  angle  of  +36°  (right  turn) 
swings  the  stern  quite  far  to  the  left 
before  the  ship  gets  out  of  its  original 
track.  As  a result,  the  overtaking  ship 
(Ship  2)  collides  with  Ship  1 on  the 
starboard  side  of  the  stern.  For  the 
case  of  a 12°  rudder  angle,  the  leftward 
swing  of  the  stern  is  much  less  and, 
even  though  the  ultimate  turning  radius 
is  larger,  this  command  more  rapidly 
removes  the  whole  ship  from  the  path  of 
Ship  2 than  tVie  maximum  command  of  hard 
right  rudder. 

CONCLUSIONS 

Based  on  the  above  studies  a number 
of  conclusions  can  be  reached.  Of  course 
these  conclusions  are  based  on  one  ship 
tvoe  and  a limited..numheji  of  maneuvers. 

It  is  felt,  however,  that  the  trend  of 
these  results  is  applicable  to  a wide 
variety  of  ships  and  ship  types. 
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Coordinated  Maneuvers 

It  is  appealing  to  think  that  if 
both  endangered  ships  were  in  communi- 
cation and  could  thus  coordinate  their 
maneuvers  that  collision  would  be 
significantly  reduced.  The  calculations 
presented  here  do  not  bear  this  out. 

The  improvement  in  critical  range  when 
both  ships  execute  the  best  maneuver 
is  not  large  compared  to  the  case  when 
just  one  ship  executes  its  best 
maneuver.  Further,  if  both  ships 
maneuver,  it  is  possible  that  one  will 
execute  a disastrous  maneuver  and  the 
calculations  show  that  this  will  lead 
to  a doubling  of  the  critical  range. 

In  other  words,  there  is  a lot  more  to 
be  lost  by  both  ships  maneuvering  than 
there  is  to  be  gained. 

"Right  Turn  Rule"  . 

The  "Right  Turn  Rule"  has  signifi- 
cant advantages.  In  a collision 
situation  if  the  ships  may  not  turn  to 
port  and  if  the  "burdened"  ship  is  the 
one  facing  the  port  side  :f  the  other 
ship  then  the  possibility  for  a disas- 
trous combination  of  maneuvers  is 
greatly  reduced.  With  such  a rule  it 
would  be  possible  to  codify  the 
requirements  explicitly.  For  instance, 
"end-on  or  nearly  end-on"  could  safely 
be  interpreted  as  bearings  less  than 
10°.  For  all  other  headings  the  above 
burdening  rule  would  apply.  The  removal 
of  half  of  the  possible  maneuvers  not 
only  eases  the  master's  choice  but 
does  not  substantially  increase  the 
critical  range. 

Ship  Speed. 

Tne  study  shows  that  if  the  two 
ships  are  both  travelling  at  the  same 
speed,  the  slower  this  speed,  the 
smaller  the  critical  range.  However, 
the  slower  speed  ships  require  that  an 
evasive  maneuver  be  executed  a longer 
time  before  the  impending  collision. 

Speed  Commands. 

It  appears  that  a commanded 
increase  in  speed  is  more  often  than 
not  the  best  strategy.  The  increase 
in  controllability  with  increases  in 
water  velocity  in  the  propeller  race, 
as  reflected  in  the  numerical  model, 
leads  to  this  conclusion. 

Fast  Ships  ys.  Slow  Ships. 

The  calculations  indicate  that  the 
faster  of  the  two  ships  involved  will 
be  the  last  ship  capable  of  avoiding 
collision.  This  result  should  be 
considered  only  for  ships  of  the  same 
size  as  studied  here.  It  would  be  an 
appropriate  extension  of  this  current 
work  to  see  if  this  conclusion  also 
applies  to  ships  of  different  sizes. 

Rudder  Size. 

It” does  not  appear  that  moderate 
increases  in  rudder  size  will  lead  to 
large,  changes  in  critical  range. 


Radar  Information. 

The  uncertainty  in  detecting  the 
exact  nature  of  the  collision  situation 
does  not  greatly  affect  the  critical 
range. 

Optimum  Commands. 

The  optimum  command  is  not  always 
the  maximum  command. 
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DISCUSSION 


J.C.  CARD 

I wish  to  thank  the  organizers  of  the  Symposium  and 
Professor  Webster  for  the  opportunity  to  comment  on  this 
paper  aoout  collisions.  The  topic  is  one  of  great  concern  to 
those  of  us  in  the  business  of  promoting  maritime  safety 
and  environmental  protection.  While  I find  Professor 
Webster’s  paper  thought  provoking  and  I feel  that  he  has 
presented  a method  which  could  help  es'aluate  the  effects 
of  vessel  design  on  collision  situations,  I think  the  paper  is 
weak  in  practical  marine  application.  1 do  not  agree  with 
some  of  the  assumptions  made  or  conclusions  drawn.  My 
comments  will  be  limited  to  the  areas  of  “Rules  of  the 
Road"  and  communications  between  vessels. 

Professor  Webster  leaves  us  with  the  impression  that 
the  International  Regulations  for  the  Prevention  of  Colli- 
sions at  Sea  (Rules  of  the  Road)  are  of  little  or  no  help  to 
the  mariner  in  avoiding  collisions  and  that  there  is  little 
hope  for  improving  these  Rules.  The  Rules  presently  in 
force  may  not  be  clear  in  all  areas.  However,  they  do  rep- 
resent an  Internationally  agreed  upon  set  of  regulations  by 
which  ships  can  safely  navigate  when  in  proximity  of  other 
ships.  Without  the  Rules,  or  if  they  did  not  have  the  force 
of  law,  safe  navigation  into  and  out  of  ports  would  be 
greatly  impaired. 

The  Rules  came  into  acceptance  in  1896  and  were 
changed  in  1948,  1960  and  most  recently  in  1972.  This 
latest  change  took  place  at  a special  international  confer- 
ence of  recognized  experts  in  the  maritime  field.  At  the 
conference  consideration  was  given  to  the  significant  changes 
that  have  occurred  in  marine  transportation  since  1960  and 
to  the  deficiencies  in  the  1960  Rules.  The  result  of  the 
conference  was  an  extensive  rewrite  of  the  Rules.  The 
opinion  of  those  experts  associated  with  the  rewrite  of  the 
Rules  is  that  they  are  substantially  superior  to  the  1960 
Rules.  Particular  ureas  of  improvement  are: 

a.  Simplification  of  the  individual  rules  which  removed 
extraneous  information  and  moved  detailed  techni- 
cal information  to  an  annex.  The  new  language  is 
more  easily  understood  by  the  mariner  than  that 
found  in  the  present  Rules. 

b.  Recognition  was  given  to  vessels  restricted  in  their 
ability  to  maneuver  due  to  operational  constraints. 
Also  recognition  was  given  to  vessels  restricted  in 
maneuvering  because  of  draft  limitations. 

c.  Recognition  of  vessel  maneuverability  when  deter- 
mining safe  speed. 

d.  Incorporation  of  traffic  separation  schemes. 

e.  Clarification  of  old  Rule  18  the  “meeting  situation." 
The  new  Rule  14  “Head-on-Situition”  is: 


The  opinions  expressed  in  this  paper  are  those  of  the  author 
and  do  not  necessarily  reflect  those  of  the  Uhited  States 
Coast  Guard. 


“(a)  When  two  power-driven  vessels  are  meet- 
ing on  reciprocal  or  nearly  reciprocal 
courses  so  as  to  Involve  risk  of  collision 
each  shall  alter  her  course  to  starboard  so 
that  each  shall  pass  on  the  port  side  of 
the  other. 

“(b)  Such  a situation  shall  be  deemed  to  exist 
when  a vessel  sees  the  other  ahead  or 
nearly  ahead  and  by  night  she  could  see 
the  masthead  lights  of  the  other  in  a line 
or  nearly  in  a line  and/or  both  sidelights 
and  by  day  she  observes  the  correspond- 
ing aspect  of  the  other  vessel. 

“(c)  When  a vessel  is  in  any  doubt  as  to  wheth- 
er such  a situation  exists  she  shall  assume 
that  it  does  exist  and  act  accordingly." 

The  1972  Rules  will  come  into  force  on  1 January 
1976  provided  15  major  maritime  nations  ratify  the  conven- 
tion prior  to  1 January  1976. 

Professor  Webster’s  conclusion  that  com  munication 
between  ships  would  not  reduce  collisions  is  not  supported 
by  investigations  into  vessel  collisions.  A major  cause  of 
collisions  in  the  past  twenty  years  has  been  failure  of  the 
vessels  to  understand  each  others  intentions.  Whistle  signals 
of  the  past  just  are  not  adequate  in  today’s  crowded  and 
restricted  waterways.  The  late  Vice  Admiral  E.  L.  Cochrane 
headed  a special  committee  which  studied  the  collision  of 
the  M/V  STOCKHOLM  and  the  S/S  ANDREA  DORIA.  One 
of  this  committee’s  recommendations  was  the  increased  use 
of  bridge-to-bridge  radio  communications  as  “an  important 
navigational  safety  tool.”  Several  major  collisions  since 
that  time  could  have  been  prevented  if  the  vessels  had  been 
in  communication  with  eacn  other  and  had  established 
passing  agreements.  Recognizing  the  need  for  this  avenue  of 
communication  a joint  committm  of  the  Coast  Guard  and 
the  Federal  Communications  Commission  released  in  the 
summer  of  1966  a report  advocating  requirements  for 
bridge-to-bridge  capabilities.  Alter  several  delays  in  the 
Congress,  the  Vessel  Bridge-to-Bridge  Radio  Telephone  Act 
was  passed  in  August  1971.  Coast  Guard  regulations  which 
resulted  from  this  hw  became  effective  on  1 January  1973. 

Putting  a quantitative  evaluation  on  the  effectiveness  of 
bridge-to-bridge  radio  telephone  requirements  is  .lot  an  easy 
task  because  of  the  complexity  of  the  collision  situation. 
However,  several  studies  conducted  for  the  Coast  Guard  put 
the  effectiveness  in  reducing  collisions  no  lower  than  25% 
and  maybe  as  high  as  76%.  In  addition,  the  Great  Lakes 
and  the  Delaware  Bay  and  River  systems  have  had  bridge- 
to-bridge'communications  in  effect  since  1964  and  1960 
respectively.  Both  areas  reported  a substantial  decrease  in 
collisions  after  the  implementation  of  bridge-to-bridge  com- 
municationc.  On  Delaware  Bay  during  the  6 years  and  10 
months  prior  to  the  program’s  implementation  there  was  an 
average  of  1.27  collisions  per  month.  That  average  dropped 
to  0.91  collisions  per  month  during  the  first  few  years  of 
the  program  and  in  1966  and  1967  the  figures  fell  even 
lower  to  0.23  per  month.  The  years  1968  and  1969  brought 
the  program  to  fruition  as  no  collisions  were  recorded 
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involving  veuel  equipped  with  brldge-to-bridge  capabilitiea. 

I feel  certain  that  the  ports  of  the  United  States  are 
safer  when  pilots  and  masters  of  vessels  are  capable  of  di- 
rectly communicating  with  one  another.  While  my  com- 
ments have  been  somewhat  critical,  I do  feel  this  paper  is 
an  interesting  study  which  adds  to  the  knowledge  of  maneu- 
vering safety.  Moreover,  I would  encourage  Professor 
Webster  and  others  in  the  field  to  pursue  similar  studies  be- 
cause the  need  exists  to  develop  practical  safety  regulations 
for  ship  maneuvering  based  on  vessel  designs,  human  factors, 
harbor  configurations  and  environmental  conditio.-rs. 


S.D.  SHARMA 

The  discusser  considers  this  to  be  a paper  of  fundamen- 
tal importance  both  for  its  underlying  philosophy  and  the 
results  obtained.  Within  the  framework  of  a “Special 
Research  Pool”  a small  group  at  Hamburg  and  Hanover  has 
been  working  for  some  time  on  a similarly  motivated  pro- 
ject entitled  “Safety  of  Ships  against  Collisions”  as  part  of  a 
broader  effort  to  rationalize  and  reconcile  the  concepts  of 
economy  and  safety  in  shipping  and  shipbuilding.  If  safety 
is  understood  as  the  probability  of  avoiding  the  occurrence 
of  certain  undesirable  events  in  the  life  of  a ship  of  given 
physical  properties  in  un  essentially  stochastic  environment, 
it  becomes  evident  that  absolute  safety  cannot  be  achieved. 

In  fact  an  optimum  level  of  finite  safety  can  be  determined 
either  from  considerations  of  economy,  if  only  material 
values  are  at  stake,  or  from  the  principle  of  minimum  total 
mortality,  if  human  lives  are  also  involved. 

Like  the  Author,  we  think  that  a rational  evaluation  of 
design  features  for  improving  the  maneuverability  of  ships  is 
impossible  as  long  as  maneuverability  is  expressed  only  in 
terms  of  physical  properties  such  as  advance  and  tactical 
diameter  in  a turning  circle  test  etc.  We  set  out  to  find  a 
formal  quantitative  relationship  between  the  cost  of  design 
features  and  their  ultimate  economic  benefit.  It  was  shown 
by  Krappinger  (1972)  that  the  rate  of  collision  is  a suitable 
concept  for  evaluating  the  economic  benefits  of  maneuver- 
ability. The  problem  then  is  to  find  how  the  rate  of  colli- 
sion is  affected  by  the  physical  properties  of  the  ship  and 
the  statistical  properties  of  the  environment.  The  solution 
presupposes  a mathematical  model  for  ship  collisions  includ- 
ing a basic  concept  for  their  causes.  Here  we  have  found  the 
Author’s  “critical  range”  under  which  collision  becomes  un- 
avoidable between  ships  at  steady  bearing  quite  useful.  How- 
ever, in  the  ultimate  analysis  only  human  error  and  machine 
failure  seem  to  be  the  true  causes  of  collisions.  Poor  maneu- 
verability and  even  instrument  errors  can  be  overcome,  at 
least  in  the  open  sea,  by  an  appropriate  strategy  of  anti- 
collision  maneuvers.  Thus  collisions  are  caused  not  so  much 
by  poor  hardware  as  by  a poor  assessment  of  the  true  maneu- 
verability by  the  ship’s  master.  Hence  significant  gains  will 
accrue  from  a better  training  of  the  ship’s  command  and 
from  improved  software  rather  than  from  better  ship  design, 
a somewhat  disappointing  result  from  the  naval  architect’s 
point  of  view! 

Reference 

Krappinger,  n.:  Die  Kollisionsrate  als  Element  des 
Systemansatzes  im  Schiffbau.  IfS-Bericht  Nr.  289,  Hamburg, 
January  1972. 
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AUTHOR'S  REPLY 


The  author  would  like  to  thank 
LCDR  Card  for  his  interesting  reply 
to  this  paper.  It  is  apparent  that 
liCDR  Card  sees  a grea-  disparity  be- 
tween the  results  and  proposals  of 
this  paper  and  the  experience  of  the 
Coast  Guard.  The  author  would  like 
to  suggest  that  this  difference  is 
illuson'  and  deeper  exf mination  re- 
veals a harmony  between  LCDR  Card's 
comments  and  the  results  of  this 
paper. 

The  paper  shows  that  little  is 
to  be  gained  in  going  from  the  sit- 
uation in  which  one  ship  performs  the 
best  maneuver  to  the  situation  in 
which  both  perform  the  best  maneuver. 

For  this  purpose  only  does  it  appear 
that  communication  between  the  ships 
does  not  seem  fruitful.  The  fact 
that  experience  shows  that  ship-to- 
ship  communication  does  reduce  collisions 
dramatically,  is  pvima  facie  evidence 
t-liat  one  or  the  other  of  these  ships 


would  have  selected  a bad  maneuver 
without  the  communication . 

It  is  the  author's  thesis  that 
the  ambiguity  of  the  "Rules  of  the 
Road"  is  a contributing  factor  in  the 
selection  of  such  bad  naneuvers.  The 
reader  is  invited  to  reread  the  new 
rule  14  presented  by  I#COR  Card  and  to 
judge  the  level  of  eunbiguity  for  him- 
self. 

The  author  would  like  to  thank 
Dr.  Sharma  for  his  useful  comments. 

It  is  particularly  important  that  his 
group’s  research  appears  to  come  to 
the  same  conclusion  as  this  paper, 
that  ship  design  improvements  do  not 
appear  to  be  the  way  to  reduce  collisions. 
Since  design  improvements  are  easier 
to  implement  than  improvements  in 
human  judgement,  we  can  conclude  that 
the  subject  of  ship  collisions  still 
represents  a significant  challenge. 
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ABSTRACT 

An,  analytical  and  experimental  study 
of  ship  motions  and  capsizing  in 
extreme  seas  has  been  conducted.  The 
analysis  of  linear  and  quasi-linear 
one-dimensional  roll  models  has 
revealed  motion  anomalies  not  apparent 
from  the  usual  nonlinear  ship  motion 
theory.  Extensive  tests  have  been 
conducted  using  a radio-controlled 
model  in  the  wind  generated  seas  of 
San  Francisco  Bay.  Directional  spectra 
were  computed,  using  a variety  of 
techniques,  from  the  wave  measurements 
by  an  array  of  wave  gages.  Comparisons 
of  the  experimentally  determined 
motions  emd  a linear  atrip  theory 
prediction  are  presented.  A time 
domain  numerical  simulation  program 
for  motions  and  capsizing  has  been 
used  to  Investigate  motions  in  a 
variety  of  wave  group  configurations. 

The  results  show  good  agreement  with 
observed  capsizing  phenomena  and  have 
revealed  a number  of  important 
characteristics  asiiociated  with  large 
geometry  changes  In  waves. 

I . INTRODUCTION 

Stability  against  capsizing  in 
heavy  seas  is  one  of  the  most  funda- 
mental requirements  considered  by  the 
naval  architect  when  designing  a ship. 

At  the  same  time  it  is  one  of  the  least 
understood  phenomena  in  the  realm  of 
ship  motion  theory.  By  its  very  nature, 
stability  is  concerned  with  extreme 
motion  both  of  ship  and  waves.  There- 
fore, the  linearized  methods  of  wave 
and  ship  motion  analysis  which  have 
received  so  much  attention  in  recent 
years  cannot  be  applied  here  with  any 
expectation  of  obtaining  directly 
useable  results,  but  may  be  used  only 
for  general  guidance.  Statistically, 
capsizing  falls  into  the  category  of 
events  of  rare  occurence,  aaaln  calling 
for  special  techniques  in  studying  its 
probability  distributions. 

The  basic  purpose  of  studying 
capsizing  is  to  establish  prediction 
techniques  which  may  be  used  by  naval 
architects  during  the  design  process. 


Even  though  traditional  empirical 
methods  have  apparently  bsen  successful 
in  insuring  adequate  stability  of  con- 
ventional ships  built  in  the  past,  it  is 
expected  that  the  future  will  see  more 
rapid  evolution  in  ship  size,  speed, 
geometry,  and  performance  requirements. 
Some  of  the  new,  high  performance  ship 
types  may  be  expected  to  experience 
motion,  control,  and  even  stability 
problems  whan  operating  in  severe  seas 
which  are  not  susceptible  to  prediction 
or  remedy  by  traditional  empirical 
methods.  The  more  general  goal  of  our 
study,  therefore,  is  to  establish  a 
basis  of  understanding  of  phenomena 
associated  with  the  operation  of  ships 
in  severe  seas  and  to  relate  these  ship 
behavior  phenomena  to  the  geometrical 
2u»d  operational  characteristics  of  the 
ship. 

Model  experiments  conducted  under 
conditions  which  are  as  realistic  as 
possible  in  simulating  a severe  storm 
sea  environment  offer  the  best  means  of 
gaining  this  understanding.  At  the 
present  time,  there  are  no  towing  tanks 
which  have  the  capability  of  producing 
realistic  short-crested  seas  of 
sufficient  severity.  Further,  the 
infrequent  nature  of  the  capsizing  event 
indicates  that  experimental  runs  of 
considerable  length  will  be  required, 
especially  in  following  seas  where  the 
frequency  of  w e encounter  is  low.  The 
testing  of  frei- -running  radio-controlled 
models  in  an  open  water  area  in  natural 
wind  generated  waves  is  an  alternative 
to  tank  testing  that  has  been  successfully 
used  for  this  purpose  in  tlie  past. 

As  is  the  case  of  all  experiments 
conducted  in  a natural  environment, 
there  is  the  difficulty  of  controlling 
the  conditions  of  the  test.  However, 
the  two  principal  requi.rements 
enumerated  above i steep  short-crested 
waves  and  virtually  unlimited  length 
of  run  are  available  only  in  this  way. 

The  first  experiments  of  this  typo 
were  conducted  by  a group  working  under 
the  direction  of  Professor  Kurt  Wendel 
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at  the  aniversit.''.es  of  Hamburg  and 
Hannover  in  Germany.  Their  work 
clearly  pointed  out  the  value  of  open 
water  testing  as  a means  of  studying 
capsizing.  Partly  as  a result  of  the 
success  of  Wendel,  a ship  capsizing 
study  was  initiated  at  the  University 
of  California  under  sponsorship  of  the 
U.S.  Coast  Guard  starting  in  1969. 

This  research  started  with  a program  of 
mode.’,  testing  in  the  open  waters  of 
San  Francisco  Bay.  Experiments  have 
now  been  completed  with  two  models,  one 
a conventional  cargo  ship  and  uhe  other, 
a fast  twin  screw  container  ship.  As 
a result  of  these  experiments,  a great 
deal  has  been  learned  about  the 
mechanical  process  of  capsizing.  This 
has  enabled  the  development  of  a 
mathematical  model  to  be  initiated 
and  good  progress  i,  being  made  in  that 
direction.  Finally  the  probability  of 
capsizing  is  xound  to  be  closely 
associated  with  the  probability  of  the 
ship  encountering  a single  especially 
steep  wave  or  group  of  several 
especially  steep  and  regular  v.aves  in 
the  random  sea  enviroi.ment.  This  'as 
led  to  the  necessity  of  studying  thj 
statistics  of  wave  groups  as  they 
relate  to  the  over  all  chara  t rxstios 
of  the  seaway.  This  tubjecw  appears 
to  h..ve  received  relatively  little 
attention  in  the  literatuj:>  of  physical 
oceanography.  It,  therefore,  fc rms  a 
subject  of  study  under  the  present 
program  in  order  to  rour.d  out  our 
treatment  of  the  capsizing  problem. 

II.  LINEAR  AND  QUASI-LINEAR  WO"'ION 

COMPUTATIONS 

As  noted  in  the  Introduction, 
modern  ship  motion  research  has  been 
mostly  concerned  with  smaxl  amplitude 
motion  which  is  amenable  t a 
linearized  dyneunic-hydrodynamic  analysis. 
The  practical  implementation  of  such 
procedures  has  been  most  successfully 
obtained  in  the  strip-method  of 
computation  as  exempll.fied  by  the  work 
of  Salvssen,  Tuck,  and  Filtinsen  (1970). 
It  is  Safe  to  say  that  the  strip 
calculation  now  provides  a workable 
design  tool  for  predicting  the  average 
seakeeping  performemce  of  a pt-opoced 
ship  early  in  the  design  process. 

Performance  predictions,  however, 
are  usually  concerned  with  the  average 
behavior  of  the  ship  over  long  periods 
of  time  encompassing,  e.g.,  the  length 


of  a voyage  and  tens  of  thousands  or 
hundreds  of  thousands  of  wave  encounters, 
rather  than  the  short  intervals  which 
thr>  ship  spends  in  extremely  severe  seas . 
Pe  formance  characteristics  which  have 
been  successfully  described  by  linear 
procedures  are  ship  motion,  structural 
loads,  stresses  and  even  occurrence  of 
seemingly  nonlinear  large-amplitude 
phenomena  such  as  the  frequency  of 
slamming  and  bow  immersion.  Pre- 
requisite to  a study  of  performance  but 
not  Part  of  it  is  survivability.  In 
contrast  to  the  average  conditions  with 
which  performance  estimates  are  concerned, 
survivability  addresses  Itself  to  the 
extreme  sea  and  motion  conditions 
having  a very  low  probability  of 
occurrence.  Thus,  by  definition,  in 
studying  capsizing  of  ships  in  extreme 
sees,  we  aie  concerned  with  the  largest, 
steepest  waves  v’hich  the  ship  may 
encounter  during  her  lifetime  (sometimes 
at  its  very  endl ) , and  with  motions  of 
large  eunplltude,  usually  well  beyond  the 
range  of  a linear  ship  motion  Malysls. 
Neverless,  it  is  useful  to  review  some 
of  the  features  of  linear  lootion  theory 
in  hopes  that  its  results  may  provide 
•-ome  guidance  and  insight  into  certain 
phenc.i»na  of  concern  in  a stidy  of 
capsizing.  Further  insight  and  new 
phenomena  may  also  be  revealed  by 
ceitain  nonlinear  theoret...cc.l  procedures 
which  have  been  developed  to  augment 
linear  ship  morion  theory. 

.’bat  results  of  concern  in  a study 
of  cit.ri li.ng  may  be  obtained  from 
.'inear  motion  theory?  The  firnt  which 
siggests  itself  is  resonant  rolling. 
Although  a linear  an -lysis  of  roll  does 
not  accurately  describe  the  details  of 
the  motion  at  large  amplitudes,  some  of 
the  properties  of  this  mode  of  motion 
may  be  revealed.  For  example,  there  is 
substantial  evidence  that  rolling 
motion  in  beam  seas  in  the  absence  of 
other  effects  is  not  likely  to  result  in 
danger  to  the  ship.  The  vessel  may  toll 
to  very  large  angles  if  the  frequency 
content  of  the  sea  is  in  the  right 
relationship  to  the  natural  frequency  of 
the  ship,  but  in  order  for  her  to  be 
placed  in  danger  of  capsizing, additlcml 
factors  must  be  present.  These  may 
include  strong  wind  heeling  moments, 
damage  to  the  watertight  envelope 
resulting  in  the  flooding  of  a portion 
of  the  ship,  and  the  entrapment  of  large 
quantities  of  water  on  deck  by  bulwarks. 


Tests  of  the  range  of  applicability 
of  the  linear  ship  motion  technique 
have  been  made  by  Dalzell,  and  some  of 
his  results  for  the  Mariner-type  ship 
were  reported  in  a discussion  to  a 
paper  by  Ochi  (1964).  Pitch  and  heave 
motions  were  measured  in  regular  waves 
of  various  steepness.  For  waves  more 
than  1.75  times  the  model  length  these 
notions  show  a linear  behavior  with 
wave  height  for  values  of  wave  height 
to  length  ratio  up  to  1/12.  In  the 
shorter  waves*  the  pitch  motion 
appeared  to  drop  somewhat  below  a 
straight  line  relationship  for  the 
higher  waves*  i.e.  the  graph  of  pitch 
versus  wave  height  was  concave  downward 
in  these  waves. 

Figure  1 shows  some  results  obtained 
at  the  Univ.  of  Calif,  from  experiments 
and  corresponding  calculations  of  the 
relative  rolling  motion  between  the 
ship  model  and  the  wave  surface.  The 
experiments  and  calculations  were 
carried  to  moderately  large  angles 
2md  show  reasonably  good  correlation. 

The  important  characteristic  of  this 
motion  is  its  tendency  to  level  off  in 
increasingly  liiyher  sea  states.  Since 
the  relative  rolling  motion  is  more 
important  than  the  absolute  roll  in 
relation  to  such  effects  as  water 
entrapment  on  deck,  this  suggests  that 
the  effects  of  increasingly  severe  sea 
states  tends  to  level  off. 

These  calculations  were  made 
using  a linear  approximation  to  the 
ship  righting  arm  curve  equal  to 
displacement  times  the  initial 
metacentric  height.  The  quadratic  roll 
damping  was  approximated  by  an  equiva- 
lent linear  damping  coefficient.  The 
trend  of  this  curve  illustrates  the 
degree  of  agreement  that  may  be 
expected  in  comparing  linear  calcula- 
tions with  experiments.  The  maximum 
wave  steepness,  however,  is  not  in  the 
extreme  or  survival  range . 

It  is  also  useful,  at  this  point, 
to  ]ook  at  some  results  of  nonlinear 
ship  motion  theory.  Two  topics  of 
ship  dynamics  have  been  studied  using 
nonlinear  equations  of  motion; 
maneuvering  in  calm  water,  and  rolling 
in  beam  seas.  In  both  cases,  the 
procedure  has  been  to  include  terms  in 
the  equations  of  motion  representing 
forces  which  depend  in  a nonlinear 
manner  upon  some  of  the  unknown  motion 


variables.  Host  commonly,  these  have 
been  damping  forces  assumed  to  vary  as 
the  square  of  velocity  or  more  general 
forces  which,  by  reason  of  symmetry, 
baliave  as  odd  functions  and  may  therefore 
be  expressed  by  cubic  terms  in  all  velocities 
and  accelerations.  In  principle,  these  terms 
represent  higher  order  terms  in  a Taylor 
series  expansion  of  the  total  force  on 
the  ship,  assumed  to  depend  in  some 
unknown  way  on  the  relevant  motion 
variables.  Many  of  the  terms  can,  in 
fact,  be  related  to  specific  physical 
effects,  e.g.,  the  above  noted  viscous 
drag  which  varies  in  a 'nlinear  manner 
with  velocity. 

The  results  of  including  nonlinear 
terms  in  the  equations  of  motion  are 
twofold:  First,  behavior  which  might  be 

obtained  by  a conventional  linear 
analysis  is  modified  somewhat  without 
charging  its  basic  nature.  Second, 
new  phenomena  may  be  revealed  which  are 
not  present  in  the  linear  results.  We 
shall  look  at  examples  of  each  of  these 
cases  and  attempt  to  relate  them  to  the 
capsizing  problem. 

In  studying  the  large  amplitude 
rolling  motion  of  sliipa  in  beam  seas, 
the  method  of  equivalent  linearization 
has  been  utilized  by  several  investi- 
gators, e.g.  Vassilopoulos  (1971)  and 
St.  Denis  (1967).  Equivalent  lineari- 
zation is  a method  which  is  generally 
suitable  for  describing  a dynamic 
system  in  which  large  deviations  from 
linear  behavior  are  not  anticipated, 

(weak  nonlinearity) . A reasonable 
approximation  to  the  exact  behavior  of 
the  real  system, therefore , is  given  by 
an  equivalent  linear  system  having 
linear  coefficients  appropriately 
selected.  The  principal  shortoomaing 
to  the  method,  in  common  with  roost 
approximation  methods,  is  that  the  limits 
of  applicability  or  degree  of  approxi- 
mation are  difficult  to  estimate. 

In  applying  equivalent  linerization, 
ore  selects  coefficients  of  the  equation 
of  motion  such  that  their  effect  on  the 
behavior  of  the  system  is  equivalent  in 
some  way  to  the  exact  system.  Consider 
the  simple  uncoupled  single  degree  of 
freedom  ro1 1 motion  described  by 

I (II-l) 

where  3 and  R are  the  damping  and 
restoring  moments  respectively.  Let  us 
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further  restrict  the  problem  by 
assuming  sinusoidal  excitation  and  a 
damping  moment  which  varies  quadrati- 
cally  with  roll  velocity 

(II-2) 

The  equivalent  linear  damping  coeffi- 
cient, Cr,  for  this  case  has  been 
derived  By  Blagoveshchensky  and  is 


/fl/ir’  OlC  ir-r  c\ 

f q (XI-6) 

Thus  it  is  seen  that  the  evaluation  of 
(II-5)  leads  to  an  equivalent  linear 
force  coefficient  for  random  motion 
which,  as  in  the  case  of  sinusoidal 
motion,  is  a function  of  the  motion 
amplitude  itself,  in  this  case,  tlie 

RMS  value  of  the  motion. 


C 


(II-3) 


where  (Ji*  is  the  amplitude,  and  lo  the 
frequency  of  the  rolling  motion.  This 
expression  is  obtained  by  requiring 
that  the  linear  damping  results  in  the 
same  dissipation  of  energy  per  cycle 
of  motion  as  the  quadratic  resisting 
moment. 


In  the  case  of  random  seas , the 
concept  of  energy  in  ter  change  "per 
cycle"  is  not  meaningful  since  the 
motion  is  no  longer  periodic.  Rather, 
One  must  deal  with  time  averages,  but 
the  concept  of  equivalent  energy  inter- 
change still  applies.  Both  St.  Denis 
and  Vassilopoulos  estimated  equivalent 
linear  coefficients  for  roll  motion  in 
random  beam  seas  by  the  following 
procedure.  Assume  that  the  actual  force 
(moment)  which  is  a function  of  motion 
variable  X.,  is  given  by  l'.(X.).  This 

is  to  be  approximated  by  an  equivalent 
force  consisting  of  a linear  tarm  in 
the  appropriate  motion  variable  plus 
an  error  term,  E 


F . (X  J^C.X 
z J i J 


(II-4) 


We  shall  require  that  C,  be  selected 
such  that  the  time  averiige  of  the  mean 
square  of  the  error  term,  E,will  be  a 
minimum. 


(II-5) 


For  the  case  of  quadratic  damping 
this  leads  to  the  following  expression 


Applying  the  same  reasoning  to  a 
nonlinear  restoring  moment,  let  us 
represent  the  righting  moment  curve  by  a 
fifth-order,  odd  polynomial  in  the  roll 
angle  i)i, 

Designeting  the  equivalent  linear 
restoring  moment  by  an  error  t-rm  plus 
Cg(^,  and  again  assuming  the  r.-ll  motion 

to  be  a ieio  mean  Gaussian  process 
having  RMS  amplitude  given  by 

minimization  of  the  error  term,  equation 
(II-5)  leads  to 


UI-3) 

*3C  oVlSC  o* 

El  j 5 ♦ 

By  introducing  equivalent  linear  forces 
and  moments  for  the  "exact"  nonlinear 
terms,  we  see  that  we  have  obtained  a 
linear  system  in  which  these  forces 
depend  on  the  mean  amplitude  of  the 
motion.  The  solution,  for  a given 
amplitude  of  the  excitation,  must  there- 
fore be  obtained  by  iteration.  That  is, 
one  begins  with  an  estimate  of  a^,  and 

computes  the  moment  coefficients  by 
(11-6)  and  (II-8) . These  are  then 
inserted  into  the  roll  equation  of 
motion.  The  solution  for  roll  amplitude 
is  then  obtained  and  its  RMS  value 
compared  with  the  assumed  c^.  Convergence 

is  usually  quite  rapid. 

Now  consider  the  nature  of  the 
coefficients  appearing  in  (II-8)  for  a 
typical  ship.  Referring  to  Figure  2 it 
IS  noted  that  will  normally  be 
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positive  and  is,  in  fact,  the  product  of 
the  metacentric  height  and  displacement, 

C w.^  11  bo  positive  corresponding  to  the 

concave  upward  nature  of  the  initial 
part  of  the  curve,  and  is  negative 

corresponding  to  tlie  reversal  of  the 
curvature  beyond  approximately  30^. 

Thus,  it  is  seen  that  if  the  RMS  roll  is 
in  the  medium  range,  the  equivalent 
linear  coefficient  will  be  greater  than 
the  small  angle  linear  value  (stiff 
restoring  spring)  and  the  ship  will 
' ”’e  maximum  roll  response  to  wave 
component  frequencies  higner  than  the 
small  angle  natural  frequency.  For 
large  average  roll  amplitude  however, 

C predominates  resulting  in  a soft 

equivalent  effective  spring  constant, 
and  the  maximum  response  is  to 
frequencies  lower  than  the  small  angle 
natural  frequency. 

This,  qualitatively,  describes 
a situation  in  which  the  consideration 
of  certain  nonlinear  forces  in  the 
equations  of  motion  has  the  effect  of 
iiKulifyiiig  the  results  UiaL  migikt  have 
been  obtained  by  a linear  analysis,  but 
without  introducing  any  radical  changes 
in  the  behavior. 

Let  us  now  consider  another  )(ind 
of  nonlinear  term  which  may  be  included 
in  the  roll  equation  of  motion.  Recall 
that  the  higher  order  damping  and 
restoring  terms  in  (II-2)  and  (II-7)  may 
be  considered  as  higher  order  derivatives 
in  a Taylor  Series  expansion  of  the 
perturbation  force  about  a mean  state  of 
motion  of  the  ship.  In  such  an 
expansion,  there  will  be  higher  order 
mixed  derivatives  as  well,  exemplified 
by  a roll  restoring  moment  term  or  the 
following  form 

(II-5) 

This  may  be  thought  of  as  expressing  the 
change  in  the  linear  restoring  moment 
coefficier  , C , with  changes  in  the 
heave  position'of  the  ship  designated  by 
y.  The  method  of  calculating  as 

well  as  details  of  the  analysis  whose 
results  are  given  here,  are  found  in  a 
paper  by  Paulling  and  Rosenberg  (1959) . 
Including  just  this  nonlinear  term,  the 
roll  equation  of  motion  (II-l;  becomes 

I (^y^K  (t)  (ll^lO) 

i 1 9y  « 


Let  vis  now  assume  that  the  ship  is 
proceeding  in  regular  head  or  following 
seas  so  that,  by  symmetry,  the  roll 
excitation,  is  zero.  In  this 

case,  the  heave  motion  is  sinusoidal 
and  is  given  by  y aoa  mt.  Equation 

O 

(11-10)  then  becomes 

^coa  (II-ll) 

For  the  t:me  being,  ignore  the  damping, 
(7..  The  resulting  equation  is  known  as 

h 

Mathieu's  equation  and  has  solutions 
expressible  in  the  form  of  special 
functions.  It  should  be  noted  that  this 
is  a linear  differential  equation  in  iji . 
The  unique  feature  of  the  equation  is 
the  presence  of  a time-dependent 
coefficient  of  the  roll  motion  variable 
'i'. 

The  solutions  to  Mathieu's  equation 
have  a property  of  considerable 
importance  in  ship  rolling  problems  in 
that  for  certain  values  of  the  freqiency, 
u,  the  solution  is  unstable.  Physically, 
this  implies  that  if  the  roll  motion 
described  by  (II-ll)  is  taking  place  in 
an  unstable  region,  the  amplitude  will 
grow  until  limited  by  a physical 
constraint  not  included  in  this 
equation.  The  unstable  frequency  may 
be  found  as  follows. 

Introducing  the  change  of  variable 
T ■"(<!*  , equation  (II-ll)  (with 

neglected)  may  be  rewritten 

^ +('6  + e<jOBT;(ti”0  (11-12) 

where 


ff-r- 


U)  •■/c  '/l  “ natural  frequency  in  roll. 

Yi  * JC 


Figure  3 is  a graph  of  e versus  6 for 
the  Mathieu  equation  in  which  regions 
corresponding  to  stevble  solutions  have 
been  shaded.  It  is  seen  that  for  small 
values  of  e , corresponding  to  small 
heave  motion,  y,,we  have  unstable 
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solutions  of  Mathleu's  equation  and 
therefore,  unstable  rolling  motion 
occurring  for 

S~l/4,  4/4,  9/4,...  -(n/S}^in-l,2,3... 

Since  6 is  the  square  of  the  ratio  of 
the  natural  frequency  to  exciting 
frequency,  this  means  that  unstable  roll 
occurs  when  this  frequency  ratio  takes 
on  half-integer  values.  The  lowest  and 
widest  unstable  region  occurs  at  an 
exciting  frequency  of  one-half  the 
natural  frequency.  Thus  unstable  roll 
will  be  excited  if  the  ship  encounters 
head  or  following  seas  with  a frequency 
of  encounter  equal  to  one-half  the 
natural  frequency  of  roll.  For  usual 
ship-wave  proportions  of  interest,  this 
occurs  only  in  following  seas.  Note 
also  that  the  Instability  may  occur  at 
an  encounter  frequency  equal  to  the 
natural  frequency  of  roll,  3/2  times 
the  natural  frequency  and  so  on.  The 
width  of  the  unstable  region  for  these 
higher  frequencies  is  lass  however  than 
that  at  the  lowest  frequency  with  the 
practical  result  that  for  unstable 
motion  to  be  excited  at  the  higher 
frequency,  the  amplitude  of  the  variable 
term,  e,  and  tlierefore  must  be 
greater.  For  practical  purposes,  only 
the  two  lo»er  frequencies  have  any 
significance . 

The  existence  of  this  para- 
metrically induced  unstable  motion  has 
been  investigated  theoretically  and 
experimentally  by  Grim  (1952),  Keivin 
(1955)  , and  Paulling  and  Rosenberg  (1959). 
The  former  two  utilised  a ship  model 
equipped  with  a pair  of  weights  which 
rotated  at  constant  angular  velocity  in 
the  vertical  plane.  In  this  way,  the 
vertical  position  of  the  center  of  gravity, 
thus  the  metacentric  height  was  forced 
to  vary  sinusoidally.  The  latter 
performed  a constrained  model  experiment 
in  which  the  ship  model  was  mechanically 
forced  to  oscillate  vertically  iii 
heave  but  with  mechanical  attachment  to 
the  oscillating  mechanism  which  allowed 
freedom  in  roll.  Thus  the  condition  of 
sinusoidal  heave  was  Induced  artificially 
in  calm  writer.  In  both  types  of 
experiments,  an  unstable  rolling  motion 
was  found  to  be  set  up  at  f:.equencies 
predicted  by  the  Mathieu  instability 
chart.  Grim  showed  that  the  motion 
would  ultimately  reach  a steady  state 
value  determined  by  nonlinear  damping. 
Kerwin,  in  addition  to  his  experiments, 
carried  out  a numerical  Integration  of 
the  equation  of  roll  motion.  Ho  con- 
cluded from  this  solution  that  the 


transient  behavior  in  the  region  of 
instability  was  quite  sluggish  and  that 
a large  number  of  oscillations  would  be 
experienced  before  the  amplitude  of  roll, 
starting  from  ..  small  arbitrary  distur- 
bance, would  grow  to  appreciable  magni- 
tude. This  conclusion  is  not  in  accord 
with  obseivatlons  of  the  model  behavior 
during  some  of  the  experiments  which 
form  the  subject  of  later  parts  of  the 
present  paper  and  we  shall  return  to 
this  point. 

The  above  discussions  has  described 
the  phenomenon  of  parametrically  Induced 
unstable  roll  motion.  The  excitation 
consists  of  the  periodic  variations  in 
static  trana^'^rse  stability  which  result 
from  the  variation  in  geometry  of  the 
immersed  hull  during  periodic  heave 
oscillation  of  the  ship.  When  the  ship 
moves  through  head  or  following  seas, 
the  immersed  geometry  varlatior..s  result 
from  the  changing  water  profile  along 
the  ship  or  wave  surface,  as  well  as 
from  the  ship  motion.  The  relationship 
between  transverse  stability  and  the 
wave  proportions  in  following  seas  has 
bean  invest.lgated  by  Paulling  (1961)  . 

It  is  shown  thftt  significant  variations 
in  the  righting  arm  curve  are  caused  by 
the  changes  in  the  immersed  geometry 
as  the  ship  is  overtaken  by  successive 
crests  and  troughs  in  following  or  head 
seas.  In  general,  for  waves  of  length 
nearly  equal  to  the  ship  length,  the 
ordinates  of  the  righting  arm  curve  are 
increased  if  a wave  trough  is  near 
amidships  and  decreased  when  a crest  is 
near  amidships.  The  effect  Is  more 
pronounced  in  steep  waves  and  for  ships 
of  low  freeboard.  Typical  curves  of 
righting  at  .s  for  these  two  conditions, 
crest  amidships,  ana  trough  Uiildshlps 
are  shovn  in  Figure  2 . 

If  the  ship  is  moving  through  a 
following  sea,  it  is,  therefore, 
apparent  that  the  ship  will  experience 
periodic  variations  in  its  transverse 
stability,  and  these  variations  will 
affect  the  roll  motion  of  the  ship. 
Althuuah  the  preceedlng  discussion  was 
concerned  with  regular  waves,  a somewhat 
similar  phenomenon  but  perhaps  of  a 
transient  nature  might  be  expected  if 
the  ship  encounters  a wave  group  having 
sufficient  regularity  and  steepness. 

Such  behavior  has,  in  fact,  been 
observed  during  some  experiments  to  be 
described  in  the  next  section  and  the 
nature  of  this  observed  motion  suggests 
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that  the  wave  induced  stability  changes 
and  resulting  parametrically  induced 
roll  play  an  important  role  in  extreme 
motions  and  capsizing. 

The  examples  just  described 
illustrate  the  point  that  contemporary 
linear  and  nonlinear  ship  motion  theory 
can  reveal  many  features  of  ship 
behavior  of  interest  to  a study  of 
capsizing,  but  it  falls  short  of 
describing  all  aspects  of  the  problem. 
This  suggests  that  experiments,  con- 
ducted in  conditions  which  are  as 
realistic  as  possible,  offer  the  best 
possibility  for  an  initial  study  of 
capsizing,  "he  primary  objective  will 
be  to  gain  insight  and  uuderstauding  of 
the  basic  phenomena,  A second  purpose 
will  be  to  gather  some  data  upon  which 
to  base  conclusions  and  to  be  used  as 
calibration  for  a possible  later 
theoretical  study. 

As  noted  in  the  Introduction, 
experiments  utilizing  radio-controlled 
free  running  ship  models  have  been 
conducted  several  times  in  the  past  to 
study  aspects  of  ship  behavior  and 
control  for  which  adequate  theory  is 
lacking  or  for  which  conventional  towing 
tanks  are  inadequate.  In  order  to 
conduct  free  running  experiments,  one 
requires,  in  addition  to  a suitable 
test  site,  certain  hardware  items. 

These  include  the  teat  model 
itself,  complete  with  radio  controls, 
scaled  autopilot  steering  systems,  self- 
contained  propulsion  and  monitoring 
instrumentation  to  record  tlie  pertinent 
motion  variables,  apparatus  for  record- 
ing the  wave  conditions  in  the  test 
area,  and  some  kind  of  floating  platform 
from  which  to  conduct  the  experiment. 
Such  experiments  performed  in  San 
Francisco  Bay  during  the  past  three 
years  are  described  in  the  following 
section. 

III.  THE  EXPERIMF.NTS 

Test  Site  and  Sea  Spectra  Heasuremenrs 
and  Analysis 

San  Francisco  Bay  ori.-rs  a unique 
combination  of  wind,  sea,  and  topog- 
raphy that  makes  it  well  suited  for 
model  experiments  that  cx)uld  not  be 
conducted  in  a laboratory.  The  test 
area  is  a region  of  gradually  shoalling 
water  with  an  average  depth  of  from 
eight  to  twelve  feet  and  a mud  bottom. 


Tidal  currents  are  generally  under  one 
knot  and  the  test  area  is  out..ide  of  the 
regular  commercial  traffic  lanes. 

During  the  sununer  months,  the 
overall  wind  pattern  is  jxtremely 
stable  and  repeats  itself  day  after  day. 
The  hot  air  rising  in  the  central  valley 
dx'aws  the  cooler  ocean  air  through  the 
Golden  Gate.  The  test  site  is  located 
down  wind  and  slightly  off  to  one  side. 
The  fetch  is  between  three  and  six 
nautical  miles  in  the  form  of  a diver- 
ging funnel,  two  miles  wide  at  the  Gate 
and  over  four  just  before  the  test  area. 
The  overall  geometry  of  the  area  is 
shown  in  Figure  4.  On  a typical  test 
day,  the  vfinds  would  be  light  in  the 
early  morning  and  build  gradually  to 
about  fifteen  knots,  depending  on 
location,  by  mid  afternoon.  The  waves 
are  a typical  "wind  sea" . Ocean  swell 
is  rarely  noticeable  in  the  Bay  and  if 
of  no  consequence  in  the  test  area. 

The  waves  were  measured  using  an 
array  of  step  type  wave  gages.  Three 
of  the  gages  were  mounted  on  arms 
extending  from  a wave  buoy  and  the 
fourth  gage  was  located  at  the  center. 

The  wa/e  buoy  is  of  the  tension  leg 
variety,  each  interconnected  columii 
being  held  down  with  its  own  anchor  line. 
The  buoy  is  very  stable  and  has  virtually 
no  motion  in  heave  and  probably  less 
than  ten  degrees  in  yaw  in  extreme 
conditions.  Since  the  support  vessel 
supplied  electrical  power  and  carried 
the  tape  recorder,  it  was  necessary  to 
anchor  and  connect  with  the  buoy  via  a 
long  electrical  cable  on  the  bottom. 

The  wave  measurements  were  monitored 
with  a strip  chart  recorder  and  the 
observed  wind  and  sea  conditions 
recorded.  The  analog  records  were 
later  digitized  at  0.2  second  intervals. 
The  spectral  analysis  was  conducted 
using  a fast  Fourier  analysis  technique 
with  2048  points  and  a 0.4  second  time 
interval.  Smoothing  was  done  by  block 
averaging  over  eight  or  sixteen  frequen- 
cies . 

The  waves  were  recorded  for  fifteen 
minutes  approximately  every  hour  and 
one  half  or  when  there  was  a significant 
change  in  conditions.  Figure  5 shows  the 
four  spectra  measured  on  17  SEP  1973. 

The  growth  of  the  spectrum  appears  to 
follow  tlie  general  description  of  a 
fetch  limited  sea  as  reported  by  JONSWAP, 
the  Joint  North  Sea  Wave  Project 
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[Hasselmann,  et  ^ (1973)].  A para- 
meterized one -dimensional  spectrum  was 
used  to  fit  that  data.  The  spectrum 
was  given  as  the  product  of  a Pierson- 
Moskowitz  (1964)  type  spectrum  with 
parameters  a and  : 

S™r/;=a^^2TTr  [-1. 

(III-l) 

and  a “peak  enhancement"  factor: 

Y exp  l-(f  - (III-2) 


where 


for  f < / 
for  f > f 


width  of  the 
spectral  peak 


= frequency  of  the  peak 


Typical  values  of  the  constants  can  be 
estimated  from  the  non-dimensional  fetch 

X = xg/U^g^ 

where  x is  fetch  and  U is  the  wind 
velocity  at  ten  meters,  using 

3.S  X a=^0.0?8  x~ 

(III-3) 

the  (JONSWAP)  estimates  of  y,  o^,  and 
showed  much  scatter  but  were  assumed 

to  be  approximately  3.3,  0.07,  and  0.05, 
respectively.  The  fetch  derived  from 
Equation  (III-3) , given  the  spectral 
peak  and  the  measured  wind  velocity 

U ^ U /I. 11,  ranged  from  approximately 

5 10 

one  nautical  miles  at  low  wind  speeds 
to  about  seven  nautical  miles  at  the 
higher  wind  speeds.  The  scatter  in  the 
present  data  is  due  in  part  to  in- 
accuracies in  wind  speed  measurements 
since  these  were  not  taken  over  the  full 
fifteen  minute  wave  recording  period. 
However,  the  derived  fetch  appears  to 
corre''ate  with  the  direction  of  the 
current  in  the  generating  area  The 
peak  ratio  y , unlike  JONSWAP,  varied 
smoothly  from  approximately  3.3  for  low 
spectra  to  0.98  for  the  highest.  The 
fit  of  the  parameterized  model  with  the 
experimental  spectrum  is  also  shown  in 
Figure  5.  The  parameterized  model  was 


computed  using  the  observed  peak 
frequency  and  amplitude  ^OBS.j,  ^ 

and  appears  to  agree  reasonably  well. 

It  may  be  possible  to  use  such  models 
as  aids  in  interpolating  for  .spectra 
at  times  other  than  those  measured. 

On  one  occasion,  ten  wave  recordings 
were  made  during  a four  hour  period  in 
order  to  investigate  wave  stationarity . 
Consecutive  records  yield  similar 
spectra  with  amplitude  and  directional 
properties  that  correlate  very  well  with 
the  observed  values . Furthermore , the 
changes  appeared  to  be  smooth  functions 
of  time.  If  there  were  no  unusual 
changes  in  the  observed  wind  and  wave 
characteristics,  it  is  therefore 
pi'obably  reasonable  to  interpolate 
between  consecutive  measurements  for  an 
estimate  of  intermediate  sea  conditions. 

At  a scale  ratio  of  X--*3P,  the  two 
largest  spectra  of  Figure  7 correspond 
to  Pierson -Moskowitz  spectra  with  RMS 
wave  heights  of  16  ft  and  22.25  ft 
respectively  (based  on  the  peak  spectral 
ordinate) . The  miss-match  in  frequency 
is  of  little  concern  since  the  actuai 
experimental  spectra  are  to  be  used  in 
analyzing  the  results. 


All  of  the  spectra  peaked  at 
/ = 0.S8  Hz  or  above  with  one  exception 
which  peaks  at  approximately  0.32  Hz, 

The  large  spectrum  on  that  day  is  the 
only  one  with  any  energy  at  / * O.S  Hz, 
which  corresponds  to  a deep  water  wave- 
length of  56.9  feet.  Even  at  this 
frequency  there  is  only  a nine  percent 
decrease  in  the  wavelength  due  to  shallow 
water.  Since  this  is  still  3. 1 times 
longer  than  the  models  being  tested, 
the  effect  of  the  shallow  water  is  not 
considered  to  be  significant. 

Some  spectra  exhibited  a small 
spike  below  / = 0.03  Hz  peaking  at 
zero  frequency.  These  correlate  well 
with  rapid  changes  in  the  tide  at  the 
time  of  recording. 

The  major  reason  for  experimenting 
in  the  open  water  of  San  Francisco  Bay 
was  the  desire  to  investigate  ship 
capsizing  in  more  or  less  "reasonable 
extreme"  sea  conditions.  This  of 
course  implies  the  possibility  that  the 
sea  spectrum  could  be  multi-directional. 
A measure  of  the  directionality  was 
considered  vital  for  the  interpretation 
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of  the  resulting  motions  so  a number  of 
analysis  techniques  were  evaluated. 

The  first  method  involved  computing  the 
first  few  terms  of  a Fourier  series 
expansion  of  the  directional  spreading 
function  at  each  frequency  [Oakley 
(1973)].  This  method  has  not  proven  to 
ba  well  suited  to  the  analysis  of  a 
small  number  of  gages.  Spurious  peaks 
and  negative  spectral  estimates  are 
frequent  problems.  The  peak  direction 
can  be  accurately  computed  but  not  the 
amount  of  spreading.  Knowing  the  peak 

direction,  6 a aos^(Q  - Q ) spreading 
0 0 

function  could  be  assumed.  The  current 
literature  on  the  subject  of  directional 
spreading  advocates  a cosine  squared 
spreading  function  within  the  generating 
area.  A narrower  spreading  relation  is 
more  appropriate  the  farther  one  moves 
from  the  region  of  wave  generation. 

The  test  area  appears  to  be  within  the 
wind  wave  generating  region  so  a 
moderately  broad  spreading  function 
should  be  applicable.  However,  this 
does  not  appear  to  be  the  case  from 
observations.  The  waves  appear  to  be 
quite  unidirectional  and  relatively 
narrow  band  in  character.  Another 
analysis  technique  investigated  was  the 
maximum  likelihood  filter  developed  by 
Capon  (1969).  This  procedure  requires 
only  the  inverse  of  the  cross-spectral 
matrix  and  is  therefore  rather  simple 
to  use.  The  f requency-wavemaker 
spectrum  estimate  is  given  by 

K . 

S(k,f)=  T.  [Q.j(f)exp(-ik-X.jJ] 

0,1=1  ' 

where 

IQ-j(f)]  = the  inverse  of  the  cross 
spectral  matrix  with 
elements  corresponding  to 
the  gage  pair  j-t, 

k = wave  number  (directional) 

X = distance  between  gage  pair 

0-1  in  an  array  of  K gages. 

This  method  offers  significantly 
improved  resolution  over  the  Fourier 
series  method  and  yields  positive 
definit  , spectral  estimates.  Cross 
plots  of  the  directional  spectrum 
S(d,f)  sequence  number  (3)  , at  selected 
frequencies  a a shown  in  Figure  6.  The 
directions  shr wn  are  relative  to  the 
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buoy . The  peak  direction  and  relative 
narrowness  agree  very  well  with  obser- 
vation. The  narrowest  peak  corresponds 
to  a cosine  spreading  function  raised 
to  the  6.8  power.  Resolution  appears 
to  be  acceptable  for  wave  lengths  up 
to  an  order  of  magnitude  longer  than 
the  average  distance  between  gage  pairs. 
Resolution  is  not  unlimited,  however, 
with  four  gages.  The  filter  is  only 
able  to  resolve  a pair  of  sine  waves 
unambiguously  if  they  are  separated  by 
at  least  15  or  more  degrees  in  azimuth. 
Since  the  spectral  estimate  is  given 
by  the  inverse  of  a trigonometric  series, 
there  is  a tendency  to  spread  energy 
into  all  directions.  The  amount  of 
spreading  increases  with  a decrease  in 
frequency  or  the  number  of  gages. 
Spreading  also  increases  with  the 
amplitude  of  the  peak  of  the  distri- 
bution with  such  a small  array.  Care 
must  therefore  be  taken  in  applying  the 
results.  Small  amounts  of  spurious 
energy,  relative  to  the  peak,  going  in 
the  wrong  direction  may  show  up  in  the 
prediction  of  ship  accelerations,  for 
example. 

Improved  resolution  is  possible 
using  a linear  programming  approach 
[Oakley  (1973)1.  This  technique 
attempts  to  minimize  the  largest 
deviation  between  the  measured  cross 
spectrum  and  a parameterized  estimate. 
The  method  is  capable  of  ach, eving  a 
very  high  degree  of  resolution,  even 
for  a limited  number  of  gages,  by 
looking  only  at  those  directions 
containing  energy.  If  pushed  too  far, 
however,  the  directional  distribution 
estimate  begins  to  resemble  a distri- 
bution of  spikes  even  if  the  actual 
distribution  is  smooth.  Some  care  in 
interpreting  the  results  is  therefore  in 
order.  If  the  spectrum  is  known  to  be 
"smooth" , a smoother  parameterization 
than  the  tent  functions  used  in  Oakley 
(1973)  should  be  considered.  The 
linear  programming  technique  was  used 
to  check  the  results  using  Capon's 
analysis.  The  results  support  the 
previous  observation  that  the  direc- 
tional distributions  tend  to  be  very 
narrow,  especially  for  the  higher 
seastates  and  lower  frequencies. 


Model  Experiments 

The  experiments  were  conducted 
using  two  models  of  the  same  length. 

The  first  was  a medium  speed,  full  form 
hull  (X-  30  Amerioan  Challenger  class) 
of  wood  construction  (Haddara,  et  al, 

1971) . The  second  model  represented  a 
high  speed,  narrower  hull  form  (X^SS, 
Sealand-7  Container  Class).  (Chou,  et 
ai  1973) . The  latter  was  most  fully 
instrumented  and  will  be  described 
below,  but  comparisons  will  be  made  on 
the  basis  of  a X =30  scale  ratio. 

The  second  model  is  a fiberglass 
reinforced  epoxy  sandwich  construction 
with  a balsa  core.  Large  hatches  with 
0-ring  seals  were  provided  for  easy 
access  and  proved  to  be  completely 
watertight.  Table  I lists  the 
particulars  of  the  model.  The  model  is 
self-propelled,  using  a 24  volt  DC  PM 
field  motor,  and  radio  controlled.  The 
rechargeable  battery  circuitry  is 
divided  to  provide  power  to  the  instru- 
ments and  propulsion  separately.  Four 
batteries  are  also  used  as  moving 

TABLE  1 


The  autopilot  system  was  designed  to 
simulate  a typical  full  scale  system 
with  a dead  zone  circuit.  The  error 
signal  is  the  sum  of  the  scaled  yaw 
and  yaw  rate  signals. 

The  righting  arm  curves  for  the 
model  in  calm  water  and  in  waves  are 
given  in  Figure  (2a, b) . 

After  recording  the  waves,  the 
wave  buoy  cable  was  disconnected  and 
left  with  the  anchored  dingy.  The 
model  was  then  launched  such  that  the 
wave  buoy  would  be  passed  close  aboard 
at  approximately  half  way  through  the 
run.  The  compass  heading  of  the  model 
was  recorded  but  the  heading  charac- 
terizations, i.e.,  following, quartering, 
or  beam,  were  selected  strictly  by  eye. 
During  the  course  of  the  run  the  model 
would  occasionally  deviate  from  the 
desired  heading  due  to  initial  heading 
errors  during  uncaging,  drift  of  the 
yaw  gyro  (small) , or  a change  in  the 
observed  principal  direction  of  the 


CHARACTERISTIC  OF  THE  1973  SL-7  MODEL 


CONDITION 


LIGHT 


HEAVY 


Length  Overall 

Length  Between  Perpendiculars 

Beam 

Depth 

Draft 

Displacement 
Block  Coeff. 

Midship  Section  Coeff. 

^ter  Plane  Coeff. 

KM 

5'CH(Six  Steps) 

5JT  Position  2 
GR  Position  4 
GM  Position  6 
Speed  Setting  1 
Speed  Setting  2 
Speed  Setting  3 


17.12  ft 
16.36  ft 
23.125  in. 
13.375  in. 
7.000  in. 
630  lb 
.535 
.940 
.669 

9.827  in . 
0.113  in. 


0.102  in. 
0.328  in. 
0.554  in. 
4.65  fps 
6 . 00  fps 
7.45  fps 


( . 4 4 %B ) 

(1.  ■> 

( ; 

(0  . i.,uFn) 

(0.240Fn) 

(0.298Fn) 


8.49  in. 

814  lb 
.570 
.950 
.719 

9.796  in. 

0.091  in. 

0.090  in.  ( .39%B) 

0.272  in,  (1.18%B) 

0.453  in.  (1.97%B) 
4.53  fps  (.181Fn) 

6.10  fps  (.244Fn) 

7.58  fps  (.303Fn) 


ballast  for  GM  changes. 

A tape  recorder  is  available  to 
record  seven  channels  of  data  selected 
from  the  following: 

a. )  pitch,  roll,  yaw,  and  yaw  rate 

angles  (gyros) 

b. )  heave,  sway  & surge  accelerations 

(located  as  near  to  the  CG  as 
possible) 

c. )  motor  RPM,  relative  water  speed, 

and  rudder  angle. 


seas.  Course  corrections  were  radioed 
to  the  model  in  the  form  of  two  degree 
steps  in  the  yaw  gyro  heading  angle. 

If  the  model  was  able  to  maintain 
course,  the  realtive  heading  was  held 
substantially  constant.  Since  the  sea 
conditions  were  often  extreme,  the  model 
would  occasionally  experience  a broach 
or  a series  of  large  yaw  forces  and  be 
thrown  off  course  into  a large  quarter- 
ing or  even  beam  sea  heading.  At  high 
speeds  there  was  sufficient  directional 
control  for  the  rudder  (generally  hard 
over)  to  bring  the  model  slowly  back  on 
course  as  soon  as  the  large  group  of 
waves  had  passed.  At  the  lowest  Froude 
number  and  largest  seas,  the  model  on  a 
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number  of  occasions  was  unable  to  re- 
cover for  long  periods  and  wallowed 
in  beam  seas  until  a long  lull  arrived- 
The  spectral  analysis  of  these  runs 
generally  show  very  large  values  at  low 
frequencies  in  the  yaw  and  rudder 
angles. 

If  capsize  occurred  before  the  end 
of  a fifteen  minute  run,  the  model  was 
recovered,  the  yaw  gyro  re-caged,  and 
the  procedure  repeated  until  there  was 
a noticeable  change  in  sea  conditions 
or  approximately  one  hour  had  elapsed 
since  the  last  wave  measurements. 
Launching  and  recovery  in  high  seas 
was  a tricky  operation  requiring  both 
skill  and  time.  Two  long  runs  or  three 
to  four  short  runs  were  generally  all 
that  could  be  done  between  wave 
measurements.  Nevertheless,  a substan- 
tial number  of  experiments  were  con- 
ducted in  a variety  of  sea  conditions, 
speeds,  GM's,  and  headings. 

At  the  completion  of  the  day's  test- 
ing the  onboard  model  tape  recorder  was 
removed  and  the  analog  signal  inspected 
on  a strip  chart  recorder.  The  data 
were  digitized  each  week  and  the  results 
preserved  in  both  analog  and  digital 
fom\. 

Many  runs  were  too  sb.ort  to  make 
either  a statistical  or  spectral 
analysis  meaningful.  Only  runs  over 
seven  minutes  fya.ve  been  selected  for 
statistical  analysis,  the  majority  being 
over  ten  minutes.  Many  of  these  involve 
rather  violent  motions,  especially  in 
roll,  yaw,  and  rudder  deflections. 

These  are  necessary  conditions  for  a 
capsize  to  be  likely,  but  this  makes 
a comparison  with  a linear  theory 
analysis  rather  difficult. 

The  mean  relative  speed  between  the 
model  and  water  was  measured  on  numerous 
runs  using  a paddle  wheel  type  speedo- 
meter. Figure  7 is  a plot  of  the 
mean  speed  versus  significant  wave 
height  (interpolated  to  the  time  of  the 
run)  for  the  various  headings.  The 
measured  speed  is  seen  to  decrease  with 
increasing  significant  wave  height,  even 
in  following  seas.  If  there  were  signi- 
ficant surge  motions,  the  speedometer 
would  be  expected  to  read  a lower  value 
due  to  the  decrease  relative  velocity 


program  using  both  the  calm  water  speeds 
and  the  lower  speeds  . eported  by  the 
speedometer.  Due  to  the  nature  of  the 
folding  of  the  motion  spectra  for  con- 
version to  the  encounter  domai.T , the 
frequency  distribution  is  quii.e  sensitive 
to  speed  changes.  Good  frequency  agreement 
was  found  for  speeds  close  to  the  speedo- 
meter readings,  rather  than  the  calm 
water  values.  This  would  suggest  that 
the  velocity  did  indeed  decrease  and 
that  in  the  main  surging  was  not  too 
significant.  This  agrees  with  the 
observations  made  in  the  Bay.  An  esti- 
mate of  surging  is  possible  by  using  the 
surge  accelerometer  data  taken  on  about 
a third  of  the  runs.  The  RMS  surge 
motion  and  RMS  surge  velocity  was 
obtained  by  integrating  the  acceleration 
spectrum.  Typical  motion  amplitudes 
were  less  than  0.5  feet  and  speed 
deviation  less  than  eight  percent  about 
the  mean  in  the  larger  seastates. 

The  principal  cause  of  the  speed 
decrease  is  presumably  due  to  the  large 
rudder  deflections  required  to  keep  the 
model  on  course  in  the  following  and 
quartering  seas.  A plot  of  t)ie  RMS 
rudder  deflections  versus  significant 
wave  height,  speed,  and  headings  showed 
a large  amount  of  scatter.  This  points 
to  the  need  for  some  further  experiments 
expressly  to  evaluate  the  speed  decre- 
ment due  to  rudder  motions. 

Motor  RPM  was  not  recorded  due  to 
channel  limitations.  It  was  checked, 
however,  and  found  to  be  sufficiently 
constant . 

The  heave  and  sway  accelerometers 
[+1.0g)  were  adjusted  to  have  gains  of 
approximately  two-thirds  of  a g.  Sub- 
sequent analysis  suggests  inadequate 
resolution  may  be  a problem  in  the  low 
seastates  where  the  accelerations  are 
only  a small  percentage  of  full  scale 
readings.  The  surge  accelerometer 
(+0.Ss')  had  a higher  gain  factor  and  is 
believed  to  have  worked  well. 

Pitch  and  roll  angle  measurements 
appear  to  be  accurate.  Since  full  scale 
yaw  range  needs  to  be  large,  it  should 
be  remembered  that  very  small  yaw  motions 
are  only  a small  percentage  of  the 
calibration  figure. 


or  quartering  seas,  and  these,  as  was 
pointed  out  in  an  earlier  section,  are 
the  headings  of  ship  relative  to  waves 
in  which  the  stability  is  most  strongly 
affected  by  the  waves.  By  observing 
the  capsizes  and  the  motion  picture 
records  of  them,  it  became  clear  th.it  the 
attenuation  of  stability  by  the  waves 
played  a very  important  role  in  nearly 
all  capsizes.  Further,  it  was  possible 
to  distinguish  three  distinct  modes  of 
capsizing  which  may  be  described  as 
follows. 

Mode  1:  Low  Cycle  Resonance.  This 
refers  to  an  oscillatory  rolling  motion 
which  builds  up  rapidly,  i.e.,  in  two 
to  five  cycles,  to  a very  large  amplitude, 
culminating  in  a capsize. 

The  phenomenon  appears  to  occur  in 
approximately  the  following  sequence. 

The  model,  while  operating  in  following 
or  quartering  seas,  encounters  a group 
of  especially  steep  and  regular  waves. 
When  the  crest  of  a wave  is  about  amid- 
ships, the  stability  of  the  model  is 
greatly  reduced  and  it  takes  a large 
roll.  This  wave  moves  on  past  the 
model  and  a trough  comas  into  the  amid- 
ships position  while  the  model  is  heeled 
over, resulting  in  sharply  increased 
stability.  This  causes  the  model  to 
"snap"  back  upright,  acquiring  a high 
roll  angular  velocity  by  the  time  it 
reaches  the  upright  position.  Another 
wave  crest,  meanwhile,  is  moving  into 
the  amidships  position,  resulting  in 
diminished  stability  once  again  as  the 
ship  starts  rolling  past  upright  and  to 
the  other  side.  The  ship  then  rolls 
far  over  to  the  side  against  a dimin- 
ished restoring  moment.  If  now  another 
trough  moves  into  the  amidships  posi- 
tion with  the  correct  timing,  the  roll 
will  be  stopped  and  the  model  snaps 
upright  again.  This  process  continues 
until  either  the  model  capsizes  or  it 
moves  out  of  the  wave  group  and  the 
motion  dies  down.  This  mode  of  capsize 
is  seen  to  be  related  to  the  Mathieu 
motion  instability.  It  results  directly 
from  the  periodic  stability  variations 
experienced  by  the  ship  moving  through 
waves  and  in  its  most  pronounced  form 
takes  place  at  one-half  the  encounter 
frequency,  thus  at  the  first  Matliieu 
unstable  frequency. 

Mode  2:  Pure  Loss  Of  Stability. 

This  usually  occurs  in  a following  sea 
at  high  speed.  The  model  is  observed 


to  encounter  one  or  more  very  steep  and 
high  waves  and,  with  little  or  no  pre- 
liminary rolling  motion,  simply  loses 
all  stability  when  a crest  moves  into 
the  amidships  position  and  "flops" 
over.  The  essential  prerequisite  for 
this  to  occur  is  a model  speed  nearly 
equal  to  the  wave  phase  velocity  so  that 
the  model  remains  almost  stationary 
relative  to  the  crest  for  a sufficient 
length  of  time  to  capsize.  The 
necessary  wave  would  be  of  about  the 
same  length  as  the  model  and  the  height 
would  be  sufficient  to  immerse  the  deck 
in  the  crest  with  the  model  upright. 
This,  of  course,  implies  a high  model 
speed  since  a Froude  number  of  0.4  is 
required  for  the  model  speed  to  be 
exactly  equal  to  wave  speed  in  waves  of 
length  equal  to  model  length.  From 
motion  picture  records  of  several  cap- 
sizes of  this  nature,  it  appeared  that 
a model  speed  lying  between  the  group 
velocity  (one-half  the  phase  velocity) 
and  the  phase  velocity  could  result  in 
this  mode  of  capsize. 

Mode  3;  Broaching.  This  is  the  most 
dynamTc~mode , in  appearance,  and  has 
received  the  most  attention  in  the  pre- 
vious literature.  In  this  mode  of  cap- 
size, the  model  is  struck  from  astern 
by  three  or  four  steep  breaking  seas 
in  succession.  As  each  wave  strikes 
it,  the  model  is  forced  to  yaw  off 
course  to  such  an  extent  that  the 
steering  system  is  unable  to  correct 
the  heading  in  the  time  interval  between 
waves.  The  breaking  seas  striking  the 
model  and  the  dynamic 

heeling  moment  resulting  from  the  turn 
combine  to  cause  capsizing,  again  with 
the  crest  of  a wave  amidships.  The 
essential  features  of  broaching  are 
the  breaking  waves  striking  the  model 
in  series,  and  the  large  heading 
deviation  and  associated  angular  velo- 
city. 

On  several  occasions,  broaching 
was  observed  to  occur  without  cap- 
sizing but  with  such  total  loss  of 
directional  control  that  the  model 
swung  through  ninety  degrees  from  a 
following  sea  course  to  beam  seas. 

This  was  observed  to  occur  most  fre- 
quently in  the  light  displacement 
condition  where  the  rudder  was  less 
deeply  immefsed  and  therefore  less 
effective.  On  several  occasions,  at 
low  speed,  the  model  was  totally  unable 
to  regain  its  original  course,  but 


308 


remained  in  the  beam  sea  condition  even 
with  the  rudder  hard  over. 

Wave  Encounter  Phenomena 

A nuiftljer  of  striking  phenomena  are 
observed  in  the  wave  pattern  encountered 
by  a vessel  moving  in  following  seas. 

None  of  these  observations  are  new,  yet 
some  discussion  of  waves  in  the  encounter 
domain  is  in  order  in  light  of  the  cap- 
size modes  discussed  above. 

The  most  dreimatic  event  in  the 
encounter  domain  occurs  at  zero  fre- 
quency. A vessel  moving  at  or  near  the 
velocity  of  a wave  crest  may  experience 
a significant  non -oscillating  force 
and  a critical  loss  of  stability. 
Capsizing  due  to  broaching  or  to  a pure 
loss  of  stability  can  result.  The  zero 
occurs  at  an  absolute  wave  frequency  of 
g/ ( UoosX ) where  U ooe  X is  the  ship 
velocity  in  the  direction  of  wave  travel. 
A singularity  appears  at  this  frequency 
in  the  prediction  of  the  unrestored 
motions  using  linear  theory.  Normally 
few  displacement  vessels  move  at  such 
large  Froude  numbers.  Exceptions  might 
be  forthcoming  as  the  speed  of  contain- 
erahips  increaocs  and  fast  vessels  are 
driven  at  their  limit.  Small  craft, 
such  as  fishing  boats  and  tugs,  can 
experience  problems  when  they  operate 
in  shallow  water.  The  phase  speed  of 
wave  travel  can  be  reduced  to  sufficient- 
ly small  values  that  such  craft  have  no 
difficulty  in  running  with  a crest  amid- 
ships. For  example,  a modern  tuna 
seiner  144  feet  on  the  waterline  with  a 
design  speed  of  approximately  15  knots 
travels  at  the  phase  speed  of  a 125-foot 
wave.  In  thirty  feet  of  water  a deep 
water  wave  of  160  feet  will  have  a 
length  of  approximately  140  feet,  it 
will  be  steeper,  and  will  run  at  this 
same  ship  speed. 

The  folding  of  the  wave  spectrum 
in  the  encounter  domain  is  also  familiar. 
Figure  8 shows  a typical  experimental 
wave  spectrum  in  the  absolute  and  in  the 
frequency  of  encounter  domain  for  ^wo 
speeds.  The  collapse  of  virtually  all 
of  the  energy  to  a narrow  band  of  rather 
low  frequencies  should  be  noted  and  is 
potentially  significant  for  purposes  of 
mathematical  simulation.  The  frequency 
collapse  with  respect  to  wave  length  is 
dramatically  shown  in  Figure  9 pre- 
sented by  Kastner  (1973) . It  is  evident 
that,  for  a given  ship  speed  V,  a 
quartering  situation  may  involve  the 


most  serious  concentration  of  energy. 

The  situation  could  be  serious  if  this 
frequency  is  near  the  natural  frequency 
cf  rolling  or  in  the  neighborhood  of  the 
frequency  for  low  cycle  resonance.  It 
has  often  been  stated  that  the  seaway 
appears  to  be  a confused  collection  of 
waves  with  random  phasing  and  the  only 
thing  regular  about  the  sea  is  its 
irregularity.  Intuition  would  therefore 
suggest  that  extended  excitation  at  a 
single  frequency  or  a very  narrow  fre- 
quency band  is  unlikely,  especially 
when  the  spectrum  tends  to  be  rather 
broad  band.  It  is  apparent,  however, 
that  in  following  seas  the  picture  is 
radically  altered. 

Excitation  by  a series  of  large 
waves  at  or  near  a single  frequency 
appears  to  be  a requirement  for  capsizing 
due  to  low  cycle  resonance.  These  con- 
ditions may  be  a far  more  common  event 
than  might  first  be  assumed.  For  pur- 
poses of  discussion,  it  will  be  conven- 
ient to  consider  a wave  group  or  packet 
formed  by  the  superposition  of  two  regular 
wave  components: 

T\(a,t)  = T"  {o08  (k  X ~ ^ t) 

1 

t 008  (k  X - lU  t )}  . 

■i  2 

The  number  of  waves  in  a group  at  any 
instant  of  time  is  given  by 

k + k 
= 1 

S(k  - k ) 

1 2 

and  is  the  number  that  would  be  observed 
from  a photograph  or  film.  This  is  not 
the  same  group  size  obtained  from  a 
record  made  at  a fbced  point,  however.  A wave  probe 
located  at  x*0  would  observe 


0)  +0) 

1 2 


1 2 

waves  in  each  group.  Figure  10a  is  a 
plot  of  the  sum  of  two  waves  of  fre- 
quency 0.433  and  0.601  rad/sec.  The 
number  of  waves  in  each  group  therefore 
represents  an  increase  by  a factor  of 
1.9  over  the  number  that  would  be 
observed  at  a fixed  instant.  This 
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discrepenoy  is  often  overlooked  when 
comparing  wave  records  with  motion 
records . 

A dramatic  change  occurs  with  for- 
ward speed  in  following  seas.  The 
number  of  waves  encountered  by  a vessel 
moving  a speed  V ooa  x is 

(k  -f-k  )Uooex-  toi  ) 

I i 12 

JV  . Utaoex]~  , 

S{(k  -k  )Ucoax~(^  -0) 
12  12 


Here  the  observed  wave  frequency  is 

f ={(k  +k  JUooBX-  Cu  -to)  )]/(4Tf) 

■ e 12  ''  12 


which  is  zero  when 


Vooax 


01  *01 
1 2 

' (k  +k  ) 
1 2 


As  note;  -lier,  this  is  often  a very 
high  spc.  or  more  dangerous  waves  of 
sufficien  Length  and  amplitude.  The 
ratio  of  ; number  of  waves  encountered 
at  forwaru  opeed  to  the  number  observed 
at  any  one  instant  is  therefore 


( 01  +01 


Uooay - 


< . *k  ) 
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Figure  10b  shows  the  same  set  of  waves 
pictured  above  but  viewed  in  the 
encounter  doma  > where  Uaoox“^^-^  fps. 
There  is  a gain  by  a factor  of  4.5  in 
the  number  of  waves  in  each  group  over 
an  observation  at  fixed  time  and  a 
gain  of  3.1  over  an  observation  at  a 
fixed  point.  These  facts  are  well 
known  but  need  to  be  repeated  to  oe 
appreciated.  If  the  ship  moves  at  or 
near  the  group  velocity  it  will 
encounter  a very  large  number  of  waves 
even  when  the  observed  wave  group  or 
packet  appears  to  be  rather  small. 

This  also  Implies  that  the  frequency  of 
encounter  could  be  very  pure  during 
such  a wave  group.  If  the  wave  group 
contains  one  or  more  large  waves,  their 
repeated  encounter  in  the  moving  domain 
could  become  a favorable  situation  for 
low  cycle  resonance  or  a combination  of 
resonance  and  large  stability  loss. 


IV.  LINEAR  ANALYSIS  & EXPERIMENTAL 

COMPARISONS 

This  chapter  is  an  attempt  to 
investigate  the  applicability  of  linear 
ship  motions  theory  to  the  case  of 
extreme  following  seas.  There  are  a 
number  of  obvious  reasons  for  pursuing 
a linear  analysis.  No  other  three- 
dimensional  theory  is  so  well  developed. 
Strip  theory  has  yielded  surprisingly 
good  comparisons  with  measurements 
despite  a flagrant  disregard  of  the 
restrictions  on  the  input  wave  freq- 
uency, wavelength,  and  amplitude. 
Capsizing  is  a rare  event  and  should 
be  viewed  in  a probablistic  sense.  A 
spectral  description  of  the  motions  is 
far  more  amenable  to  long  term  extreme 
motion  prediction  th.m  a time  series 
derived  from  a nonlinear  model. 

On  the  other  hand,  there  are  num- 
erous reasons  why  we  should  not  expect 
particularly  good  agreement.  Strip 
theory  requires  the  input  wavelength 
to  be  of  the  order  of  the  beam.  The 
solution  is  singular  for  the  unrestored 
motions  in  stern  seas  when  . The 

important  variations  in  the  righting 
arm  curve  discussed  above  are  not 
included  since  only  linearized  hydro- 
statics arc  available. 

Any  rudder-autopilot  system  is 
likely  to  be  quite  nonlinear  euid  it  is 
not  clear  that  an  equivalent  lineari- 
zation will  be  sufficient.  Obtaining 
a good  linearized  estimate  of  the  roll 
damping  (including  the  viscous  con- 
tribution) and  a measure  of  the  waves 
actually  encountered  are  also  compli- 
cations . 

These  are  all  potential  problems. 
The  significance  of  each  one  must  be 
evaluated  under  actual  tests  conditions. 
The  aim  here  is  to  see  if  there  is 
sufficient  agreement  between  theory  and 
experiment  to  warrant  further  refine- 
ments in  the  linear  prediction  pro- 
ceedure . 

The  linear  prediction  of  motions 
was  made  using  the  Salveson,  Tuck, 
Faltinsen  theory  (1970) . The  computer 
program,  developed  at  U.C.  Berkeley, 
uses  a modified  version  of  the  Frank 
close-fit  method  for  calculating  t he 
two  dimensional  hydrodynamic  coeffi- 
cients. The  first  and  second 
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"irregular  frequencies"  have  been 
removed.  Coefficients  at  the  desired 
encounter  frequencies  are  then  obtained 
by  interpolation  from  the  coefficient 
table.  The  program  will  generate  a 
Pierson-Moskowitz  sea  spectrum  or 
accept  either  a pointer  a directional 
spectrum  as  input.  The  point  spectrunv 
can  be  spread  using  a cosine  to  the 
power  r distribution  if  desired.  An 
additional  feature  is  the  Froude- 
Krylov  computation  of  surge  motion. 
Surge  is  assumed  to  be  a second  order 
quantity  in  most  linear,  head  sea  ship 
motion  predictions.  This  is  not  the 
case , however , for  long  waves  in 
following  and  quartering  seas  where 
the  surge  exciting  force  can  be 
significant. 

No  rudder-autopilot  system  has 
been  included  in  the  following  calcula- 
tions. The  linear  predictions  for  yaw 
have  in  general  been  low.  The  lack  of 
a rudder  is  probably  not  too  serious 
since  the  rudder-auto-pilot  combination 
acts  as  a course  stabilizing  device. 

Viscous  effects  become  apparent  in 
roll  in  the  neighborhood  of  reasonanc.- 
To  account  for  this,  e constant  pro- 
portional to  the  significant  roll 
amplitude  is  added  to  the  roll  damping 
coefficient.  The  total  roll  damping 
was  comouted  from  the  results  of  roll 
decay  experiments  conducted  in  calm 
water  at  both  zero  and  forward  speeds. 
The  linear  damning  term  showed  a marked 
increase  with  forward  speed,  approxi- 
mately a factor  of  three  over  the 
zero  3p.,eu  estimate.  The  changes 
between  the  three  Froude  numbers , how- 
ever, were  not  gr^at  and  were  not  as 
significant  as  the  chanaes  with  GM. 

The  additional  constant  term  was  taken 
as  the  difference  between  the  total 
damping  and  the  computed  wave  or 
mechanical  damping  near  resonance. 

Virtually  all  of  the  experiments 
were  conducted  in  rather  large  follow- 
ing and  quartering  seas.  For  com- 
pleteness a few  tests  were  also  made 
in  head  and  beam  waves.  Comparisons 
with  the  linear  computations  in  many 
cases  are  probably  not  valid  or  parti- 
cularly fair.  Large  waves  and  motions 
present  a totally  new  geometry  with 
substantially  altered  stability 
characteristics,  both  in  the  horizontal 
and  vertical  planes. 


A large  number  of  computations 
have  been  performed  using  the  direc- 
tional spectra  computed  by  Capon's 
maximum  likelihood  filter.  The  com- 
parisons of  computations  for  all  six 
degrees  of  freedom  with  the  measured 
values  has  shown  a large  amount  of 
scatter.  No  one  experiment  has  yielded 
perfect  agreement  in  all  modes.  In 
fact,  the  agreement  has  in  general  been 
poor.  Much  of  this  is  attributable  to 
the  effects  of  deck  wetness,  broaching, 
and  imperfect  knowledge  of  the  wave 
system  actually  encountered  by  the 
model.  Nevertheless,  the  linear  com- 
putations often  show  the  correct  trends 
emd  frequanc y bands . It  is  not  obvious 
that  the  linear  analysis  should  be 
rejected  as  a starting  point  for  the 
estimation  of  ship  capsizing  potential 
in  extreme  following  and  quartering 
seas.  In  order  to  indicate  the  degree 
of  agreement,  a few  experimental  runs 
will  be  discussed  in  some  detail, 

Two  days  were  devoted  to  head  sea 
experiments  as  a supplement  to  the  1973 
test  season  with  the  model  in  the  heavy 
condition.  The  righting  arm  curve  is 
given  in  Figure  2b.  One  of  these 
suffered  from  very  erratic  wind,  current, 
and  sea  conditions.  The  motions  were 
extremely  violent.  The  model  experienced 
large  amounts  of  slsmming  and  green 
water  on  deck  due  to  the  relatively 
high  speeds.  Surprisingly,  the  linear 
motion  estimates  tended  to  underpredict 
pitch  RMS  in  most  cases  by  about  20%. 
Heave  acceleration  was  not  measured. 

Yaw,  roll,  and  rudder  experimental 
spectra  had  large  values  at  low  fre- 
quencies. This  low  frequency  energy 
results  from  the  nonperiodic  motion 
induced  by  large  slamming  or  bow  sub- 
mersion and  the  short  term  motions 
excited  while  the  model  is  at  reduced 
speed. 

The  seco.id  set  of  sea  conditions 
were  not  quite  as  extreme,  however 
some  slamming  and  deck  wetness  was 
experienced.  Unlike  the  following  sea 
tests,  the  wave  spectra  were  recorded 
during  the  modal  runs.  A wave 
directional  distribution  is  shown  in 
Figure  11 . It  appears  to  be  quite 
broad,  a characteristic  of  the  com- 
paratively low  amplitude  waves.  The 
significant  wave  height  for  this  run 
was  only  0.61  feet.  The  predicted  and 
experimental  pitch  RMS  agreed  well  for 
some  runs  and  was  low  in  others.  The 
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experimental  motion  spectra  and  the 
linear  estimate,  using  the  directional  distribution 
shown  In  Figure  11,  for  one  of  the  head  sea  tests  are 
shown  In  Figure  12.  Pitch  shows  good  frequency 
agreement  but  Is  somewhat  low.  Heave  and  sway 
acceleration  were  also  very  good  considering  their 
very  low  amplitude.  Only  roll  Is  poor.  This  may  have 
been  caused  by  an  Increase  In  the  effective  righting 
arm  In  large  waves  at  high  frequencies  of  encountered. 
Most  head  sea  runs  showed  good  agreement  In  heave 
acceleration;  reasonable  surge  and  yaw  sotnparlsons, 
and  somewhat  erratic  sway  acceleration  spectra. 


Few  head  sea  tests  were  conducted 
and  a largo  number  of  uncertainties  are 
involved  in  such  complicated  experi- 
mental and  theoretical  comparisons. 
Never-the-less , the  above  analysis 
suggests  that  the  overall  experimental 
and  analytical  procedures  ai:e  sub- 
stantially correct  and  might  reasonably 
be  extended  to  following  seas. 

As  noted  earlier,  only  a few  of 
the  model  runs  performed  are  likely  to 
provide  even  a reasonable  agreement 
with  theory.  In  order  to  maxe  a com- 
parison of  motion  spectra  valid,  the 
model  should  be  expected  to  run  with 
only  a small  deviation  from  the  mean 
speed  and  direction  since  the  linear 
analysis  assumes  them  constant.  The 
runs  long  enough  for  meaningful  spectral 
analysis  occasionally  involved  severe 
rolling  and  varying  degrees  of  broach- 
ing. It  is  also  possible  that  some  of 
these  long  runs  encountered  somewhat 
different  spectra  than  those  observed 
at  the  wave  buoy  before  and  after  the 
run.  The  analysis  of  many  runs  show 
rather  erratic  agreement  with  theory. 

For  purposes  of  discussion,  a few 
examples  having  reasonable  correlations 
in  pitch  have  been  selected  for 
presentation. 

All  model  runs  were  bracketed  by 
wave  spectral  measurements.  Inter- 
polation between  wave  spectra  for  the 
time  of  the  model  run  should  be  possible 
for  many  of  these  experiments.  However, 
little  ia  known  about  the  changes  in 
spectral  shape  and  direction  with  time. 
The  following  results,  with  one  ex- 
ception, show  the  experimental  motion 
spectrum  bracketed  by  the  linear  com- 
putation.s  using  the  two  closest  wave 
spectra  measured  before  and  after  the 
run. 


The  motion  spectra  for  a following 
sea  run  at  Froude  number  0.244  and  GM 
number  6 is  shown  in  Figure  14.  The 
wind  shifted  suddenly  to  the  North  prior 
to  this  run  and  only  the  spectrum 
measured  immediately  afterwards  is 
considered  relevant.  The  directional 
distribution  is  shown  in  Figure  13  and 
0.3  seen  to  be  much  narrower  than  the 
previous  distribution.  Roll,  pitch,  and 
surge  show  reasonable  agreement.  Yaw 
and  way,  not  shown,  agree  nicely  in 
frequency  content  but  not  magnitude. 

The  experimental  spectral  peak  in  yaw  is 
a factor  of  five  over  the  predicted 
value  while  the  sway  prediction  is  twice 
the  experimental.  The  calculated  heave 
acceleration  spectrum  differs  wiidly  from 
the  measured,  however.  This  is  sur- 
prising since  good  agreement  was  obtained 
for  head  seas.  Part  of  the  explnination 
may  be  due  to  the  relatively  low  amp- 
litude, resulting  in  experimental  error. 

A more  plausible  explaination  involves 
the  input  directional  spectrum.  A signif- 
cant  amount  of  broadening  of  the  direc- 
tional spactrum  occurs  using  the  maximum 
likelihood  filter  coupled  with  its 
approximation  for  input  to  the  linear 
motions  program.  The  Iiead  sea  components 
were  usually  down  by  at  least  an  order  of 
magnitude  from  the  peak  of  the  directional 
distribution,  yet  there  still  appears  to 
be  enough  energy  to  result  in  large 
heave  accelerations.  Truncating  the 
input  spectrum  to  a quadrant  about  tho 
peak  direction  removes  this  large 
computed  acceleration  peak  only  if  the 
ship  sees  nothing  forward  of  the  beam. 

As  shown  below,  relatively  better  heave 
acceleration  agreement  was  obtained  by 
using  such  a truncated  spectrum.  The 
other  modes  of  motion  showed  only  slight 
changes  and  do  not  appear  to  be  so 
sensitive  to  head  and  beam  sea  components. 

Figure  16  shows  the  type  of 
agreement  obtained  using  an  input 
spectrum. truncated  to  a 120°  sector 
about  the  peak.  The  point  spectra  for 
this  day  are  given  in  Figure  15.  The 
directional  distributions  were  quite 
narrow  and  correspond  to  cosine  spread- 
ing to  the  power  19 „ 10  , and  30  for 

sequences  1,  2,  and  3 respectively. 

The  pitch  spectrum  agrees  well.  Yaw  and 
sway  were  both  underpredicted  and  the 
roll  spectra  are  smaller  than  the  mea- 
sured value.  The  calculated  heave 
spectra  have  an  order  of  magnitude 
larger  pea';  than  the  experimental  one 
at  high  frequencies  if  the  input  spectrum 


312 


is  not  truncated-  The  low  frequency 
peak  at  0.25  Hz  in  Figure  16b  is  un- 
affef'ted  by  truncation.  Truncation 
is  not  the  complete  answer,  however. 

A following  sea  run  was  made  at  speed 
and  GM  position  4 between  spectra 
numbers  (1)  and  (2)  of  September  17, 

197.3,  Figure  5.  The  linear  computations 
were  made  using  both  the  untrunuated  and 
truncated  distributions  of  which 
sequence  2 is  given  in  Figure  6.  Note 
that  the  secondary  peak  ia  at  a con- 
siderably higher  frequency  than  the 
primary  direction.  The  motion  spectra 
are  shown  for  the  "truncated"  run  ir. 
Figure  17.  As  before,  only  heave  ia 
materially  altered  by  the  input  wave 
truncation.  Pitch  and  surge  show 
remarkably  good  agreement  since  the  ex- 
periment was  conducted  midway  between 
the  two  measured  wave  spectra.  The 
rather  good  agreement  between  the 
measured  surge  and  the  Froude-Krylov 
computation  in  general  indicates  that 
diffraction  forces  are  small. 

The  computed  heave  acceleration 
spectra  are  far  too  small.  Without 
truncation  of  the  wave  input  spectrum, 
the  computed  spectral  peak  of  heave  is 
too  large  by  a factor  of  almost  five. 

The  frequency  distribution,  on  the 
other  hand,  is  better  in  the  latter 
case.  Roll  exhibits  some  anomalous 
behavior  in  Figure  17c.  Rolling  appears 
to  be  taking  place  at  three  distinct 
Frequencies,  none  of  which  agrees  with 
the  linear  prediction.  Figure  18  shows 
a portion  of  the  time  series  of  both 
pitch  and  roll  for  this  run.  The  pitch 
record  appears  to  contain  some  noise 
which  can  be  ignored.  Far  low  fre- 
quencies, pitch  has  been  shown  to  follow 
the  wave  slope  and  can  therefore  he 
used  as  a measure  of  the  encounter 
f. aquenoy.  Much  of  the  rolling  does 
occur  at  the  pitch  period  which  cor- 
responds to  the  center  peak  of  the 
roll  spectra.  The  roll  time  history 
also  shows  what  appears  to  be  a low 
frequency  component,  slightly  less  than 
one-half  the  pitch  frequency,  super- 
imposed on  the  higher  roll  frequency. 

It  is  not  clear  whether  this  represents 
intermittent  low  cycle  resonance  or 
some  sort  of  flopping,  possibly  due  to 
water  on  deck.  The  extreme  low  frequency 
rules  out  the  probability  of  a wave 
system  existing  only  at  the  time  of  the 
run . 


TABLE  II 

CHARACTERISTICS  OF  THE 
AMSRiCAN  CHALLENGER  USED  FOR  TIME 
DOMAIN  SIMULATION 


LBP 

529.0 

L,  for 

ordinates 

521.0 

B, molded 

75.0 

Depth  molded 
to  main  deck 

at  side 

42.5 

Depth  molded 

to  main  deck 

“ 46.5 

Draft, fwd 

33.5 

Draft, aft 

26.0 

a 19652.5 

Speed 

27.7 

Froude  No. 

0.215 

Met acentric 
Heights; 

GM  po  s . 1 

0.257 

GM  pos . 3 

0.558 

ft 

17.523 

ft 

ft 

17.258 

ft 

ft 

2.484 

ft 

ft 

16.894  in. 

ft 

18.484  in. 

ft 

13.318  ill. 

ft 

10.336  in. 

tons 

1600  lbs 

ft/sec 

2.99  ft/sec 
0.215 

ft 

0.102 

in. 

ft 

0.222 

in. 

®This  depth  is  greater  then  the  depth 
of  the  actual  ship  because  the  model 
was  constructed  up  to  the  level  of 
the  top  of  the  bulwark  rather  than 
the  main  deck  level  of  the  s.iip. 
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V.  NUMERICAL  SIMULATION  OF  THE  MOTION 

IN  ASTERN  SEAS 

A complete  analytical  solution  for 
t.lie  motion  of  a ship  in  waves  requires 
first  that  the  hydrodynamic  forces 
acting  on  tlie  ship  be  found.  Solutions 
of  the  hydrodynamic  problems  have  here- 
tofore been  obtained  only  under  the 
assumption  of  small  motion  amplltuder, 
in  which  case  the  forces  acting  on  the 
ship  are  computed  as  though  the  instan- 
taneous position  of  the  ship  differs 
but  little  from  its  mean  position. 

Such  an  assumption  cannot  be  used  in 
the  present  case  where  large  deviations 
in  position  from  the  mean  are  an  essen- 
tial feature  of  the  phenomenon.  Instead, 
we  observe  that  at  high  speed  in 
following  and  quartering  seas  tlie 
frequency  of  wave  encounter  will  be  low 
and  the  ship  motion  will  be  determined 
largely  by  the  hydrostatic  forces.  This 
eneibles  us  to  retreat  from  the  necessity 
of  determining  the  hydrodynamic  forces 
with  great  accuracy  but  to  concentrate 
instead  on  the  hydrostatic  forces  which 
may  be  computed  for  the  exact  positioii 
of  ship  and  waves.  These  forces,  plus 
additional  external  forces  representing, 
e.g.,  the  steering  and  controls,  plus  a 
simplified  approximation  to  the  rela- 
tively unimportant  hydrodynamic  terms 
then  are  used  as  the  right  hand  side  of 
the  rigid  body  equations  of  motion.  A 
standard  numerical  procedure  is  employed 
to  integrate  the  equations  of  motion 
leading  to  a step-by-step  approximation 
of  the  vessel’s  motion. 

Formulation  of  the  Problem 

The  ship  is  assumed  to  behave  as  a 
rigid  body  having  six  degrees  of  freedom. 
Newton's  second  law  may  be  written  for 
the  body  in  the  form 

sf  " " f (v-l) 

2Uld 

r u - V (V-2) 


F - force  vector , 

I « inertia  matrix, 

10  = angular  velocity  vector,  tuid 

W - moment  of  the  force  about  the  mass 
center. 

The  force  and  moment  result  from  the 
gravitational  force  acting  at  the  mass 
center  and  the  interaction  between 
the  ship  and  the  sea.  The  force  and 
moment,  in  general,  depend  on  the  time 
history  cf  the  position  of  the  ship  in 
the  sea.  Under  appropriate  circumstances, 
however,  this  history  may  be  characterized 
by  the  instantaneous  position,  velocity, 
and  acceleration  of  the  ship.  The 
general  problem  is  nonlinear  in  the 
motion  variables  in  that  the  force  and 
moment  are  nonlinear  functions  of  the 
motion  of  the  ship,  and  the  rate  of 
change  of  angular  momentum  in  equation 
(V-2)  contains  nonlinear  terms.  As 
noted  previously,  we  shall  focus  on  an 
exact  computation  only  of  the  hydro- 
static part  of  the  force. 

Coordinate  Systems 

since  large  amplitude  motions  are 
to  be  computed,  it  is  necessary  to 
clearly  define  the  relationships  between 
several  coordinate  systems  to  be  used  in 
describing  the  ship  and  water  motion. 

The  coordinate  systems  described  below 
are  right  hand  Cartesian  systems. 

A Newtonian  reference  frame  is 
formed  by  the  Dxya  system  which  is_fixed 
in  space  and  so  oriented  that  the  xi- 
pleme  is  the  quilibrium  sea  surface,  and 
the  y-axiB  is  directed  upwards. 

A body  coordinate  system  Gxyt  is 
fixed  in  the  ship  such  that  the  origin, 
ff,  coincides  with  the  cenrer  of  gravity 
of  the  ship.  In  a ship  of  usual  form, 
the  x-axis  is  parallel  to  the  baseline 
and  directed  forward,  the  xy -plane  is 
parallel  to  the  centerplane  of  the  ship, 
the  y-axis  is  directed  upward  and  the 
s-axls  to  starboard. 


where 
* “ time, 

« mass  of  the  body  (ship) 

V “ velocity  vector  of  the  macs  cents' 


The  position  of  the  ship  mass  cen- 
ter, G,  may  be  specified  in  the  fixed 
coordinate  system  by 

S - x^ 

K - Vc 

' - ‘g. 
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This  may  bo  represented  by  the  vector 
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The  velocity  of  the  mass  cantor  is  re- 
presented by  the  vector 
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may  bo  expressed  in  terms  of  the 
Euler ian  angles  and  their  derivatives: 

P ’ if  ^ ^ 

oca  Q aOB  atn  0 (V-6) 
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The  notation  is  simplified  by  represen- 
ting the  angular  velocities  by  the  vector 


> . 


(V-7) 


Any  rotation  of  the  ship  coordinate 
system  is  uniquely  defined  by  the  modi- 
fied set  of  Eulerian  angles  described 
below.  These  angles  are  similar  to  the 
ones  given  by  Blagoveshchensky  (1962), 
but  differ  from  the  ones  used  by  Euler. 
The  angles  are  defined  as  follows. 

Consider  the  ship  coordinates  in  a 
position  before  rotation  with  the_i,_|/, 
and  a-axes  parallel  to  the  fixed  x,  y, 
s-axes.  This  is  the  orientation  of 
Gx  y a in  Figure  19.  Rotate  the 

1 i 1 

triad  about  the  y ^ axis  to  the  yaw  angle 

4.  This  positions  the  frame  as  da  y * 

z \ t 

in  the  figure.  Next,  rotate  about  the 
8 -axis  to  the  pitch  angle  4-  The  figure 

shows  the  yawed  and  pitched  orientation 
as  Gxy  a . The  final  rotation  is  about 

J 2 

the  X-axis  to  the  roll  angle  0.  The 
orientation  of  the  ship  coordinates, 

Gxy a,  is  indicated  in  the  figure. 


The  Eulerian  angles  4,4  and  0 are 
represented  by  the  vector 


(V-5) 


The  angular  velocities  about  the  ship 
Coordinate  axes  are  denoted  b\-  p,q.  and 
r corresponding  to  components  of  the 
angular  velocity  vector  along  the  x,  y, 
and  a-axes.  These  angular  velocities 


If  we  define  the  matrix 
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and  note  that 
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then  I quations  (V-6)  are  represented 
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The  moments  and  products  of  inertia 
In  the  angular  momentum  equation  (V-2) 
»re  represented  by  the  matrix 
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The  moments  of  inertia  are  defined  as 


^ “ 2 m ' riy  “ + a^)  , 

XX 

I - £ m'  Ca’  + ) , 

yy 
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and 


^ aa  “ ^ ^ ^ ‘ 

where  the  summations  are  taken  over  all 
particles  of  mass  m'  comprising  the 
ship.  The  products  of  inertia  are 

1 » £ m ' XI/ , 

xy 

I » E m ' xa I ( V-13) 

xs 


and 


lead  to  serious  errors  if  the  Froude- 
Krylov  force  is  dominant.  This,  as 
noted,  is  expected  to  be  the  case  in 
the  mo.st  severe  capsizing  situations  in 
following  or  quartering  seas. 

Since  large  amplitude  motions  and 
finite  amplitude  waves  are  assumed,  the 
hydrostatic  restoring  and  coupling 
coefficients  computed  for  the  equilibrium 
position  cannot  be  used.  It  has  been 
shown  by  Pauli ing  (1961)  and  others  that 
there  can  he  significant  variations  in 
the  roll  restoring  moment  as  a wave  pro- 
gresses along  the  ship's  length  as  well 
as  the  change  in  this  moment  caused  by 
large  amplitude  roll  angles.  The  Froude- 
Krylov  force  that  is  computed  by  the 
numerical  simulator  includes  both  the 
motion  exciting  force  and  the  restoring 
force  and  moment  that  result  from  the 
situation  of  the  ship  in  Jie  system  of 
waves  at  any  time  step  during  the 
simulation. 


I » E w ' i/a  . 

ya  » 

These  moments  and  products  of  inertia 
arc  constants  in  the  moving  ship 
coordinate  system,  Gxya, 

In  the  Gxya  coordinate  system,  the 
rate  of  change  of  angular  momentum  is 
given  by 

( V-14) 

Computation  o Force  and  Moment 

The  present  version  of  the  computer 
program  for  the  time-domain  simulation 
of  large  amplitude  ship  motions  assumes 
tf  '■  the  force  and  moment  acting  on  the 
sh  . may  be  modeled  using  an  accurate 
computation  of  the  hydrostatic  or 
Froude-Krylov  forces  plus  an  approxi- 
mation to  the  hydrodynamic  forces. 

Tho  hydrodynamic  approximation  consists 
of  using  constant  added  mass  coefficients, 
and  constant  linear  and  quadratic  damping 
coeff  "ients  for  computing  the  forces 
resu  uii'.g  from  ship  acceleration  and 
velocity.  Also,  constant  two- 
dimensional  added  mass  and  linear 
damping  coefficients  are  used  with 
averages  of  the  water  acceleration  and 
velocity  over  each  station  to  correct 
for  the  diffraction  of  the  incident 
waves  by  the  ship.  The  hydrodynamic 
approximations  are  not  expected  to 


The  see  surface  elevation  is  given 
by  tlie  sum_of  sinusoidal  waves  in  the 
fixed,  Oxya,  coordinate  system.  The 
water  surface  is  given  by 
N 

t-2  ’•  (V-15) 

where 

ii  » the  y coordinate  of  the  surface , 

and 

N m the  number  of  wave  components 
(in  the  present  version  of  the 
program  0 ^ N £ KO). 

The  component  wave  amplitude  is: 
n . • <4  . 008  (xk  . ooa  6. 

It  X-  X 

- ak . Bin  &•  t - a.t) 
t t «•  V 

where 

“ the  amplitude  of  the  i-th  wave, 
“ the  circular  frequency, 

♦ ^ “ initial  phase  angle  , 
k.  » a.^/a  - wave  number, 

t t '' 
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g - the  gravitational  acceleration. 


6 . = the  direction  of  the  wave 
propagation  . 


The  wave  pressure  is 


p(t,!c,y,z)  = -pgy  + 1 P.-  (t,x,y ,z) 

i=l  ^ 


k ,y 

Pi  = 93^  ->■ 


(V-16) 


(ig  =■•  the  specific  weight  of  the  water. 

The  Froude-Kyrlov  force  and  moment 
may  be  obtained  by  integrating  the  pres- 
sure over  the  entire  wetted  surface  of 
the  ship.  By  applying  Gauss'  Theorem 
the  force  and  moment  are  given  by 
integrals  of  the  pressure  gradient  over 
the  submerged  volume  of  the  ship.  The 
components  of  the  force  and  moment  in 
the  ship  coordinate  system,  Oxyz,  are 


"r  — ///  If 
= - 111  If 
= - ///  If 


(V-17) 


In  equation  (IV- 17)  the  volume  element  is 
dV;  F^,  Fy,  and  are  forces  in  the  x, 

y,  and  s-directions ; and  M , M.  and 

X y 

M are  moments  about  these  x,  y,  eind  a 
a 

axes.  The  integrals  are  taken  over  all 
volume  up  to  the  instcuitaneous  sea 
surface  within  the  envelope  of  the  ship. 


the  ship.  Each  time  the  sectional 
Froude-Krylov  forces  are  computed  by 
integrating  the  pressure  gradient  over 
a station  of  the  ship,  average  values 
of  vertical,  horizontal  and  "roll" 
water  velocities  and  accelerations  are 
also  evaluated  for  the  station.  The 
"roll"  velocity  and  acceleration  com- 
ponents are  the  first  and  second  time 
derivatives  of  the  slopes  of  constant 
pressure  lines  in  the  plane  of  the 
station.  The  products  of  the  average 
velocities  and  accelerations  with 
appropriate  coeffients  yield  two- 
dimensionr.l  diffraction  forces  which 
are  added  to  the  two-dimentional  Froude- 
Krylov  forces  before  the  longitudinal 
integrations  are  performed. 

The  ship  hull  is  approximated  by  a 
number  of  polygons  representing  the 
stations  of  the  ship.  Each  polygon  is 
in  a plane  defined  by  a constant  value 
of  X in  the  ship  coordinate  system.  A 
maximum  of  24  line  segments  are  used 
for  each  closed  polygon  station  in  the 
ship  and  a maximum  of  25  stations  may 
be  used.  The  stations  may  be  unsymmet- 
rical  and  unequal  station  spacings  are 
permitted.  The  position  of  the  center 
of  gravity  may  be  in  any  fixed  position 
relative  to  t>’e  ship. 

The  integrals  of  the  pressure  gra- 
dients, velocities  and  accelerations 
over  each  station  made  up  with  straight 
line  segments  are  evaluated  exactly,  but 
with  two  restrictions  on  the  angle  of 
pitch.  First,  the  pitch  angle  must  rot 
become  so  large  as  to  cause  the  inter- 
section of  a station  plane  and  the 
instantaneous  sea  surface  to  define 
multiple  regions  or  a closed  contour  in 
the  station  plane.  Second,  the  magnitude 
of  a quantity  like  the  product  of  the 
pitch  angle  and  the  slope  of  all 
component  waves  must  be  "small".  These 
two  restrictions  are  satisfied  for 
vessels  of  usual  proportions  in  waves 
with  realistic  slopes. 

The  two-dimensional  forces  and 
■uoment  at  jach  station  are  evaluated  as 
functions  of  the  form 


The  hydrodynamic  force  resulting 
from  the  diffraction  of  the  waves  is 
ipproximated  in  the  following  manner. 

o-dimensional  added  mass  and  deunping 
■;o^  '^l''i‘'.nts  for  heave,  sway,  roll  and 

roll  -'.way  coupling  are  entered  into  the 
oro.,ram  as  constants  for  each  station  of 


f(x)  = K'  f 2 [C^  cos  (k^'x) 


+ sin  (k^  ' x)  ] 


(V-18) 


where 


V is  obtained  from  the  static  ((igy) 
part  of  the  pressure, 

C-  and  S.  result  from  the  sinusoidal 

pressure  fluctuation  for  the  i-th 
wave  component,  and 


fey  ' is  a rojection  of  the  wave  number 
onto  t.ie  a;- axis  of  the  ship. 

The  relative  magnitude  of  C.  and  S. 

depends  on  the  phase  of  the  waves 
relative  to  the  center  of  ship  coordi- 
nates at  each  instant  of  time.  The 
integrals  and  moments  of  the  functions 
like  (IV-18)  along  the  length  of  the 
ship  are  evaluated  with  the  assumption 
that  k',C'y,  and  Sy  vary  linearly  in  x 

between  adjacent  stations  of  the  ship. 


The  velocity  dependent  damping 
force  is  approximated  in  the  following 
manner.  Let  P be  one  of  the  components 
of  the  force  i' or  moment  M in  the  ship 

coordinate  system,  and  let  v be  the 
corresponding  component  of  linear  or 
angular  velocity.  The  force  or  moment 
is  computed  from 


P 


■ wave 
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where 


the  rigid  body  elements  of  the  inertia 
matrix  that  is  given  in  equation  ( V-11). 
Added  masses  in  the  linear  momentum 
equation  are  included  by  modifying  the 
component  of  the  force  in  each  of  the 
ship  coordinate  directions  with  an 
equation  of  the  form 

P’  - P/(l  + \i/m)  ( V-20) 

where 

P'  = the  force  modified  by  the 
added  mass, 

P = the  component  of  the  force  as 
computed  by  (V-19) , 

U = the  added  mass  for  the  parti- 
cular motion  component,  and 

m = the  mass  of  the  ship. 

There  is  one  equation  if  the  form  of 
(V-20)  for  each  of  the  Xt  y,  and  s 
direction.,  in  the  ship  coordinate 
system.  After  the  forces  are  computed 
by  equation  (V-'^O)  they  are  resolved 
into  the  Newtonian  coordinate  directions 
Xt  j/ , and  2 for  integration  of  the 
linear  momentum  equation  ( V-15) . 

Time  Domain  .Integration 

The  equations  of  niotion  are  solved 
by  numerical  integn^tion  in  the  time 
domain.  In  order  to  perf'^rm  the  inte- 
gration using  standard  algorithms,  the 
equations  of  motion  are  rewritten  as 
first  order  ordinary  differential 
equations . 


P. , _ = exciting  force  or  moment  due 

to  the  wave, 

L = coefficient  of  linear  damping 
for  the  particular  motion 
component, 

and 


The  position  of  the  ship's  center 
of  gravity  is  determined  by  the  linear 
momentum  equation  (V-1).  This  equation 
and  equation  ( V-4)  are  rewritten  as 


__d 

dt 


V 


m ' 


( V-21) 


Q = coefficient  of  quadratic  damping 
for  the  particular  motion 
component. 


and 


_jd 

dt 


X 


V 


( V-22) 


There  are  three  force  equations  and 
three  moment  equations  in  the  form  of 
(V-19) . The  equations  are  referred  to 
the  X,  yt  and  a-directions  in  the  ship 
coordinate  system.  Velocity  dependent 
coupling  between  the  directions  of 
motion  are  not  included  in  the  present 
version  cl  uhe  program. 

The  constant  added  mass  moments 
and  p.roducts  of  inertia  are  added  to 


In  equations  (V-21)  and  (V-22)  the 
vectors  are  referred  to  the  Newtonian 
reference  frame,  Oxys. 

The  rotations  of  the  ship  are 
governed  by  the  angular  momentum  equa- 
tion (V-2).  Combining  equations 
(V-2)  and  (V-14)  and  rewriting  equa- 
tion (V-10)  give 
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-J-  u = /■'  [M  - u X /u]  (V-23) 

at  ^ - - ~ 

and 

^ a =')■*«  . (V-24) 

at  - 

In  equation  (V-23)  the  moment  vector  M 

is  referred  to  the  ship  coordinate  system, 
Gxyz  . 

The  vector  equations  (V-21), 

(V-22) , (V-23),  and  (V-24)  form  a 

system  of  twelve  simultaneous  first 
order  ordinary  differential  equations 
which  may  be  integrated  by  standard 
numerical  procedures.  The  current 
version  of  the  program  uses  a fifth-order 
Adams  type  predictor-corrector  algorithm 
developed  by  Glauz  (1960) . 

Examples  of  Numerical  Simulations 

Several  examples  of  motions  simu- 
lated by  the  numerical  time  domain 
integration  are  presented  here.  These 
computations  were  performed  for  the 
American  Challenger  class  of  cargo 
ship  for  which  a model  was  previously 
tested  on  San  Francisco  Bay.  Details 
of  the  experiments  with  this  vessel  are 
given  in  the  reports  by  Haddara,  et  ^ 
(1971)  and  Paulling,  et_  (1972). 
Characteristics  of  the  'vessel  and  its 
displacement  condition  for  the  simu- 
lations are  given  in  Table  II,  located 
at  the  end  of  Chapter  IV.  The  motion 
calculations  were  carried  out  at  ship 
scale  rather  than  at  the  scale  of  the 
model  used  for  tha  experiments.  The 
ratio  of  ship  length  to  model  length  is 
30.189,  and  the  time  scale  for  Froude 
number  similarity  is  about  5.5.  Meta- 
centric  heights  corresponding  to  model 
ballast  weight  positions  2 and  3 were 
used  for  the  sii.iulations . The  righting 
arm  curves  for  the  Challenger  are 
shown  in  figure  20.  In  addition  I ) the 
curve  for  still  water,  the  righting  arm 
for  the  ship  in  a longitudinal  wave 
with  crest  amidship  and  trough  amidship 
arc  plo  '-,ed. 

The  simulated  wave  system  for  these 
examples  was  the  sum  of  two  sinusoidal 
waves  traveling  in  the  same  direction. 

The  circular  frequencies  of  the  waves 
were  0.133  and  0.601  sec"^,  which  cor-- 
respond  to  wave  lengths  of  1076  and 
558  ft.  The  amplitudes  of  both  wave 
components  were  equal  in  magnitude. 


Three  simulation  runs  for  following 
seas  are  shown  in  Figures  22  through  30 . 
The  metacentric  height  for  these  runs  Is 
0.55C't.  (GM  position  3). 

To  initiate  rolling,  the  waves  ap- 
proach the  ship  from  the  direction  of 
ten  degrees  to  starboard  of  dead  astern. 
The  an^litude  of  each  component  wave  is 
five  feet,  making  a twenty  foot  maximum 
wave  height  in  the  group.  The  first 
simulation  begins  with  the  two  wave 
components  in  phase  .-t  the  position  of 
the  ships  center  of  gravity.  To  decrease 
the  effect  of  starting  transients  caused 
by  the  choice  of  initial  conditions,  all 
forces  applied  to  the  ship  are  multipled 
by  a ramp  function  which  increases  lin- 
early with  time  from  zero  to  one  for  the 
first  60  seconds  of  the  run.  Figure  21 
shows  the  wave  amplitude  at  the  position 
of  the  center  of  gravity  of  the  ship. 

The  roll  record  is  displayed  in  Figure 
22.  After  about  120  seconds  the  rolling 
begins  to  take  place  at  one  half  of  the 
frequency  of  wave  encounter.  As  the 
wave  amplitude  builds,  the  rolling  be- 
comes erratic  rollin  ’ alterjiately  with 
the  encounter  f requer.  -y  and  one  ha)  f of 
that  frequence.  Figure  23  shows  the 
pitch  record  for  this  run.  The  ramp 
function  usod  for  starting  the  simulation 
caused  the  attenuation  of  the  pitch  ar 
the  begining  of  the  record.  Note  that 
the  pitch  angle  gives  good  indication  of 
the  wave  slope  for  these  waves  which  are 
longer  than  ship  length.  The  pitch  and 
roll  experiment  records  for  the  SL-7 
model  are  shown  in  Figure  18  exhibit 
this  same  erratic  rolling  with  the  roll 
frequency  occurring, at  the  wave  encounter 
frequency  and  then  at  one  half  of  this 
frequency , 

Figures  24,  25  and  26  show  the  wave, 
roll,  and  pitch  records  for  a simulation 
with  the  same  initial  conditions  as  be- 
fore, except  that  the  phase  angles  of  the 
two  waves  are  initially  one  half  cycle 
apart  causing  the  amplitudes  to  cancel. 

The  .starting  ramp  was  reduced  to  30  sec- 
onds. In  this  run  the  rolling  is  at  the 
same  frequency  as  the  wave  encounter,  and 
•.he  amplitude  is  less  than  half  -that  of 
che.  previous  example . 

The  last  example,  for  following  seas, 
shows  the  wave,  roll  and  pitch  records  in 
Figures  27,28  and  29.  The  initial  condi- 
tions are  the  same  as  for  the  previous 
example  except  that  an  initial  roll  angle 
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of  fifteen  degrees  to  starboard  has  been 
added.  Rolling  begins  at  one  half  the 
encounter  frequency  which  is  close  to 
the  natural  roll  frequency  for  calm 
water  and  this  roll  amplitude.  As  the 
wave  aiT5>litude  and  roll  exciting  moment 
build  up  the  ship  is  forced  to  roll  at 
the  encounter  frequency. 

Figure  30  shows  a Challenger  model 
experiment  in  following  seas  for  the 
corresponding  speed  and  GM  condition. 
Although  the  experiment  ended  in  a cap- 
size with  low  cycle  resonance  and  these 
simulations  did  not,  both  the  experiment 
and  the  first  and  last  following  sea 
calculations  show  a tendency  for  the 
roll  frequency  to  switch  back  and  forth 
between  the  encounter  frequency  and  one 
half  the  encounter  frequency. 

Two  examples  of  capsize  simulations 
in  quartering  seas  are  shown  in  Figures 
31  through  37.  The  waves  are  the  same 
as  used  for  the  following  sea  runs,  but 
the  direction  was  such  that  the  waves 
approach  the  ship  from  35  degrees  to 
starboard  of  dead  astern.  At  the  begin- 
ning of  the  runs  the  two  wave  components 
are  in  phase. 

The  first  quartering  example  is 
for  a metacentric  height  of  0.257  ft 
(GM  position  2) , The  wave  record  for 
this  run  is  shown  in  Figure  31.  The 
starting  ramp  was  60  seconds  in  length, 
and  ended  near  the  end  of  the  first 
wave  group.  Roll  and  pitch  records  are 
in  Figures  32  and  33.  Aft"  about  forty 
seconds  from  the  start  a wave  crest  comes 
amidship  and  the  vessel  takes  a 14  de- 
gree roll  to  port.  The  next  wave  crest 
comes  amidships  at  about  sixty  seconds 
and  a starboard  roll  into  the  wave  of 
degrees  is  reached.  The  next  roll 
is  22  degrees  to  port  just  after  the 
nexr  crest  passes.  The  ship  rolls  to 
starboard  as  the  waves  begin  to  build 
in  the  second  wave  group.  The  maximum 
starboard  roll  of  23  degrees  is  reached 
a.s  the  next  crest  moves  away.  The  roll 
momentum  imparted  the  ship  by  the  in- 
creased righting  arm  of  the  next  trough 
coming  amidship  together  with  the  reduced 
stability  in  the  crest  that  follows 
causes  the  ship  to  capsize  to  port, 
clearly  an  example  of  low  cycle  resonance. 
Figure  34  shows  the  last  two  and  a half 
minutes  of  a model  run  corresponding  to 
the  same  speed,  heading  relative  to  the 
waves  and  GM  condition.  The  experiment 
also  ended  with  a capsize  to  port  caused 
by  low  cycle  resonance. 


An  example  of  pure  loss  of  stability 
is  shown  Figures  35  through  37.  The  meta- 
centric height  was  0.557  ft.  (GM  position 
3) . The  wave  amplitude  at  the  center  of 
gravity  of  the  ship  is  shown  in  Figure 
35.  Roll  and  pitch  are  in  Figures  36 
and  37.  Rolling  is  at  one  half  the  fre- 
quency of  wave  encounter  between  40  and 
110  seconds  into  the  run.  After  that 
the  wave  amplitude  and  the  roll  moment 
are  so  large  that  the  ship  is  forced  to 
roll  at  the  encounter  frequency.  The 
vessel  finally  capsizes  with  the  combina- 
tion of  a Targe  port  roll  and  a wave 
crest  am' db, lips. 

VI.  CONi.x.US.':ONS 

In  this  paper  we  have  attempted  to 
point  out  some  of  the  dif f ieuxties  in 
using  available  theoretical  means  to 
predict  ship  capsizing  in  heavy  seas. 

In  addition,  special  attention  has  been 
given  to  the  usefulness  of  experiments 
conducted  with  radio-controlled  free 
running’ ship  models  in  wind-generated 
waves  on  open  water. 

In  Summary 

1.  Linear  ship  motion  can  only 
broadly  outline  areas  of  speed,  heading, 
and  ship  characteristics  which  may  lead 
to  trouble. 

2.  Classical  ship  motion  theories 
which  are  augmented  by  some  nonlinear 
terms  may  reveal  phenomena,  not  apparent 
in  results  of  linear  theory,  which  may 
lead  to  severe  motion.  The  ability  to 
predict  capsizing  is  still  not  available 
through  such  theories. 

3.  The  open  water  experiments 
mentioned  above  yield  great  insight  into 
the  mechanics  of  capsizing.  The  phe- 
nomenon is  a "rare  event"  in  the 
statistical  sense,  however,  and  very 
extensive  experimental  programs  would  be 
required  to  adequately  describe  the 
probability  of  capsize  of  just  one  ship 
configuration . 

4.  An  important  side  benefit  of 
thesi  experiments  has  been  the  develop- 
ment of  methods  of  deducing  the  direc- 
tional properties  of  wind  generated  waves 
from  measurements  made  by  a sparse  gage 
array.  These  measurements  show  that 
good  similarity  exists  between  the  wave 
conditions  in  the  model  test  area  and 
full  scale  storm  waves  at  sea. 
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5.  The  knowledge  gained  in  the 
experiments  has  led  to  the  development 
of  a time-domain  numerical  simulation 
of  the  large  amplitude  motion  of  a ship 
in  following  and  quartering  seas. 
Records  of  severe  motions  including 
capsizes  have  been  computed  by  this 
technique,  and  the  computed  motions 
resemble,  in  general,  the  motions  of 
the  model  under  similar  sea  conditions. 

6.  The  characteristics  of  wave 
groups  encountered  by  the  model  have 
considerable  influence  on  the  tendency 
to  capsize.  Some  of  these  characteris- 
tics are  discussed  here,  and  it  is 
expected  that  the  statistical  nature 

of  wave  groups  is  a fru.itful  subject 
for  future  study. 
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Figurs  2 (a)  Figure 

Righting  Arm  Curves  for  the  Sealand-7 . Full  Scale.  (See  also  Table  I) . 
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DISCUSSION 


C.M.  LEE 


L.L.  MARTIN 


This  paper  provides  us  valuable  knowledge  on  ship 
capsizing.  The  autiiors  should  be  congratulated  for  their 
excellent  work. 

One  point  still  not  clear  to  me  is  the  large  values  of 
the  spectral  density  at  the  zero  frequency  which  are  shown 
in  several  figures,  particularly,  in  Figures  16a  and  16c. 

For  second-order  d.c.  effects,  the  motion  spectral 
density  et  the  zero  frequency  (Figur<a  ISa  and  16c)  seem 
to  be  extremely  large.  1 wonder  if  they  were  caused  by 
the  difficulty  of  offsetting  the  d.c.  sliifts  of  the  recording 
devices. 


It  appears  that  the  authors  did  not  obtain  broaching  in 
their  simulations  as  they  did  in  their  experiments.  Have 
they  considered  the  effect  the  wind  may  have  had  in  their 
experiments?  When  moving  with  the  wind  a small  change 
in  heading,  such  as  was  caused  by  the  waves  striking  the 
vessel  will  require  a large  rudder  angle  to  maintain  control 
(the  angle  depending  on  the  ratio  of  the  speeds  of  wind  and 
ship).  If  this  exceeds  the  maximum  rudder  angle  available 
or  is  not  applied  in  time  control  will  be  lost  and  the  ship 
will  broach  as  described  by  the  authors. 


He  wish  to  thank  Messrs . Los  and 
Martin  for  their  coiranenta. 

In  regard  to  Dr.  Lee's  question, 
the  occasional  large  spectral  density 
values  at  and  near  zero  frequency  have 
a nuni}cr  of  possible  causes.  Sntoothing 
of  the  Fast  Fourier  Transform  raw 
spectral  ordinates  results  in  the 
spreading  of  low  frequency  energy 
(f<0.02  Hz)  into  the  zero  frequency 
ordinate.  Such  low  frequency  energy 
could  represent  signal  or  instrument 
(rare)  drift,  second  order  effects, 
and  other  nonlinear  events  that  may 
occur  only  rarely  during  the  course  of 
an  experiment.  The  low  frequency 
spike  in  the  wave  spectra  is  almost 
entirely  a tidal  effect.  Erratic 
motions,  e.g.  broaching  in  the  yaw 
signal,  stop -to- stop  motions  in  the 
rudder  angle,  and  intermittent  low 
cycle  type  roll  often  yield  much  low 
frequency  spectral  energy  outside  the 
rather  narrow  excitation  encounter 
band.  Few  experiments  were  conducted 
in  very  low  sea  states  where  the  low 
frequency  contribiition  could  be 
ascribed  purely  to  second  order  d.c. 
effects. 

In  regard  to  Mr.  Martin's  remarks, 
steering  emd  wind  have  not  been 
included  for  the  results  shown  here. 

The  format  of  the  simulation  program 
is  such  that  they  will  be  included  in 
the  future.  It  is  also  probable  that 
the  simplified  model  of  some  of  the 
hydrodynamic  forces  used  in  the  simu- 
lation do  not  adequately  represent  some 
forces  of  importance  in  broaching. 

This  is  a topic  to  which  continuing 
improvements  will  be  made  as  experience 
with  the  simulator  accumulates. 

Under  certain  conditions 
inadequate  rudder  action,  either  in 
time  or  maximum  deflection,  may  con- 
tribute to  broaching.  With  proper 
representation  of  the  steering  system, 
including  such  effects  as  time  lags, 
rudder  angle  limits,  and  proper  auto- 
pilot gain  coefficients,  it  is  expected 
that  this  behavior  can  be  simulated. 
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ABSTRACT 

A procedure  Is  developed  to  predict 
extreme  accelerations  and  ship  motions 
for  design  of  cargo  tanks  In  LNG  ships. 
The  procedure  is  a building  block  ap- 
proach In  which  each  of  four  stages 
Involves  essentially  Independent  pro- 
fessional disciplines. 

The  first  stage  provides  ship  re- 
sponses to  all  combinations  of  headings 
and  modal  wave  periods. 


T_j  » energy  averaged  wave  period 

T ■ modal  wave  period,  peak  period 
° of  frequency  wave  spectrum 

"^obs  ” °'^®®*'ved  wave  period 
T ■ mean  wave  period 
T - mean  apparent  wave  period 

•=  most  probable  extreme  value  In 
T hours  of  ship  exposure 

iL  “ extreme  value  for  time  T with  a 
probability  of  being  exceeded 


The  second  stage  provides  extreme 
seas  that  may  be  expected  during  a 
ship's  lifetime  on  different  trade 
routes. 

The  third  stage  provides  a proba- 
bility of  exceeding  the  extreme  acceler- 
ation. 

The  fourth  stage  provides  design 
values  Selected  from  extreme  response 
surfaces  which  are  the  result  of  th“ 
product  of  the  first  three  stages.  De- 
sign values  are  selected  by  strategies 
based  on  current  operating  procedures 
In  extreme  seas. 


a » probability  that  extreme  value 
jL  Is  exceeded 

E ■ bandwidth  parameter  (l-m|/m^m,^)^‘ 
^obs  " observed  wave  height 
» mean  wave  height 
“ significant  wave  height 

" '3 

u ■ ship  heading  angle 
V ■ short  crested  spreading  angle 

0 « root  mean  square  response 
single  amplitude,  mjj 

III  • wave  frequency 
INTRODUCTION 


Validity  of  the  procedure  Is  dls- 
cusred  by  comparing  results  with  model 
and  full  scale  experiments  and  with 
current  Chemical  Transportation  Industry 
Advisory  Committee  (CTIAC)  design  rules. 

NOMENCLATURE 

B « maximum  waterline  beam 
C,p  ■ confidence  factor 

■ roll  radius  of  gyration 
L " ship  length 
m,  ■ I'th  moment  of  response 
spectrum  J ^1  s^(«)du, 

n ■ number  of  observations 
rms  “ root  mean  square  response 
* wave  spectrum 

T ■ ship  exposure  time  to  extreme 
sea 


The  Increasing  Importance  of  liqui- 
fied natural  gas  (LNG)  as  a source  of 
energy  In  the  U.S.  and  Japan  as  well  as 
Western  Europe,  has  resulted  in  the  de- 
velopment of  rather  specialized  ships  to 
transport  this  fuel  from  Algeria  and 
Alaska  to  the  U.S.  and  Japan.  It  has 
been  found,  as  was  the  case  with  oil 
tankers,  that  the  best  way  to  improve  the 
efficiency  of  these  ships  Is  to  vastly 
Increase  their  cargo  capacity.  As  a re- 
sult, ships  are  being  built  to  classifi- 
cation rules  that  are  currently  under 
revision  as  LNQ  tank  construction  experi- 
ence and  research  in  LNQ  tank  loads  ex- 
pands. The  United  States  Coast  Ouard 
(USCQ)  regulates  the  design  safety  of  all 
ships,  including  LNQ  carriers,  entering 
or  leaving  U.S.  harbors.  The  USCQ  there- 
fore contracted  the  Naval  Ship  Research 
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and  Development  Center  (NSRDC)  [1]*  to 
expD.ore  procedures  which  may  result  in 
classification  or  design  rules  for  LNQ 
cargo  tanks  that  are  more  realistic  than 
the  ones  specified  in  the  current  Code 
of  Federal  Regulations  [2]. 

At  present,  the  Code  of  Federal 
Regulations  [2]  states  that  cargo  tanks 
in  large  LNQ  vessels  must  be  designed 
to  withstand,  simultaneously,  the 
following  dynamic  loadings; 

a)  Rolling  30®  each  side,  10 
second  period; 

b)  Pitching  6®  single  amplitude, 

7 second  period;  and 

c)  Heaving  Ii/80'  single  amplitude, 

8 second  period. 

This  rule  Imposes  requirements  which 
may  be  Inappropriate  for  larger  vessels 
such  as  many  of  the  proposed  LNQ  carri- 
ers. Recently,  foreign  classification 
societies  have  adopted  rules  which  are 
reputed  to  be  more  realistic  for  the  new 
ls*rgfe  vessels.  This  paper  presents  a 
building  block  procedure  for  determining 
realistic  extreme  accelerations  based  on 
hull  geometry  and  the  operating  proce- 
dures of  the  ship  In  extreme  seawsys. 

The  accelerations,  computed  at  vari- 
ous ship  locations,  consist  solely  of 
the  rigid  body  accelerations  due  to  ship 
motions;  the  effect  of  slamming  Is  not 
considered.  The  NSRDC  Ship  Motion  and 
Sea  Load  Computer  Program  [3]  and  the 
NSRDC  Irregular  Sea  Response  Prediction 
Computer  Program  [*)]  provide  predicted 
values  of  the  root  mean  square  (rms)  ac- 
celeration in  the  longitudinal,  lateral, 
and  vertical  directions  for  specified 
sea  conditions.  By  applying  short-term 
statistics  to  these  predictions,  the  re- 
quired extreme  accelerations  are  found. 

The  seaways  are  analytically  repre- 
sented by  short  crested,  two-parameter 
wave  spectra  of  the  form  developed  by 
Bretschnelder  [5].  Defining  parameters 
of  the  spectra,  l.e.,  mean  wave  height 
and  mean  wave  period,  are  taken  from 
published  observations  on  specified 
trade  routes. 

The  results  of  a pilot  study  on  a 
typical,  larj;e  LNQ  tanker,  called  SHIP  D 
for  purposes  of  this  paper.*,  ans  used  as 
a detailed  example  for  determlng  LNQ 
cargo  tank  extreme  acceleration  values. 
These  are  compared  to  the  proposed  1 
October  1972  CTIAC  rules  for  cargo  tank 
accelerations  [6].  The  procedure  to 
determine  these  extreme  accelerations  la 
outlined  In  the  following  section. 


* Number'^  In  brackets  refer  to  refer- 
ences listed  on  pages 


PROCEDURE 

The  procedure  used  to  develop  the 
extreme  response  surface  from  which  the 
design  accelerations  are  to  be  determined 
1s  divided  Into  four  distinct  stages.  It 
Is  felt  that  this  building  block  approach 
to  the  development  of  design  accelera- 
tions Is  flexible  and  suited  to  the 
rapidly  varying  technologies  represented 
by  the  Individual  stages  of  the  extreme 
response  surface. 

Stage  one  (see  Figure  la)  consists 
of  the  determination  of  the  rms  ship 
unit  response  surface.  This  surface 
respresents  the  unit  wave  height, rms  ship 
response,  o,  for  all  combinations  of 
headings  and  modal  wave  periods.  A 
unique  surface  Is  computed  for  each  ship 
r.peed,  load  condition,  and  location  on 
the  ship. 

Stage  two  consists  of  the  determi- 
nation of  the  extreme  seas  on  the  differ- 
ent trade  routes  of  Interest  In  the  de- 
sign. The  extreme  accelerations  are 
computed  by  using  a soa  representation 
based  on  visual  wave  heights  and  periods 
collected  over  a period  of  many  years. 

The  extreme  sea  conditions  are  used  to 
compute  the  extreme  cargo  tank  accelera- 
tions that  may  be  expected  over  the  life 
of  the  ship.  The  short-term  Rayleigh 
amplltuue  distribution  Is  then  used  to 
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predict  the  extreme  accelerations  at 
various  probability  levels.  The  short- 
term  prediction  Is  used  for  the  pre- 
diction of  these  extremes  because  the 
ship  will  be  exposed  to  the  extreme  seas 
generally  for  a very  short  period  (on 
the  order  of  few  days)  over  Its  lifetime. 

Stage  three  consists  of  the  deter- 
mination of  the  confidence  factor,  C^, 
required  to  predict  ship  motions  which 
will  not  be  exceeded  at  various  proba- 
bility levels.  This  confidence  factor 
Is  a function  of  the  ship  exposure  time 
to  the  seas,  the  probability  of  the 
response  not  being  exceeded,  and  the 
Individual  ship  motions  and  sea  con- 
ditions. 

The  fourth  stage  la  the  determina- 
tion of  the  extreme  response  surface 
which  consists  entirely  of  the  product 
of  the  previous  three  stages. 

Figure  1 presents  a graphic  repre- 
sentation of  the  development  of  a sample 
extreme  response  surface.  The  results 
from  these  stages,  see  Figure  la,  are 
multiplied  by  one  another  to  yield  the 
extreme  response  surface  shown  In  Figure 
lb.  A detailed  explanation  of  the  vari- 
ous components  of  Figure  1 follows  In 
the  next  three  sections. 
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Tradt  Routt  for  Point  1,  Ntar  Bom,) 


It  Is  considered  that  at  each  stage 
different  professions  enter  Into  the  de- 
termination of  the  design  accelerations. 
For  example.  In  stage  one  the  evaluation 
of  the  rms  unit  ship  response  Is  made 
primarily  by  naval  architects.  In  stage 
two  the  Interpretation  of  various  observ- 
ed sea  conditions  Is  best  made  by  ocean- 
ographers. Also  in  stage  two  the  selec- 
tion of  the  trade  routes  for  which  the 
ship  Is  to  be  designed  Is  best  made  by 
the  ship  owner  and  the  regulatory  agen- 
cies. The  selection  of  the  confidence 
factor  In  stage  three  Is  best  made  Joint- 
ly by  the  naval  arohltect/deslgner,  the 
ship  owner,  and  the  regulatory  agenoles. 
Finally,  the  selection  of  the  design  ac- 
celeration from  the  extreme  response 
surface  In  stage  four  Is  made  by  the 
regulatory  agencies  In  consultation  with 
the  ship  owners.  The  owners  In  turn  de- 
cide on  the  design  trade  routes  and  the 
operating  Instructions  for  the  ships' 
masters.  It  Is  recognized,  of  course, 
that  the  USCQ  bears  the  final  responsi- 
bility for  the  selection  of  the  design 
values.  The  extreme  ship  cargo  acceler- 
ations experienced  In  a ship's  life  are 
regarded  as  being  significantly  Influ- 
enced by  the  operating  procedures  for 
the  ship  in  extreme  seas  as  well  as  by 
the  trade  routes  on  which  the  ship  is 
employed. 

RMS  Response  Surface  for  Unit  Wave  Height 

The  rms  ship  unit  response  surface 
Illustrated  In  Figure  la  Is  computed 
using  the  NSRDC  Ship  Motion  and  Sea  Load 
Computer  Program  [3]  and  the  NSRDC  Ir- 
regular Sea  Response  Prediction  Computer 
Program  [4].  This  surface  consists  of 
the  collection  of  the  rms  ship  responses 
computed  for  all  possible  modal  wave 
periods  and  headings  for  a specific  ship 
load,  speed,  and  location  on  the  ship. 

The  Individual  rms  responses  which  com- 
pose the  surface  are  determined  from  the 
products  of  the  ship  response  amplitude 
operators  and  wave  spectra  with  one  foot 
of  significant  wave  height. 

The  use  of  the  rms  ship  unit  re- 
sponse surface  presupposes  that  the  ship 
responses  are  linear,  an  assumption 
which  has  been  demonstrated  for  certain 
ship  types  In  recent  years  by  model  ex- 
periments and  full  scale  ship  motion 
trials.  The  question  of  the  validity  of 
the  linearity  assumption  for  ship  roll 
for  SHIP  D Is  not  very  Important  since 
roll  does  not  seriously  Influence  the 
extreme  ship  acceleration  for  this  large 
ship. 

Detailed  Investigations  into  the 
significance  of  load  variations  on  the 
acceleration  response  have  been  carried 
out  and  are  presented  In  Appendix  A. 

This  Appendix  also  presents  results  of 
the  Investigation  Into  the  sensitivity 
of  the  acceleration  responses  to  position 
along  the  ship  or  alternately  Into  the 
Influence  of  specific  motion  components 
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suoh  as  pltoh  on  the  predicted  acceler- 
ations. In  addition,  the  validity  of 
the  ship  motion  prediction  programs  Is 
examined  by  comparing  predicted  results 
with  measured  model  results  for  SHIP  D 
and  full  scale  results  for  the  USS  OUAM 
(LPH-9). 

It  should  be  noted  that  the  modal 
period  of  the  wave  spectrum  (peak  of  the 
wave  spectrum)  or  equivalently  the  shape 
of  the  wave  spectrum  and  Its  location  on 
the  frequency  axis  Is  another  major  In- 
fluence on  the  ship  response.  The  de- 
tails of  this  variable  will  be  discussed 
In  the  following  section. 

Extreme  Seas 

The  proposed  procedure  for  the 
determination  of  LNQ  cargo  tank  design 
accelerations  differs  from  long-term 
bending  moment  prediction  procedures  pro- 
posed by  Abrahamsen  of  Norske  Veritas 
C7],  Mansour  of  MIT  [8],  and  Lewis  of 
Webb  [9].  The  distribution  of  extr'^rae 
sea  conditions  for  the  trade  route  n 
question  Is  taken  directly  for  all  wave 
periods.  Thus,  the  design  results  are 
based  directly  on  the  observed  extreme 
wave  height  and  period  comblnatlonc 
rather  than  on  long-term  distribution 
functions  (e.g.  Welbull  or  log-normal) 
fitted  to  these  observations.  The  ex- 
treme conditions  thus  derived  are  shown 
for  the  North  Atlantic  (Trade  Route  1) 

In  Figure  2.*  The  variability  of  the 
extreme  sea  conditions  Is  shown  In  Figure 
3 which  Is  discussed  In  detail  In  Ap- 
pendix B. 
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Figure  3 - Variability  of  Extreme  Sea 
Conditions  on  Trade  Route  1 


Figure  2 - Comparison  Between  Nodal 

Period  Wave  Helg  t Relation 
Required  by  Single  Parameter 
Plerson-Moskowltz  Sea  Spectrum 
and  Observed  Modal  Period  to 


^Th«  Rignificant  wave  height  in  Figure  2 should  be  49.6  rather 
than  32.1  feet.  (Hogben  and  Lumh).  Accordingly,  Figure  la 
(Stage  2),  lb,  3,  and  6 should  have  values  plotted  at  ■ ll.S 
seconds  increased  by  1 factor  of  49.5/32.1  - 1.6. 


No  long-term  distribution  for  wave 
heights  and  periods  Is  assumed.  Neither 
has  a fixed  significant  wave  height  to 
mean  wave  period  relation  such  as  the  one 
represented  by  the  single-parameter 
Plerson-Moskowltz  spectrum  been  employed. 
The  observations  based  on  results  from 
Hogben  and  Lumb  [10],  see  Figure  2, 
clearly  show  that  the  extreme  seas  do  not 
follow,  as  expected,  a fixed  height/ 
period  relationship.  The  figure  Illus- 
trates that  only  for  modal  wave  periods 
ranging  from  l^l  to  16  seconds  will  the 
height/period  relationship  Indicated  by 
the  single-parameter  Plerson-Moskowltz 
spectra  agree  with  observations. 

Because  of  this  rather  obvious  dis- 
crepancy between  an  "average"  and  the 
observed  helght/perlod  relationship 
(height  or  wind  speed),  the  tv;o-parameter 
(height  and  period)  Bretschnelder  spec- 
trum [5]  was  selected. 

S^(io)  ■ ^ A ui“’'  exp  [-B/(i)‘*]  (1) 

where 

A - 5356.7  / T'* 


(2) 


and 


(12) 


B - 1052  / T**  (3) 

S^(«i)  la  the  wave  apectrum 

la  mean  wave  height  and 

f la  mean  wave  period 

The  mean  wave  height  la  related  to  the 
algnlflcant  wave  height  by 

- 0.625  - 0.625  (4  m^^) 

- 2.5  m^^  (4) 

The  mean  wave  period  la  the  crest  to 
trough  period  used  by  Bretaehnelder/Putz 
[11].  This  period  ia  related  to  the 
wave  spectrum  by 

T - 2w  m_j  / m^  (5) 

where 

m^  - ^ S^(w)du  (6) 

Although  many  ei'presalona  have  been 
cropoaed  by  various  authors  to  describe 
the  directional  spread  of  the  waves, 
cosine  squax'Cil  spreadlna;  was  selected 
for  this  Investigation,  l.e., 

S^(u,  v)  ■ S^(w)  . t|-  008*  (v-u)]  (7) 

where  u Is  the  heading  angle  of  the  ship 
and  V la  the  spreading  angle.  This 
spreading  la  the  most  frequently  observed 
function  describing  the  data  of  Rudnlok 
[123. 

Observed  wave  heights,  Coba» 
periods,  'Tobs*  *'«*'«  converted  Into  the 
parameters  required  {Zy,  T)  for  the 
Bretschnelder  tspectral  representation 
of  the  sea.  Cart vrlght ' s [13]  correla- 
tions between  measured  and  observed 
wave  heights  and  periods  were  used  for 
this  conversion,  l.e., 

(Cw)i/j  " 2.55  + 0.66  meters  (8) 

and 

■ 6.58  + 0.448  T^jjg  seconds  (9) 

The  relationship  between  the  modal,  Tq, 
and  mean,  T,  period  for  the  Bretachneider 
spectrum,  l.e., 

Tp  - 1.166  T (10) 

and  the  relation  between  tfc.e  mean  apparent 
(or  zero  crossing  period,  T,  and  Bret- 
schnelder/Putz  [llj  mean  crest  to  trough 
period  T,  l.e. , 

T ■ T/0.83  (11) 

was  used  to  relate  the  mean  apparent 
period  T with  the  modal  period  of  the 
Bretschnelder  spectrum.  This  gives 


T^  - 1.166  T/0.83  - 1.4  T 

It  should  be  noted  that  Cartwright  [13] 
derived  his  relationship  between  observ- 
ed and  measured  wave  periods  for  the  mean 
apparent  wave  period 

1 - (4.7  + 0.32  T^j,^)  (13) 

so  that 

T^  - 1.4  (4.7  + 0.32  T^bs> 

- (6.58  + 0.448  Tjjjjg)  (9) 

The  procedure  for  the  selection  of 
sea  conditions,  on  the  trade  routes 
specified  by  the  USCQ,  the  validity  of 
the  Bretschnelder  spectral  representation 
for  extreme  seas,  the  variability  In 
extremes  seas  due  to  the  correlation  un- 
certainties between  observed  and  actual 
wave  heights,  the  variability  In  extreme 
seas  due  to  geography  constraints  of 
trade  routes,  as  well  as  the  long-term 
(18  years)  variability  In  extreme  seas 
for  the  North  Atlantic  Trade  Route  are 
all  treated  In  Appendix  B. 

Confidence  Level  and  Exposure  Time 

In  of^er  to  predict  the  ship  motions 
In  extreme  seas  which  will  not  be  ex- 
ceeded at  various  levels  of  probability, 
two  elements  are  required.  The  first  Is 
the  expected  length  of  time  that  the 
Ship  will  be  exposed  to  the  seas,  l.e., 
the  ship  exposure  time;  and  the  second 
Is  the  probebility  distribution  function 
of  the  wave  heights. 

The  prediction  of  extreme,  ship 
responses  Is  here  regarded  as  designing 
for  ship  responses  during  a single  severe 
storm  or  for  a relatively  short  time 
period  for  a series  of  storms.  The  sea 
condltlono  are  considered  to  be  station- 
ary, l.e.,  statistically  unchanging  for 
the  time  period  for  which  response  pre- 
dictions are  made.  By  considering  a 
ship  lifetime  of  20  years,  a total  down- 
time of  25  percent  (5  years)  for  the 
ship,  a loading  and  unloading  turnaround 
time  In  port  of  1.5  days.  It  can  be  shown 
that  the  ship  may  be  expected  to  be 
exposed  to  any  particular  extreme  sea 
condition  characterized  by  a given 
modal  wave  period  and  significant  wave 
height  for  a rather  short  time.  It  Is 
assumed,  for  this  calculation,  that  the 
ship  will  spend  Ita  entire  4210  days  at 
sea  on  Trade  Route  1 (North  Atlantic). 

The  days  at  sea  are  derived  from  an 
assumed  sustained  ship  speed  of  20  knots, 
and  a trade  route  length  of  4800  nauti- 
cal miles.  421  separate  ocean  crossings 
on  Trade  Route  1 are  thus  expected  from 
the  above  assumptions.  During  these 
4?l  ocean  crossings  the  ship  is  certain 
to  encounter  a large  number  of  storms. 
However,  only  a few  storms  are  likely 
to  be  encountered  which  have  extreme 
seas  on  the  order  of  the  ones  presented 
by  the  moat  extreme  seas  observed  at 
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various  modal  wave  periods  tabulated  In 
reference  10,  see  Figure  2.  The  expo- 
sure times  of  the  ship  to  the  extreme 
seas  may  be  computed  directly  from  the 
percentage  of  occurrence  of  the  extreme 
seas,  see  Appendix  B (Table  3).  If  this 
Is  done,  very  short  exposure  times 
ranging  from  0.0126  to  0.50  days  are 
obtained.  These  times.  In  general, 
correspond  to  the  persistence  of  extreme 
waves  In  a single  storm,  see  Reference 
l4.  To  account  for  the  occurrence  of 
several  extreme  storms  In  the  lifetime 
of  a ship.  It  is  considered  appropriate 
to  use  longer  exposure  times  than  those 
for  a single  storm.  A total  ship  expo- 
sure time  of  three  days,  corresponding 
to  several  such  storms,  has  been  selected 
as  being  an  appropriately  conservative 
design  exposure  time.  The  significance 
of  variations  In  exposure  times  Is  shown 
In  Figure  4.  It  can  be  seen  from  this 
figure  that  once  the  ship  exposure  time 
exceeds  three  days,  relatively  little 
Increase  In  the  confidence  factor 
occurs. 


Figure  1)  - Ct  Versus  Ship  Exposure  Time 
for  Most  Probable  Extreme 
Value  and  Extreme  Values  not 
to  be  Exceeded  90,  99,  and 
99. 5<  of  the  Time 


For  short-term  predictions  of  ship 
motions  in  statistically  unchanging  seas, 
it  has  been  repeatedly  shown  by  various 
oceanographers  and  naval  architects  In 
the  past  20  years  that  the  wave  height 
and  ship  motions  are  distributed  accord- 
ing to  the  Rayleigh  distribution.  This 


distribution  assumes  that  the  wave  height 
and  linear  ship  responses  are  narrow- 
band  processe)*.  Based  on  these  charac- 
teristics of  wave  height  and  ship  respon- 
ses Cartwright  and  Longuet-Hlgglns  dis- 
cuss In  reference  15,  the  most  probable 
extreme  value, 


where  the  confidence  factor  C,j,  Is 


[2  In  n]^ 


and 

V 

where 


C„  - [2  £n 


(14) 

(15) 

(16) 
(17) 


for  the  extreme  value,  having  a prob- 
ability a (where  a is  small)  of  being 
exceeded,  see  Reference  16.  n Is  defined 
as  the  number  of  observations.  It  should 
be  noted  that  Ochl  [l6]  extended  this 
concept  to  Include  the  more  realistic 
case  of  wide-banded  processes,  l.e., 
e < 0.9,  where 

~ n.  1 


[1 


m J 


(18) 


Ochi  also  defined  extreme  values  as  a 
function  of  time  T,  In  hours,  by  using 

X (I!*)"* 


n 


(60)5 


(19) 


for  the  case  e 


Therefore , 


(2  tn  C(60)i 


17  ^m 


(r^)‘‘])'‘ 


(20) 


for  the  most  probable  extreme  value  and 


(2  In  [(60)* 


la 


2«a 


(ji-)^])’* 


(21) 


for  the  case  where  the  extreme  value  has 
a probability  a (o  small)  of  being  ex- 
ceeded. Therefore, 


• o 

using  equation  (20) 
and 


(22) 


(2?) 


using  equation  (21). 


The  most  probable  exti*eme  value, 
has  been  selected  for  the  calculations 
of  the  pilot  study  presented  In  this  paper. 
Due  to  other  large  uncertainties  In  the 
extreme  response  surface,  the  most  prob- 
able value  was  considered  appropriate 
here^  A more  conservative  extreme  value, 
say  X:y  with  a ■ 0.005  (99*5  percent  level) 
causes  approximately  a 24  percent  Increase 
In  predicted  extreme  accelerations. 

The  relative  significance  of  various 
a levels  In  comparison  to  variations  due 
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to  dlffarent  proposed  wave  height  and 
period  correlation  procedures  can  be  de- 
termined by  comparing  the  percentage 
variation  In  Cij  due  to  more  coi  servatlve 
design  a levels  than  the  most  probable 
extreme,  and  the  percentage  variation  In 
(?w)i/3  change  In  the  correla- 

tion equation.  This  comparison,  made  on 
the  basis  of  Figures  3 and  4,  Indicates 
quite  clearly  that  they  are  of  comparable 
Importance.  That  la,  both  types  of  vari- 
ations can  Independently  vary  the  ,.re- 
dlcted  extreme  values  up  to  24  or  22  per- 
cent. A far  more  significant  Influence 
on  the  predicted  extreme  accelerations 
la  the  variation  In  the  extreme  heights 
reported  for  the  different  modal  wave 
periods.  This  variation  Is  reflected 
directly  In  tne  contours  of  the  extreme 
response  surface. 

Extreme  Response  Surface 

The  extreme  response  surface  Is  the 
product  of  unit  response  surface,  the 
extreme  sea  conditions,  and  the  confidence 
factor,  see  Figure  1.  The  Irregularity 
(across  modal  period)  of  this  surface  la 
due  primarily  to  variations  of  up  to  71 
percent  In  the  observed  extreme  wave 
heights  across  modal  period,  ace  Figure 
2,  The  "Jaggedness"  of  the  observed  ex- 
treme wave  height  to  period  curve  of 
Figure  2 Is  also  apparent  In  the  extreme 
response  surface  (product  with  unit  wave 
height  surface  and  Cf)  of  Figure  lb. 

Until  a great  deal  more  extreme  wave 
height/period  data  Is  collected.  It  la 
not  clear  whether  or  not  this  large  ?l 
percent  variation  In  wave  heights  for 
different  wave  periods  can  be  either 
neglected  or  smoothed  over  In  some  fash- 
ion, e.g.  the  average  extreme  over  modal 
period.  It  should  be  noted  that  the  71 
percent  vaclat  on  In  wave  height  does 
not  mean  that  there  Is  71  percent  un- 
certainty In  the  selected  design  accel- 
erations. The  selection  procedure  could 
delete,  for  example,  this  extreme  vari- 
ation In  design  wave  conditions.  However, 
the  variations  due  to  varying  a level 
or  wave  height  correlation  do  Indicate 
up  to  24  percent  uncertainty  In  the 
selected  design  accelerations. 

Once  the  extreme  response  surface 
of  the  ship  Is  determined  for  the  design 
range  of  speeds  and  load  conditions,  the 
task  Is  to  select  from  this  group  of 
surfaces  a realistic  value  that  can  be 
regarded  as  an  adequately  safe  design 
value.  For  the  particular  example  rhown 
In  Figure  1,  one  strategy  for  the  selec- 
tion of  a design  value  Is  to  take  the 
largest  value,  or  the  average  of  the 
three  largest  values,  or  a similar  scheme. 
The  main  point,  however,  Is  that  a ra- 
tional procedure  for  sleeting  the  design 
value  from  a group  of  extreme  response 
surfaces  Is  required.  It  Is  considered 
essential  that  the  regulatory  agencies, 
the  ship  owners,  as  well  as  research 
naval  architects,  participate  In  the 
development  of  a rational  procedure  for 
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Ing  design  values  from  the  extreme 
se  surfaces.  Several  such  procedures 
lie  discussed  briefly  In  the  follow- 
suits  Section  of  the  paper. 


Three  figures  summarize  the  main 
results  of  this  work.  Figure  1 presents 
the  Prediction  process  In  graphical  form; 
Figure  5 presents  the  significance  of 
spatial  variations  along  the  ship  on  pre- 
dicted extreme  responses;  and  Figure  6 
presents  a comparison  between  the  pre- 
dicted extreme  accelerations  for  two 
different  selection  strategies  and  the 
CTIAC  proposed  rules  of  1 October  1972. 
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All  other  results  are  regarded  as 
being  of  secondary  Importance  and  are 
thus  presented  only  briefly  In  the  Appen- 
dices. It  should  be  noted,  however,  that 
for  shorter  ships  the  significance  of 
load  variations,  modal  wave  periods,  and 
roll  Is  expected  to  Increase. 
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Interpretation  of  Extreme  Aoceleratlona 

The  predicted  extreme  aooelerat Ions 
are  the  result  of  a multiplication  of 
three  separate  terms,  as  shown  In  Figure 
1.  Each  terra  has  associated  with  It  a 
given  uncertainty.  The  rms  response, 
for  example,  can  be  considered  to  be 
accurate  wltnln  the  10  percent  range 
dictated  by  the  worst  spectral  fit  of  a 
Bretschnelder  spectrum  to  true  extreme 
sea  conditions,  see  Appendix  B.  The 
extreme  significant  wave  height  has  as- 
sociated with  It  the  20  to  22  percent 
difference  that  can  be  obtained  by  using 
the  various  height  correlation  relations 
of  Cartwright,  Hogben  and  Lumb,  Norden- 
strfim  and  Abrahamsen  and  the  up  to  71 
percent  variation  over  modal  period. 
Finally,  It  is  clear  that  the  individual 
designers  can  readily  Influence  the 
design  by  selecting  design  values  that 
are  based  on  a more  conservative  probab- 
ility level  (up  to  2l)  percent  more)  than 
the  moat  probable  extreme  value.  Thus, 

It  Is  Important  to  note  that  the  process 
of  developing  an  extreme  response  surface 
consists  of  the  multiplication  of  three 
variables  each  of  which  has  associated 
with  It  variations  which  can  Independently 
vary  the  predicted  extreme  responses  by 
10  (due  to  o),  22  to  71  (due  to  (c„)i/  )« 
or  2*1  (due  tc  Cij)  percent. 

Application  of  Extremes  to  Design 

l^lgure  5 Illustrates  the  accelera- 
tlon  response  variations  that  may  be 
expected  when  changes  of  location  In  the 
longitudinal,  lateral,  and  vertical  di- 
rections occur  on  or  In  the  ship.  It 
la  evident  that  significant  response 
variations  occur  only  when  vary  large 
location  changes  are  made.  In  the  con- 
text of  ship  design,  this  means  only  the 
longitudinal  location  of  a point  on  the 
ship  has  a significant  bearing  on  the 
magnitude  of  the  acceleration  response. 

The  verification  of  this  conclusion  for 
other  ships  and  additional  ship  speeds 
and  headings  Is  required.  It  should 
also  bo  pointed  out  that  only  the  verti- 
cal accelerations  and,  to  a lesser  ex- 
tent, the  lateral  accelerations  vary 
substantially  with  location  on  the  ship. 

A comparison  Is  made  at  both  10 
and  20  knots  between  the  predicted  ex- 
treme longitudinal,  lateral,  and  verti- 
cal most  probable  accelerations  and  the 
ooviiparable  values  based  on  the  proposed 
1 October  1972  CTIAC  rules.  Figure  6 
shows  the  results  of  this  comparison. 

T.#o  different  strategies  for  selecting 
extreme  values  from  the  extreme  response 
surface  ar.,  shown.  The  first  Is  desig- 
nated as  the  "Worst  Heading"  strategy. 

This  strategy  selects  from  the  extreme 
response  surface  the  largest  predicted 
response  at  each  modal  wave  period.  The 
second  strategy  Is  regarded  as  being 
more  realistic  and  Is  desl^  lated  as  he 
"Most  Likely  Heading"  strategy.  It  Is 
considered  that  when  a ship  encounters 
the  extreme  seas  which  are  the  basis  for 
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these  predictions,  the  captain  will  con- 
sider these  storms  as  seas  which  signi- 
ficantly endanger  his  ship.  As  a con- 
sequence, It  Is  expected  that  the  tried 
and  true  "head  directly  Into  the  wind 
and  sea"  will  be  followed.  It  Is  simi- 
larly considered  unlikely  that  the 
visual  estimate  of  the  sea  will  be  off 
from  the  true  predominant  sea  direction 
by  more  than  30  degrees.  The  "Most 
Likely  Heading"  strategy  thus  consists 
of  selecting  the  largest  predicted 
response  for  headings  between  l80  and 
150  degrees  at  each  modal  wave  period. 

It  should  be  noted  at  this  time  that 
both  strategies  select  the  largest  values 
for  a particular  acceleration,  auch  as 
lateral  or  vertical,  independently. 

Thus,  the  longitudinal,  lateral,  and 
vertical  accelerations  shown  do  not 
correspond  to  the  same  Identical  heading. 
In  this  connection,  the  realism  Intro- 
duced by  the  use  of  spreading  function 
for  the  waves  Is  evident  In  the  realism 
displayed  In  the  results.  Clearly, 
extreme  wind  driven  seas  are  not  long 
crested.  Unlike  the  unrealistic  case  of 
long  crested  seas,  longitudinal  acceler- 
ations do  not  go  to  zero  In  beam  seas. 
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iior  do  latCi-al  accelerations  (50  to  zero 
In  head  seas,  nor  do  vertical  accelera- 
tions necessarily  reach  a maximum  value 
directly  in  head  seas,  see  Appendix  B. 

The  extreme  vertical  accelerations 
fmost  probable)  for  both  the  "Worst 
Heading"  and  the  "Most  Likely  Heading" 
o figure  6 reflect  tne  strong  variation 
In  response  with  modal  wave  period.  It 
Is  evident  that  at  nodal  periods  somewhat 
above  11  seconds,  both  strategies  result 
In  essentially  tho  sam<»  extre.me  values. 
Below  11  seconds  the  .aoie  realistic 
"Most  Likely  Heading''  strategy  results 
In  substantially  lower  predicted  ex- 
tremes, i.e.,  approximately  20  percenc, 
than  the  "Worst  Heading"  strategy.  In 
general,  the  predicted  extreme  vertical 
accelerations  vary  above  and  below  the 
proposed  CTIAC  rule  value.  The  predicted 
extreme  longitudinal  accelerations  are 
much  less  sensll  ve  to  the  variations 
In  the  extreme  seas  with  modal  period. 

The  agreement  between  both  strategies 
and  the  proposed  CTIAC  x’ule  for  longitu- 
dinal acceleration  Is  very  good. 

Lateral  aocelevatlon  predictions  un- 
fortunately reflect  the  sea  variations 
much  more  strongly  than  longitudinal 
acoelc'.;':  ins.  The  differences  In  the 
resulvo  L'  the  two  strategies  are 
greater  man  was  the  oaSi  for  vertical 
accelerations  and  also  these  differences 
appear  to  be  Independent  of  modal  period. 
It  Is  significant  here  to  note  that  the 
highest  lateral  acceleration  predictions 
0,  at  the  smaller  modal  periods. 

Th,  for  lateral  accelerations  the 

significance  of  extreme  s^as  which  are 
properly  related  to  wave  period  Is  evi- 
dent . Unlike  both  longitudinal  and 
vertical  accelerations,  the  lateral 
acceleration  predictions  are  much  greater 
■ ha.n  ohose  required  by  the  proposed 
CllAC  rules.  Clearly,  the  dlscre',  ncy 
between  the  present  lateral  acceleration 
rule  and  the  predicted  extremes  Is  large 
and  sigrilf leant. 

Further,  It  Is  considered  essential 
to  adept  a realistic  speed  limiting 
emategy  in  the  determination  of  LNG 
cargo  tank  design  values.  One  such  speed 
...Jmltlng  criterion  actually  employed  by 
the  operators  of  the  present  LNO  tankers 
POLAR  ALASKA  an-^  ARCTIC  TOKYO  [17]  limits 
speed  by  avoiding  pitch  angles  in  excess 
of  3 degrees.  Phis  is  considered  a vol- 
untary speed  loss  criterion-  Another 
speed  limiting  criterion  considers  c.ily 
the  added  drag  (resistance)  In  extreme 
seas.  This  Is  considered  an  Involuntary 
speed  loss.  Alth.ough  Ideally  a combina- 
tion of  voluntary  and  involuntary  speed 
limiting  criteria  might  be  used,  it  l.s 
considered  that  a more  conservative  ana 
safe  approach  Is  to  use  only  the  Invol- 
untary speed  loss.  This  involuntary 
speed  loss  due  to  the  added  drag  In 
waves  Is  less  than  the  voluntary  speed 
reductions  In  extreme  seas.  In  addition. 


tne  Involuntary  speed  loss  Is  less 
variable  with  operator  actions  than 
voluntary  speed  loss. 

CONCLUDING  REMARKS  AND  RECOMMENDATIONS 

The  CTIAC  lateral  acceleration  rule 
(proposed  1 October  1972)  may  be  too  low 
for  LNG  cargo  tank  design.  For  example, 
for  SHIP  D the  proposed  rule  Is  notice- 
ably lower  than  both  the  "Worse  Heading" 
and  "Most  Likely  Heading"  values.  An 
Investigation  Into  this  phenomenon  for 
the  entire  range  of  actual  and  proposed 
LNG  ships  Is  therefore  recommended.  Sub- 
ject to  the  resulting  findings,  modifi- 
cations to  the  proposed  1 October  1972 
CTIAC  rules  should  be  considered  to 
Improve  the  design  lateral  accelerations — 
If  these  values  are  to  be  adopted. 

It  is  recommended  that  the  USCG 
adopt  the  building  block  procedure 
developed  here  as  an  Interim  '■  indard  In 
specifying  aeslgn  acceleratlo’,.  , e.g. 
the  average  extreme  across  modal  wave 
period  could  be  readily  used.  Th.,  use 
of  this  Interim  standard  should  be 
encouraged  until  sufficient  ships  have 
been  designed  to  the  strnderd  that  a 
simpler  rule  can  be  deduced  from  an  ad- 
equately large  data/experlenoe  base.  The 
Interirc  standard  could  then  be  retained 
as  an  option  for  the  design  rule,  at  the 
dlscrei^icn  of  the  owner/designer.  This 
process  should  be  preferred  over  the  one 
which  specifies  the  design  accelerations 
by  very  simple  rules  which  do  not  take 
ship  geometry  or  trade  route  into  account. 

In  the  above  context.  It  Is  also 
recommended  that  an  effoi-t  be  made  to 
adopt  a realistic  strategy  for  the  selec- 
tion of  design  accelerations  from  the 
extreme  response  surface.  This  refine- 
ment effort  should  Include  the  ship 
owners,  doslgner.e,  the  research  naval 
architects,  and  the  ref^ulatory  agencies. 

The  collection  .if  more  realistic 
wave  height  and  period  data  (Joint  dis- 
tributions as  presented  In  Reference  10) 
for  the  Faclfio  Is  also  strongly  recom- 
mended. This  lb  based  on  the  rather 
strong  Influence  that  short  modal  period 
extreme  seas  have  on  lateral  accelera- 
tions. It  may  be  expected  that  the  influ- 
ence of  modal  period  will  be  much  more 
pronounced  for  smaller  LNG  tankers  than 
was  the  case  for  SHIP  D. 
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APPENDIX  A 

EVALUATION  (VALIDITY)  OF  RESULTS 

RESPONSE  VARIATIONS 

A pilot  study  has  been  conducted 
to  Investigate  the  prou'^dure  outlined 
In  this  paper.  The  ship  selected  for 
the  pilot  study  Is  a large  LNG  tanker, 
SHIP  D.  Figure  7 shows  the  Important 
particulars  of  SHIP  D.  The  pilot  study 
Included  Investigations  Into  variations 
of  ship  parameters  which  mii-;ht  affect 
extreif.'  acceleration  predictions  as  well 
as  Investlgatioiis  Into  the  validity  of 
the  computer  programs  used  to  predict 
the  ship  responses. 

Effect  of  Load  Variation 

Tto  types  of  ]oad  variations  were 
examined.  The  first  considered  cPianges 
In  roll  radius  of  gyration,  or  effec- 
tively the  natural  roll  period;  and  the 
second  considered  draft  changes  and  the 
related  displacement  change.  The  effect 
of  roll  on  acceleration  was  obtained  by 
varying  the  roll  radius  of  gyration,  K, , 
by  10  percent  of  the  base  value  (0.40 
Beam).  These  gyradll  variations  were 
examined  for  a realistic  range  of  sea 
conditions.  RMS  accelerations  were 
computed  for  = O.32,  0.36,  0.40, 

& d 0.44,  and  are  given  in  Table  1. 
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Figure  7 - Ship  Particulars  of  SHIP  D 
(Full  Load) 


Although  rms  roll  response  varied  from 
0.2°  to  3.7°  for  the  sea  states  investi- 
gated, the  lateral  accelerations  varied 
by  less  than  two  percent,  and  the  verti- 
cal and  longitudinal  accelerations  varied 
by  even  less.  The  conclusion  Is  that 
roll  Is  not  a significant  factor  In  the 
detei'mlnatlon  of  extreme  design  acceler- 
ations for  this  ship.  This  conclusion 
Is  borne  out  by  LNG  ship  operator  reports 


which  Indicate  that  roll  Is  not  a problem 
for  these  ships.  In  this  connection,  it 
should  be  noted  that  a precise  specifica- 
tion of  the  roll  radius  of  gyration  Is 
therefore  not  necessary  for  such  a large 
ship . 


The  draft/displacement  effect  on 
accelerations  Is  shcTwn  In  Table  2._ 
Although  rms  roll  Increased  up  to  6°  for 
the  light  draft  condition,  the  largest 
difference  In  rms  acceleration  due  to 
realistic  draft  changes  Is  0.005  g's.  It 
Is  therefore  concluded  that  the  Investi- 
gated draft  variations  do  not  significant- 
ly Influence  the  acceleration  responses 
for  as  large  a ship  as  SHIP  D.  It  Is 
expected  that  the  load  variation  will  be 
much  more  significant  for  shorter  ships. 

Effect  of  Location 

In  order  to  ;xamlne  the  acceleration 
response  variations  that  may  be  expected 
when  location  Is  changed  In  the  longitu- 
dinal, lateral,  or  vertical  direction 
on  or  In  the  ship,  the  responses  were 
computed  at  ten  distinct  points,  see 
Figure  6.  Six  of  these  points  correspond 
to  the  centers  of  the  six  LNG  tanks. 

Three  points  are  located  In  the  forward 
LNG  tank  and  serve  to  define  the  Impor- 
tance of  lateral  and  vertical  position 
on  acceleration  responses.  The  tenth 
point,  point  0,  is  at  the  origin  of  the 
calculation  procedure,  as  defined  in 
Reference  't. 

An  example  of  the  results  is  shown 
in  graphical  form  in  Figure  5-  The 
scales  OP  both  the  response  and  the 
position  axes  of  the  graphs  are  the  same 
and  the  extremities  of  the  ship  are  also 
located  on  the  scales.  The  results  of 
this  position  Investigation  Indicate 
that  the  most  significant  variations  In 
acceleration  responses  (vertical  and 
lateral)  occur  with  shifts  along  the 
length  of  the  ship  rather  than  with 
shifts  in  the  lateral  or  vertical 
direction. 


TABLE  1 - EFFECT  OF  VARYING  K./B  ON  ROOT  MEAN  SQUARE 
ACCELERATIONS  AT  POINT  I,  SHIP  D,  FULL  LOAD, 

20  KNOTS,  LONG  CRESTED  BEAM  SEAS 


Sea 

Condition! 

Roll  (Deg) 

Longitudinal  Acc 

. (g's 

Lateral  Acc.  (g's) 

Vertical  Acc.  (g's) 

T 

0 

(SEC) 

/B 

i 

/B 



ZB 

/B 

.32 

.36 

.40 

.44 

— 

.36 

.40 

.44 

.32 

.36 

.40 

.44 

.32 

.36 

.40 

.44 

23.8 

7.3 

.3 

.3 

.2 

.2 

.001 

.001 

.001 

.001 

.050 

.049 

.049 

.048 

.046 

.046 

.046 

.047 

23.9 

12.24 

.9 

.4 

.3 

.2 

.001 

.001 

.001 

.001 

.045 

.044 

.044 

.044 

.061 

.061 

.061 

.061 

23.8 

13.9 

2.7 

2.0 

1.3 

.8 

.001 

.001 

.001 

.001 

.041 

.040 

.040 

.040 

.056 

.056 

.056 

.056 

32.4 

13.9 

3.7 

2.8 

1.8 

1.1 

.001 

.001 

.001 

.001 

.056 

.054 

.054 

.054 

.076 

.076 

.076 

.076 
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table  2 - EFFECT  OF  DRAFT  VARIATION  ON  ROOT  MEAN  SQUARE 
ACCELERATIONS,  SHIP  D,  POINT  1,  20  KNOTS, 

LONG  CRESTED  SEAS 


Sea 

Roll  (Deg) 

Longitudinal  Acc 

(g's) 

Lateral  Acc.  (g's) 

Vertical  Acc.  (g's) 

1 Head 

Beam 

Head 

Beam 

Head 

Beam 

Head 

Beam 

■‘o 

(SEC) 

Lt 

Full 

u 

Full 

Lt 

Full 

Lt 

Full 

Lt 

Full 

Lt 

Full 

Lt 

Full 

Lt 

Pull 

23.8 

7,3 

0 

0 

.2 

.2 

.001 

.001 

.001 

.001 

0 

0 

.046 

.049 

.020 

.015 

.056 

.046 

23.9 

12.24 

0 

0 

3.0 

.3 

.010 

.011 

.001 

.001 

0 

0 

.040 

.044 

.094 

.090 

.065 

.061 

23.8 

13.9 

0 

0 

4.4 

1.3 

.013 

.014 

.001 

.001 

0 

0 

.036 

.040 

.106 

.104 

.059 

.056 

32.-1 

13.9 

0 

0 

5.9 

1.8 

.017 

.018 

.001 

.001 

0 

0 

.049 

.054 

.144 

.142 

.081 

.076 

Load 

K^/B 

GM/B 

Draft  (FT) 

Displacement 

(Tons) 

Ught 

.44 

.14 

32.2 

75159 

Full 

.40 

.06 

34.4 

83667 

1 

It  Should  be  noted  that : 

a)  longitudinal  ship  response  is 
constant  along  any  longitudinal 
line  through  the  ship,  for  ex- 
ample, the  longitudinal  accel- 
eration is  the  same  for  points 

4 through  9 in  Figure  8; 

b)  lateral  ship  response  is  con- 
stant along  any  lateral  line 
through  the  ship,  for  example, 
the  lateral  acceleration  is 
the  same  for  points  3 and  4 in 


Figure  8 - Point  Locations  for  Prediction 
of  Extreme  Accelerations  for 
SHIP  D 


c)  vertical  ship  response  is  con- 
stant along  any  vertical  line 
through  the  ship,  for  example, 
the  vertical  acceleration  is 
the  same  for  points  2 and  4 in 
Figure  8. 

VALIDITY  OP  ACCELERATION  PREDICTIONS 

Comparison  With  Model  Experiments 

The  regular  wave  response  predic- 
tions output  by  the  computer  programs, 
see  References  3 and  4,  have  been  com- 
pared at  three  speeds  with  the  results 
of  model  experiments  for  SHIP  D conduct- 
ed at  the  Netherlands  Ship  Model  Basin, 
Wagenlngen,  Holland  [l8].  This  experi- 
mental verification  of  the  computer 
program  Involves  pitch,  heave,  and  roll 
in  addition  to  vertical  acceleration  at 
the  center  of  the  forward  tank.  The 
ship  model  was  ballasted  to  a condition 
very  close  to  the  full  load  condition 
given  in  Figure  7 • 

The  heave  displacement  and  verti- 
cal bow  acceleration  comparisons  are 
shown  in  Figure  9,  with  pitch  and  roll 
comparisons  shown  in  Figure  10.  Compari- 
sons are  made  on  the  basis  of  response 
transfer  functions,  l.e.,  the  square 
root  of  the  ship  response  amplitude 
operators.  One  of  the  components  of  the 
vertical  acceleration,  heave,  does  not 
compare  very  well  with  measured  model 
results.  However,  the  remaining  com- 
ponents (pitch  and  roll)  and  most 
importantly  the  resultant  vertical  ac- 
celeration (at  the  center  of  the  forward 
LNQ  tank),  agree  satisfactorily  wJ,th 
the  measured  results.  It  is  therefore 
concluded  that  the  computer  programs 
adequately  predict  the  vertical  acceler- 
ations which  are  under  investigation. 
Additional  experimental  verification 
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of  ship  motions  predicted  by  the  program 
can  be  found  In  Reference  19. 


Figure  9 - Ooir.parlaon  of  Predicted  (Theory)  and  Measured  (EJ^p.) 
Responses  In  Regular  Waves  of  SHIP  D,  Full  Load 


Comparison  With  Full  Scale  Trials 

Experimental  verification  for  the 
lateral  and  longitudinal  accelerations 
Is  somewhat  more  difficult  to  obtain. 

Only  limited  experimental  data  on  lateral 
motions  and  accelerations  Is  available. 
Reference  3 shows  limited  sway  motion 
comparisons.  To  develop  some  basis  for 
broadly  verifying  the  predicted  lateral 
and  longitudinal  acceleration  levels, 
full  scale  values  measured  by  NSRDC  In 
1972  and  1973  on  the  USS  GUAM  (LPH-9) 
were  examined.  Figure  11  shows  a com- 
parison of  the  relative  magnitudes  of 
longitudinal,  lateral,  and  vertical 
accelerations.  These  accelerations  were 
all  referenced  to  the  vertical  accelera- 
tion. It  should  be  noted  that  rather 
large  lateral  accelerations  were  obtained. 
Both  measured  and  predicted  lateral  to 


vertical  acceleration  ratios  on  the 
oi’di!r  of  0.6  were  obtained.  In  this 
connection.  It  should  be  noted  that  even 
large  lateral  acceleration  response 
ratios  were  measured  on  board  the  SS 
Boston,  see  Reference  20,  although  there 
Is  some  question  as  to  the  measurement 
process  employed  on  this  ship.  It  Is 
concluded  from  these  results  that  the 
computer  programs  predict  reasonably 
accurate  values  of  longitudinal  and 
lateral  accelerations. 

APPENDIX  B 

REPRESENTATION  AND  VARIABILITY  OF 
EXTREME  SEA  CONDITIONS 

SOURCES  OP  EXTREME  SEA  CONDITIONS 

Because  the  extreme  accelerations 
developed  In  this  paper  depend  on  ob- 
servations of  the  actual  sea  for  the 
extreme  seas,  a literature  search  for 
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Figure  11  - Comparleon  of  Measured  and  Predicted 

Acceleration  Magnitudes , near  the  Stern 
of  LPH-9,  Ship  Speed  of  5 Knots 


such  measured  or  observed  sea  data  has 
been  conducted.  Of  particular  Interest 
was  the  Joint  compilation  of  wave  heights 
and  periods  over  eight  years  given  by 
hogben  and  Lumb  [10].  These  data  were 
compiled  in  a format  directly  applicable 
to  the  use  of  two-parameter  wave  spectra. 
In  addition,  the  rather  wide  geographic 
area  covered  by  Hogben  and  Lumb  simpli- 
fied the  search  for  extreme  sea  condi- 
tions for  the  Atlantic  Trade  Route, 
designated  as  Trade  Route  1 in  Figure 
12a.  The  USCG  specified  the  areas 
shaded  in  Figure  12a  as  representing  the 
most  realistic,  foreseeable  trade  route 
in  the  Atlantic. 

Attempts  at  locating  equally  good 
observed  or  measured  ocean  data  for  the 
other  most  realistic,  foreseeable  trade 
route  in  the  Pacific  failed.  The  mas- 
sive oceanographic  data  compiled  by 
Yamanouchl  and  Ogawa  [21],  see  large 
shaded  area  Figure  12b,  were  unsuitable 
for  the  prediction  process  developed. 

The  method  of  presentation  and  data 
reduction  chosen  by  Yamanouchl  and  Ogawa 
makes  it  impossible  to  reconstruct  the 
Joint  wave  height/wave  period  distri- 


bution which  is  essential  for  the  pre- 
diction of  extreme  accelerations. 

The  reports  of  the  Environmental 
Committee  of  the  International  Ship 
Structures  Congress  [13]»  [22],  [23] 
were  also  examined  in  order  to  locate 
extreme  sea  data  (height  and  period) 
which  would  be  representative  of  the 
Pacific.  Only  two  extreme  wave  height/ 
wave  period  observations  were  located 
In  Reference  13.  These  are  the  observa- 
tions, shown  In  Figure  12b,  made  In  1963 
aboard  two  Japanese  freighters.  It 
should  be  noted  that  other  reported 
extreme  wave  height/wave  period  sets 
were  essentially  subsets  of  the  Atlantic 
trade  route  data  [23].  Figure  13  pre- 
sents the  extreme  sea  conditions  located 
thus  far. 

The  conclusion  that  the  North  Pacific 
may  be  regarded  as  a subset  of  the  North 
Atlantic  cannot,  at  this  time,  be  drawn 


inw  n 40  0 40  m t 


00 1 iw  in  in  10  w 


Figure  12  - Aooumed  Trade  Koutea  for  North 
Atlantic  and  North  Pacific 
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Figure  13  - Extreme  Sea  Conditions 
Selected  for  the  North 
Atlantic  and  the  North 
Pacific 


since  far  too  little  extreme  Joint  wave 
height/wave  period  data  have  been  col- 
lected or  located  and  reduced  in  a 
suitable  format  for  the  North  Pacific. 

It  can  only  be  concluded  at  this  time 
that  more  suitably  reduced  oceanographic 
data  for  the  Pacific  are  required. 

REPRESENTATION  OP  EXTREME  SEAS 

Validity  of  Two-Parameter  Spectral 
{Representation 

The  effect  of  using  the  idealized 
two-parameter  Bretschnelder  spectral 
formulation  to  represent  realistic, 
extreme  sea  spectra  was  investigated. 

A series  of  measured  wave  spectra  of 
very  high  seas  was  used  to  examine  the 
adequacy  of  the  Bretschnelder  spectral 
fit  to  real,  extreme  seas.  These  meas- 
ured spectra  were  recorded  (see  Figure 
12a)  on  weathershlps  at  Station  India 
in  the  North  Atlantic  [24].  As  a measure 
of  the  adequacy  of  the  spectral  fit , 
differences  in  computed  ship  responses 
based  on  the  measured  spectra  and  the 
Bretschnelder  spectral  fit  to  these 
measurements  were  computed. 

The  energy-averaged  period,  T_,, 
and  the  significant  wave  height  > 

of  the  measured  spectra  were  used  to  ' ^ 
calculate  the  corresponding  Bretschnelder 
spectra.  Thus,  the  period  parameter,  T, 


in  the  Bretschnelder  spectrum  correspon- 
ding to  the  measured  Station  India 
spectrum  is 


T “ T_j  ■ 2w  m_j/mp  . (24) 

Similarly,  the  height  parameter,  for 
the  Bretschnelder  spectrum  was  computed 
from  the  significant  wave  height, 
of  the  measured  spectra  by 

- 0.625  - 0.625  (4m^j'‘)-2.5  m^^ 

’ (25) 


Longitudinal,  lateral,  and  vertical 
accelerations  were  computed  in  head  and 
beam  seas  at  three  ship  locations  using 
the  Bretschnelder  (B)  and  Station  India 
(SI)  spectra.  An  example  of  the  results 
is  shown  for  three  different  measured 
wave  spectra  in  Figure  l4.  These  results 
represent  the  worst  comparisons  between 
ship  accelerations  In  the  measured  and 
the  Bretschnelder  fit  sea  spectra.  Dif- 
ferences between  B and  SI  longitudinal 
and  lateral  root  mean  square  accelera- 
tions were  less  than  0.003  g‘s.  The 
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Figure  l4  - Comparison  Between  Predicted 
Bretschnelder  Spectra  and 
Wave  Spectra  Measured  at 
Station  India  and  Resulting 
Response  Predictions 
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differences  between  3 and  SI  vertical 
acceleration  rms  values  range  from  O.OO36 
to  0.0067  g's  and  are  less  than  10  per- 
cent of  the  SI  v(»lues.  It  Is  therefore 
concluded  that  the  Bretsohnelder  spectral 
foi*mulatlon  provides  an  adequate  repre- 
sentation for  the  extreme  sea  conditions 
Investigated. 

Short  Crested  versus  Long  Created 
Representation 

The  effect  of  assuming  a more  real- 
istic short  crested  rather  than  a long 
crested  seaway  Is  shown  In  Figure  15 . 
Characteristics  of  each  acceleration 
are  as  follows: 

a)  the  short  crested  longitudinal 
acceleration  remains  fairly 
constant  across  heading,  whereas 
the  long  crested  prediction  la 
zero  In  beam  seas; 

b)  the  short  crested  lateral  accel- 
eration Is  greater  In  head  and 
following  seas  but  less  In  beam 
seas  than  the  long  crested  lat- 
eral acceleration;  and 

0)  the  short  created  vertical  ac- 
celeration does  not  exhibit  the 
double  peak  characteristic  of 
the  long  created  prediction; 
the  short  crested  value  li 
greater  In  head,  quartering, 
and  following  seas  and  less  In 
bow  seas  than  the  long  crested 
value . 
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Figure  15  - Comparison  Between  Long  Crested 
and  Short  Crested  Predictions 


In  general,  the  short  crested  predictions 
do  not  exhibit  the  sharp  resonances  of 
the  long  crested  form  at  certain  head- 
ings. In  addition,  they  show  significant 
increases  in  the  lateral  and  vertical 
accelerations  In  head  and  following  seas. 
It  Is  concluded  that  the  more  realistic 
short  crested  seas  be  used  In  the  pre- 
diction of  extreme  accelerations. 

VARIABILITY  IN  OBSERVED  EXTREME  SEAS 

Three  specific  questions  regarding 
the  variability  of  the  observed  seas 
were  examined  to  establish  to  some  ex- 
tent, the  validity  of  the  extreme  accel- 
erations calculated  on  the  basis  of 
these  sea  observations.  The  results 
are  shown  In  graphic  form  in  Figure  3. 

Height  Correlation  for  Observed  Wave 
Heights 

Several  different  wave  height  cor- 
relation equations  have  been  proposed  by 
various  authors  to  relate  the  visually 
observed  wave  heights  and  periods  to 
characteristic  wave  heights  and  periods 
that  will  describe  the  spectral  distri- 
bution of  the  waves.  The  wave  height 
variability  that  results  from  the  use 
of  different  "correlation  equations"  Is 
demonstrated  In  Figure  3a.  The  visually 
observed  wave  heights,  also  shown  in 
this  figure.  Illustrate  the  significance 
of  this  "correlation  variability."  A 
similar  effort  was  not  conducted  for 
wave  periods. 

All  height  correlation  equations 
tend  to  reduce  the  most  extreme  wave 
heights  observed.  The  Hogben  and  Lumb 
correlation  was  made  between  weathershlp 
observations  (l.e.,  observations  by 
trained  professionals),  and  measured 
results  [10].  This  correlation  appears 
to  result  In  only  slight  leductlons 
between  the  observed  heights  and  the 
characteristic  measured  significant  wave 
heights . 

It  Is  Interesting  to  note  another 
group  of  correlation  relations  due  to 
Nordenstrfim  [13],  Abrahamsen  [7],  and 
Cartwright  [13],  roeult  in  substantially 
lower  wave  heights  than  the  ones  based 
on  Hogben  and  Lumb  [10].  The  results 
from  all  three  sets  of  correlation 
relatlrrs  are  quite  similar.  Cartwright's 
correlation  [I3]  was  selected  for  this 
work  because  it  explicitly  related  the 
wave  heights  and  periods  observed  by 
voluntarily  cooperating  ships  with  wave 
measurements.  Cartwright's  correlation 
was  considered  to  be  the  most  realistic 
one  to  use  because,  by  far  the  majority 
of  all  observations  come  from  voluntar- 
ily cooperative  ships  with  relatively 
untrained  observers  rather  than  weather- 
ships  with  trained  observers. 

Since  the  use  of  different  wave 
height  correlation  results  in  variations 
in  extreme  significant  heights  of  more 
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than  10  feet.  It  la  conaldered  that  the 
extreme  obaerv'^d  helghta  are  not  likely 
to  be  much  more  accurate  than  thla  value. 
Thla  large  uncertainty  In  the  actual 
reported  wave  height  muat,  therefore,  be 
taken  Into  conalderatlon  In  the  final 
determination  of  the  dealgn  acceleratlona . 

Table  3 preaenta  a tabulation  of  the 
correlated  (Cartwright)  obaerved  data 
from  Hogben  and  Lumb  [10]  for  the  North 
Atlantic  Trade  Route  of  Figure  12a.  The 
table  Includea  the  frequency  of  occurrence 
of  each  height/period  comblrmtlon  accumu- 
lated over  the  entire  trade  route  for  the 
yeara  1953-6I.  The  curve  denoted 
"Cartwright  1967  Correlation"  In  Figure 
3a  la  taken  aa  the  hlgheat  algnlflcant 
wave  height  occurring  In  each  modal  period 
range  In  Table  3.  The  Influence  of 
geography  on  the  hlgheat  obaerved  height 
over  all  wave  perloda  aa  well  aa  the 
variation  of  hlgheat  obaerved  heights 
with  time  are  discussed  In  the  follow- 
ing sections. 

Qeogryhlc  Influence  on  Largest  Observed 
Wave  Helghta 

The  variability  In  the  reported 
extreme  height  for  the  various  areas  In 
Trade  Route  1 Is  examined  In  Figure  3b. 
Only  the  largest  height  for  all  wave 
periods  In  a particular  area  of  the 
trade  route  is  considered.  It  Is 


Interesting  to  note  that  the  relatively 
sheltered  coastal  waters  (areas  k,  8, 

12,  15  and  9,  see  Figure  12}  contain  the 
hlgheat  reported  wave  height  In  the  trade 
route.  The  very  large  difference  of 
more  than  AO  feet  between  area  8 (Bay  of 
Biscay)  and  area  15  (Caribbean)  demon- 
strates the  strong  Influence  of  geography 
on  this  trade  route. 

Long-Term  Variation  In  Largest  Obaerved 
Wave  Helghta  * 

The  question  of  the  applicability 
of  the  extreme  sea  conditions  reported 
by  Hogben  and  Lumb  [10],  for  use  In 
lifetime  extreme  or  design  determination 
was  examined,  see  Figure  3c.  The  yearly 
extreme  wave  height,  observed  by  three 
weathershlps  whloh  are  located  on  the 
Atlantic  trade  routes  (noted  on  Figure 
12a)  were  plotted  for  18  consecutive 
years.  Figure  3c  clearly  shows  thr.*- 
the  largest  yearly  extreme  occurred  ,'n 
1959.  Thus,  It  can  be  tentatively  con- 
cluded that  the  extremes  on  Trade  Routs 
1 are  realistic  representations  of  sea 
conditions  that  might  be  expected  to  be 
encountered  over  a ship's  20-year  life 
on  the  specified  North  Atlantic  trade 
routs.  It  Is  not  poselble  to  reach  a 
similar  conolvdlon  with  regard  to  the 
North  Pacific  trade  route  due  to  the 
scarcity  of  suitable  long-term  wave 
data. 


TABLK  i - SU.NIPICANT  WAVE  HEIGHT  AND  MODAI,  WAVE  PERIODS 
PROM  OBSERVATIONS.  TRADE  ROUTE  1 (NORTH  ATLANTIC) 


Vo 

(FT1\ 

Calm 

Undeter- 

mined 

Periods 

^.8 

9.2  - 
9.7 

10.2  - 
10.6 

11.1  - 
11.5 

11.9  - 
12.5 

12.9  - 
13.3 

13.7  - 
14.1 

14.7  - 
15.1 

15.5  - 
16.0 

>16.0 

Total 

8.92 

3.29 

3.88 

0.11 

0.04 

0.02 

0.01 

* 

* 

* 

0,07 

0.05 

7.47 

9.45 

0.19 

9.23 

O.bl 

0.20 

0.08 

0.03 

0.01 

* 

* 

0.02 

0.34 

11.01 

1U.S3 

0.32 

14.26 

S.77 

1.19 

0.35 

0.13 

0.05 

0.02 

0.01 

0.03 

0.13 

22.26 

U.61 

0.34 

6.17 

'.  .32 

3.11 

0.82 

0.26 

0.09 

0.03 

0.01 

* 

0.02 

18.17 

12.69 

0.25 

1.56 

S.63 

4.02 

1.28 

0.33 

3.09 

0.03 

* 

* 

* 

13.19 

13.70 

0.17 

0.59 

2.84_ 

3.15 

1.54 

0.46 

0.15 

0.04 

0.01 

* 

* 

9.95 

14.86 

0.12 

0.21 

1.29 

1.95 

1.26 

0.33 

0.15 

0.04 

tb 

* 

* 

5.35 

15.94 

0.10 

0.!2 

0.71 

1.28 

0.97 

0.48 

0.16 

0.05 

0.02 

* 

3.89 

17.02 

0.05 

0.05 

0.36 

0 J 

0.63 

0.35 

0.14 

0.05 

0.01 

* 

* 

2.34 

18.10 

0.06 

0.04 

0.27 

0..S5 

0.56 

0.31 

0.15 

0.06 

0.02 

* 

* 

2.02 

19.19 

0.02 

0.01 

0.03 

0.10 

0.10 

0.66 

0.02 

it 

* 

* 

0.94 

70.27 

0 01 

O.Cl 

0.03 

o.oe 

0.10 

0.06 

0.03 

0.01 

* 

V 

* 

0.33 

21  35 

0.01 

0.01 

0.06 

0.12 

0.15 

0,10 

^toT" 

0.01 

«k 

* 

* 

0.50 

22.43 

* 

O.Ol 

0.05 

0.10 

0.14 

O.OB 

0.04 

0.01 

* 

* 

« 

0.43 

23.53 

* 

* 

0.01 

0,05 

0.05 

0.03 

0.01 

W 

* 

* 

0,15 

24.57 

* 

• 

0.02 

0.04 

0.06 

0.04 

0.02 

* 

* 

* 

A 

0.18 

25.65 

* 

0.01 

0.03 

0.04 

0.04 

0.02 

* 

* 

* 

* 

0.14 

26.73 

* 

a 

0.01 

0-03 

0.02 

v.Ql 

* 

* 

* 

* 

0.07 

27.81 

it 

* 

* 

0.01 

0.02 

0.02 

* 

* 

* 

A 

A 

0.05 

28.89 

32.13 

34.29 

38.61 

49.50 

*(22) 

*(3) 

■k 

*(2) 

•(1) 

*(>) 

0.02 

*(2) 

*(1) 

C.04 

*(2) 

•(1) 

0,03 

*(3) 

*(3) 

*(4) 

0,02 

*(1) 

0.01(45) 

*(26) 

* 

*(i) 

*(7) 

0.12 

Total 

4.93 

36.17 

25.42 

16.75 

8,24 

3.77 

1.20 

0.36 

0.08 

0.12 

0.54 

97,58 

*Lsts  than  0, 01% 


Number  of  observations  listed  for  the  highest  wave  height  for  each  range  of  periods  and  for  wave  heights  19.9  feet 
or  greeter.  Total  number  of  observotlons  373,952. 
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OISCUSSiON 


EDWARD  V.  LEWIS 

There  are  two  approaches  co  the  prob- 
lem of  predicting  extreme  ship  responses 
to  ocean  waves . One  Is  to  develop  a 
mathematical  model  covering  the  ship’s 
response  to  all  sea  conditions  and  hence 
to  obtain  a cumulative  distribution  of 
all  responses.  The  value  to  be  exceeded 
In  the  lifetime  of  the  ship  — or  of  a 
fleet  of  ships  — can  then  be  read  off. 

The  ether  approach  la  to  deal  only  with 
the  extreme  values  of  response,  which  are 
presumably  associated  with  the  most  se- 
vere wave  conditions. 

The  first  approach  has  advantages 
In  simplicity  and  easy  full-scale  verif- 
ication. The  second  --  which  Is  used  in 
this  paper  --  Is  appealing  because  It  Is 
not  encumbered  with  a large  quantity  of 
low-value  data.  However,  there  are  some 
dangers  that  show  up  In  the  treatment 
given  here,  and  these  will  be  pointed  out. 

First,  the  highest  wave  spectrum  of 
a given  characteristic  period  may  not  pro- 
duce the  largest  response.  There  are  two 
reasons:  (a)  spectral  shapes  vary  con- 

siderably, and  (b)  exposure  time  will  be 
greater  for  the  not-quite-highest  waves. 

Second,  the  final  answer  depends 
greatly  on  the  extreme  sea  conditions  se- 
lected. It  Is  hard  to  be  satisfied  that 
the  five  shown  in  Figure  13  (from  Table 
3)  are  the  real  lifetime  maxima  to  be  ex- 
pected. If  three  times  as  many  observa- 
tions had  been  made  over  the  same  period, 
or  if  the  observations  had  continued  over 
three  times  as  long  a period,  one  would 
expect  that  some  more  severe  seas  would 
have  been  reported. 

Third,  the  determination  of  exposure 
time  is  a problem;  "To  account  for  the 
occurrence  of  several  extreme  storms  in 
the  ■’Ifetime  of  a ship,  it  is  considered 
appropriate  to  use  longer  exposure  times 


than  those  for  a single  storm".  Appar- 
ently a single  Rayleigh  dlstrlbutron  is 
used  over  a time  period  of  three  days, 
covering  several  storms.  Such  a proced- 
ure requires  Justification,  since  the 
continuous  exposure  to  a single  storm  Is 
not  the  same  statistically  as  the  separate 
exposure  to  several  different  storms. 

On  the  basis  of  the  above  It  appears 
to  this  discusser  that,  although  the  pro- 
posed procedure  for  establishing  rational 
standards  for  accelerations  on  LNG  ships 
Is  sound  In  principle,  further  steps  are 
needed  to  make  It  more  rigorous  and  ac- 
ceptable. In  particular.  It  Is  felt  that 
the  wave  data  (Table  3)  .'hould  be  fit  to 
a suitable  distribution  function  In  order 
to  obtain  a more  reliable  maximum  height 
for  each  period  group.  A more  rigorous 
procedure  should  then  be  developed  to  de- 
termine the  highest  expected  accelera- 
tions , considering  exposure  time  not  only 
to  the  maximum  expected  seas,  but  to  the 
other  severe  seas  near  to  the  maximum. 

It  Is  recognized  that  the  paper  rep- 
resents a pilot  study,  but  It  is  Impor- 
tant that,  once  the  basic  procedvre  is 
decided  upon,  systematic  calculations  be 
carri''d  out  over  a range  of  ship  sizes  - 
as  recommended  in  the  paper.  It  Is  also 
felt  that  the  whole  problem  is  so  impor- 
tant that  It  Is  essential  for  Independ- 
ent calculations  to  be  carried  out  by  the 
other  well-established  approach  men- 
tioned In  this  discussion,  and  results 
compared . See  £S] 

The  authors  have  rightly  given  con- 
siderable attention  (Appendix  B)  to  the 
effects  of  variability  of  wave  spectral 
shapes.  Current  work  by  Dr.  Dan  Hoffman 
at  Webb  Institute  has  a bearing  on  this 
subject.  He  Is  also  analyzing  spectral 
data  obtained  by  the  Sea  Use  Council  un- 
der MarAd  sponsorship  for  Station  Papa 
in  the  North  Pacific.  This  work  sEouTd 
help  to  fill  In  some  of  our  gaps  in 
knowledge  of  the  Pacific  Ocean. 


D.L.  P0I50M 

The  authors  ai'e  to  be  congratulated  for 
the  developnent  of  this  building  block 
procedure  for  detemlnlng  desl©i  accelerations. 
This  method  provides  a means  to  readily 
Identify  the  stages  of  the  procedure  vrtilch 
vtlll  require  fixrther  study  and  decisions  by 
the  regulatory  bodies. 

Certainly  It  Is  clear  that  theio  Is  a 
need  for  an  Improved  wave  data  base.  Just  as 
there  Is  for  any  proceduie  which  requires  ship 
motion  Information. 


Ihe  action  which  the  Coeist  Quaid  takes  on 
ING  tank  design  criteria  must  consider  this 
work  and  the  criteria  I'occnmendod  by  the 
Intematlonal  Association  of  Classification 
Societies  as  well  as  the  criteria  reccnmended 
by  the  Chemical  Transportation  Industry 
Advisory  Connlttee.  One  step  that  has  been 
taken  by  these  groups,  that  Is  not  taken  In 
this  paper.  Is  to  provide  a means  to  ccmblne 
the  accelerations  Into  a resultant  maximum 
acceleration  vector.  'Ihey  accomplish  this  by 
simply  adding  the  maxlmums.  I would  like  to 
know  if  the  authors  agree  with  this  procedure 
or  do  they  have  a more  rational  procedure  for 
detensining  the  resultant  acceleration  vector. 
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AUTHOR'S  REPLY 


We  wish  to  thank  Professor  Lewis  and 
LCDR  Folsom  for  their  penetrating 
comments  on  our  paper.  We  agree  with 
Professor  Lewis  that  additional  work  is 
required  In  order  to  establish  valid 
standards  for  the  design  of  LNG  cargo 
tanks.  We  believe  that  the  emphasis  in 
the  next  steps  should  bo  to  Improve  the 
accuracy  of  the  predicted  design  accel- 
erations. In  short,  wo  believe  that 
more  physics  or  real  data  is  required  to 
improve  design  acceleration  predictions. 
We  do  net  believe  that  more  rigorous 
mathematics  or  statistics  would  improve 
the  realism  of  the  predicted  design 
accelerations . 

In  reply  to  Professor  Lewis'  caution- 
ary statement  that  the  largest  responses 
du  not  necessarily  occur  in  the  seas 
with  the  highest  waves,  the  following 
comments  are  offered.  First,  we  are 
aware  that  there  is  full  scale  container 
ship  data,  such  as  from  the  SS  BOSTON, 
which  appear  to  confirm  Professor  Lewis' 
observation.  However,  the  reason  for 
this  apparent  confirmation  is  that  the 
ships'  masters  employ  operating  strata 
gies  which  tend  to  reduce  objectionable 
ship  responses,  i.e.,  they  voluntarily 
reduce  speed  or  alter  course.  However, 
it  is  not  considered  to  be  appropriate 
for  regulatory  or  design  purposes  to 
depend  on  voluntary  operator  strategies 
to  reduce  extreme  ship  responses.  Thus, 
our  use  of  the  highest  wave  heights  to 
define  sea  conditions  in  which  the 
largest  accelerations  occur  rests  on  the 
conservative  assumption  that  involuntary 
factors,  such  as  involuntary  speed  loss, 
reduce  the  design  accelerations  in  ex- 
treme seas. 

The  influence  of  spectral  shape  vari- 
ations in  extreme  seas  on  ship  responses 
is  treated  by  our  use  of  the  wave  spectra 
at  different  modal  periods.  We  are 
pleased  to  hear  that  Professor  Hoffman 
is  also  analyzing  Station  Papa  North 
Pacific  wave  data.  We  are  using  Station 
Papa  extreme  wave  data  to  compare  accel- 
eration variations  due  to  different 
measured  wave  spectra  with  acceleration 
variations  that  result  when  our  series  of 
wave  spectra  at  different  modal  wave 
periods  are  employed. 

When  the  ship  exposure  times  for  the 
not-quite-highesc  waves  are  considered 
(see  Table  3)  in  the  calculation  of 
extreme  ship  responses,  the  largest  ship 
responses  still  occur  in  the  highest 
seas.  Wc-  have  verified  this  by  simple 
calculations  using  Table  3 and  varying 


Cx  and  (cw)i/3  building  block 

approach  to  the  prediction  of  design 
accelerations . 

We  agree  with  Professor  Lewis'  point 
that  larger  design  accelerations  than 
the  ones  given  in  this  paper  are  possible, 
if  these  accelerations  were  based  on 
extreme  wave  data  selected  from  a larger 
wave  data  base  than  the  one  empl  ,ed. 

That  is  of  course,  as  noted  by  LCDR 
Folsom,  the  reason  for  an  improved  wave 
data  base. 

We  have  considered  that  the  highest 
measured  or  vi;.;ually  recorded  wave 
height/period  combination  is  a valid 
extreme  storm  condition  on  which  to  base 
design  acceleration  predictions.  We 
have  employed  only  the  visual  data  from 
Hoghen  and  Lumb.  Tt  is  considered  es- 
sential to  update  regularly  (yearly)  the 
wave  data  base  from  which  the  extreme 
design  accelerations  are  calculated. 

Thus,  it  is  intended  that  the  design 
accelerations  be  improved  yearly  as  more 
extreme  sea  measurements  and  observa- 
tions become  available.  We  do  not  con- 
cur with  the  approach  which  tits  distri- 
bution functions  to  the  measured  or 
observed  wave  data  base  and  then  "extra- 
polates" the  extremely  rare  events  to 
some  convenient  level  of  statistical 
confidence.  We  do  not  consider  that  the 
added  layer  of  sophistication  in  treui. 
ing  rare,  extreme  sea  data  adds  any  con- 
fidence to  the  predicted  level  of  the 
extreme  seas  and  the  extreme  sea  ship 
responses . 

It  has  been  concluded  that  results 
will  be  conservative  when  exposure  times 
greater  than  the  ones  for  a single  storm 
are  used  along  with  the  associated  assump- 
tion that  a single  Rayleigh  distribution 
is  valid  over  this  entire  exposure  time 
at  a constant  wave  condition.  Results 
indicate  that  predictions  of  extreme 
wave  heights,  and  thus  ship  responses, 
based  on  the  above  assumptions  may  be  as 
much  as  20  percer t larger  than  values 
that  may  be  expected  f. im  measurements 
based  on  a large  series  of  1/2  hour  wave 
height  me-surements . 

In  raspoi'se  to  LCDR  Folsom's  ques- 
tio  regarding  ouv  opinion  of  the  present 
lAX  and  CTI.AC  acceleration  combination 
rule,  le*^  me  state  that  we  have  as  yet 
not  formed  an  opinion.  However,  we  are 
presently  examining  the  validity  of  the 
present  .ule  by  u.sing  predicted,  corre- 
lated time  histories  of  all  three  accel- 
eration components,  i.e.,  vertical, 
lateral,  and  longitudinal. 
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ABSTRACT 

Result!  of  several  research  programs 
to  investigate  sloshing  in  Liquid  Natural  Gas 
(LNG)  Carriers  are  presented.  The  history  of 
slosh-related  problems  in  LNG  carriers  la 
discussed  including  a listing  of  recorded  tank 
damages  from  LNG  sloshing.  Sloshing  consider- 
ations for  different  tankdeslgns  are  also  pre- 
sented. In  addition  theoretical  and  experimental 
studies  for  determining  liquid  response  charac- 
teristics for  different  tank  geometries  and  fill 
levels  are  delineated.  The  scaling  of  LNG 
slosh  loads  from  model  data  to  full  scale  is 
also  discussed  and  available  full  scale  lead 
measurements  are  presented.  Areas  requiring 
further  investigation  are  also  enumerated  as  well 
as  design  implications  from  the  studies  to  date. 

INTRODUCTION 

History  of  Slosh  Problem 

The  initial  attempt  at  LNG  transport  by 
water  was  accomplished  in  the  early  19S0'a 
when  a barge  called  "Methane"  was  construc’.ed 
with  five  cylindrical  balsa  lined  tanks  with  a 
total  capacity  of  6000  cubic  meters.  In  spite  of 
several  technical  problems  with  the  balsa  insu- 
lation the  project  was  considered  a success  but 
was  abandoned  fur  economic  reasons.  Xn  suu- 
sequent  years  increasing  gas  short  igen  and 
energy  demands  in  Europe  and  Japan  made  LNG 
transport  economically  feasible,  and  by  the 
early  1960's  commercial  transport  of  LNG  was 
occurring  in  ships  with  cargo  capacities  of 
approximately  25,  000  cubic  meters.  Since  the 
mid  1960's,  LNG  ship  technology  has  advanced 
considerably  and  ships  of  numerous  designs 
and  capacities  have  evolved  (Figure  1),  At 
present,  LNG  carriers  are  under  construction 
with  capacities  of  125,000  cubic  meters  with 
ships  as  large  as  150-200,  000  cubic  meters 
anticipated  for  use  in  the  near  future. 

As  the  various  LNG  ship  designs  have 
evolved,  several  important  types  of  unique  ship 
loads  have  been  considered  by  the  designers  of 
LNG  carriers.  One  of  the  most  important  ship 
loads  results  from  sloshing  of  the  LNG  in  the 


cargo  tank.  These  slosh  generated  loads  have 
a considerable  influence  on  the  tank  and  support 
structure  design.  Accounting  for  liquid  impact 
loads  in  cargo  tanks  is  not  restricted  to  LNG 
carriers  since  similar  problems  have  been 
experienced  in  other  types  of  liquid  transport 
ships  such  as  bulk  oil  carriers.  Howe  ver, 
several  factors  make  slosh  loads  more  impor- 
tant witli  regard  to  LNG  ship  design.  A tank 
failure  in  a LNG  ship  merits  special  considera- 
tion because  of  1)  the  risk  of  brittle  fracture  of 
the  primary  structure  (low  temperature  shock), 
2)  the  expensive  repair  coat  of  the  complicated 
tank  designs,  3)  the  high  out-of-service  coats 
and  4)  a potentially  explosive  cargo.  In  addition, 
special  requirements  result  in  LNG  tanka  being 
partially  full;  a condition  creating  the  highest 
impact  loads  from  liquid  sloshing.  Partial 
filled  conditions  occur  because  1)  chill-down 
liquid  is  needed  to  maintain  cold  tanka  on  return 
trips,  2)  higher  specific  gravity  liquids  than 
LNG  are  transported  in  tanks  designed  for  LNG 
weight,  3)  partial  unloading  is  desirable  when 
multi-port  stops  are  made  and  4)  loading  or 
unloading  at  sea  creates  significant  time  periods 
at  undesirable  fill  depths.  Also,  the  complex)  y 
of  the  tank  design  in  LNG  carriers  is  such  that 
at  least  some  LNG  tanks  are  more  susceptible 
to  damage  fr:  m closh  loading  than  tanks  foi 
transporting  oil  or  other  petroleum  products. 

There  arc  presently  over  10  designs  of 
LNG  ti.nks  (1)  that  are  either  currently  in  uso  or 
under  major  consideration.  These  tanks  gen- 
erally fall  into  two  categories;  namely,  free- 
standing (independent)  and  non-freestanding 
(membrane)  tanka  (Figure  2).  Integral  tanks 
used  for  LPG  transport  are  not  acceptable  for 
LNG  since  their  use  is  restricted  to  tempera- 
tures greater  than  -10°C.  The  freestanding  or 
independent  tank  is  usually  of  the  spherical  or 
cylindrical  design  and  because  of  its  geometry 
it  is  amenable  to  stress  analysis  and  oth>*r  co.i- 
vontional  analytical  techniques.  Because  the 
stresses  can  be  calculated,  a secondary  bar- 
rier system  is  not  required  as  is  the  case  of 
the  non-freestanding  tanks.  An  exception  is  the 
prismatic  freestanding  tank  which  does  require 
a secondary  barrier.  Freestanding  tanks  arc 
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(a)  ARISTOTLE!  EX-MET>iANE  PIONEER) 


(b)  PYTHAGORE 


(d)  JULES  VERNE 


( e ) ESSO  BREGA 


(g)  EUCLIDES 

Fig.  1 LNG  Carriers: 
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(I ) 120.000CU  m KVAERNER-MOSS  SHIP 


(m)  PROJECTED  200,(X»CU  m SHIP  WITH  FREE-STANDING 
OR  MEMBRANE  TANKS 
The  Current  State  of  the  Art 


also  easier  to  fabricate,  and  the  insulation  is 
easier  to  insUll  than  on  other  systems.  One 
drawback  to  the  freestanding  design  is  the  disad- 
vantage of  requiring  a larger  ship  per  given 
cargo  volume.  Since  freestanding  tank  walla 
can  be  defigned  to  withstand  largo  impact  pres- 
sures, the  primary  problem  asEociated  with 
LNG  sloiibing  in  freestanding  tanks  result,'  from 
the  slosh  loads  on  internal  components  and  on 
the  tank  support  structure. 

Sloshing  Considerations  vs  Tank  Design 

Liquid  sloshing  in  spherical  and  cylindri- 
cal containers  has  been  studied  in  the  past  for 
space  applications,  both  analytically  and  experi- 
mentally (2),  The  nature  of  slosh  loading  in 
those  types  of  tanks  and  its  prediction  is  prob- 
ably bettor  understood  than  for  prismatic  tanks, 
but  analytical  techniques  for  p~edlcting  large 
amplitude  sloshi.-ig  ^ro  still  not  fully  developed, 
and  such  loads  are  extremely  important  in  de- 
signing the  tank  support  structure  and  Internal 
tank  components.  In  addition,  much  of  the 
sloshing  technology  developed  for  space  appli- 
cations is  not  useful  because  emphasis  was 
placed  on  frequencies  and  total  forces  ao  they 
related  to  control  system  requirements  and, 
therefore,  the  effects  of  local  peak  impact 


pressure  on  structural  requirements  were  not 
studied  to  any  extent.  Further,  the  excUation 
amplitudes  considered  in  space  applications 
wore  too  small  for  thip  motion  simulation. 

The  second  general  tank  type,  the  non- 
freestanding or  membrane  tank,  affords  the 
maximum  utilisation  of  space  as  the  tanks  are 
essentially  built  into  the  ship's  hold  making 
use  of  the  ship's  structure  for  support.  The 
membrane  tanks  use  a thin  internal  l».yer  of 
metal  to  act  as  a liquid  barrier  and  are  directly 
supported  by  insulation  material.  The  insula- 
tion is  applied  directly  to  the  null  with  no 
access  space  which  makes  this  type  of  tank 
difficult  to  repair  after  material  fracture  or 
other  damage.  Because  of  the  complex  struc- 
ture, membrane  tanks  are  not  amenable  to 
analysis.  In  addition,  becacse  of  this  and  the 
thinness  of  the  membrane,  a . -.o.oiote  second- 
ary liquid  barrier  is  required.  The  primary 
problem  associated  with  sloshing  in  membrane 
tanks  is  the  potential  damage  to  the  tank  wails 
frovn  peak  impact  slosh  pressures.  Since  this 
type  of  tank  cannot  h*  analyzed  to  determine  its 
failure  strength,  special  load  tests  must  be 
performed  on  representative  segments  of  the 
structure  to  determine  its  load  bearing  strength. 
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An  estimate  of  the  slosh  loads  taat  occur  in 
these  types  of  tanks  is  then  utilised  to  deter- 
mine if  the  structure  has  the  required  strength. 
Severe  slosh  loads  in  the  membrane  tank  can 
occur  at  small  fill  depths  resulting  from  large 
amplitude  traveling  wave  impact  which  is  not 
amenable  to  analysis.  Also,  severe  slosh  loads 
can  occur  on  or  near  the  tank  top  as  a conse- 
quence of  standing  slosh  waves  in  partially 
filled  tanks.  Therefore,  tests  with  geomet  c 
scale  models  of  LNG  membrane  tanks  are 
needed  to  obtain  liquid  impact  pressure  data 
for  tank  design. 

Recorded  Damage  From  Sloshing 

As  of  1973  over  fifty  years  of  experience 
has  been  gained  with  numerous  ships  of  various 
tank  designs.  During  these  years,  several 
structural  problems  have  been  recorded  which 
have  resulted  from  slosh  loads  on  LNG  cargo 
tanks.  Slosh  related  loads  causing  tank  damage 
have  occurred  on  two  tihips  with  membrane 
tanka,  the  "Polar  Alaska"  and  the  "Arctic 
Tokyo".  On  the  "Polar  Alaska",  supports  of 
the  electric  cables  supplying  the  cargo  pumps 
were  broken  by  liquid  sloshing  loads.  This 
occurred  when  the  tank  was  approximately  15  - 
20%  full.  The  broken  cable  supports  resulted  in 
damage  to  the  bottom  of  the  membrane  tank. 

On  the  "Arctic  Tokyo”,  a leak  in  the  number  1 
tank  was  caused  from  liquid  sloshing  when  the 
tank  was  about  20%  full.  Inspection  revealed 
that  the  leak  was  located,  along  with  four  de- 
formed points  in  the  membranes,  in  the  aft 
corners  of  the  transverse  and  lognitudinal 
bulkheads  at  about  the  liquid  suiface  level. 
Subsequent  model  tests  (3,4)  performed  on 
scale  models  of  the  damaged  "Arctic  Tokyo" 
tank  revealed  that  a 15  - 30%  fill  depth  with 
respect  to  tank  length  resulted  inappreciable 
impact  loads  from  sloshing.  As  a result  of 
these  studies  operations  with  partially  filled 
tanks  other  than  nearly  full  or  nearly  empty 
have  been  prohibited,  and  no  additional  prob- 
lems have  been  reported.  The  model  tests 
were  not  successful,  however,  in  establishing 
peak  impact  pressures  (5)  which  could  have 
caused  the  damage.  As  a result,  additional 
work  has  been  undertaken  to  investigate  more 
thoroughly  all  aspects  of  modeling  LNG  slosh- 
ing and  to  provide  a greater  understanding  of 
the  slosh  generated  loads  and  their  implications 
to  tank  and  ship  design. 

In  this  paper  a description  of  recent 
activities  in  studying  liquid  slosh  in  LNG  car- 
riers is  presented.  Fundamental,  analytical 
and  experimental  studies  in  this  area  are  dis- 
cussed as  well  as  the  implications  this  research 
has  for  LNG  ship  design. 


Fig.  2b  Freestanding  (Spherical)  Tank  Design 


MODELING  OF  LNG  SLOSH  BEHAVIOR 
Scaling  Criteria 
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The  important  loads  associated  with 
sloshing  of  LNG  in  transport  ship  tanks 
are  not  well  understood  and  at  present 
cannot  be  adequately  described  mathemati- 
cally. To  circumvent  this  problem,  studies 
have  been  performed  utilizing  scale  models  of 
LNG  cargo  tanks  to  1)  determine  the  nature  of 
the  slosh  phenomena  for  various  fill  depths  and 
tank  geometries,  2)  provide  loads  data  for  use 
in  estimatir.g  prototype  reactions  and  3)  help 
determine  the  factors  responsible  for  damage 
to  full  scale  tanks.  In  order  to  utilize  model 
test  results,  the  scaling  criteria  to  convert 
model  test  data  to  full  scale  loads  need  to  be 
established. 

In  general,  modeling  requires  a selec- 
tion of  a set  of  significant  parameters  and  the 
combining  of  these  parameters  into  pi  terms 
using  the  principles  of  similitude.  A teat  pro- 
gram is  then  designed  so  the  model  size  is 
properly  scaled  for  whatever  parameters  are 
chosen.  If  a proper  simulation  is  obtained,  the 
results  from  model  tests  can  be  scaled  directly 
to  full  scale  conditions  without  significant  error. 
On  the  other  hand,  if  tests  have  been  performed 
out  of  simulation,  then  enough  teat  information 
must  be  obtained  so  correction  factors  can  be 
applied  to  the  data  to  indicate  full  scale  condi- 
tions. In  examining  modeling  requirements  for 
LNG  slosh  studies,  the  following  questions  must 
be  answered.  1)  What  are  tho  appropriate 
scaling  criteria?  2)  Have  previous  model  testa 
been  performed  in  or  out  of  scale,  and  if  out  of 
scale,  what  can  be  done  with  the  data  to  relate 
it  to  prototype  conditions  ? 3)  If  teats  were  per- 
formed in  scale,  was  enough  data  compiled  to 
draw  any  conclusions  and  allow  meaningful  ex- 
pressions to  be  developed  to  predict  prototyp:' 
behavior?  In  an  attempt  to  answer  these  ques- 
tions the  following  important  parameters  are 
considered  in  modeling  the  liquid  motions  in  a 
typical  LNG  tank  geometry: 

P pressure  exerted  on  tank  by  liquid 

g gravitational  acceleration 

L tank  length  or  diameter  (selected 

characteristic  dimension) 

h liquid  height 

Sj  other  pertinent  tank  dimension 

(i  - 1,2,.  ..n) 

Xq  excitation  amplitude 

T excitation  period 

p liquid  viscosity 

p liquid  density 


o 


bulk  modulus  of  liquid 


E,  tank  elastic  modulus 


AP  = Pq  - Pv‘  '**«*'® 


Pq  pressure  at  free  surface 


Py  liquid  vapor  pressure 

Using  the  PiTheorem  and  choosing  impact  pres- 
sure as  the  dependent  variable  results  n the 
following  functional  relationship; 

n n F 

1 s S 

P . T-  [ g-.  PJiJiiZlI 

P(L/t)»  ‘ L L/t®  , U 


P(L/Tf  L P(L/t1?  AP  *^s 
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n n n 
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The  first  pi  term  represents  a pressure  coef- 
ficient (Euler  number)  which  is  a function  of  the 
remaining  pi  terms.  Pi  terms  2-6  represent 
Froude,  Reynolds,  Weber,  Cauchy  and  cavita- 
tion number,  respectively.  Pi  term  7 accounts 
for  wall  elasticity  with  the  remaining  pi  terms 
accounting  for  geometric  similitude. 

In  all  model  testing  to  date,  only  Froude 
and  geometric  scaling  have  been  considered  im- 
portant, Therefore,  no  attempt  to  simulate  pi 
terms  3-7  has  been  undertaken.  Since  for  any 
free  surface  condition  Froude  scaling  is  always 
important,  considering  this  pi  term  is  a must. 
The  importance  of  the  remaining  terms  is  now 
evaluated  by  comparing  magnitudes  of  each 
dimensionless  group  using  typical  model  and 
prototype  values  for  the  parameters.  A sum- 
mary of  comparisons  is  given  in  Table  I. 

Surface  Tension  Effects 

The  surface  tension  parameter,  o , 
appears  in  the  Weber  number  or  1T4  term.  The 
product  of  the  Froude  and  the  Weber  number 
forms  the  Bond  number 

= PgL^/o  (2) 
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Tabie  I.  Model  to  Prototype  Scaling  Comparlaons 


Model  - m 

- 

Prototype  - p 

Length  (metera) 

1.0 

30 

Scale  (Lm/Lp) 

1/30 

-- 

Liquid 

H2O 

LNG 

Density  - p(kg/m^) 

iOOO 

474 

Viacoaity  -p  (CP) 

1.0 

0.  139 

Kinematic  Viacoaity  - v(cm^/aec) 

0.01 

0. 00290 

Surface  Tenaion  -o(Dynea/cm) 

72.  8 

496 

Speed  of  Sound  - C(m/a) 

1505 

1700 

Bulk  Modulus  - El  (Dynes /cm^) 

20.6  X iO^ 

13.  8 X 10’ 

Wave  Speed  - V (m/s) 

1.0 

8.  0 

Re  - pVL/p 

1 X 10^ 

8.3  X 10® 

Re  ^ 

3.  1 X 10^ 

1.7  X 10*’ 

Bq  = pg  L^/a 

1. 35  X 10® 

8.4a  X 10® 

Ca  = pg  L/El 

4.75  X 10'^ 

101  X 10'® 

0 CV /g  (kg/cm“) 

15.3 

65.  7 

AP/  p gL 

10 

~ 0 

* 

Maximum  value  for  liquid •,  LNG  value  unknown 

The  Bond  number  repreaent*  the  ratio  of  inertia 
to  aurface  tenaion  forcea,  and  if  greater  than  1, 
aurface  tenaion  can  be  neglected  when  tnodeling 
a free  aurface.  The  eatimated  Bond  numbera 
(Table  I)  are  1.  35  x 10^  and  8.43  x 10^  for  the 
model  (m)  and  prototype  (p),  reapectively . The 
magnitude  of  theae  numbera  indicate  that  aur- 
face tenaion  effecta  can  be  neglected  and  one  pi 
term  eliminated. 

Viacoua  Effecta 

The  viacoaif.y  of  the  fluid  appeara  in  the 
Reynolda  number  (irg)  given  by 


Re  = p V L/u  (3) 

In  moat  fluid  mechanica  applicationa  viacoua 
effecta  become  more  important  with  decreaaing 
valuea  of  Reynolda  number.  An  eatimate  of  the 
Reynolda  number  for  both  the  model  and  proto- 
type waa  made  utilizing  the  valuea  given  in 
Table  I,  with  the  charactcriatic  velocity  V 
taken  to  be  the  longitudinal  liquid  velocity  of 
the  order  of  magnitude  aa  meaaured  or  eati- 


mated  in  (3).  The  reaulting  Reynolda  numbera 
are  ~10^  and  10  for  the  model  and  prototype. 
While  the  magnitude  of  theae  numbera  la  large, 
the  importance  of  viacoaity  cannot  be  determined 
on  thia  baaia  alone.  Previoua  aloah  atudiea, 

(2)  ahowed  that  viacoaity  affecta  the  i, magnitude 
of  the  peak  preaaurea  and  forcea  exerted  , 
tank  walla  at  reaonant  conditiona  but  only 
alightly  altera  the  aloah  frequency  at  reaonance. 
Theae  reaulta  indicate  that  viacoua  acaling  may 
be  important  in  predicting  prototype  LNG  aloah 
impact  loada. 


A new  parameter,  formed  by  combining 
Froude  and  Reynolda  number,  ia  given  by 

Re  = oL^^^g^^^/p  (4) 

For  both  Reynolda  and  Froude  number  acaling 
to  be  aaliafied,  the  model  acale  ia  given  by 


Z/3 


S=  g 
m p 


(5) 


I 


I 
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Thil  equatiuii  is  plotted  in  Figure  3 which  shows 
that  the  kinematic  viscosity  ratio  of  the  model 
(H2O)  to  prototype  fluid  (LNG)  is  about  3 orders 
of  magnitude  too  high  even  for  the  largest  model 
tested.  Conveiflely,  for  proper  viscoUE  scal- 
ing a model  liquid  would  have  to  be  found  whose 
kinematic  viscooity  was  approximately  I /100th 
that  of  LNG,  and  no  such  liquid  exists.  Unfortu- 
nately since  the  kinem.^tic  viscosity  of  water  is 
higher  than  that  of  LNG,  if  viscosity  is  an  im- 
portant factor,  then  the  data  obtained  in  model 
tests  to  date  are  nonconsej-vative  since  out  of 
scale  damping  is  present. 


Fig.  3 Froude  and  Reynolds  Number  Scaling 

Some  data  and  discussion  relating  to  the 
effects  of  viscosity  on  measured  impact  pres- 
sures, as  pertinent  to  LNG  sloshing,  are  given 
in  a later  section  of  this  paper. 


CompresoibiUtv  Effects 

Tl»e  Cauchy  or  ng  term  accounts  for  the 
compressibility  of  the  liquid.  After  introduc- 
ing Froude  scaling,  the  Cauchy  number  is 
given  by 


C 

a 


E 


L 


(6) 


The  Cauchy  number  given  by  equation  (6)  (Table 
I)  for  the  model  and  prototype  is  4.  75  x 10'^ 
and  100  X lO’^,  respectively,  indicating  that 
previous  model  tests  have  also  been  performed 
out  of  scale  with  respect  to  compressibility 
effects.  An  alternate  technique  for  evaluating 
compressibility  effects  is  to  scale  pressures  by 
the  method  used  ir  (6).  For  this  type  of  loading, 
impact  pressures^  are  proportional  to  the  im- 
pact velocity  V,  liquid  speed  of  •ound  C.  and 
liquid  density  p,  or  P = KpCV.  The  propor- 
tionality constant,  K,  assumes  a maximum  val- 
ue of  1 at  the  stagnation  point,  but  numerous 
factors  in  actual  situation  result  in  K being 
much  smaller,  usually  on  the  order  of  0.  1 to  1. 
The  final  value  of  K is  dependent  on  the  relative 
slope  of  the  impact  surface,  the  amount  of  gas 
entrapped  between  the  impacting  liquid  and  sur- 


T For  predicting  ship  slamming  pressures, 
the  relationship  P^KD  is  normally  used. 


faca,  the  amount  of  gas  bubbles  entrained  in  the 
liquid  and  the  environmental  pressure.  For 
K = 1.0,  Impact  pressures  (Table  I)  are  14.6 
kg/cm^  and  66  kg/cm^  lor  the  model  and  proto- 
type, respectively,  compared  to  reported  crush 
ing  strengths  of  5-7  'kg/cm^  for  typical  LNG 
membrane  tanks.  This  would  Indicate  that  the 
proportionality  constant,  K,  must  be  consider- 
ably less  than  1 , (i.  e.  , as  low  as  . OOS)  il  com- 
pressibility scaling  is  pertinent. 


Impact  pressure  traces  recorded  in 
previous  LNG  slosh  modeling  studies  (3,4)  are 
similar  in  wave  form  to  slamming  pressure 
traces  given  in  (6).  Since  the  pressure  traces 
indicate  that  a slamm'.tg  type  pressure  is  pre- 
sent, the  effects  of  compressibility  and  the 
appropriate  scaling  criteria  for  these  type  of 
pressures  still  remain  in  doubt. 


Test  data  obtained  in  previous  model 
studies  were  scaled  with  the  dimensionless 
ratio  represented  by  itj  or  Euler  scaling.  This 
approach  results  in  pressure  scaling  propor- 
tional to  the  length  and  density  ratio.  If 
P/  P CV  is  the  proper  scaling  parameter,  then 
the  addition  of  Froude  scaling  requires  that 


P = P 
p m 


P C 
_E E 

P C 
m m 


(7) 


or  pressure  scale  as  a square  root  of  the  length 
ratio.  Therefore,  the  current  scaling  of  model 
pressures  by  L„  /L^  resulta  in  a conservative 
estimate  of  peak  innpact  pressures. 


Cavitation  Effects 

Since  the  vapor  pressure  of  LNG  is 
approximately  equal  to  the  tank  static  pressure, 
the  cavitation  parameter,  !>*•  a value  near 
aero.  Model  tasting  of  H2O  at  P ::  1 atm  has  a 
much  larger  value  of  the  cavitation  parameter 
( ~ 10)  and  therefore  cavitation  scaling  is  not 
achieved  in  model  tests  with  HgO.  Tests  have 
been  performed  at  Det  Norske  Veritas  with 
iso-pentane  anu  boiling  H2O  to  simulate  LNG. 
The  preliminary  results  indicate  little  differ- 
ence between  non-boiling  HgO  and  boiling  H2O 
and  iso-pentane  test  results;  i nwever,  addition- 
al testa  with  cavitation  scalin(,  hould  be  con- 
ducted. It  is  possible  that  the  vapors  produced 
by  boiling  will  affect  impact  pressures  byallow- 
ing  more  entrained  h,  the  itopectir.g  liquid. 
Thus,  boiling  (or  cavitation)  can  in  essence 
affect  scaling  from  a compressibility  standpoint 
so  that  the  interaction  of  these  two  scaling  cri- 
teria should  therefore  be  considered. 


Wall  Elasticity 

Another  potentially  important  parameter 
in  modeling  liquid  sloshing  is  the  rigidity  of  the 
liquid  container.  If  the  wall  is  highly  elastic 
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than  liquid  and  itructural  motions  can  coupla 
and  drastically  altar  tha  slosh  prassuras  and 
forcas. 

No  attampt  has  baan  mada  to  slmulata 
tlia  tank  wall  (mambrana,  insulation,  boxas, 
hull)  i;  pravious  modal  tasting.  To  datarmlna 
if  the  aiasticity  of  tha  wall  can  ba  naglactad,  tha 
natural  frequency  of  typical  plywood  boxes  of 
membrane  tanks  was  computed  and  compared  to 
the  slosh  frequency.  The  plywood  segments 
ware  assumed  to  act  as  clamped  plates  yielding 
a natural  wall  frequency  of  f,  - 250  Hi  . Tha 
more  rigid  ireeotanding  tanka  will  exhibit  even 
larger  natural  frequencies.  Since  typical  slosh 
periods  are  on  the  order  of  1 to  10  seconds 
(0.1  to  1.0  He),  it  is  unlikely  that  the  wall  will 
be  excited  to  resonance  by  sloshing.  However, 
it  should  be  noted  that  the.  duration  of  the  pres- 
sure pulse  is  of  the  order  of  the  natural  period 
of  the  wall  response  so  that  dynamic  amplifica- 
tion is  possible. 

Conclusions  from  Modeling  Considerations 

The  previous  discussion  indicates  that 
surface  tension  and  wall  elasticity  effects  can 
be  neglected  for  purposes  of  scaling.  However, 
viscous,  compressibility  and  cavitation  contri- 
butions cannot  be  neglectad  until  addit.ional  testa 
are  performed  to  ascertain  their  effects.  Elim- 
inating the  two  appropriate  pi  terms  and  includ- 
ing Froude  scaling  in  the  others  results  in: 


P 

pgh 


= F* 


AP  ogL 
PgL  . . 

Geometry  1 


(8) 


Figure  4 is  a plot  of  reasonable  ranges  which 
can  bn  obtained  for  the  first  three  parameters 
in  the  functional  form  of  the  above  equation. 

The  region  where  the  ranges  for  each  pi  term 
overlap  represents  the  area  where  all  three  pi 
terms  can  be  scaled  simultaneously.  This  figure 
indicates  that  for  simultaneous  scaling  of  vis- 
cous, compressibility  r-id  cavitation  effects 
would  require  about  a 3/4  scale  model  which  is, 
of  course,  unreasonable.  Therefore,  addition- 
al experimental  testing  needs  to  be  undertaken 
to  determine  which,  if  any,  of  these  three  pi 


This  value  is  computed  in  free  air.  The 
presence  of  liquid  will  add  an  apparent  mass 
reducing  the  natural  frequency,  but  not 
appreciably  when  compared  to  the  small 
slosh  frequency. 


terms  can  be  neglected  so  that  tha  scaling  prob- 
lem n ay  be  simpUfied.  Ones  the  important 
terms  are  established  then  tha  test  can  ba  per- 
formed to  account  for  the  important  parameters 
and  allow  data  to  be  converted  to  fuU-acale. 
Such  testing  is  currently  underway  at  SwRI  and 

DnV  and  tome  of  the  initial  test  results  are 
presented  herein. 


Fig.  4 Simulation  Plot  for  Simultaneous 
Viscous,  Cavitation  and  Com- 
pressibility Scaling 

LIQJID  RESPONSE  CHARACTERISTICS 
Background 

The  liquid  motion  inside  a tank  hat  an 
infinite  number  of  natural  periods,  but  it  is  tha 
lowest  mode  that  is  most  likely  to  be  excited  by 
the  motions  of  a ship.  Studies  have  therefore 
concentrated  on  investigating  forced  harmonic 
oscillations  in  the  vicinity  of  the  lowest  natural 
period  where  the  natural  period  is  defined  as 
that  predicted  by  linear  theory.  Nonlinear 
effects  result  in  the  frequency  of  maximum 
response  being  slightly  different  from  the  natu- 
ral frequency  and  dependent  on  amplitude.  The 
mode  corresponding  to  the  lowest  natural  period 
is  asymmetric  so  studies  consider  only  forced 
surge,  sway,  roll  and  pitch  oscillation  since 
yaw  oscillation  is  normally  of  no  interest.  The 
L.NG  tanks  are  also  assumed  to  be  rigid  and 
without  baffles  and  tank  geometry,  liquid  level 
and  excitation  waveform  dictate  whether  two- 
dimensional  or  three-dimensional  flow  effects 
should  be  considered. 

Two-Dimensional  Flow 


Tanks  with  two  dimensional  flow  are 
divided  into  two  cases;  shallow  and  non-shallow 
liquid  depuns.  The  shallow  depth  case  is  repre- 
sented by  h/b  0,2  where  h is  the  still  liquid 
depth  and  b is  the  tank  length  in  the  direction  of 
motion.  The  shallow  depth  case  is  characterized 
by  the  formation  of  hydraulic  .jumps  and  travel- 
ing waves  for  excitation  periods  around  the 
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natural  pariod.  On  tha  othar  hand,  in  the  non- 
shallow  dapth  casa  large  itanding  wavea  are 
formad  in  the  resonance  frequency  range. 

The  natural  periods  for  any  two-dimen- 
sional tank-shape  can  be  determined  by  ure  of 
a modified  Frank  close-fit  method  (7).  This 
method  has  been  shown  to  give  very  good  results 
for  tank  shapes  with  trapeaoidal  cross  sections 
(8).  The  method  consists  of  finding  a Green's 
function  G [x,  Zi  ^(s),  ti(s),  t]  for  the 
problem  and  writing  the  velocity  potential  as 

(#=Jq(s)  gTx.  Z:  i'(s),  T|(s)  tide  (9) 

S •* 

where  the  integration  is  over  the  average  wetted 
surface  of  the  tank  and  ?(8),  ii(8)  are  the  coordi- 
nates of  points  on  the  wetted  surface.  Q(s)  is 
found  by  satisfying  the  tank  boundary  condition, 
and(X,Z)is  the  coordinate  of  a point  in  the  fluid. 
Since  there  is  no  damping  for  a potential  flow  pro- 
blem Inside  a tank,  the  linear  theory  predicts 
an  infinite  response  for  the  natural  periods.  To 
predict  a reasonable  responr.'H  near  resonance 
one  has  to  rely  on  nonlinear  tiieory. 

An  estimate  of  the  lowest  natural  slosh 
frequency  for  rectangular  tanks  is  given  by 

U'q  = V (g"/b)  • tanh  (nh/b)'  (10) 

Similar  equations  for  other  tank  shapes  are 
given  in  (Z). 


Shallow  Liquid  Depth.  In  the  shallow 
depth  easej  hydraulic  jurnps  are  formad 
around  resonance.  The  hydraulic  jumps  can 
result  in  very  high  impact  pressures  at  the  end 
walls  and  for  a general  tank  shape  there  exists 
no  adequate  theory  to  describe  the  hydraulic 
jump.  However,  for  a rectangular  tankVeriiag- 
en  and  van  Wijngaarden  (9)  derived  an  analyti- 
cal solution  for  forced  harmonic  roll  oscillation 
of  small  amplitude  6 and  with  frequency  ui  near 
the  lowest  resonance  frequency.  The  case  of 
forced  harmonic  sway  oscillation  can  easily  be 
obtained  by  letting  the  distance  H between  the 
axis  of  roll  and  mean  liquid  level  go  to  infinity 
and  6 go  to  lero,  so  that  6 multiplied  by  H 
approaches  the  forced  sway  amplitude.  This 
theory  is  based  on  the  nonlinear  "shallow  liquid 
theory"  [Wehausen  and  Laitone  (10',  Stoker 
1)J  , where  the  only  assumptions  are  poten- 
i ' flow,  and  the  hydrodynamic  pressure  is 
static  below  the  instantaneous  free  surface. 
Verhagen  and  van  Wijngaarden  wrote  their  solu- 
tion as  a power  series  in 


€ = 


{1‘) 


where  e is  assumed  to  be  a small  quaniity. 

When  a solution  exists,  it  represents  a hydraul- 
ic jump  traveling  back  and  forth  between  the 
walls  of  the  container.  The  condition  with  roll 


excitation  for  existence  of  a hydraulic  jump  is 

1(1 


tu  ,1  , /bi  ,,  ^^2.  h H 
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where  ui  is  the  forced  oscillation  frequency  and 
lilO  is  the  natural  frequency.  In  tha  case  of 
forced  away  oscillations  the  condition  is 
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(13) 


where  n is  the  forced  away  amplitude. 


The  velocity  of  the  hydraulic  juirp  is 
approximately 

V ~ Vgi»'  (1^) 

Tha  fluid  velocity  and  the  surface  elevation  are 
of  the  order  e , and  are  nonlinear  functions  of 
the  oscillation  amplitude.  Comparisons  of  this 
theory  with  experiments  performed  with  small 
excitation  amplitudes  reveal  reasonable  agree- 
ment. 


This  theory  was  utilised  to  predict  slosh 
impact  forces  for  comparison  to  forces  mea- 
sured on  a typical  LNG  model-tankform.  A 
cross-section  of  the  experimental  model  tank  is 
shown  in  Figure  5.  The  liquid  depth  in  the  tests 
was  h = 0.  12  b and  forced  harmonic  Sway  exci- 
tation amplitudes  were  n = 0.  01  b and  0.  1 b. 
The  n = 0.  1 b condition  corresponds  to  a 
realistic  extreme  sway  motion  of  a ship.  Liq- 
uid slosh  impact  pressure  was  measured  at 
point  Pj  (see  Figure  5)  in  the  center  of  the  aft 
tank  wall.  In  addition,  the  total  horizontal 
sloshing  force  was  measured. 

NOTE:  ALL  DIMENSIONS  IN  MILLIMETERS 


j—  »5 


1. -b-13«0  M 

Fig.  5 Prismatic  Tank  Model  for  LNG 
Slosh  Studies 


During  the  testing,  several  sloshing 
modes  were  observed.  When  P /b  = 0.01  and 
1.99  sec  <T  < 2.3  sec,  where  T is  the  exci- 
tation period,  a single  traveling  wave  was  pre- 
sent (Figure  6).  For  the  larger  oscillation 
amplitude,  p /b  = 0.  1,  and  1 . 6 sec  <T  < 2.  95 
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Fig.  6 Traveling  Wave  Profile  for 
h/b  = 0,12  fcTi/b  = +0.0i  @T  = 2,0  sees 

■ec  there  exiata  a atrong  ahock  traveling  wave 
(figure  7).  When  2.95  aec  < T < 3.25  and 
/b  = 0.  1,  there  waa  a aingle  traveling  wave 
preaent.  According  to  the  nonlinear  rectangu- 
lar tank  theory,  hydraulic  jumpa  occur  for 
n /b  = 0.  01  and  0.  1 when  1.  86  aec  < T < 2.  5 
aec,  and  1.5  aec  < T < 3.7  aec,  reapectively. 
Theae  valuea  are  in  reaaonable  agreement  with 
experiment. 


Fig.  7 Hydraulic  Jump  Wave  Profile  for 
h/b  = 0.12  8,  n/b  = W.  1 @ T - 2. 0 seca 

The  impact  presaurea  occurring  when 
the  wave  front  hits  the  vertical  bulkhead  are  of 


particular  intereat.  Experiments  show  that 
even  under  harmonic  oscillations,  the  pressure 
variation  la  neither  harmonic  nor  periodic  since 
the  magnitude  and  duration  of  the  pressure 
peaks  vary  from  cycle  to  cycle.  A typical 
histogram  for  the  distribution  of  peaks  is  shown 
in  Figure  8.  The  most  frequently  occurring 
pressure  peaks  will  reach  0.4  times  the  pres- 
sure level  exceeded  by  10  percent  of  all  peaks. 
The  1 percent  exceedence  limit  is  twoto  three 
times  the  1 0 percent  exceedence  limit.  The  test 
data  samples  obtained  sofarareoftoo  small  a 
size  for  a reliable  prediction  of  extreme  values , 
However,  a study  of  the  data  available  seems  to 
indicate  thata  three  parameter  WeibuH  distribu- 
tion maybe  used  to  describe  the  peak  pressure 
probability  distribution. 


Fig.  8 Distribution  (P.  D,  F. ) of 
Impjact  Pressure  Peaks 

Experimental  values  for  the  ten  per- 
cent exceedance  level  of  impact  pressures  as  a 
function  of  excitation  period,  are  shown  in 
Figures  9 and  10  for  excitation  amplitudes 
n /b  = 0.01  and  0.1,  respectively,  and  shal- 
low fill  depths  of  h/b  = 0.  12.  The  pressures 
are  nondimensionalieed  by  yb  where  Y = pg  . 
Several  liquids  (fresh  water,  63%  glycerol/water 
85%  glycerol/water  and  reginol  oil)  were  used 


Fig.  9 Impact  Pressures  (10%  Exceedance 
Limit)  With  Shallow  Fill  Depth  and 
Small  Excitation  Amplitude 
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in  the  expsrimenti . The  excitation  period* 
were  approached  both  by  atarting  at  high  period* 
and  at  low  period*  with  no  effect  on  the  reault* 
(*ee  Figure  9)  which  ii  contrary  to  theory  for 
the  ca*e  of  non-*hallow  liquid  depth  (Faltin- 
aen  (12) ).  The  teat  reault*  ahow  that  the  fre- 
quency of  maximum  reaponae  depend*  aome- 
what  on  the  teat  liquid.  Further  for  the  aame 
liquid,  but  different  excitation  amplitudea,  the 
frequency  of  maximum  reaponae  differ*.  The 


Fig.  10  Impact  Preaaure*  (10%  Exceedance 
Limit)  With  Shallow  Depth  and 
Large  Excitation  Amplitude 


higher  the  excitation  amplitude,  the  lower  the 
period  of  maximum  reaponae.  Thia  ia  oppoaite 
to  the  behavior  for  larger  filling  depth*.  When 
T|  /b  z 0.  1 all  the  liquids  seem  to  give  approxi- 
mately the  aame  maximum  value  for  the  10% 
exceedance  limit.  For  a full  scale  ship  with 
tankbreadth  b s 40  m,  this  maximum  value 
would  correspond  to  a pressure  of  approximate- 
ly 8 atmospheres,  which  is  the  same  order  of 
magnitude  as  in  ship  slamming. 

For  Ti  /b  = 0.01  the  maximum  impact 
pressure  value  for  fresh  water  and  63%  glycerol/ 
water  ia  approximately  1/10  of  the  maximum 
value  for  ti  /b  = 0.  1.  But  the  maximum  values 
for  85%  glycerol/water  and  reginol  oil,  for 
n /b  = 0.  01,  are  approximately  1/20  of  their 
maximum  values  for  T|  /b  = 0.  1.  An  explanation 
might  be  due  to  differences  in  wave -forms  be- 
cause of  viscous  effects.  When  t)  /b  = 0.  1 the 
vave  or  shock  has  maximum  steepness  for  all 
liquids.  However,  when  r\ /b  - 0.  01  the  steep- 
ness is  not  large  and  appears  to  be  influenced 
by  the  viscosity  of  the  fluid. 

The  horizontal  sloshing  forces  were  also 
measured  in  these  model  tests.  The  horizontal 
force  predicted  by  the  Verhagen  and  van  Wijn- 
gaarden-theory  (9)  is  compared  to  experiment 
in  Figures  11  and  12  for  ri /b  = 0.01  and  0.  1, 
respectively.  Fair  agreement  is  observed. 

IVhen  Ti  /b  = 0.  01  both  measured  and  calculated 
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Fig.  11  Lateral  Hydrodynamic  Force 
With  Small  Fill  Depth 
and  Excitation  Amplitude 


SLOSH  nRIOO.  1 1 HC  I 


Fig.  12  Lateral  Hydrodynamic  Force 
With  Small  Fill  Depth 
and  Large  Excitation  Amplitude 

forces  are  very  small  and  the  measured  values 
appear  to  depend  on  viscosity.  When  T)/b  =0.  1 
vincosity  does  not  affect  the  measured  forces. 

Non-Shallow  Liquid  Depth.  Ir  the  non- 
shallow  liquid  case  large  standing  waves  can 
cause  very  high  impact  pressures  against  the 
tank  top.  This  is  possibly  the  most  important 
problem  from  a design  point  of  view,  but  the 
horizontal  force*  and  momenta  are  also  import 
ant. 


There  exista  no  adequate  theory  that  can 
be  used  to  describe  the  liquid  motion  for  any 
arbitrary  tank  shape  and  filling  depth.  In  the 
case  of  a rectangular  open  tank,  Faltinaen  (12) 
has  derived  an  analytical  solution  based  on  the 
general  procedure  proposed  by  Moiseyev  (13) 
for  any  tank  shape.  The  excitation  is  assumed 
to  be  harmonic  with  small  sway  or  roll  ampli- 
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tudei.  The  breedth  of  the  tank  b and  the 
depth  oi  the  fluid  h li  aeiumed  to  be  of  the 
order  of  unity,  0(1).  The. excitation  la  0(  G ) 
and  the  reaponae  la  0(  e yihe  aolutlon  la 

found  aa  a power  aeriea  in  e correctly  to 
O (C  ).  The  reaponae  variable  aa  a function  of 
excitation  frequency  for  h/b>0.34  la  ahown 
in  Figure  13  where  oj  la  the  loweat  natural 


MAXIMUM  WAVE 
AMPLITUDE 


Fig.  I3a  Poaalble  Solutlona  From  Theory 
of  Faltlnaen  (12)  at  h/b>0.34 


h/b 

Fig.  13b  M^.ximum  Surface  Elevation, 

aa  a Function  of  Water  Depth  at 
Reaonance  Frequency  (Roll  Ampli- 
tude, CO  = 0.01  Radiana,  Axis  of 
Roll  Position,  C = 0.2) 


period  for  the  fluid  inside  the  tank.  For  ui  = 

< 0 ^ there  are  three  different  mathematical 
solutions.  The  correct  solution  for  the  physical 
system  will  depend  on  how  the  frequency  Cl  is 
approached.  If  one  starts  to  oscillkte  a tank 
with  a much  lovirer  frequency  than  0 and  then 
approach  fl,  the  solution  will  be  yj.  If  one 
does  the  opposite  and  approaches  Cl  from  above, 
the  solution  will  bo  y3»  The  physical  system 
will  never  select  y2,  as  it  is  an  unstable  solu- 
tion, If  c’  j is  approached  from  below  with 
increasing  lu  , the  solution  will  suddenly  jump 
from  y^  to  y^.  On  the  other  hand,  if  one  starts 
with  a high  frequency  and  decreases,  the  mathe- 
matical solution  will  follow  the  upper  branch. 
There  are  obviously  limitations  (provided  by 
damping)  on  how  large  a response  can  be,  and 
in  reality  the  solution  will  jump  down  from  y^ 
to  y-j  lor  tome  frequency  Ou-  Due  to  the  poten- 
tial flow  assumptions  in  the^hoory  one  cannot 
predict  a^.  This  kind  of  jump  phenomena  has 
been  observed  in  experiments.  The  jump  fre- 
quency will  depend  on  the  excitation  ampli- 
tude. The  higher  the  excitation  amplitude,  the 
’ower  the  jump  frequency,  o j,  which  wiil 
always  be  lower  than  the  natural  frequency. 

Whan  h/b<0.34  the  response  characteristics 
are  similar  to  a hard  spring  response.  There- 
fore, the  higher  the  excitation  amplitude,  the 
higher  the  jump  frequency  and  in  this  case  oj 
will  always  be  higher  than  t»  natural  frequency. 
In  thv  vicinity  of  h/b  = 0.34  and  close  to  the 
natural  period,  the  theory  is  not  applicable. 

This  is  illustrated  in  Figure  13bv  where  maxi- 
mum wave  amplitude  at  the  natural  period 
is  shown  as  a function  of  h/b.  A separate 
expansion  is  needed  for  h/b  = 0.  34  which  will 
probably  require  that  the  lowest  order  term 
be  O (e*/5) 

Reasonable  agreement  between  theory 
and  experiments  was  found  lor  a rectangular 
tank  with  h/b  = 0.5.  When  the  fluid  Impacted 
the  tank  top  the  agreement  between  theory  and 
experiment  became  poor  due  to  violations  of 
the  basic  assumptions  in  the  theory. 

The  theory  of  Faltinsen  (12)  was  used 
to  predict  lateral  hydrodynamic  force  for  the 
model  tapk  shown  in  Figure  5 with  results  com- 
pared to  experimental  values  foT  a still  water 
level  of  h = 0.4  b.  The  forced  away  amplitudes 
wore  q /b  = 0.01  and  0,  1.  In  addition,  experi- 
mental impact  pressure  was  .“neasured  at  point 
P2  (see  Figure  5).  The  test  liquids  used  were 
the  same  as  for  the  shallow  liquiu  case  with  the 
addition  of  74%  glycerol/water.  Experimental 
results  of  10%  exceedance  limit  for  impact 
pressures  are  shown  as  a furctirn  of  oxcitatior 
period  in  Figures  14  and  15,  Figure  16  shows 
impact  pressure  aa  a function  of  exceedance 
limit  for  T = 1.48  sec  and  T|  /b  = 0.  1.  The 
1%  exceedance  value  is  1.7  times  the  10% 
exceedance  value.  The  data  of  Figure  16 
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Fig.  14  Impact  Preiaurea  (10%  Elxcoed  - 
anca  Limit)  With  Larga  X‘'ill 
Depth  and  Small  Excitation 
Amplitude 


WAVE  AMFlUi  SrANDINC  WAVE 


E'ig.  IS  Impact  Preasurea  (10%  Excaad- 
anca  Limit)  Large  Fill  Depth 
and  Excitation  Amplitude 

will  fit  to  the  probability  action 

P-10®'®-’ 

Q(P)  = exp  ( - ( ■ ""  ■ ) ) (15) 

where  P = P/ yh  , Aa  in  the  ahallow  liquid 
caae,  the  frequenu;y  of  maximum  reaponse  de- 
penda  on  the  liquid  uaad  atid  for  the  aame  liquid 
the  frequency  of  n.axLnum  reaponae  ia  depend- 
ant on  excitation  amplitude.  The  higher  the 
excitation  amplitude,  the  higher  the  period  of 
maximum  reaponae,  which  la  oppoaite  the  be- 
havior for  the  ahallow  liquid  caae.  All  tent 
liquida  give  approximately  the  aame  maxjmum 
value  for  the  10%  exceedance -limit  which  ia 
roughly  twice  aa  larpe  aa  the  ahallow  liquid 
caae.  When  n /b  i 0.01  the  maximum  value 
depend  a on  the  liquid  uaed,  with  the  highly 
viacoua  reginol  oilpreaaurea  being  aigniflcantly 
lower  than  the  other  teat  liquida.  When 
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Fig.  16  Probability  of  Exceedance  va 
Peak  Impact  Preaaure 
Coefficient 

Ti  /b  = 0.  01  impact  (reaonance)  occura  when 
1. 39  aec  <T  < 1. 54  aec  compared  to  1. 38  aec 
<T  < 1.53  aec  aa  predicted  by  E'altinaen  (1/.). 

The  meaaured  horUontal  forcea  are 
a'-own  in  Figures  17  and  18  for  T)  /b  = 0.  01  ani 
^,/b  = 0.1,  reapectively.  For  T|/b  = 0.  01 
theoretical  valuea  for  rectangular  tanka  are 
plotted.  To  obtain  the  theoretical  horlaontal 
force,  the  preaeurea  from  the  theory  of 


Fig.  17  Lateral  Hydrodynamic  Force 
With  Large  Fill  Depth 
and  Small  Excitation 
Amplitude 
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Fig,  18  Liktaral  Hydrodynamic  Force 
With  Large  Fill  Depth 
and  Excitation  Amplitude 

Faltinaen  (12)  ware  integrated  by  the  procedure 
uaed  by  Abramaon,  Chu  and  Kana  (14)  for  verti- 
cal cylindrical  tanka.  The  integration  waa  per- 
formed over  the  actual  wetted  cur/ace  of  the 
tank.  Aa  long  aa  the  wave  doea  not  hit  t tie  tank 
top  there  ia  good  agreement  between  theory  and 
experiment.  How«''er,  when  T = 1.5  aec  the 
experiment  revealed  wave  impact  on  the  tank 
top  and  the  theoretical  aolution  la  mere  than 
twice  the  experimental  value.  One  reaaon  for 
thia  dlaagreement  could  be  the  auppreaaion 
effect  of  the  tank  top  on  the  liquid  motion. 

Figure  18  ahowa  the  experimental  valuea  for 
T|  /b  = 0. 1 which  appear  aimilar  to  the  rea- 
ponae  of  a highly-damped  ayateiii.  Wave  im- 
pact on  the  tank  top  waa  obaerved  fur  all  ex- 
perimental condltiona  and  the  theory  did  not 
agree  well  with  experin.enta  aa  it  conalatently 
gave  valuea  too  high. 

Threu-Dlmenaional  Flow 

To  determine  the  natural  pcr'.oda  for 
any  three-dlmenalonal  tank,  one  may  general- 
ize the  procedure  uaed  for  two-dimeneional 
tanka.  Faltinaen  and  Michelaen  (15)  have  de- 
veloped a computer  program  to  compute  added 
maaa  and  damping  coefflciunta  for  three- 
dimenaional  bodl-»a  oacillatlng  in  a fluid.  The 
proc.edi.re  which  la  a generalization  of  the 
Frank  cloae-flt  method  (7)  for  two-dimensional 
bodies  has  been  adapted  to  the  three-dimension- 
al slosh  problem.  For  a general  tank  -hape 
there  exists  no  adequate  theory  to  describe  tlie 
nonlinear  fluid  behavior  around  resonance. 
However,  for  a vertical  cylindrical  tank  shape 
Hutton  (16)  has  derived  an  analytical  solution 
based  on  the  general  procedure  proposed  by 
Moiseyev  (13).  Abramaon,  Chu  and  Kana  (14) 
have  shown  good  agreement  between  theoretical 
and  experimental  values  of  horizontal  force  for 
small  excitation  amplitudes  of  a vertical  cylin- 
der using  an  extension  of  Hutton's  method. 


The  moat  common  LNG  tank  with  three- 
dimensional  flow  ia  the  epherlcal  tank.  For  a 
spherical  tank  tha  moat  important  load  ie  tha 
reeultlng  hydrodynamic  force,  the  predominant 
component  of  which  is  the  lateral  force,  ilota- 
tlonal  motion  of  tl.r  liquid  occure  readily  so 
thera  la  In  general  a force  componant  normal 
to  tha  oscillation  direction.  Abramson,  Chu 
and  Kana  (14)  did  experiments  for  a spherical 
tank  that  waa  half  filled.  A vertical  eplitter 
plate  waa  inatalled  In  the  epherical  tank  (paral 
lal  to  the  direction  of  excltaUon)  in  order  to 
auppresB  the  liquid  awlrl  mode.  T'ne  experi- 
mental resulta  show  the  jump  phenomana  dis- 
cussed earlier  for  rectangular  tanka  with  non- 
shallow  liquid  depth.  Further,  the  larger  the 
excitation  amplitude,  the  larger  the  period  of 
maximum  response. 

In  experiments  performed  at  Det  Norske 
Veritas  in  1972  for  Moss  - Bossnberg  Vevft  A/S 
the  liquid  swirl  mode  was  not  suppressed  thus 
changing  the  rasponee  charactariatice  descr'bed 
in  (14).  Tha  excitation  in  the#  experiments 
was  harmonic  away  oscillation  with  amplitudes 
q /d  = 0.  0278,  0.  035S  and  0.  167  where  d is 
tl»e  diameter  of  the  ephere.  The  maxlmom 
still  water  depths  were  h/d  = 0.289,  0.5  and 
0.65.  Representative  results  are  presented  in 
Figures  19  and  20  for  the  transverse  and  longi- 
tudinal force  components.  The  swirling  prevents 


DIWtNSIONLtSS  SLOSH  PERIOD.  iVglT 


Fig.  19  Spherical  Tank  Horizontal  Force 
In  Transverse  Direction 


easy  observation  of  the  resonance  phenomena, 
especially  for  the  largest  excitation  amplitude. 
The  maximum  respovia.i  occure  for  much  small 
er  periods  than  the  range  of  periods  where 
maximum  response  is  expected  when  swirling 
is  suppressed. 
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OIMENSIONUSS  SLOSH  KRIOO,  rVjTd' 

Fig.  20  Spherical  Tank  Horirontol  Force 
In  Longitudinal  Direction 

The  linear  theory  described  in  Faltlnsen 
and  Mlchelsen  (15)was  used  to  predict  spherical 
tank  transverse  forces.  For  excitation  periods 
T sufficiently  larger  than  the  natural  period  it 
agrees  well  with  the  experiments.  In  this 
period  range,  however,  there  is  not  much 
swirling.  No  swirling  is  predicted  by  the 
theory  and  at  lower  periods  where  swirling 
occurs,  theory  does  net  agree  well  with  experl- 
nxent.  The  linear  natural  period  calculated  by 
the  theory  has  been  plotted  and  agrees  well 
with  experience  formulas  which  may  be  found 
in  Abramson  (2), 

FULL  SCALE  MEASUREMENTS 

Full  scale  data  on  LNG  sloshing  are 
very  scarce.  The  data  that  exists  have  been 
obtained  during  a short  period  of  time  under 
moderate  sea  conditions,  rendering  no  possi- 
bility to  predict  long-term  effects  of  sloshing. 

Some  stress  measurements  on  horL 
xontnl  girders  in  .a  crude  oil  carrier  have  been 
presented  by  Hagiwara  and  Tani  (17).  These 
results  might  have  some  relevance  to  Conch 
LNG  tanks,  but  the  amount  of  data  is  very  small. 

More  recently  (1972)  some  measure- 
ments wei . carried  out  at  Det  Norsko  Veritas 
for  The  International  Chamber  of  Shipping 
(ICS)  who  has  sponsored  an  investigation  Into 
the  conditions  around  a number  of  explosions 
in  OBO  carrier  holds.  The  results  from  these 
experiments  are  also  limited;  however,  some 
Interesting  and  useful  information  was  obtained. 
A number  of  pressure  gauges  were  installed  at 
different  locations  in  an  OBO  tank  carrying 
water  ballast  and  simultaneous  recordings  of 
pressures  and  the  ship's  roll  motion  were  taken 
with  different  filling  heights  during  a voyage 
from  Japan  to  the  Persian  Gulf.  As  part  of  a 


subsequent  modal  test  program,  recorded  roll 
motions  of  the  ship  were  Impossd  on  a tank 
model  (scale  1 : 30),  and  the  pressures  at  cor- 
responding locations  measured.  Extremely 
high  impact  pressures  ware  recorded  at  the 
underside  of  the  top  wlngtank.  Generally  it 
wae  found  that  fewer  impacts  occurred  in  the 
model  than  in  the  prototype.  However,  the 
magnitudes  of  the  preseure  peaks  ware  quite 
similarly  distributed.  An  example  (for  tue 
condition  which  could  bast  be  simulated  on  the 
model)  ia  given  in  Table  II.  The  pressures 
obtained  in  model  scale,  have  been  scaled 
according  to  Froudes  Law  of  similarity,  i.e., 
in  proportion  to  the  linear  scale  ratio.  Tabu- 
lated is  the  percentage  of  all  peaks  in  a simple 
that  lie  within  different  pressure  intervals. 


PRESSURE 

Pftvcftnt  of  in 

Pr«eaura  R&nga 

TEST  CONDITION 

(ATM) 

MODEL  PROTOTYPE 

0 - 6 

83.  t 86.0 

h/b  > 0.215 

6 . U 

13.6  10.0 

Random  rolling 

U - 18 

3.1  2.8 

(Max.  roll  angU 
7„4  dag.) 

le  - 24 

1.8 

RMS  of  roll  angla 
2.9  dag.) 

Tr/t^-  l.o 

Table  U - Comparison  of  Model  to 
Prototype  OBO  Impact 
Pressures 


Ah  long  as  the  number  of  actual  impacts 
(i.e.,  the  probability  of  occurrence)  in  model 
and  prototype  is  of  the  same  order  of  magni- 
tude, the  prediction  of  extreme  values  will  not 
be  affected  seriously  and  model  test  results  can 
be  taken  as  a basis  for  such  predictions.  It 
should  be  noted  that  both  model  and  prototype 
liquids  weru  water  and  therefore  the  question 
of  modeling  LNG  with  H2O  is  not  resolved.  It 
will  be  noticed  that  the  highest  measured  full 
scale  pressures  exceeded  corresponding  high- 
est pressures  measured  on  the  model.  How- 
evv.r.  Figure  21  iniUcates  this  perhaps  is  more 
a question  of  data  sample  size. 

Besides  the  magnitude  of  the  peak  pres- 
sure, the  width  of  duration  of  the  pressure 
pulse  may  become  an  important  parameter.  A 
typical  pressurr^  pulse  obtained  in  the  full  scale 
measurements  is  illustrated  in  Figure  22  and 
has  a very  short  rise  time  and  a somewhat 
slower  decay  time.  Normally  in  ship  slamming 
terminology  the  time  At^  elapsed  between  the 
zero-uperossing  and  the  zero-downcrossir.g  is 
taken  at  a measure  for  the  pulse  width.  In  the 
present  case  of  sloth-induced  pulses,  however, 
the  width  At  at  the  half-height  of  the  peak  was 
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Fig.  21  Distribution  of  Peak.  Preosureo 
Recordsd  at  Underside  of  Top 
Wingtank 

adopted,  as  it  was  found  to  offer  a much  more 
precise  definition.  The  pressure  data  indicate 
(Figure  22)  that  the  higher  peaks  will  have 
smaller  width  (smaller  At).  The  total  pulse 
duration  ( ~2  times  At)  varied  in  a range  of 
1-10  milliseconds  for  the  measured  data, 
which  1s  significantly  shorter  than  normally- 
considered  in.  ship's  slamming  (18). 


\ 


Fig.  22  Correlation  Between  Height  and 
Width  of  Pressure  Pesk 


Figure  23  presents  some  comparisons 
between  model  and  full  ncale  results  for  dif- 
ferent depths  under  hnrmonic  roll  excitation. 
Values  corresponding  to  the  1%  exceedance 
level  have  been  used  as  a reference.  It  appears 
from  Figure  23  that  the  pressures  do  not  vary 
significantly  in  the  range  h/fTp^O.  6 - 0.9,  but 
outside  this  range  they  drop  rapidly.  For  the 
best  sli-nulatlon  of  full  scale  conditions,  fairly 
good  agreement  has  been  achieved;  however, 
not  enough  motion  data  was  obtained  to  simu- 
late all  conditions. 


Fig.  23  Measured  Impact  Pressures 
Underneath  Top  Wingtank 
(1%  Probability  of  Exceedance) 


As  a measure  of  the  degree  of  resona.ice 
("tuning")  in  the  experiments  with  random 
(field  measured)  motions,  the  ratio  between 
the  average  roll  period  Tp  and  the  (theoreti- 
cal) natural  period  of  liquid  motions  (Tq)  has 
been  used.  In  reading  Figure  23,  attentio.r 
should  be  given  to  the  fact  that  the  change  in 
Tj,  /Tq  from  1.  0 to  0.  8 or  1.2  will  theoreti- 
cMly  bring  the  sloshing  liquid  out  of  a reso- 
nant state.  Another  important  feature  which 
should  be  noticed  is  that  within  the  range  of 
measured  data  there  appears  to  be  no  trend 
towards  an  ultimate  lin.it  of  pressure. 

Finally  it  is  admitted  that  the  simula- 
tions made  are  by  no  meana  complete.  For 
example,  they  include  only  one  mode  of  motion 
(rolling)  which  for  the  present  case  was  be- 
lieved tp  govern  the  response  to  be  studied. 
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DESIGN  IMPLICATIONS 


General 

The  theoretical  and  laboratory  research 
previously  conducted  and  currently  underway 
is  pointed  at  establishing  methods  for  predicting 
pressures  and  forces  resulting  from  LNG  slosh 
impact.  This  information  will  be  extremely 
beneficial  to  the  design  of  LNG  ships.  Out  of 
these  studies  reasenable  tank  loading  criteria 
can  be  established  to  insure  that  realistic 
methods  are  available  to  design  safe  LNG  cargo 
tanks.  These  studies  can  also  be  of  use  in  uni- 
fying current  rules  and  criteria  regarding  LNG 
tank  design. 

The  work  to  date  has  shown  that  LNG 
sloshing  and  the  resultant  loads  are  highly  de- 
pendent on  numerous  parameters.  In  general, 
the  slosh  loads  are  determined  by  tank  acce'er- 
atiou,  liquid  fill  depth,  and  tank  geometry. 

Tank  Acceleration  and  Fill  Depth 

Resonant  sloshing  creates  the  largest 
impact  loads  in  LNG  tanka.  Studies  to  date 
have  indicated  that  model  test  results  as  wel. 
as  calculations,  can  be  successfully  used  to 
estimate  the  lowest  frequency  resonant  condi- 
tions  through  Froude  ecaling(Uip=U)^^  Lj^/Lp). 
The  question  arises,  can  this  mode  be  excited 
by  the  ships  motion.  The  spectrum  of  each 
mode  of  ship  motion  is  a time -dependent  func- 
tion of  the  sea  state  as  well  as  the  ships  loading 
condition,  speed  and  course.  Also,  the  motion 
spectra  for  the  different  modes  will  be  located 
differently,  and  the  spectral  density  distributed 
differently  along  the  frequency  axis.  Considerr. 
ing  that  each  of  the  modes  of  ship  motion  is  a 
random  variable  lepresented  by  a spectrum 
composed  of  contributions  over  a wide  range 
of  frequencies , the  possibility  exists  for  excit- 
ing the  lov/est  frequency  mode  regardless  of  the 
tank  design.  Practically,  this  indicates  that  it 
is  impossible  to  avoid  all  resonance  conditions. 
For  example,  Figure  24a  illustrates  a L mily 
of  sway  acceleration  spectra,  corresponding  to 
several  sea  state  conditions,  which  may  occur. 
Figure  24b  shows  that  different  sized  tanks  with 
different  filling  levels  yield  peak  response 
amplitudes  within  the  range  of  away  periods  to 
be  expected. 

The  designer  has  to  accept  that  tne  tank 
■will  be  subjectea  to  the  ship's  motions  and  ac- 
celerations. Therefore,  the  designer  s problem 
cannot  be  limited  to  a determination  of  tank 
geometry  and  fill  depths  where  resonance  will 
not  occur.  In  principle,  the  determination  of 
loads  should  follows  probalistic  procedure 
involving  the  response  at  different  conditions 
and  their  pr-bability  of  occurrence.  However, 
a good  estimate  of  the  possibility  of  resonance 
slosh  problems  to  occur  can  be  achieved 
through  consideration  of  natural  slosh  frequen- 


Tlssc) 


Fig.  24a  Ship  Acceleration  Spectra 
(Sway) 


T(s«c) 


Fig.  24b  Liquid  Response  Amplitude 

In  a partially  filled  prismatic  tank  that 
is  basically  rectangular  in  form,  the  standing 
wave  liquid  motion  response  is  particularly 
violent  in  a fill  depth  range  0.  20  < h/b  < 0.  50, 
with  a theoretical  maximum  severity  at 
h/b  = 0.35.  Below  this  range,  say  0.05<  h/b 
< 0,20,  a traveling  slosh  wave  can  easily  occur. 
This  implies  that  all  of  the  following  loads  may 
be  relevant: 

Impacts  on  tank  and  intervals  in  the 
lower  region  of  the  tank,  due  to  a ^ 
traveling  wave  (shallow  liquid,  h/b  <0.2). 

Impacts  on  tank  and  intervale  in  the 
upper  region,  due  to  a standing  type 
of  wave  (non- shallow  depth). 

Integrated  (total)  hydrodynamic  forces 
acting  on  the  tank  due  to  a standing  type 
of  wave  (non-shallow  depth). 

For  other  tank  geometries,  e.g.,  the 
spherical  tank,  the  sloshing  wave  phenomena 
will  also  depend  on  filling  depth.  Therefore, 
the  resulting  sloshing  loads  at  different  filling 
depths  must  be  established  for  each  basic  tank 
geometry.  In  estimating  these  loads  the  design- 
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er  must  turn  to  model  test  data  for  setting 
prototype  structural  requirements. 

The  impact  loads  require  consideration 
for  local  scantlings,  while  integrated  loads  are 
needed  in  the  design  of  tank  supporting  structure. 

Tank  Geometry 

The  cve’  all  geometry  of  a tank  will  be 
selected  primarily  on  other  criteria  than  the 
prevention  of  liquid  slosh.  Ho'vever,  it  may 
well  be  advantageous  to  adjust  tank  shape  and 
dimensions  to  improve  tank  characteristics 
with  respect  to  slosh  prevention,  at  least  in 
some  range  of  fill  depth.  This  will  normally 
mean  designing  for  high  natural  slosh  frequen- 
cies. Locally,  the  tank  boundary  should,  if 
practicable,  be  designed  with  curved  surfaces 
in  order  to  prevent  structural  damages  in  areas 
where  liquid  impacts  may  be  expected. 

Structural  Response  to  Impact 

The  fact  that  extremely  high  impact 
pressures  may  occur,  will  in  general  require 
the  structural  response  to  such  loads  be  investi- 
gated, taking  into  account  the  duration  of  im- 
pact pressures  and  the  correlation  between  mag- 
nitude and  duration  of  these  pressures.  The 
natural  frequencies  of  the  structure  subjected 
to  impact  will  be  of  great  importance  in  these 
calculations,  as  well  as  any  significant  damp- 
ing parameters.  Since  the  general  trend  is 
that  the  natural  frequencies  of  many  parts  of 
ship  structures  will  decrease  with  increasing 
ship  size,  this  aspect  should  require  increased 
consideration  in  the  future. 

AREAS  REQUIRING  FURTHER  INVESTIGATION 

The  limitations  to  adequate  modeling, 
set  by  the  laws  of  dynamic  similitude  and  the 
lack  of  suitable  liquids  to  fulfill  these  require- 
ments. call  for  more  correlation  between  full 
scale  and  model  response.  One  could  suggest 
in  particular  liquid  movements  to  be  measured 
in  full  scale,  simultaneously  with  ship  motions 
in  (preferably)  all  degrees  of  freedom.  Subse- 
quent simulation  in  model  scale  should  be  made, 
with  a thorough  analysis  and  correlation  of  the 
recorded  signals. 
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NON-LINEAR  MOTION  OF  AN  ACV  OVER  WAVES 
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ABSTRACT 

The  nonlinear  behavior  of  an  air- 
cushion  vehicle  (ACV)  during  coupled 
heave  and  pitch  motion  over  a sinusoidal 
wave  is  studied.  The  vehicle  is  of  the 
plenum-chamber  type  with  a transverse 
stability  skirt,  which  greatly  contri- 
butes to  the  nonlinearity  of  the  response. 
Nonlinearity  also  results  from  the  con- 
tact of  the  flexible  skirt  with  the  water 
surface.  Linearized  potential  flow 
theory  is  used  to  compute  the  elevation 
of  the  free  surface  induced  by  the  press- 
ure distribution  under  the  air  cushion. 
The  air  flow  is  considered  to  be  incom- 
pressible. 

Numerical  computations  were  made  for 
the  craft  response  in  regular  head  seas. 
The  compliance  of  the  water  is  found  to 
increase  the  damping  of  the  heave  motion 
and  it  greatly  modifies  the  effective 
mass  of  the  ACV,  However,  as  the  motion 
is  strongly  damped,  the  heave  amplitude 
is  only  increased  by  up  to  ten  percent 
when  the  effect  of  the  watt.r  is  consider- 
ed. On  the  other  hand,  it  increases  the 
pitch  motion  by  as  much  as  one  third,  and 
is  therefore  an  important  feature  of  ACV 
motion . 

NOMENCLATURE 

A = discharge  area 
B = beam  of  craft  measured  at  skirt 
c = forward  velocity  of  craft 
C = coefficient 
e = skirt  hem  clearance 
P = Froude  number  = c/*^giT 
g = acceleration  of  gravity 
h = height 

I = second  moment  of  mass  of  craft  about 
transverse  axis  through  the  c.g. 
k = wavenumber 

ko=  fundamental  wavenumber  = g/c^ 
i = distance  measured  around  skirt  hem 
L = length  of  craft  measured  at  skirt 
ill  = mass  of  craft 
M = moment 

N = number  of  terms  in  the  cushion-press- 
ure Fourier  series  which  are  used 
p = pressure 
Q = volume  flow 
R = reaction 

S = cushion  planform  area 
t = time 


V = volume  under  the  free  surface,  and 

above  the  datum 

w, =  longitudinal  and  transverse  wave- 
u numbers 

x, =  right-handed  orthogonal  system,  with 

y,  X in  the  forward  direction,  and  z 

z vertically  upwards.  Craft  position 
relative  to  datum  also  given  by  x 
and  z 

a = local  wave  slope,  or  amplitude  of 
wave  slope 

e = angle  between  skirt  hem  and  x axis, 
as  seen  in  p.ian  view, 
i.e.  cos  0 = dx/dt 

e = longitudinal  position  of  transverse 
skirt,  ahead  of  midpoint,  as  a frac- 
tion of  L 

C = free-surfaoe  elevation  induced  by  the 
pressure 

n = skirt-force  deflection  constant 
H = craft  pitch  angle,  or  wave  angle 
X = X ooos  6 

Xo=  speed-frequency  parameter  = 4oc/g 
U = coefficient  of  friction  between  skirt 
and  the  operating  surface,  or  Rayleigh 
viscosity 

p = density  (of  water,  usually) 
a = radian  frequency  of  pressure  distri- 
bution 

(|)  = potential  function  (fluid  perturbation 
velocity  being  its  positive  gradient) 
u)  = wave-encounter  radian  frequency 

Subscripts 
a = air 

c = out-of-phase  (cosine)  component 
d = discharge 
e = escape 
f = fan 

g = center  of  gravity 
h = horizontal 
i = inlet 
k = skirt 
max=  maximum 
min=  minimum 
tms=  root  mean  square 
r = craft 

s = in-phase  (sine)  component 

V = vertical 
w = wave 

i;  = induced  by  pressure  acting  on  water 
surface 

1,=  forward,  aft  and  stability  regions 
2&3 
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Superscripts 

— - average 

• “ 3/3t 

* ="  Indicates  a variable  related  to  its 

mean  value  during  the  craft  motion, 
divided  by  , and  nondimenslonalized 
with  L,  g and  p.  However,  craft 
pitch  angle  is  divided  by  a^,  instead. 

INTRODUCTION 
Previous  Work 

Experimental  Results.  The  motion 
of  an  air-cushion  vehicle  (ACV)  was  stu- 
died by  Swaan  and  Wahab  [1] . They  con- 
ducted towing-tank  tests  on  a peripheral- 
jet  model  and  tested  it  both  with,  and 
without,  flexible  skirts.  The  model  was 
run  in  regular  waves  of  various  direction. 
The  curves  which  displayed  craft  heave 
and  pitch  response  as  a function  of  for- 
ward speed  (for  a particular  wavelength) 
were  fairly  flat  indicating  a high  level 
of  damping.  Results  were  also  presented 
for  waveheights  varying  up  to  about  one 
tenth  of  the  craft  length,  and  these  in- 
dicated some  nonlinearity  in  that  the 
response  was  not  proportional  to  the 
height  of  the  waves. 

Dyne  (?]  restricted  his  model  tests 
(also  on  a peripheral- jet  craft)  to  regu- 
lar head  seas.  The  air  cushion  was  com- 
partmented  into  six  sections.  The  model 
was  excited  on  a flat  surface  and  the 
stiffness  and  damping  factors  were  mea- 
sured and  found  to  be  in  agreement  with 
his  theory.  From  these  results,  a pre- 
diction for  the  motion  over  a regular 
wavy  surface  was  made,  using  a linear 
theory . 

Van  den  Brug  and  Van  Staveren  (3,4J 
also  performed  model  tests  on  an  essent- 
ially plenum-chamber  design.  Forced 
oscillation  tests  in  heave,  pitch  and 
roll  above  ground  without  forward  veloc- 
ity, and  above  water  with  forward  veloc- 
ity were  carried  out  with  a view  to  deter- 
mine the  coefficients  in  the  linearized 
equations  oi  motion.  The  manner  in  which 
these  coefficients  vary  with  forward  speed 
and  encounter  frequency  was  displayed 
graphically.  In  particular,  the  added 
mass  of  the  water  was  found  to  be  nega- 
tive - in  sharp  contradistinction  to  a 
ship,  where  it  is  positive,  and  of  the 
order  of  the  ship  mass. 

A method  of  "equivalent  linearizat- 
ion" was  suggested  by  Murthy  [5]  for  the 
determination  of  the  response  spectrum 
of  an  ACV  travelling  in  an  irregular  wind- 
generated seaway.  He  gave  an  example  of 
the  technique  which  requires  a knowledge 
of  the  craft  response  to  a regular  wave. 

The  practical  operation  of  ACVs  in 
realistic  waves  has  been  entirely  due  to 
the  development  of  the  flexible  skirt, 
a\)d  a review  of  the  history  of  this  work 
war  given  by  Jones  (6] . Jones  quoted 
model  tests  on  a skirted  annular-jet  craft 
which  indicated  that  the  damping  ratio  in 
heave  was  approximately  0.5,  and  for  the 
pitch  motion  was  somewhat  lower,  being 


about  0.25.  Some  results  were  also  giv- 
en for  a craft  fitted  with  finger  skirts. 
These  indicated  a higher  damping  ratio 
(of  the  order  of  0.75)  compared  to  the 
annular- jet-skirt  case.  Thus  the  craft 

motion  was  measurably  improved  f j the 
fitting  of  finger  skirts.  Jones  also 
noted  that  the  unit  response  was  less  in 
higher  waves,  and  that  this  would  be  a 
measure  of  the  nonlinearity  in  the  sys- 
tem. 

Theoretical  Work.  In  the  theoreti- 
cal field , Lin  TT]  computed  the  dynamic 
heave  and  pitch  behavior  of  an  unskirted 
annular- jet  craft  fitted  with  a transverse 
stability  jet.  The  equations  of  motion 
were  linearized.  Comparisons  were  made 
with  model  tests  and  good  agreement  was 
found,  particularly  as  the  natural  fre- 
quencies and  general  magnitudes  of  the 
pitch  and  heave  response  were  well  pre- 
dicted. The  spring  constants  for  )x>th 
the  static  and  dynamic  cases  for  a peri- 
pheral-jet ACV  executing  a simple  heav- 
ing motion  were  calculated  by  Ozawa  [8] , 
and  then  used  to  predict  the  linear  heave 
motion  due  to  a sinusoidal  input. 

Hogben  [9] , in  his  review  of  the 
behavior  of  ACVs  over  water,  also  gave 
the  basic  theories  for  simple  heave  motion, 
and  linearized  these  for  both  annular-jet 
and  plenum-chamber  craft.  In  addition, 
he  covered  various  empirical  approaches 
in  his  article. 

The  heaving  response  of  an  ACV  mov- 
ing over  regular  waves  was  studied  by 
Reynolds  [10] , and  later  extended  to  in- 
clude pitching  by  Reynolds,  West  and 
Brooks  [11]  . The  vehicle  considered  is 
shown  in  Fig.  1.  In  both  oases  the 
equations  of  motion  were  linearized. 

In  the  latter  paper,  the  plenum-chamber 
vehicle  considered  liad  a single  lift  fan 
feeding  an  intermediate  chamber  (corres- 
ponding to  the  ducting  and  flexible  supply 
bag  utilized  by  many  ACVs) . The  air  was 
then  fed  to  the  fore  and  aft  compartments 
of  the  cushion,  which  had  a transverse 
stability  skirt.  The  incompressible 
Bernoulli  equation  and  the  usual  equat- 
ions of  continuity  were  used  in  this  an- 
alysis, and  the  coupled  heave  and  pitch 
motion  for  a particular  vehicle  was  com- 
puted as  a function  of  the  ratio  of  craft 
length  to  wavelength. 

One  aspect  of  the  problem  which  ren- 
ders this  linearization  questionable  is 
that  the  daylight  clearance  under  the 
skirt  is  usually  quite  small,  so  that 
skirt  contact  and  deflection  occur  in 
most  situations,  and  this  is  ignored  - 
as  pointed  out  by  Reynolds  et  alia. 

This  would  be  a very  strong  nonlinear 
effect.  A second  point  of  concern  is 
related  to  the  crossflow  under  the  trans- 
verse stability  skirt.  The  pressure 
drop  across  the  skirt  is  proportional  to 
the  square  of  the  flow  and  has  the  same 
sign.  Consequently,  the  linearization 
process  is  only  valid,  if  there  is  a 
crossflow  in  the  equilibrium  condition, 
and  if  the  changes  during  motion  are 
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Fig  1.  General  layout  of  Croft  and 
Notation 


small  compared  to  it.  In  fact,  the 
equilibrium  crossflow  itself  is  usually 
very  small  in  practice  (the  equilibrium 
pressures  in  the  fore  and  aft  compart- 
ments are  virtually  identical) . Hence 
the  changes  -in  crossflow  during  the  heave 
and  pitch  cycle  swamp  it  entirely,  so 
that  this  physical  mechanism  is  essenti- 
ally nonlinear  to  the  first  order. 

Nonlinearity . These  objections  to 
linearized  theory  were  considered  recent- 
ly by  Doctors  [12] , who  used  the  various 
nonlinear  equations  describing  the  air 
flow.  He  also  took  into  account  the 
effect  of  skirt  contact  with  the  wave 
surface.  This  was  found  to  be  of  major 
importance,  since  the  usual  air  clearance 
under  the  skirt  is  a fraction  of  both  the 
encountered  waveheights  and  the  skirt 
depth.  The  equations  were  solved  iter- 
atively. 

It  was  found  that  both  the  heave 
and  pitch  response  per  unit  waveheight 
at  low  frequencies  were  essentially  in- 
dependent of  waveheight,  and  the  harmonic 
content  of  the  motion  was  low.  However, 
at  higher  frequencies,  the  unit  response 
was  a strong  function  of  waveheight,  be- 
ing either  an  increasing,  or  a decreasing 
function,  depending  on  the  craft  speed, 
skirt  configuration,  etc.  Only  cases  in 
which  the  equilibrium  cross  flow  was  zero 
were  considered.  The  calculations  show- 
ed that  for  asymptotically  sn)all  wave- 
heights,  the  unit  heave  response  approached 


a constant  value  (a  suggestii  i.  of  line- 
arity) , but  the  unit  pitch  response  be- 
came unbounded  (thus  indicating  nonline- 
arity) . 

Yamamoto  (13]  studied  nonlinear 
pure  heaving  motion  of  a plenum-chamber 
ACV,  including  the  effect  of  air  com- 
pressibility. 

Compressibility . Other  workers 
who  have  considered  the  oompreDSBibility 
of  air  for  simple  heaving  motion  include 
Leatherwood,  Dixon  and  Stephens  [14], 
Guienne  [15],  Leatherwood  [16’  and  Genin, 
Ginsberg  and  Ting  [17].  All  of  these 
employed  linearized  equations,  which 
would  be  valid,  since  their  main  interest 
lies  in  the  application  to  high-speed 
tracked  ACVs  and  no  contact  with  the 
track  will  then  be  permitted.  Incident- 
ally, all  of  these  reports  except  the 
last,  while  assuming  the  air  within  the 
cushion  obeys  the  polytropic  process, 
used  the  incompressible  Bernoulli  equat- 
ion for  the  disc -urge  of  the  cushion  air 
to  atmospheric  conditions. 

Coupled  pitch  and  heave  motion  of  a 
multiple-skirt  ACV  was  analysed  by  Bick- 
ford and  Olson  [18],  utilizing  the  above- 
mentioned  assumptions,  and  solving  the 
equations  on  an  analog  computer. 

Other  aspects  of  the  mechanics  of 
ACV  motion  over  waves  were  considered  by 
Breslin  [19],  Richardson  [20]  and  Trillo 
[21] . It  was  noted  that  if  compress- 
ibility is  to  be  represented  correctly 
on  a model  ACV,  then  one  must  scale  the 
atmospheric  pressure  accordingly. 

Hydrodynamic  Influence.  The  effect 
of  the  ACV  on  the  water  can  be  most  log- 
ically represented  by  a pressure  distri- 
bution acting  on  the  free  surface.  If 
we  consider  periodic  coupled  heave  and 
pitch  motion  of  angular  speed  u , over 
regular  waves,  then  this  pressure  can  be 
decomposed  into  a Fouri  'r  series.  Fur- 
thermore, if  one  lineaj izes  the  hydro- 
dynamic  aspect  of  the  problem,  it  is  only 
necessary  to  consider  the  effect  of  a 
pressure  patch  with  a simple-harmonic 
timewise  variation.  This  problem  is 
very  sirr.il^’r  to  that  for  the  disturbance 
created  by  an  oscillating  point  source, 
studied  by  Brard  [22,23],  Haskijjd  [24], 
Hanaoka  [25],  Sretenskii  [26],  Eggers 
[27],  Becker  [28,29]  and  Wehausen  and 
Laitone  [30].  These  all  pointed  out  the 
singularity  in  the  solution  for  the  flow 
when  the  parameter  Xo  = 4oc/g  = 1,  where 
a is  the  radian  frequency  of  the  source , 
c its  speed  of  translation  and  g is 
the  acceleration  due  to  gravity.  As  a 
consequence,  the  damping  of  a ship,  for 
example,  also  changes  markedly  at  this 
point,  as  pointed  out  by  Havelock  [31] 
and  Newman  [32] . 

The  problem  of  the  oscillating  press 
ure  appears  to  have  been  examined  in  two 
dimensions  only.  Kaplan  [33]  and  Wu 
[34]  considered  the  forward  motion  of 
twodimensional  oscillatory  pressure  dis- 
tributions over  deep  water.  Debnath 
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and  Roscnblat  [35]  extended  this  work  to 
Include  the  effect  of  finite  depth,  de- 
ri'rlng  an  expression  relating  o,  c,  g 
and  the  water  depth  for  which  the  above- 
mentioned  singularity  ocjurs.  Ogilvie 
[36]  solved  the  problem  of  a stationary 
pulsating  pressure  band  contained  within 
sidewalls.  This  problem  was  used  prin- 
cipally to  model  a pneumatic  wave  maker, 
but  Ogilvie  also  applied  it  to  a captured 
air  bubble  ACV. 

Present  Work 

This  paper  is  directed  at  computing 
the  effect  of  the  compliance  of  the  water 
surface  - as  opposed  to  a solid  one  - on 
the  coupled  heave  and  pitch  motion  of  an 
ACV,  We  shall  assume  the  water  to  be 
inviscid  and  incompressible  so  that  the 
potential  function,  ♦ , may  be  used. 

First  the  problem  of  a travelling 
oscillating  pressure  distribution  will 
be  solved.  This  is  just  a generalizat- 
ion to  three  dimensions  of  the  results 
given  by  Wu  [341.  From  the  resulting 
free-surface  elevation,  the  added  mass, 
damping  and  spring  constant  due  to  the 
water  may  be  found. 

Then  these  results  will  be  applied 
to  a rectangular  ACV,  and  its  response 
over  a sinusoidal  wave  will  be  determin- 
ed. These  results  will  be  compared  to 
those  in  a previous  paper  by  the  writer 
[12],  in  which  the  hydrodynamic  effect 
was  neglected. 

HYDRODYNAMIC  REPRESENTATION 

The  Velocity  Potential 

We  consider  a timewise  oscillating 
pressure  distribution, 

P(x,y)  = g(x,y)  cos  afH(t) , 

acting  on  the  free  surface,  and  travel- 
ling with  a velocity  c.  Here  t is  the 
time,  and  H is  the  Heaviside  step  func- 
tion. The  coordinate  system  x,y,z 
moves  with  the  pressure,  in  the  x di- 
rection, and  z is  measured  vertically 
upwards  from  the  undisturbed  free  surface. 
Under  the  usual  assumptions  of  linearized 
potential  flow  (see  Stoker  [37]),  <(i 
satisfies  the  Laplace  equation. 
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0,  (1) 

the  kinematic  free-surface  condition, 

- ^t  = ^x  = 0'  <2) 

and  the  dynamic  free-surface  condition. 
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]z=0 


+ p/p  + gC  ■=  0.  (3) 


is  infinitely  deep,  then  we  may  also  im- 
pose 


0. 


(4) 


The  combined  free-surface  condition  is 
obtained  from  Eqs  (2)  and  (3)  by  elimin- 
ating C: 


•"tt 


+ c 


<’xx  - 2«*xt 


- c'f'jj  + giJijj  + 


+ - ci|>jj)  = (cpjj  - Pj.)/P  on  z-0.  (5) 

The  set  of  equations  (1),  (4)  and 

(5)  may  be  solved  using  the  Fourier  trans- 
form pair: 

00  no 

*(w,u;z,t)  = ^ I I i}i(x,y,z,t) 

«00  —00 

•exp[-i(wx+uy) ]dx  dy 


and 
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i)>(x,y,z,t)  = I I 4(w,u;z,t) 


— 00  — QO 


•exp[i (wx+uy) ]dw  du 

Here  w and  u are  the  longitudinal  and 
transverse  wavenumbers  and  are  related  to 
the  circular  wavenumber  k and  the  wave 
angle  6 by 


w = k cos  6 
and  u = k sin  6 . 


(7) 


The  solution  to  Eqs  (1)  and  (4)  is  then 


$ = A(w,u;t) 


in  which  A satisfies  the  transformed 
free-surfac  . condition  (5) ; 

X - 2icwA  + A(gk  - c*w^  - icw)  + y (A-icwA) 


= ^(icw  cos  ot  + o sin  at)  , 


(9) 


where  P is  the  Fourier  transform  of 
This  may  be  simplified  by  the  substitution 


X exp[iws(t) ] , 


(10) 


where  s is  the  distance  travelled  by 
the  craft  from  rest.  Thus  we  obtain 

*•  ^ P 

X + yx  + gk  X = —(icw  cos  at  + a sin  at) 
•exp [-iws (t) ] . 

We  now  take  the  Laplace  transform 
defined  by 


Here  c is  the  free-surface  elevation 
and  p is  the  water  density.  The  radi- 
ation condition  is  satisfied  by  employing 
the  Rayleigh  viscosity  y , which  is  made 
to  approach  zero  from  the  positive  direc- 
tion at  a later  stage.  Some  discussion 
of  this  technique  is  given  by  De  Prima 
and  Wu  [38],  for  example.  If  the  water 


i-(X.)  “ I X exp(-qt)  dt. 
0 


(11! 


Assuming  the  craft  starts  from  rest  with 
a constant  velocity,  then  we  obtain 
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(q^  + yq  + gk)  L{\)  » £ t{exp(-iwct) • 

• (lew  cos  at  + o sin  ot)  } . 

The  convolution  theorem  is  now  employed 
to  obtain  the  inverse  Laplace  transform, 
and  Eq.  (10)  is  used  to  give 

t 

j^p  f 

^ ° ^ Sxpi/gTc  J CT  + 0 sin  ot)  ’ 

•exp[(-U  + ii/gic  + iwc)  (t  - t)  ] d c 
t 

V T S.P  (cw  - mo)  f , , . 

= 11  -w — - expimiOT  + 

i,m=±l  4p7gK  J 

+ (-y  + ii/gk  + iwc)  (t  - t)  1 dt. 

Partial  integration  with  respect  to  t 
yields 
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exp( (icw-y+ii/gk) tl  - 


- exp(miot)  + (y  - iiv^)  X 
exp[(icw  - y + ii/gk)  (t-t)  + mio i 1 dt  . 

0 


Per  large  values  of  t,  one  is  left 
only  with  the  steady-state  solution, 
which  comes  from  the  integral  term  in 
this  expression.  This  is  integrated  to 
give 
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Fig.  2.  Path  of  Integration  in  the 
k Plan* 


gration  are  given  by  the  zeroes  of  Eg. 
(13) . This  results  in  the  imaginary 
part  of  ki  and  kj  being  negative  and 
of  order  y.  For  X < 1,  the  imaginary 
part  of  ks  is  positive  and  that  of  k^ 
negative,  again  being  of  order  y.  This 
suggests  we  deform  the  path  of  integrat- 
ion around  the  poles  as  indicated  in 
Fig.  2,  as  y -*■  0.  The  poles  are  there- 
fore given  by 


Now  we  substitute  Eq.  (8)  and  take 
the  inverse  Fourier  transform  (6) : 
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where 

kt)  = 
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(15) 

and 
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i|Hcos  0 

= A 0 

cos  0 
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If 

X 0 

> 1,  then  for 

part 
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integration. 

namely 
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0 < 0 
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where 
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= l/X 

0 t 
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U)  1 / 

where  = cw  ± rgk  - a + ly 

T (13) 

and  104°''^'^"  + a + iy 

The  integration  <^f  the  peak  pressure, 
p(x',y')  is  taken  over  the  surface  on 
which  it  actfj,  namely  S'. 

Finally,  the  limit  of  this  express- 
ion is  required  as  t The  locat- 

ions of  the  four  poles  in  the  k inte- 


the  two  poles  ks  and  k4  are  complex 
conjugate  (see  Fig.  2).  In  this  case 
the  path  of  the  contour  integral  need  not 
be  deformed. 

The  consequence  of  this  path  select- 
ion is  that  the  integrals  of  the  express- 
ions containing  the  exp(iuit),  exp(iujit), 
etc.  factors  contribute  nothing  in  the 
limit  as  t Thus 
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k’  exp[i  |w(x  ~ x')  + u(y  - y’))  + kz]. 
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(The  path  of  integration  for  each  of  the 
four  terms  is  interpreted  as  previously 
indicated. ) 


Free-Surface  Response 

The  elevation  of  the  free  surface  is 
given  by  Eq.  (3).  We  substitute  the 
potential  from  Eq.  (18)  and  simplify  the 
expression  using  the  relations  (..3): 


8 TT  ‘ pc  ’ 
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I p'dS' 


p'dS'  J sec  9 de 

-It 


dk 
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+ k4  ]i 


It  is  now  convenient  to  reduce  the 
range  of  the  9 integration  to 
0 < 0 < n/2 , and  to  perform  the  contour 
integration  in  the  k plane . We  make 
use  of  the  even  and  odd  properties  of  the 
trigonometrical  functions,  and  obtain  the 
following  expressions  after  some  reduct- 
ion : 
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(The  subscripts  on  U and  V in  Eq. (21) 
refer  to  the  four  poles  in  Eq.  (14).) 

To  simplify  computation,  we  shall 
now  limit  our  considcxation  to  a space- 
wise  constant  pressure  po  acting  on  a 
rectangular  area  defined  bv  1x1  < a 


and 
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The  free -surf ace  response  given  by 
Eq.  (21)  can  now  be  simplified.  The 
usual  rules  for  combining  products  of 
trigoncanetric  functions  allow  us  to  write 
the  k integral  in  terms  of  the  sine- 
and  cosine-integral  auxiliary  functions 
given  by  .hbramowitz  and  Stegun  [39]  s 


f (z) 


sin  t 
t + z 


dt 


(25) 


and  g(z)  = ‘ 


The  results  for  the  in-phase  and  out-of- 
phase components  of  the  free-surface 
elevation  are 


C “ — J 51  ^ f sec  9 cosec  3 • 
4n^pg  *.,m,n“±l 

1 

-/Tfx 


n -7~lgi-g2-fl8l+Tt82+«.VTT(si-S2)]  + 

L A+x 

[g3-gn-1T8  3 + TTSi,-iVW(a3tBn)  1 J dB 


.TT 


and 


Cg  — £3—  I 5!  I 9 cosec  9 • 

4it*pg  J.,m,n‘*±l  ^ 


(26) 


(cont. ) 


394 


•n  — i-f  2-irci+iicj)+Tt  (C1-C2)  ] - 

L/T+A 

— — ^^.v(£J-f^-l^c^+1Tc■•)-'n  (ci+ct)  ] 1 d6 

/TT  J 


in  which  the  follov  Ing  shorthand  notat- 
ion has  been  used: 
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■>  (b  + my)  sin  0 . 


The  underlined  terms  in  Eq.  (26)  should 
be  omitted  for  6 < 9 i , as  given  by 
Eq.  (17). 

The  case  of  a nonvarying  pressure 
distribution,  corresponding  to  a + 0, 
may  be  recovered  from  Eq.  (26) . We  use 
the  fact  that 


f(z)  -*  2 and  g(z)  -*•  -Y-ln(z)  as  z-*-0,  (28) 


Y being  the  Euler  constant.  Ta>.ing  the 
limit,  one  can  show  that 
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Fig.  3.  Notation  for  Escape  Areas  and 
Volumes 


and  / g|z|  dz  » sgn(z) ty  - f |z| 1 , (30) 

which  may  be  derived  from  Eq.  (25).  The 
result  for  these  three  areas  (for  both 
sides)  is 

f = A_  cos  at  + A.  sin  ot,  (31) 


The  second  integral  can  bf  s*  jwn  co 
equal  the  depression  of  the  free  ourface 
from  hydrostatic  considerations  alone: 

*^atat  " “ ^ 5!  8gn(a+t.,) -sgn(b+my) 
star  «pg 


Induced  Free-Surface  Escape  Areac  and 
Volumes 

~ rEe  motion  of  the  ACV  over  wa*er  as 
odified  by  two  effects.  These  a->  the 
nange  in  the  clearance  under  the  skirt, 
given  by  Eq.  (26)  , and  the  volume  under 
the  free  surface  relative  to  the  datum, 
as  this  alters  the  cushlon-p  raping  effect 
The  notation  used  for  number.  - j these 
terms  is  presented  in  Fig.  3.  In  this 
way  an  ACV  with  a forward  and  an  aft  com- 
partment may  be  modelled.  Many  of  the 
terms  indicated  influence  cross  coupling 
loetween  the  two  cushions. 

The  escape  areas  corresponding  to 
sides  1,  2 or  3 are  obtained  by  integra- 
ting Eq.  (26)  with  respect  to  x.  This 
process  requires  the  formulas 

I sgn(z)  f|z|dz  » g|z|  + ln|z| 
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The  notation  used  here  is 

Li  = ln|rkil,  hi  - lnlrk2|,  etc.,  (33) 


+ TtCcs/ks^  + c»/k.,'  )J  J de  , 

in  which  Mj  » lrkv|,  M2  " lrkil,etc. 
and  r is  given  by  Eq.  (27),  but  with 
y - b and  x « x. . 

Finally,  from  Eqs  (34) , the  induced 
voluine  flux  under  the  free  surface  is 


as  wei  1.  as  tnat  given  in  Eq.  (27)  with  Q - sin  at  . (36) 

the  changes)  ^ ^ *" 


my  = b,  X - x^  , 

where  xi  and  xa  are  the  endpoints  of 
the  interval  under  consideration. 

In  a similar  way,  one  can  obtain  the 
areas  along  sides  4,  5,  6 and  7,  by  inte- 
grating Eq.  (26)  with  respect  to  y.  The 
result  is  the  same  as  that  in  Eq.  (32), 
but  with  i e "i"  sunnatlon  replaced  by  an 
"m"  summation,  and  with  an  additional 
factor  "iimncotS"  placed  inside  the  in- 
tegral. Also  different  is  r,  which  is 
now  given  by  Eq.  (27)  with  x » xi  (the 
position  of  the  transverse  side)  and  with 
y - b. 

The  volume  between  the  datum  plane 
z “ 0 and  the  free  jurface  z C(x,y,t) 
may  be  obtained  by  a double  integration 
of  Eq.  (26)  with  respect  to  x and  y 
over  the  particular  area  of  interest,  or 
more  directly,  by  integracing  Eq.  (32) 
with  respect  to  y over  the  range 
- b i y i b.  The  result,  after  using 
the  formulas  (30) , is: 

cos  ot  + sin  ot,  (34) 

where 
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Numerical  Evaluation 

The  results  for  the  induced  free- 
surface  elevation,  escape  areas  and  vol- 
umes, Eqs  (26),  (29),  (32)  and  (35),  were 
computed  by  use  of  the  trapezoidal  rule 
in  the  6 Integration.  The  change  of 
variable  given  by 

6'  » sin  9/cos*6  (37) 

was  also  made.  This  results  in  a fairly 
uniform  oscillation  in  the  various  inte- 
grals, instead  of  an  infinite  accumulation 
near  0 »>  n/2 . The  range  of  the  9 ' 
integration  is  0 to  but  it  was 
found  that  less  than  1%  error  was  involved 
by  truncating  at  8 ' •>  64  (for  0 < Xo  < 6)  . 
For  Xo  “ 0,  the  steady-state  case,  512 
points  were  needed,  but  for  0.2  < Xj  < 6, 
only  256  points  were  required. 

For  the  supercritical  part  of  the 
integral  (Xocos6>  1 or  9 < 61),  which 
only  occurs  if  Xo  > " the  underlined 
terms  are  to  be  omitt  , Furthermore, 
the  remaining  terms  ..  .ich  are  functions 
of  ks  and  k4  become  complex.  It  was 
found  convenient  to  combine  these  (they 
do  so  into  a purely  real  result) , and  to 
leave  them  in  the  form  of  the  k integral , 
and  perform  this  integration  numerically, 
since  tliere  are  no  pules  on  the  real  axis 
in  this  case.  About  1»  error  was  incur- 
red by  truncating  this  integration  at 
ka  = 16  and  by  using  64  points. 

Wave  profiles  for  o *•  0 and  P =»  1.5 
were  found  to  agree  with  the  steady-motion 
results  of  Huang  and  Wong  [40] , whose 
numerical  technique  was  different.  Anoth- 
er check  involved  comparing  the  induced 
escape  areas  with  those  obtained  by  numer- 
ically integrating  the  free-surface  elev- 
ation . 


Results 

Some  numerical  calculations  are  shown 
in  Figs  4 to  7 . These  all  pertain  to  a 
pressure  acting  on  a square  area  (b/a  - 1) , 
so  that  this  would  model  either  the  fore 
or  aft  cushion  of  a rectangular  ACV  with 
a beam-to-length  ratio  B/L  » 0.5,  and 
with  a central  transverse  skirt.  The 
Froude  number  based  on  the  craft  length 
is  0.5.  Calculations  were  performed 
for  Xo  - 0(0. 2)0. 8,  0.9,  0.95,  1.1, 

1.2 (0.2) 2. 0(0. 5) 3. 0(1. 0)6.0. 

Fig.  4a  depicts  the  cosine,  or  in- 
phase  components  of  the  longitudinal  free- 
surface  profiles  along  the  sides  of  the 
craft,  for  various  values  of  the  speed- 
frequency  parameter  Xo.  The  steady 
case  (Xo  0)  shows  the  usual  rise  of  the 
water  at  the  bow  of  the  cushion  (x/a  - 1) , 
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with  a wave  developing  downstream  (due  to 
the  ki,  k2  and  k^  terms  in  Eq.  (261)  • 

A smooth  change  in  the  character  of  the 
curves  occurs  as  Xg  increases,  but  the 
upstream  effect  (x/a  > 1) , due  to  the  kj 
term,  is  always  small.  The  sine,  or  out- 
of-phase  components  are  given  in  Fig.  4b. 
The  case  of  Xo  ~ 0 is  not  shown  as  this 
is  identically  zero.  Again  there  is 
little  upstream  effect  and  a downstream 
wcvve  profile  it  developed  in  all  cases. 

Transverse  wave  profiles  are  shown 
In  Pig.  5.  Transverse  cuts  correspond- 
ing to  x/a  - 3 are  not  shown  as  these 
are  so  small.  As  In  Fig,  4,  '•.he  char- 
acter of  the  in-phase  components  (Fig.  5a) 
and  that  of  the  out-of-phase  components 
(Pig.  5b)  are  quite  similar. 

The  induced  areas  under  the  wave 
profiles  are  shown  in  Fig.  6.  These, 
of  course,  only  have  relevance  in  a line- 
ar theory  which  negates  skirt  contact. 

For  both  the  cosine  and  sine  components, 
the  square-root  singularity  produced  by 
the  linear  theory  at  Xg  “ 1 is  evident 
in  varying  degrees.  The  curves  tend  to 
follow  the  same  direction  as  one  passes 
tnrough  the  singularity,  this  being  inter- 
rupted by  a break  in  either  the  positive 
or  negative  direction.  (The  tendency  of 
the  departure  appears  to  be  the  same  on 
both  sides  of  the  singular  point,  although 
there  are  not  enough  computed  points  in 
all  cases  to  illustrate  this  feature.) 

At  high  value  of  Xg  the  curves  display 


Fig.  7.  Induced  rrs<  - Surface  Volumet 
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oaclllatlonBt  and  pranumably  they  eventu- 
ally approach  saro. 

Tha  Induced  volumes  under  the  free 
surface  are  depicted  in  Fig.  7.  The 
varying  degrees  of  localization  of  the 
singular  effect  are  agai  i to  be  noted. 


APVLICATION  TO  ACV  MOTION 

Theoretloal  Model 

The  oraHt  under  consideration  is 
shown  In  Fig.  1.  The  vehicle  executes 
planar  notion,  so  that  Its  center  of  grav- 
ity, which  is  at  (Xg,Sg)  relative  to  the 
longitudinal  midpoint  and  above  the  base- 
line, is  defined  by  the  heave  and  pitch, 
z and  9 . The  air  from  the  lift  fan(s) 
discharges  into  an  intezmediate  chamber 
before  feeding  the  forward  and  aft  cush- 
ions through  the  equivalent  areas 
and  Aj^j,  respectively. 

He  assume  that  the  total  pressure  in 
the  intermediate  chamber  is  given  by 

where  Q is  the  inlet  flow,  and  the 
are  constants  which  incorporate  the  fan 
characteristics  as  well  as  those  of  the 
intake  duct. 

Volume  Flow  Terms 

The  i! an  flow  equals  the  sum  of  the 
cushion  inlet  flows: 

Q - + Qi^  . (39) 

The  cushion  inlet  flows,  and  escape 
flows  Qq  are  given  in  terms  of  the  ap- 
propriate pressure  differences: 

Qij  - 8gn(pj-p,) 

Oil  - «9n(Pf-P,)  *uCdii’^^IPf~Pil/Pa  > 

Qei  “ 8gn(P,)*e,C^e/2|Pil/Pa  ' 

- sgn(Dj)  Aea‘^de2'^^IPil/'’a 

Qes  " sgn(p,-p,)  /2  |p, -p  j7^~. 

The  stability  cross  flow  Q«9  can  clear- 
ly have  either  sign.  The  other  four 
flows  are  normally  positive,  but  as  point- 
ed out  by  Doctors  [12] , can  be  negative 
for  high  encounter  frequencies.  These 
flows  are  interrelated,  by  continuity, 
as  follows: 


(40) 

(41) 


and 
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Cl 
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Ca* 


The  flux  terms  due  to  craft  pumping  under 
the  two.  compartments,  Qri  and  are 
given  by 


- (i  + (5  - Xg)6]  S , (43) 

S being  the  area  of  either  compartnK-nt, 
and  X its  centroid. 

The  flux  terms  due  to  pumping  because 


of  the  water  surface  ccnpllance  Qr  can 
be  obtained  if  the  vehicle  motion  is  peri- 
odic (with  angular  frequency  w)  and  the 
Four.ler  series  cosine  and  sine  coo^nents 
(sr  and  bn,  say)  of  the  two  cushion 
pressures  pi  and  pi  azje  known.  Since 
a linear  theory  for  the  water  flow  is  em- 
ployed, we  may  sum  the  effect  of  each 
friiquency  component  using  Bq.  (36) . One 
must  als>'  consider  the  interference  be- 
tween the  two  cusliions.  The  result  is 


n-1 


[^*n 

+ 

^ni'^Cci 

+ 

^’ni'^Ccj 

- 

*n  I'^Cci 

- 

*ni'^Cci 

(44) 


(nu)  + 

(no) } cos  (not)  + 
(no)  + 

(no)}  8in(n«t)l  . 


The  expression  for  Q^i  is  the  same, 
but  with  the  subscripts  of  V(c  and  V(s 
reduced  by  1.  Here  we  are  considering 
the  first  N terms  in  the  Fourier  series: 


P “ 1 cos(nn't)  + b sin  (not)]  ,(45) 

n-0  " " 

in  which  e«  « S and  tn  • 1 for  n j*  0, 
The  first  term  (n  ■ 0)  does  not  contri- 
bute to  the  fluxes. 

The  volume  fluxes  due  to  wave  pum- 
ping are  given  by 

®w  " I '^**w^ 

in  which  B is  the  )ocal  craft  beam 
(constant  here)  and  z,«  is  the  forcing 
wave  which  we  define  as 

*w  “ N: 

where  hw,  kw  and  Cw  are  respectively 
the  amplitude,  wavenumber  and  velocity  of 
the  wave,  and  xw  is  measured  in  a stat- 
ionary referonco  frame.  He  reexpress 
this  as 

- h^  cos(k^x  - ot) , (47) 

where  o is  the  encounter  frequency,  and 
substitute  in  Eq.  (46)  to  give 


h„Bo 


(48) 


•|^{+cos  (ijk^)  + cos(ek^)}  ooa(ot)  ;■ 
+ (-sin(*ik^)  + sin(e)c^)}  sin(ot)J  . 


The  Escape  Areas 

Ass^ing  the  craft  position  to  be 
known,  than  the  clearance  under  the  ham 
of  the  skirt  may  be  calculated: 
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e = 2 + x3  - hj^  - - 2^,  (49) 

where  hjt  is  the  local  skirt  depth,  and 
2;  is  the  induced  free  surface  elevation 
due  to  the  action  of  the  cushion  pressure 
on  the  water  surface.  It  may  be  calcul- 
ated in  a way  similar  to  the  flux  terms 
in  Eq.  (44)  using  the  same  Fourier 
series  components  of  the  pressure.  For 
excunple,  the  pressure-induced  elevation 
on  side  1 is: 

N-1 


- 

h_  (nu) } cos (not)  + 

n 2 S 2 

+ 

b„  (nui)  + 

n i c 1 ' 

+ 

bnjCc2^''“*^  sin  (nut)  1 . 

The  e.®cape  area  along  the  appropri- 
ate segment  of  the  skirt  is  obtained  by 
integration  with  respect  to  the  distance 
along  the  skirt  hem,  i: 

= I e H(e)  di,  (51) 

where  H is  the  Heaviside  step  fui'.ction. 
The  escape  area  under  the  stability  skirt 
is  simply 

A^j  = E e H(e) , (52) 

e being  cva'-'ated  at  i = x - eL. 


Skirt  Contact  Forces  and  Moments 

We  consider  each  element  of  skirt  co 
act  independently,  so  that  the  vertical 
force  on  the  craft  due  to  skirt  deflec- 
tion is 

= - I p n eH(-e)  dl.  (53) 

Thus  we  assume  the  local  force  is  pro- 
portional to  the  cushion  pressure.  The 
constant  n is  essentially  the  tangent 
of  the  angle  between  the  skirt  and  the 
vertical . 

The  horizontal  component  of  the 
skirt  force  can  be  decomposed  into  two 
causes.  The  first,  being  frictional, 
is  due  to  the  relationship  between  a hori' 
zontal  and  vertical  force  moving  over  a 
surface: 

where  ct„  ig  the  slope  of  the  water  sur- 
face , 

“w  ^ -**W  ^2l^)/^lX  , (55) 

and  y is  the  equivalent  coefficient  of 
friction,  a concept  admittedly  ratlier 
tenvious  in  our  situation,  considering 


the  mechanics  of  the  skirt  contact  with 
the  water  surface.  The  horizontal  force 
is  also  partly  due  to  the  pressure  acting 
on  the  skirt  wall.  Tliat  component  in 
the  X direction  is  given  by 

dRj^"  = peH(-e)  sing  df,  (56) 

where  g is  the  angle  betweer  the  skirt 
and  the  x direction.  (Thus  the  sides 
of  the  rectangular  ACV  in  our  problem  do 
not  contribute  to  Fq.  (56) ) . We  use 
Eqs  (53),  (54)  and  (56)  to  give  the  lon- 
gitudinal horizontal  skirt  force  on  the 
ACV, 


«h  = 


+ Ru 


sinS  - 


h 


“w  + n 


e 


H(-e) 


(57) 

df. 


and  the  bow-up  moment  on  the  vehicle  about 
the  center  of  gravity 


M = I p j^(Zg  sin  3 - (58) 

- n(x  - Xg  + (Zg+h^+e)  ^j^^)jeH(-e)  df. 


Equations  of  Motion 

Newton's  laws  of  motion  for  hea  a 
and  pitch  give 


m(z  4 

g) 

= p,S]  + 

P2S2 

+ Rv 

(59) 

and 

le 

« PiSj (xj 

-’'g) 

+ P2S2 

(X2-Xg) 

+ M + 

-^3 

) [Zg  + 

+ PzB(hj^, 

) [Zg  4 

%(hk3+ 

h^,)]. 

(60) 

where 

m 

and  I 

are 

the  vehicle  mass 

and  its  second  moment  about  the  trans- 
verse axis  through  the  center  of  gravity, 
respectively. 


Numerical  Solution 

The  motion  of  the  ACV  was  computed 
numerically  from  initial  conditions  of 

* = ’'g  + *"k,min  “ ^w  ' 
and  z=z=0=8=0=O, 

with  a forward  velocity  of  c,  over  the 
waves  travelling  at  a speed  Cy,. 

The  time  t was  incremented  in 
steps,  with  the  new  cr^ft  posi^-ion  z 
and  0 and  velocity  z and  6 compu- 
ted from  a simple  extrapolation,  using 
z,  z,  6 and  0 from  the  previous  point  in 
time.  Thus,  at  each  time  step,  it  was 
first  necessary  to  solve  the  set  of  equa- 
tions (38)  to  (42).  It  is  possible  to 
reduce  this  set  to  a pair  of  nonlinear 
algebraic  equations  in  pi  and  pz  which 
are  soluble  by  the  Newton-Raphson  tech- 
nique. The  skirt  forces  given  by 
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Eqs  (53) , (57)  and  (58)  can  then  be  ob- 
tained, leading  to  values  of  the  acceler- 
ation from  Eqs  (59)  and  (6C) . 

The  vehicle  was  run  over  a suffici- 
ent number  of  cycles  until  a stable  peri- 
odic motion  resulted.  Details  of  the 
procedure  and  numerical  information  per- 
taining to  the  computer  program  may  be 
found  in  Doctors  [12],  where  the  hydro- 
dynamic  effect  (namely  the  calculation 
of  in  Eq.  (50)  and  Qj  in  Eq.  (44)) 

was  neglected.  The  technique  implies 
that  the  values  of  z^  and  will  al- 

ways be  those  corresponding  to  the  previ- 
ous cycle,  since  a Fourier  analysis  of  a 
complete  cycle  is  required  for  their 
evaluation.  This  possibly  explains  why 
the  number  of  periods  required  for  a 
repetitive  motion  to  result  typically  in- 
creased from  3 to  4 or  5 . 

Encounter  Frequency 

We  consider  the  frequency  resulting 
from  waves,  whose  wavenumber  is 


kw  = 


lA-F 


where  is  the  wavelength.  If  the 

craft  Froude  number  is  F = c//giT  , then 
the  wave  speed  mav  be  found  for  a particu- 
lar frequency  uji 


= [-1 


+ 4F  (ojATg)  )/2  (uA/g).  (63) 


In  general,  there  are  four  possible  val- 
ues of  Fw  satisfying  Eq.  (63),  if  posi- 
tive or  negative  values  of  u are  allow- 
ed. If  Xj  = 4uiP  > 1,  there  are  oi.ly 
two  possible  wave  speeds. 

In  this  paper  we  shall  restrict  our 
interest  to  head  waves  (F„  < 0) , for 
which  there  is  always  just  one  solution. 

RESULTS 


ii/L 

= 

0.5 

e 

= 

0.0 

m/pL^ 

0.006 

I/PL® 

= 

3.25x10"'' 

Xg/L 

= 

0.0 

Zg/L 

= 

0.1 

h)o/L 

ss 

0.08 

= 

0.08 

= 

0.08 

hi 

= 

1.0 

02 

= 

1.0 

n j 

= 

0.0 

u 

= 

0.0 

Cf ,/pgL 

= 

0.04 

Cf/L  Vgp' 

= 

0.0 

Cf3^Vp 

- 30.0 

0.005 

Ai/L^ 

= 

0.005 

^di. 

= 

1.0 

^di2 

= 

1.0 

"^dei 

0.55 

''dea 

= 

0.55 

^dea 

= 

0.6 

P^/P 

0.00125 

Table  1,  Craft  Particulars 

incident  wave,  of  the  fundamentals  of 
the  heave  and  pitch  motion  are  plotted 
in  Figs  8c  and  8d.  As  the  frequency 
increases  from  zero,  the  heave  phase  be- 
comes negative  (i.e.  lags  the  input  wave). 


Calculations  were  carried  out  for 
the  ACV  whose  particulars  are  presented 
in  Table  1.  The  craft  response  in  the 
low  frequency  range  in  head  seas  is  shown 
in  Fig.  8.  The  hydrodynamic  effect  is 
considered  to  the  extent  of  two  terms 
(N  = 2 in  Eqs  (44)  and  (50)),  and  the 
results  are  compared  to  those  in  which 
the  hydrodynamic  effect  is  ignored  (N  = 0). 
Root-mean-square  heave  response  is  given 
in  Fig.  8a.  For  a dimensionless  fre- 
quency greater  than  1.5,  it  is  seen  that 
the  compliance  of  the  water  increases 
the  response  by  5 or  10%.  However,  the 
pitch  of  the  craft  (Fig,  8b)  is  affected 
to  a much  greater  degree , being  increased 
by  as  much  as  30%  in  the  frequency  range 
considered.  A series  of  pea)cs  are  ap- 
parent for  m/n/g  = 2,  but  these  are  not 
related  to  the  critical  condition  of 
Ao  = 1,  which  occurs  at  w/L/g  = 0.5  for 
a Froude  number  of  0.5.  Surprisingly, 
in  fact,  none  of  the  calculations  showed 
any  peaxs  near  the  critical  condition, 
so  that  one  must  assume  that  the  singu- 
larity is  highly  localized. 

The  phase  angles,  ahead  of  the 


On  the  other  hand,  if  the  wave  is  consid- 
ered solid,  then  the  opposite  trend  is 
predicted.  The  pitch  phase  angle,  in 
rig.  8d,  also  is  more  negative  when  the 
hydrodynamic  effect  is  included. 

Nonlinearity  is  evident  in  Fig,  8 by 
the  noncoincidence  of  the  various  curves 
for  different  waveheights.  This  effect 
is  more  clearly  displayed  in  Fig.  9.  For 
a solid  wave  (N  = 0) , the  maximum,  mini- 
mum and  root-mean-square  heave  responses 
(the  latter  is  multiplied  by  »^)  are  seen 
to  approach  each  other,  and  become  cons- 
tant, as  hv;/L  -*-0,  in  Pig.  9a.  Thus 
the  heave  motion  would  appear  linear  in 
this  limit.  The  pitch  response  as  a 
function  of  waveheight  appears  in  Fig.  9b, 
where  the  strong  nonlinearity  (with,  or 
without  water  compliance)  is  evident. 

At  larger  waveheights,  the  difference  in 
the  response  due  to  the  water  compliance 
become  relatively  less  important. 

The  heave  and  pitch  accelerations 
are  shown  in  Figs  10a  ana  10b  respective- 
ly. The  accelerations  are  only  approx- 
imately related  by  a factor  of  to^L/g  to 
the  motions  in  Figs  8a  and  8b  - due  to 
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Fig.  9.  Craft  Response  as  a Function  of 
Woveheight  (o)  Heave 
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Fig.  9.  Croft  Response  os  a Function  of 
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Fig.  10.  Croft  Accelerotion  os  o Function  of 
Frequency  (o)  Heave 


Fig.  10.  Croft  Acceleration  os  o Function  of 
Frequency  (b)  Pitch 
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Fig.  11.  Effect  of  the  Considered  Number  of 
Harmonics  in  the  Cushion  Pressurfi 


Fig.  12.  Second  Harmonics  in  the  Croft 
Motion  and  Cushion  Pressures 


the  harmonic  content  in  the  motion.  In 
the  vicinity  of  w/L/g  =1  in  Pig.  10b, 
the  hydrodynamic  effect  results  in  a sub- 
stantial reduction  of  the  pitch  motion. 

It  may  be,  coincidentally,  that  the  sing- 
ular effect  near  = 1 is  such  as  to 
oppone  the  aerodynamic  forcing. 

rhe  acceleration  response  for  heave 
and  pitch  again  appears  in  Fig.  11,  as  a 
function  of  waveheight.  Here,  a compar- 
ison is  made  for  N = 0 (a  solid  wave) , 

N = 1 (just  the  hydrodynamic  effect  due 
to  the  mean  pressure  under  the  ACV) , 

N = 2 (the  first  two  terms  of  the  Fourier 
series)  and  N = 2 with  = 0 (the 
first  two  terras,  but  with  the  pumping  due 
to  the  induced  free  surface  neglected) . 

It  is  evident  that  the  greatest  influence 
is  due  to  the  static  term  (the  step  from 
N = 0 to  N = 1) . A relatively  much 
smaller  increase  in  the  same  direction 
occurs  if  the  fundcunental  frequency  com- 
ponent is  included  (the  step  from  N = 1 
to  N = 2) . The  pumping  effect  from  the 
fundamental  (the  step  from  N = 2 with 
Qj.  = 0 to  N = 2)  is  also  minor. 

’ The  second  harmonics  in  the  craft 
response  and  in  the  cushion  pressures  are 
plotted  in  Fig.  12.  The  relative  inc- 
rease when  the  water  compliance  is  inc- 
luded is  particularly  large  for  the  for- 
ward cushion  (pj)  at  large  waveheights, 
but  for  the  aft  cushion  (pj)  at  small 
waveheights.  While  the  second  harmonics 
seem  to  practically  disappear  for  small 


waveheights  over  a solid  wave,  the  op- 
posite is  true  when  the  water  compliance 
is  considered. 

Finally,  the  s)cirt  contact  forces 
and  moment  are  shown  in  Fig.  13.  The 
forces  are  always  greater,  typically  by 
a factor  of  2,  when  the  compliance  is 
included.  In  Fig.  13a,  it  is  seen  that 
there  is  no  skirt  contact  for  u/L/g  < 2 
over  a solid  wave,  but  there  is  over  wat- 
er, due  to  the  distortion  of  the  latter. 
As  the  waveheight  increases  (Fig.  13b) , 
the  differences  between  the  forces  during 
motion  over  a solid  wave,  and  over  a 
water  wave  are  seen  to  become  relatively 
less.  This  is  not  unexpected,  as  the 
depression  of  the  water  is  almost  inde- 
pendent of  waveheight  (i.e.  it  is  basic- 
ally a steady  effect)  and  becomes  less 
important  for  higher  waves. 


LINEARIZED  HEAVE  THEORY 

It  was  pointed  out  in  the  Introduc- 
tion that  one  may  not  properly  apply  a 
linear  theory  to  the  motion  of  the  ACV 
due  to  the  behavior  of  the  air  flow  under 
the  stability  skirv.  Nevertheless,  this 
only  affects  pitch  stability.  It  is 
possible  to  appreciate  some  of  the  effect 
of  the  hydrodynamics  by  considering  the 
heave  moticn  alone  (without  the  presence 
of  the  stability  skirt) , The  linear 
theory  is  then,  to  some  extent,  analogous 
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Fig.  13.  Skirl  Contact  Forces  and  Moment 
(o)  As  a Function  of  Frequency 


Fig.  13.  Skirl  Contact  Forces  and  Moment 
(b)  As  0 Function  of  Woveheight 


to  that  of  Reynr  ids  (lOl,  except  that  we 
may  only  consider  harmonic  motion.  The 
final  result  for  the  equation  of  pure 
heave  motion  is 


r f'^cic 
Mpgi^ " 


BLQ^Pq  2g' 


} +■ 


emLV.„(i) 

Cs 

pgBQ„ 


r Blew  , 

L“  Qp  pgBT- 


emLV^^d) 

PgBQ- 


[Boos  (*sk^L)  + j^sin  (Jjk^L)  ] 
B + L 

2e  B sin  (*5k  L) 


' Z cos  (U)t+<(|)  + 

z sin  (iot+i(i) 
(64) 


h^cos  (wt)  - 


h^sin  (wt) 


U + (0.00400  A^^  - 0.002744)oj^  + 
+ 0.00166  V_  u’l 
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(-0.0692  «+  0. 00400 

- 0.00166  V,  10^]  • 
Cc 


(65) 


respectively. 

The  induced  escape  areas  and  volumes 
here  pertain  to  the  whole  craft,  so  that 
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(66) 


Here  e is  the  clearance  urder  the  skirt 
and  Pq  is  the  slope  of  the  fan  curve, 
both  evaluated  at  the  equilibrium  con- 
dition, and  i is  the  skirt  perimeter. 
The  amplitude  of  the  heave  motion  is  z, 
and  this  is  ahead  of  the  encountered  wave 
by  the  phase  angle  <(i  . 

The  equilibrium  clearance  e/L  may 
be  shown  to  be  0.003844  for  the  craft 
studied.  Prom  this  one  may  evaluate  the 
coefficients  of  the  cosine  and  sine  terms 
on  the  left-hand  side  of  Eq.  (64) . 

The  se  are : 


cs 


= V + 

CS2 


3 

I 

i=l 


Csi 


The  damping  term  is  the  second  one 
in  Eq.  (65)  . One  must  extract  the  fac- 
tor "-UI"  to  determine  the  effect  on  the 
purely  aerodynamic  heave  damping  of 
0.0692  (corresponding  to  a damping  ratio 
of  0.660).  In  the  range  0 < ui/L/g  < 3 
(see  Figs  5 to  7)  Ixith  A^g  and 
are  negative.  Thus  the  area  effect  in- 
creases the  damping , but  the  volume 


405 


effect  decreases  it.  The  magnitude  of 
the  former  is  larger  than  the  second  here, 
so  that  one  may  conclude  that  water  com- 
pliance increases  the  heave  damping  of 
this  ACM.  At  w/L/g  = 1,  2 and  3 the 
percentage  increase  of  damping  is  respec- 
tively 3.8,  7.1  and  11.7. 

The  first  term  in  Eq.  (65)  actually 
combines  the  added  mass  and  spring  con- 
stant effect  due  to  the  water,  and  could 
be  split  into  these  two  components  by 
studying  the  compliance  of  the  air/water 
system  at  zero  frequency  - assuming  the 
second  component  to  be  frequency  indepen- 
dent. Instead,  we  shall  just  consider 
A^c  and  Vj-g,  both  of  which  are  negative 
for  the  range  of  frequency  examined  - 
except  that  the  former  does  become  posi- 
tive just  before  u/L/g  =3.  Eq.  (65) 
has  been  nondimensionalized  so  that, 
without  the  water,  the  added  mass  is  re- 
presented by  the  "0.002744"  term,  and  the 
spring  constant  by  the  "1". 

If  one  arbitrarily  considered  the 
hydrodynamics  to  modify  only  the  effec- 
tive mass  part  of  the  in-phase  term,  then 
this  is  increased  by  274%  at  zero  fre- 
quency  and  decreased  by  44%  at  u/L/g  = 3. 


CONCLUSIONS 
Present  Work 

Comparisons  between  the  motion  of  an 
ACV  over  water,  and  over  a solid  wave, 
show  considerable  differences  in  some  in- 
stances. Particularly  with  iregard  to 
the  pitch  motion,  we  see  that  this  can  be 
increased  by  up  to  one  third , for  the 
particular  craft  studied,  and  for  the 
range  of  conditions  examined.  It  is 
clear  that  the  compliance  of  the  water 
should  be  included  in  calculations  of 
this  nature. 

However,  it  is  noteworthy  that  the 
major  hydrodynamic  effect  is  due  simply 
to  the  steady  depression  of  the  water 
surface  (at  Iq  = 0) » resulting  from  the 
average  cushion  pressure.  Nevertheless, 
it  is  seen  that  the  water  increases  the 
heave  damping  by  up  to  12%  in  the  range 
of  frequency  studied,  and  it  consider- 
ably changes  the  effective  mass  of  the 
ACV.  Due  to  the  high  damping  in  the 
system,  the  virtual  mass  of  the  water  is 
such  as  to  increase  the  motion  of  the 
vehicle  only  slightly. 

The  usual  singularity  in  ship-motion 
theory  which  occurs  at  A,  = 1 (ui/L/g  = 0.5 
for  F = 0.5)  was  not  detected  in  the 
numerical  results,  so  is  presumably  a 
very  localized  phenomenon.  One  must 
assume  that  the  aerodynamic  connection 
between  the  water  and  the  craft  smooths 
the  s ingular i ty . 

Future  Work 

The  present  work  can  be  logically 
extended  in  two  directions.  The  first 
encompasses  an  increase  in  the  range  of 
frequencies  covered  by  the  computation. 

For  more  realistic  encounter  frequencies  - 
greater  than  w /L/g  = 3 - it  should  be 


possible  to  derive  simplified  expressions 
for  the  free-surface  response,  valid  for 
large  values  of  the  parameter  Xo  . This 
would  greatly  reduce  the  computational 
effort,  which  is  centered  on  this  aspect  - 
rather  than  on  the  calculation  of  the 
motion  itself.  However,  it  should  be 
pointed  out,  that  one  would  expect  the 
greatest  hydrodynamic  effect  to  occur 
near  Ao  = 1.  Thus,  a negligible  influ- 
ence at  the  greater  frequencies  would  not 
be  surprising. 

A second  line  of  extension  would  in- 
clude the  effect  of  compressibility  of 
air.  This  could  be  adequately  repre- 
sented by  the  polytropic  ideal-gas  equa- 
tions. Compressibility  would  probably 
be  more  important  at  large  encounter 
frequencies . 
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DISCUSSION 


N.  KING 

It  has  been  my  experience  to  study  the 
papers  of  L.  ,T.  Doctors  with  interest.  The  in- 
terest is  generated  by  the  author's  ability  to 
Investigate  areas  which  are  both  difficult  ai. ; 
relevant  in  ACV  technology.  This  paper  is 
typical  of  the  author's  work.  It  is  well  re- 
searched, it  continues  on  where  earlier  inves- 
tigations have  stopped  and,  most  important,  it 
is  a theoretical  investigation  that  has  strong 
avenues  to  experimental  studies. 

My  major  regrets  with  the  author  are  two- 
fold. One  regret  is  that  the  paper  leaves  me 
wishing  to  see  more  results.  The  second  regret 
is  that  the  author  has  not  found  time  to  direct 
his  work  more  towards  a captured  air  bubble 
ACV,  as  a former  mentor,  Prof.  T.  F.  Ogilvie, 
did.  The  latter  regret  results  from  the  fact 
that  my  Interests  lay  primarily  in  the  side- 
walled  ACV  which  is  better  known  as  the  surface 
effect  ship  (SES). 

This  paper  cannot  be  overjooked  with 
respect  to  SES  and  I will  now  direct  my  dis- 
cussion from  such  a viewpoint. 

Since  a SES  has  rigid  sidewalls,  it  was 
comforting  to  see  that  the  sides  of  the  rec- 
tangular ACV  considered  in  this  paper  did  not 
contribute  to  Eq.  (56)  whicli  is  used  in  the 
development  of  skirt  contact  forces  and  mo- 
ments. The  author's  conclusion  that  the  major 
hydrodynamic  effect  is  due  simply  to  the  stead.v 
dppres.sion  of  the  water  surface  (x  = o),  re- 
sulting from  the  average  cushion  pressure  is 
encouraging  when  l attempt  to  correlate  some 
of  the  results  of  this  paper  to  SES  data. 

Experimental  investigations  of  SES  in  reg- 
ular waves  have  also  shown  strong  nonlineari l- 
responses  that  are  not  proportional  to  the 
height  of  waves  --  as  well  as  strong  dampening 
of  the  heave  responses. 


ID  the  author's  discussion  of  linearized 
heave  theory,  the  developed  Eqns.  (64)  and  (65) 
relating  to  heave  motion  are  hij^ly  dependent 
on  the  induced  free-surface  escape  areas  and 
volumes  given  by  Eq.  (66).  [it  is  to  be  noted 
that  the  presented  heave  theory  does  not  con- 
tain the  midship  transverse  stability  skirt,  a 
craft  component  not  applicable  to  SES.J  The 
heave  damping  is  shown  to  he  quite  sensitive  to 
the  values  of  the  escape  areas  and  volumes 
given  in  the  frequency  range  studied  for  a 

F --  0.5. 

It  is  my  experience  that  the  induced  free- 
surface  elevations  for  ACV  and  SES  traveling 
over  calm  water,  regardless  of  on  Imposed 
sinusoidal  wave,  are  highly  speed  dependent. 

The  cushion  pressure  region  alone  will  change 
the  escaped  area  and  volume  values  as  a func- 
tion of  craft  speed.  In  addition,  the  induced 
free-surface  elevation  is  such  that  the  magni- 
tude of  the  skirt  contact  forces  will  be  a 
function  of  speed. 

Thus,  it  is  suggested  that  the  author  in 
future  work  consider  craft  speeds  associated 
with  the  highest  two  wave-making  drag  hump 
speeds  and  post-hiunp  speeds.  The  wave-making 
drag  hump  speeds  at  approximately  F - 0.35  and 
F - 0.65  for  b/i.  - 0.5  are  where  one  might 
expect  the  most  pronounced  free-surface  dis- 
tortions .and  therefore  where  one  may  expect  the 
greatest  fluctuations  of  escape  areas  and 
volumes  us  well  as  tiie  largest  amount  of  skirt 
contact  with  the  free-surface.  Tlie  post  drag 
hump  speeds  of  say  F = 1.0  or  greater  are  sug- 
gested since  such  speeds  are  included  in  the 
optimum  operational  speed  eiroa  of  ACV's. 

I wish  to  commi^nd  the  author  again  on 
this  excellent  paper.  More  investigations  such 
as  contained  in  this  paper  are  needed  in  ad- 
vancing ACV  technology. 


A preliminary  look  at  SES  data  [data  for  a 
rectangular  SES  of  similar  B/l.  in  the  saaie 

h /,  and  frequency  ranges  for  F = 0.6]  has  i>ro- 
W/  L 

vided  results  comparable  to  results  for  the 
N = E case  given  in  Figures  8(a)  and  8(b)  which 
give  the  craft's  heave  and  pitch  responses, 
respectively,  as  a function  of  encounter  fre- 
quency. A.lthough  the  majority  of  available  SES 
data  are  at  higher  frequencies  and  for  higher 
speeds,  the  trends  indicated  in  the  cited 
figures  for  K = F have  tantalizing  similarities 
to  the  SES  data  trends.  I thus  encourage 
strongly  that  future  work  be  extended  to  higlier 
frequencies  — a direction  the  author  is  con- 
sidering. 

Higher  speed  data  are  not  directly  appli- 
cable due  to  the  fact  that  SES  heave  and  pitch 
responses  show  a strong  -speed  dependency  as  one 
might  expect.  This  brings  up  the  last  point 
that  I wish  to  make. 


ALLEN  MAGNUSON 

To  this  discusser’s  knowledge  this  is  the  first  time 
the  linear  hydrodynamic  boundary  value  problem  (the 
moving  oscillatory  pressure  patch)  has  been  solved  in  con- 
junction with  the  nonlinear  craft  dynamics,  and  for  which 
corresponding  numerical  results  have  l^n  obtained  for 
the  motions  of  a typical  ACV  design.  The  author  is  to  be 
congratulated  on  presenting  a valuable  contribution  to  a 
very  complex  and  difficult  problem. 

The  author’s  analysis  is  similar  in  many  respects  to  a 
linearized  heave  analysis  developed  by  the  discusser.  A 
condensed  treatment  of  this  analysis  and  a discussion  of 
the  results  will  be  given.  A comparison  of  the  two  anal- 
yses and  appropriate  comments  reflecting  the  discusser’s 
opinions  may  be  appropriate: 

1.  The  general  nature  of  the  interaction  of  the  free 
surface  disturbance  and  the  craft/cushion  dynamics  is 


i 
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eisentially  the  same.  That  is,  the  craft  dynsrhcs  is  affect- 
ed by  the  Increment  in  cusliion  volume  and  leakai$e  arej 
resulting  trow  the  tree  surface  depression,  which  is  in  turn 
caused  by  the  nnsteady  component  of  the  pressure.  The 
details  of  computing  the  effects  of  the  interaction  differ. 
Doctors  applies  a frequency  domain  approach  that  is  a 
logical  extension  of  his  earlier  work  o:;  the  accelerating 
pressure  patch.  The  discusser’s  approach  is  based  on  a time- 
domain  interpretation  of  linear  systems  theory  (Equations 
6 and  7 below),  which  reduces  the  problem  to  the  evalu- 
ation of  a kernel  function  associated  with  a generalization 
of  the  classical  iJauchy-Poisson  problem.  The  discusser  is 
presently  developing  a solution  to  the  hvdtodynan.ic  prob- 
lem along  these  lines.  Ip  the  absence  of  a direct  solution, 
the  kernel  function  was  estimated  using  plausible  physical 
arguments.  The  results  agree  with  Doctors  at  least  to  the 
extent  that  the  hydrodynamic  interaction  was  found  to  be 
an  important  first  order  effect. 

2.  The  discusser  has  relied  (to  date)  on  a linearized 
analysis  because  of  the  obvious  ease  in  computation.  In 
addition,  model  data  and  the  recently-obtained  trial  data 
on  the  50  ton  ACV  imply  that  tlie  heave  and  pitch  be- 
havior of  the  craft  in  the  frequency  domain  is  similar  to 
the  simple  damped  oscillator.  In  this  respect  the  linearized 
frequency-domain  heave  equations  are  similar  in  form 
(Doctors’  Equation  64  ai\d  the  discusser's  Equation  8 given 
below).  Both  analyses  exhibit  the  frequencj  dependence 
of  tire  dissipative  and  the  reactive  (auded-mass)  components 
of  tile  response.  At  any  rate,  tlie  issue  of  the  importance 
of  the  nonlinearities  on  the  response  can  only  he  satisfac- 
torily resolved  by  carefully  designed  and  executed  model- 
scale  experiments  in  tlie  towing  tank. 


ANALYSIS  OF  HEAVE  DYNAMICS 

This  simplified  analysis  treats  the  problem  of  an  air 
cushion  supported  vehicle  running  with  a constant  speed 
and  heading  in  a seaway.  The  cushion  pressure  force  is 
assumed  to  dominate  tlie  heave  dynamics,  so  forces  pro- 
duced by  the  skirt  and/or  seal  system  and  sidewalls  are 
neglected. 

One  may  separate  the  dynamic  variables  into  a con- 
stant component  or  mean  value  and  a time  dependent  or 
fluctuating  component;  e.g.,  for  the  cushion  pressure  we 
write 

“ PcO 

The  heave  motion  is  governed  by  the  usual  force  equa- 
tion and  two  equations  describing  the  air  cushion  dynamics: 
tlie  adiabatic  gas  law  and  the  continuity  or  flow  equation. 
Tliese  three  equations  may  be  written  as  follows; 


mz  “ -A^Ap(t) 

CNI 

P^/Pa  ” 

(3) 

and 

“c  “ ‘’a^'^IH  “ ^OUT^*  (^) 


where  z,  A<.,  Pa>  P<  "*c>  heave  displacement, 

cushion  area,  absolute  atmospheric  pressure,  air  density, 
cushion  air  mass  and  volume  flow  rate,  respectively.  Tlie 
inlet  flow  rate  Qjjq  is  related  to  the  differential  cushion 
pressure  througli  the  lift  fan  characteristic  curve,  and  the 
leakage  QoUT  governed  by  the  orifice  flow  relation. 
Both  of  these  relations  are  hif^ly  nonlinear,  as  the  gas  law. 

We  linearize  these  equations  so  that  insight  may  be 
obtained  by  use  of  frequency  domain  techniques.  Tlie 
linearization  is  performed  by  separating  each  variable  into 
a mean  and  a perturbation  component,  as  was  done  in 
Equation  (1)  for  the  cushion  pressure.  Tlie  linearization 
results  in  a set  of  two  coupled  linear  differential  equations, 
one  foi  the  heave  equation  and  another  governing  the  air 
ma^is  flow.  The  differential  equations  are  supplemented 
by  .1  linearized  pressure  relation  obtained  by  expanding 
Equation  (3).  'Hie  linearized  equations  contain  terms  in- 
volving the  perturbations  in  cushion  volume  (AV)  and 
leakage  area  (AAf,)  may  be  set  to  zero  on  the  assumption 
that  the  flexible  skirt  follows  the  water  surface  perfectly 
for  frequencies  of  practical  interest.  The  volume  pertur- 
bation (AV)  can  be  separated  into  three  components:  one 
due  to  the  heave  motion,  one  due  to  the  undeformed  wave 
profile  encountered  by  the  craft  and  a term  describing  the 
interaction  of  the  craft  with  the  water  surface.  One  may 
write 

iV(t)  - + iVj,g,  (5) 

The  wave  term  AV^y  may  be  computed  in  regular  waves 
as  a function  of  wavelength  X for  a given  geometry.  The 
interaction  term  AVjrg  may  be  related  to  the  cushion 
pressure  fluctuation  Ape. 

liinear  systems  theory  tells  us  that  one  may  express 
the  output  or  response  of  a system  as  a convolution  in- 
tegral containing  a kernel  function  and  the  input  or  stim- 
ulus. In  this  case  the  response  is  the  volume  change  and 
the  input  is  the  pressure  fluctuation,  so  we  may  write 


where 


K^(t)  "■  0 for  T < 0. 

Equation  (6)  states  that  the  response  is  computed  by  in- 
tegrating the  weighted  past  history  of  the  pressure.  The 
kernel  function  is  casual,  or  zero  for  negative  values  of 
the  argument  to  ensure  that  the  response  does  not  antici- 
pate tlie  stimulus.  If  tlie  pressure  is  impulsive,  one  sees 
from  the  sifting  property  of  tlie  Dirac  delta  function  that 
the  kernel  function  represents  the  volume  change  due  to 
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an  impulsive  pressure,  or 


(8) 


u^^(u)fj(X)n^(X,a.), 


AVFs<t)  - K^(t)  (7) 

tor 

4p(t)  - 4(0 

One  may  separate  the  free  surface  disturbance  into 
two  components:  the  steady -state  wave  pattern  associated 
with  the  wavemaking  drag  and  the  time  dependent  diffrac- 
ted wave  pattern  created  by  tlie  cushion  pressure  tluctu- 
aiions.  For  small  disturbances  the  two  components  will 
be  independent  of  each  other;  i.e.,  if  each  wave  pattern  is 
. msidered  to  have  an  infinitesimal  amplitude  the  linear- 
ized potential  fluid  theory  can  be  used  to  analyze  eacli 
component  separately.  pSum  Equation  (7)  one  sees  that 
the  kernel  function  Ky(t)  may  be  obtained  by  computing 
the  volume  change  due  to  an  impulsive  pressure,  ‘i'his 
means  d^at  we  do  not  have  to  concern  ourselves  with  the 
steady  Froude  number  dependent  wave  patterns:  all  one 
has  to  do  is  compute  the  interaction  volume  change  from 
Equation  (6).  This,  in  turn,  recluces  to  finding  an  ex- 
pression for  the  kernel  Ky(T)  appearing  in  the  convolution 
Integral.  Since  the  kernel  function  is  associated  with  an 
impulsive  surface  pressure  disturbance,  the  problem  is  es- 
sentially a generalization  of  the  Cauchy-Poisson  prcblem(l). 
This  surface  disturbance  or  radiated  wave  pattern  may  be 
calculated  most  conveniently  in  a fixed  referenc»  frame 
due  to  the  impulsive  time  dependence  of  the  surface  pres- 
sure. Ihat  is,  the  wave  pattern  will  be  the  same  regard- 
less of  whether  the  vessel  creating  the  impulsive  pressure  is 
moving  or  not.  The  craft  translates  relative  to  the  fixed 
point  where  the  impulse  was  applied.  This  translation 
must  be  taken  into  account  when  the  volume  change  for 
the  moving  craft  is  computed  by  integratiiig  the  water  sur- 
face depression  over  the  cushion  area. 

The  evaluation  of  the  kernel  function  by  analytical 
means  requires,  then,  a near  field  solution  of  a generalized 
Cauchy-Poisson  radiation  problem  whereby  an  impulsive 
pressure  is  applied  over  a finite  area  having  the  same  shape 
118  the  cushioi.  planform.  One  sees  from  Equation  (6)  that 
the  solution  to  tlie  motions  (diffraction)  problem  is  ob- 
tained by  superp(«ition  of  solutions  to  the  radiation 
problem. 

To  obtain  a frequency  domain  solution  re  lestrict 
ourselves  to  regular  sinusoidal  waves  luid  a specific  heading. 
In  the  linearized  equations  we  replace  time  differentiation 
by  an  ito,  where  to  is  tlw:  encounter  frequency.  The  con- 
volution integral  (6)  becomes  a multiplication  in  the  fre- 
quency domain.  One  may  solve  directly  for  the  heave 
motion  by  elimination  of  the  otier  two  dynamic  variables; 
the  fluctuations  in  air  cushion  mass  and  preas'.ure.  The  re- 
sulting heave  dynamics  equation  may  be  written  in  tlie 
following  form: 


2 2 

[id  (iu)  - u -f  lu2c(ui)u  (u)]z(iii)  - 
n n 


where  to^  and  f are  the  firequency  dependent  natural  fre- 
quency and  damping,  respectively.  The  wave  hei^t  is 
and  die  fl(X)  factor  is  a normalized  function  of  wavelength 
that  describes  the  cushion  volume  pumping  due  to  the  un- 
deformed wave  train.  The  ri|;ht  hand  side  represents  the 
heave  force  excitation.  Equation  (8)  has  the  form  of  a 
second  order  damped  oscillator,  except  for  the  frequency 
dependence  of  the  natural  frequency  and  damping.  The 
frequency  dependence  arises  from  the  free  surface  inter- 
action throu^  Ky(co),  the  Fourier  transform  of  the  kernel 
function. 


COMPARISON  WITH  FULL  SCALE  DATA 

Heave  response  amplitude  operators  (RAOs)  for  a 60 
ton  hovercraft  were  computed  from  the  linearized  analysis 
(Equation  8)  using  published  engineering  data.  Experi- 
mental RAOs  obtained  from  full  scale  seakeeping  trials  de- 
scribed elsewhete(^)  were  available  for  the  tame  craft. 

Since  the  boundary  value  problem  has  not  been  solved  it 
was  necessary  to  estimate  the  kernel  function  associated 
with  the  water  surface  interaction.  The  kernel  function 
was  assumed  to  have  the  form  of  an  exponential  decay. 

The  speed  dependence  was  taken  Into  account  by  estima- 
ting the  extent  to  which  the  craft  translates  relative  to  the 
free  surface  depression.  The  resulting  kernel  function  may 
be  written  in  the  frequency  domain  as  a simple  time  lag: 

• —At 

a 

The  effective  time  constant  (Tg)  takes  into  account  the  re- 
laxation time  of  the  free  surface  (r)  and  the  speed  depend- 
ence. This  is  the  simplest  non-trivial  qualitative  representa- 
tion of  the  effect  of  the  pressure  on  the  free  surface,  and 
requires  the  specification  of  only  one  time  constant. 

The  results  are  shown  in  the  three  figures.  The  first 
figure  is  a linear  plot  of  heave  RAO  as  a function  to  en- 
counter frequency  in  head  seas.  Predicted  RAC . are  shown 
for  two  time  constants.  One  sees  that  correlation  with 
trial  data  is  good  at  high  frequencies  for  the  110  second 
time  constant.  The  low  frequency  correlation  is  better  for 
the  70  second  time  constant.  The  calculated  heave  RAO 
with  the  free  surface  interaction  suppressed  (AVpg  ~ 0)  is 
shown  in  the  second  figure.  The  correspondence  is  not 
particularly  good  in  either  frequency  lange.  The  third  fig- 
ure shows  the  RAO  plotted  against  a log-log  scale  with  and 
without  the  water  surface  interaction.  The  r “ 70  second 
curve  exhibits  the  resonant  behavior  at  the  low  frequencies 
seen  in  the  trial  data  as  well  as  the  straight  line  dropoff  at 
high  frequencies.  The  “no  interaction’*  curve  does  not  ex- 
hibit low  frequency  resonance  and  the  high  frequency  be- 
havior is  characterized  by  null  points  at  wavelengths  where 
the  volume  pumping  is  zero,  i.e.,  at  X/L  - 1,  1/2,  1/S,  etc. 
The  high  frequency  behavior  appears  to  be  f nrticularly  un- 
realistic, as  one  would  not  expect  significant  response  in 
this  frequency  range. 

These  results  show  that  the  inclusion  of  pressure-free 
surface  interaction  improves  correlation  with  experimental 
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data.  Hie  overall  behavior  is  aimilar  to  the  ilmple  under- 
damped  oscillator  whereby  the  existence  of  a naturat  fre- 
quency is  indicated  by  the  resonant  behavior  of  the  heave 
RAO.  The  lineaiiaed  frequency  response  function  In  heave 
(Equation  8)  takes  the  form  of  an  oscillator  with  frequency 
dependent  damping  and  reactive  components.  By  contrast, 
the  response  with  interaction  suppressed  appears  to  be 
dominated  by  geometrical  effe.;ts  (the  volume  pumping). 
The  generally  applied  assumption  that  dynamic  free  sur- 
face interaction  effects  ate  unimportant  appears  to  be  er- 
roneous. One  must  Include  this  effect  to  obtain  even  qual- 
itative agreement  with  reality. 

These  results  are  intended  to  illust.ate  in  a qualitative 
way  the  nature  of  the  dynamic  interaction  of  the  craft 
with  the  water  surface.  One  sees  that  the  free  surface  af- 
fects the  heave  dynamics  through  the  perturbation  in  vol- 
ume of  the  air  cushion  (Equation  S).  Ihe  volume  Inter- 
action is  characterised  by  a convolution  Integral  (Equation 
6)  Involving  the  past  history  of  the  pressure.  The  problem 


then  reduces  to  solving  a generalized  Cauchy -Poisson  radi- 
ation problem  in  order  to  find  the  kernel  function  in  the 
convolution  integral.  The  boundary  value  problem  has  not 
been  solved  to  date,  so  the  kernel  function  was  estimated 
using  simple  physical  arguments.  Oood  qualitative  agree- 
ment with  trial  data  has  Ireen  obtained  with  the  estimated 
kernel  functions. 
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The  author  Is  to  be  congratulated  for  h's 
fine  work.  It  would  be  very  Interesting  to 
consider  a practical  case  while  Equation  (*4l) 
is  approximated  by 

Q,t=  ( Pjt  ^ ftj  ' 

where  0<  (y)  depends  upon  geometry  of  the 
vehicle  and  wake  pressure  P^.(y)  "'ay 
si Ight ly  negat I ve. 


DR.  DAVID  D.  MORAN 

The  author  has  obviously  succeeded  in 
the  difficult  task  of  constructing  a 
solution  to  the  ACV  dynamics  problem 
from  sources  of  varying  degrees  of  non- 
linearity. The  linear  free  surface 
boundary-value  problem  has  baen  handled 
well, following  the  classical  technique 
employing  an  artific--!  (Rayleigh) 
viscosity.  The  resuxuant  free  surface 
perturbation  solution  has  been  incor- 
porated into  a nonlinear  model  for  the 
cushion  flow  dynamics  in  a way  which 
prompts  only  minor  comments  from  this 
discusser . 

The  discharge  functions  presented 
beginning  with  equation  39  reveal  a 
good  insight  by  the  author  on  the  non- 
linear behavior  of  the  air  flow  in  the 
cushion.  It  is  especially  encouraging 
to  see  that  the  stability  cross  flow 
Qe,  and  the  forward  discharge  are 
allowed  the  freedom  of  changing  sign. 

The  author  may  find  the  fan-duct 
characteristic  equation  38  presented, 
presumably  as  an  ex2unple, in  this  study 
limiting  in  future  work.  Although  this 
steady  flow  equation  is  presented  in 
nonlinear  form,  its  applicability  in  a 
dynamic  context  may  be  questioned. 
Depending  upon  fan  characteristics,  scale, 
and  cushion  ducting  the  fan-duct  char- 
acteristic equation  may  show  increased 
deviation  from  the  steady  flow  form 
given  by  equation  38  as  the  frequency 
of  excitation  is  increased.  This  point 
is  discussed  further  in  a subsequeni- 
paragraph. 

The  development  of  a model  for  skirt- 
contact  forces  and  moments  may  also  need 
elaboration  by  the  author  in  his  con- 
tinued research.  The  skirt  support  or 


cushion  seal  system  on  an  air-cushion- 
supported  vehicle  is  a dynamic  system 
with  responses  coupled  to  the  craft 
motions,  surface  conditions, and 
cushion  characteristics.  The  dynamic 
behavior  of  the  support  system  has  been 
neglected  in  this  analysis  (see  equation 
49) . This  is  comparable  to  assuming  an 
Instantaneous  skirt  or  seal  response  to 
external  excitation.  T.iis  assumption 
can  be  valid  only  for  heavily  loaded 
light  cushion  seals. 

The  nonlinear  (discontinuous) 
behaviour  of  the  leakage  properties  of 
skirts  included  in  this  analysis  again 
shows  excellent  insight  by  the  author. 

It  would  be  of  interest  to  pursue  the 
benefits  or  limitations  of  matching  the 
linear  wave-perturbation  profiles  to  the 
nonlinear  geometric  functions  for  exit 
laraa. 

The  section  of  the  paper  concei ned 
with  skirt-contact  forces  may  require 
refinement.  First,  it  would  appear  that 
the  vertical  forcu  on  the  craft  due  to 
skirt  deflection  is  more  properly  a 
function  of  skirt  bag  or  seal  pressure 
than  cushion  pressure.  The  value  of 
vertical  force  computed  by  equation  53 
will  proba...ly  be  negligible  unless  the 
skirt  is  inclined  at  a rather  large 
angle.  Under  normal  conditions  for_^ 
realistic  ACV  designs, the  angle  tan  n 
(angle  between  the  skirt  element  and 
the  vertical)  will  approach  zero. 

Perhaps  a clarification  of  the  geometri- 
cal conditions  assumed  in  the  author's 
analysis  wouj.d  suffice  to  answer  this 
point . 

The  horizontal  ?kirt  drag  given  by 
equation  54  should  inclu.le  viscous  and 
wave  making  contributions  as  well  as  the 
induced  drag  included  in  the  author's 
formulation.  If  this  is  donv  properly, 
the  the  sides  of  the  ACV  support  system 
will  also  contribute  to  the  longitudinal 
horizontal  skirt  forces  on  the  .\CV, 
perhaps  with  magnitude  comparable  to  the 
transverse  sections. 

The  author  is  also  to  be  congratu- 
lated for  the  BUJiraary  of  previous  efforts 
in  this  area  of  research.  It  is  most 
encouraging  to  see  a complete  summary  of 
the  significant  efforts  of  previous 
researchers.  The  references  to  studies 
on  compressibility  and  scaling  were  of 
special  interest  to  this  discusser.  It 
i.s  unfortunate  that  the  magnitude  of  the 
effects  of  scale  on  the  vertical  plane 
dynamics  of  air-cushion-supported  vehicles 
is  still  unresolved.  There  have  been 
published  indications  of  scaling  effects 
of  both  major  and  minor  proportion  but 
to  this  discusser's  knowledge  a formal 
comparison  of  the  dynamic  behavior  of 
well- sea led.  air-cushion- supported 
vehicles  is  still  lacking.  Although 
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scale  effects  may  be  identified 
analytically  for  several  portions  of  the 
air-cushion-support  system  these  effects 
have  not  received  a thorough  experimental 
verification.  There  is  a definite  need 
to  establish  the  full  scale  craft  dynamics 
predictions  based  upon  model  scale  sea- 
keeping studies.  This  verification  is 
vital  for  the  determination  of  the  sea- 
keeping characteristics  of  the  proposed 
2000-ton. surface  effect  ships  currently 
in  design  for  the  U.S.  Navy. 

The  identifiable  problems  associated 
with  the  dynamic  scaling  of  ACVs 
are  first  that  the  RMS  values  of  vertical 
accelerations  appear  to  be  under  pre- 
dicted by  model  tests.  This  is  in 
contradiction  to  the  intuitive  hypothesis 
that  the  stiffer  cushion  (aerodynamically) 
of  the  model  should  yield  conservative 
estimates  of  craft  accelerations.  The 
second  visible  problem  in  a macroscopic 
sense  is  that  the  natural  freguoncy  of 
the  craft  in  heave  is  over  predicted 
through  model  tests.  These  two  char- 
acteristics both  results  from  the  basic 
orobiem  that  the  total  craft-dynamics 
response  as  characterized  by  the  systems 
response  amplitude  operators  for  various 
modes  of  motion  is  not  directly  Froude 
scaled. 

The  three  mechanisms  contributing 
to  the  difficulty  in  scaling  the  heave 
and  pitch  dynamics  of  air-cushion- 
supported  vehicles  may  be  identified  as 
follows.  First,  the  stiffness  of  the 
cushion  volume  (often  called  aerodynamic 
or  sometimes  thermodynamic  stiffness) 
of  the  craft,  is  not  modeled  correctly 
rn  the  model  scale.  The  cushion  pressure- 
heave  gradient  which  should  be  the 
same  for  both  3z  model  and  prototype  is 
given  for  a perturbed  static  model  as 


where  the  subscript  r denotes  a pro- 
totype -to  model  ratio  of  the  property, 
p is  the  absolute  cushion  pressure  which 
is  the  sum  of  the  atmospheric  and  cushion 
gauge  pressures,  i is  a characteristic 
length  scale,  and  y is  the  ratio  of 
thermodynamic  specific  heats  at  constant 
pressure  and  volume,  respecti  vely,  for 
the  cushion  medium.  The  static  deflection 
of  ae  free  surface  is  incoporated  in  :he 
variable  P in  the  form. 

P ~(  y ] (2) 

\^pg  (h  + 6 ) /Full-Scale  Conditions 


where  the  water  density  p , mean  cushion 
depth  h, and  static  water  deflection  6 
are  included  in  the  denominator. 

Neglecting  all  hydrodynamic  effects  and 
assuming  a rigid  free  surface  corresponds 
to  setting  ? = 0 in  equation  1 . It  is 
obvious  from  the  first  equation  that 
parity  in  cushion  stiffness  can  be  main- 
tained only  if  the  product  of  the 
thermodynamic  constant  and  absolute 
cus*^  ’ on  pressure  are  scaled  by  the  model 
scale  ratio.  This  can  be  done  by  perform- 
ing model  dyncimics  studies  in  a variable 
pressure  towing  tank  as  noted  by  the 
author  in  his  reference  to  previous  work. 

A more*  novel  technique  which  may 
possibly  be  employed  is  to  substitute 
cushion  media  during  a seal'.eeping  test, 
eg.,  Y (Argon,  Helium)  = 1.66, 

Y (Air)  = 1.40,  Y (Carbon  Dioxide)  “ 1.28. 
Although  the  resultant  scale  ratios  are 
small,  changes  in  the  cushion  medium  may 
prove  useful  in  some  experimental  studies. 

The  second  mechanism  associated  with 
scaling  errors  involves  the  fan  dynamic 
response  to  transient  loadings.  It  is 
not  sufficient  to  model  the  lift-fan 
character  in  terms  of  steady  load  pressure- 
discharge  function.  The  unsteady  loading 
on  a lift-fan  system, produced  by  the 
craft  motions  as  it  responds  to  sea 
excitation  results  in  a frequency 
dependent  .stage-discharge  hysterisis 
functicjn  which  m<  y differ  dramatically 
between  full  seal,  and  model.  An  ideal 
experimental  solution  would  be  to 
model  the  prototype  lift-fan  response 
exactly  through  an  electro-mechanical 
feedback  system. 

The  third  obvious  source  of  scaling 
errors  is  associated  with  the  mechanical 
properties  and  material  dynamics  of  the 
skirt  or  seal  system  of  an  air-cushion- 
supported  vehicle.  The  difficulty 
in  scaling  a model  according  to  both 
inertial  and  elastic  criteria  often 
results  in  eitlier  a distortion  in 
shirt  material  thickness  or  modulus  of 
elasticity.  The  dynamic  response  of 
this  structural  svstem  can  under 
certainconditlon.';  charac terist j cally  , afTect 
the  overall  craft  seakeeping  response. 

The  overall  approach  to  :he  study 
of  dynamic  scaling  in  air-cushion- 
supported  vehicles  underway  by  several 
investigators  (without  specific  citations) 
includes  on  the  theoretical  level  three 
different  approaches  and  on  the  exper- 
mental  level  two  approaches.  These 
include : 
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1.  Solution  of  the  hydrodynamic- 
aerodynamic,  free-surface  interaction 
problem  in  closed  form.  This  analysis 
when  complete  will  constitute  a total 
solution  to  the  dynamic  behavior  of 
air-cushion-supported  vehicles  in  both 
the  vertical  and  horizontal  planes. 

The  author  of  the  paper  under  discussion 
has  made  a significant  contribution  to 
the  ultimate  complete  solution  as  was 
previously  noted. 

2.  Numerical  solutions  of  motion 
equations  for  simulation.  This  effort 
is  proceeding  on  various  levels  of 
sophistication  by  several  investigations. 

3.  Stochastic  behavior  of  craft  in 
waves.  The  dynamic  behavior  of  an  air- 
cushion-supported  vehicle  in  waves  may 
be  examined  statistically, independently 
from  other  analytic  considerations. 

The  craft  response  may  thereby  be 
characterized  without  a knowledge  of 
the  detailed  nature  of  wave-e:ccited 
motion  mechanisms. 

and  on  the  experimental  level: 

4.  Full-scale  to  model  correlation. 

The  dynamic  characteristics  of  two 
geometrically  similar  ships  of  different 
scale  can  be  compared  directly  to 
illustrate  total  system  scaling 
difficulties.  The  dynamic  characteristics 
under  consideration  must  include  response 
amplitude  operators  for  motion  freedom, 
e.g.r  heave,  pitch,  and  roll  and  similar 
operators  for  craft  dynamic  characteristics 
such  as  pressure.  The  craft  in  question 
are  ideally  a full-scale  vessel  and  its 
model;  however,  any  two  geometrically 
similar  models  with  a sufficient  difference 
in  scale  sould  serve  this  purpose. 

Full-scale  to  model  correlation 
results  in  an  evaluation  of  total  system 
response, including  cushion  stiffness, 
fan  dynamic  characteristics  and  the 
effect  of  the  skirt  on  seal  structural 
response  on  the  dynamic  behavior  oi  the 
craft.  Experience  with  full-scale  model 
correlation  may  result  in  techniques 
for  tuning  model  characteristics  so  that 
the  model  and  full-scale  responses  match. 
Ideally  this  approach  should  result  in 
matching  techniques  applicable  to  all 
craft  design-modil  experiments. 

5.  Since  the  stiffness  of  the 
cushion  medium  is  the  niost  significant 
identifiable  nonscalable  item  necessary 
to  characterize  the  dynamics  of  an  ACV, 
most  experimental  work  has  centered 


around  the  various  methods  for  modifying 
cushion  stiffness.  Besides  those  methods 
already  listed, we  should  include  changes 
in  stiffness  through  modifications  of 
the  mechanical  system,  such  as  adding  a 
spring-mass-damping  system  in  series 
with  the  cushion  system. 

K0DER;CK  a.  BARR 

I would  like  to  comment  on  the  author’s  treatment  of 
the  fans.  He  has  used  a purely  static  representation  of  the 
fan  (equation  (38)).  It  seems  probable,  however,  that  fan 
dynamics  or  tlie  dynamics  of  the  fan-intermediate  chamber 
cannot  be  neglected. 

1 would  also  be  interested  in  knowing  the  basis  for  the 
fan  characters.:  coefficients,  Cf]^,  Cf2  and  Cf3  given  in 
Table  1,  am  .mowing  whether  these  are  representative 
values  or  va_  s aporopriate  to  a particular  design. 

More  rigorous  analysis  of  ACV  and  SES  dynamics  are 
needed  and  tlie  auUior’s  contribution  is  tlius  ali  the  more 
valuable. 


DU.  PAUL  KAPLylN 

This  paper  by  Doctors  is  a very  fine  job,  treating  a 
complicated  problem  with  the  aid  of  a number  oi  simplifi- 
cations. However  there  are  some  points  that  have  been  ne- 
glected and  also  certain  effects  that  may  have  been  over- 
emphasized in  regard  to  their  extent  of  applicability,  'the 
major  problem  in  ACV  motions  over  waves  is  due  to  heave 
accelerations,  which  affect  habitability.  Since  Die  largest 
accelerations  occur  at  high  sireeds,  which  is  the  intended 
regime  of  operstion  of  ACV  craft,  emphasis  should  be  put 
on  that  area. 

In  that  case  compressibility  will  definitely  be  import- 
ant, and  the  pressures  must  bo  found  using  differential 
equation  relations  rather  than  algebraic  solutions  as  used 
here.  That  increases  the  computational  complexity  of  the 
system,  demands  smaller  time  steps  in  digital  integration 
with  attendant  increase  in  computer  time,  etc.  Also,  in 
work  which  we  have  carried  out  at  Oceanics  and  presented 
only  recently  this  year,  we  have  ignored  the  effect  of  un- 
.-.teady  wave  formation.  This  is  based  \ipon  our  emph.isis 
on  the  high  speed  case  for  ACV  craft,  which  reduces  the 
free  surface  to  a constant  pressure  surface  limit  condition 
of  the  potential  function,  i.e,  0 = 0.  It  would  certainly 
have  been  more  elucidating  to  have  seen  the  results  of 
computations  of  the  influence  of  the  surface  compliance  of 
the  water  at  Froude  numbers  in  the  range  of  1. 0-2.0  in 
order  to  determine  the  significance  of  the  water  surface  in 
this  more  practical  speed  regime.  I hope  that  the  author 
can  ! ovide  such  computations  in  the  future  or  at  least 
comment  on  his  expectations  for  these  conditions. 

Another  point,  perhaps  of  smaller  significance,  con- 
cerns the  effect  of  skirt  forces.  Tlie  simplified  representa- 
tions given  in  the  paper  do  not  account  tor  effects  Oiat  are 
known  to  be  significant  tor  different  types  of  craft  that 
employ  different  types  of  skirt  systems.  Whenever  a bag 
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on  a skirt  makes  contact  with  the  water,  as  well  as  develops 
frictional  forces  during  lateral  (or  longitudinal)  displace- 
ment, the  bag  shape  deforms  and  hence  the  bag  pressure 
changes.  This  effect  interacts  with  the  cushion  pressure  (de- 
pendent of  course  on  tlie  details  of  tlie  configuration)  and 
causes  changes  in  tlie  vertical  force  as  well  as  the  pitch  mo- 


ment due  to  a shift  of  the  craft  center  of  pressure.  While 
such  effects  are  certainly  configuration-dependent,  their 
influence  should  still  be  considered  as  one  proceeds  with 
more  detailed  consideration  of  the  many  features  that 
affect  ACV  motions  in  waves. 
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AUTHOR’S  REPLY 


I would  firstly  like  to  thank  those 
who  discussed  my  paper  for  their  very 
kind  comments.  Most  of  the  contributors 
suggested  refinements  of  vhe  physical 
model  used  to  represent  the  ACV.  These 
ideas  are  most  welcome  as  they  will 
assist  in  the  development  of  this  work. 

The  theoretical  model  employed  in  the 
present  calculations  was  deliberately 
kept  simple,  so  that  the  effect  of  com- 
pliance of  the  free  surface  could  be 
more  easily  studied. 

Referring  firstly  to  Mr.  King's  re- 
marks, the  author  agrees  that  the  work 
should  be  extended  to  cover  the  case  of 
the  SES.  This  would  involve  an  addi- 
tional study  - that  of  the  interactions 
between  the  sidewalls,  water  and  the 
cushion. 

Furthermore,  most  of  the  pitch  sta- 
bility of  an  SES  is  derived  from  water 
contact  with  the  planing  fore  and  aft 
seals  which  are  themselves  complicated 
mechanisms.  On  the  other  hand,  the  ACV 
studied  here  acnieves  stability  by  use 
of  the  athwar ships  skirt.  Thu.s  there  are 
inherent  differences  between  these  two 
craft . 

It  is  pleasing  to  learn  that  a pre- 
liminary comparison  of  the  theoretical 
results  with  practical  data  reveals  some 
similarities.  Much  more  correlation  is 
required  to  advance  the  computation  of 
ACV  motions. 

It  would  be  worthwhile  to  study  the 
theoretical  response  at  both  higher 
speeds  and  frequencies.  These  were  de- 
liberately kept  low  in  the  present  study 
in  order  to  examine  the  expected  singu- 
larity in  the  craft  motion  when  the 
speed-frequency  parameter  passes  through 
unity.  As  noted,  this  did  not  occur. 

The  next  stage  is  to  compute  cases  corres- 
ponding to  the  usual  (much  higher)  values 
of  this  parameter 

The  author  read  Dr.  Magnuson's  ana- 
lysis with  great  interest,  and  agrees 
with  the  general  approach  he  followed 
within  the  limitations  of  the  linearised 
heave  theory  used.  However,  it  is  sus- 
pected that  linearised  theory  for  the 
cushion  aerodynamics,  etc.  is  a poor  sub- 
stitute for  the  actual  phenomen.-  That 
is,  the  brute-force  technique  oi  solving 
the  craft  motion  by  an  initial-value  re- 
presentation must  be  employed.  This  is 
particularly  so  when  pitch  motion  is 
included. 

The  idea  of  representing  the  hydro- 
dynamic  effect  by  using  a kernel  function 
with  a timewise  exponential  decay  has  no 
precise  basis,  of  course.  On  the  other 
hand,  it  does  introduce  the  compliance 
of  the  water  into  the  equations  of  the 
motion  in  a realistic  manner,  and  appears 
to  improve  the  fit  with  experimental  data 
provided  by  Dr.  Magnuson  in  his  dis- 
cussion. One  wonders  if  this  concept 
could  be  expanded  in  order  to  eliminate 
the  large  amount  of  computing  effort  re- 
quired to  evaluate  the  free-surface  res- 
ponse . 


Dr.  Huang  suggested  a modification 
to  the  equations  for  the  discharge  of  the 
cushion  air  to  the  surrounding  air  - on 
the  basis  that  this  air  is  not  at  static 
atmospheric  pressure.  The  idea  includes  a 
ram  effect  due  to  the  velocity  head  of 
the  air  through  which  the  craft  moves  (at 
the  bow)  and  a wake  effect  (in  the  stern 
region).  This  suggestion  is  most  welcome, 
as  it  is  certain  to  improve  the  physical 
modelling  of  the  craft. 

The  author  had  originally  thought 
the  inertia  of  the  fan  and  engine/gear- 
box system  to  be  so  high  that  one  could 
assume  it  ran  at  a constant  speed.  How- 
ever, he  is  now  inclined  to  agree  with 
Dr.  Moran  that  the  unsteady  effects  of 
variable  fan  speed  should  be  included. 

This  could  possibly  be  done  by  assuming 
the  fan  performance  curves  are  still 
valid  - but  in  a quasi-steady  manner. 

There  are  many  ways  in  which  the 
modelling  of  the  skirt  behavior  could  be 
improved.  The  only  limitation  here  is 
computer  time.  The  skirt  on  the  ACV 
under  study  was  assumed  to  consist  of 
separate  segments  independently  sus- 
pended (like  a "finger"  skirt).  Such 
skirts  typically  have  an  inclination  of 
45°  to  the  vertical,  and  this  value  was 
used.  No  deflection  of  the  upper  por- 
tion of  the  skirt  system,  known  as  the 
bag  on  some  designs,  was  considered. 

The  skirt  along  the  sides  of  the 
craft  do  contribute  to  the  total  draa 
on  the  craft,  as  given  by  Eq.  (54)  . The 
sides  just  don't  contribute  to  one  as- 
pect of  this  force,  in  Eq.  (56) . 

Tn  practice  the  skirt/water  inter- 
action gives  rise  to  viscous  forces  and 
wavemaking,  as  indicated  by  Dr.  Moran. 
However,  the  author  sees  no  way  of  in- 
cluding these  realistically  in  a com- 
puter model  at  present.  Empirical 
techniques  would  be  necessary,  instead. 

The  contribution  of  Dr.  Moran  about 
SES  model  scaling  is  appreciated  by  the 
author . 

Dr.  Barr  commented  on  the  treat- 
ment of  the  fans.  As  noted  before, 
this  aspect  of  the  total  system  should 
be  considered  dynamic,  so  that  the  fan 
speed  would  vary  in  time.  The  three 
coefficients  of  the  fan  characteristics, 
used  in  Eq . (38)  and  referred  to  in 
Table  1,  were  obtained  by  fitting  to  the 
actual  characteristics  of  the  fans  of  a 
150- ton  aALC  under  study  hy  the  U.S. 

Navy.  These  coefficients  may  therefore 
be  considered  to  be  representative. 

The  author  agrees  with  Dr.  Kaplan 
with  regard  to  compressibility  of  the 
air  within  the  craft.  This  is  certain- 
ly an  important  factor  at  higher  fre- 
quencies. In  this  case,  every  feature 
of  the  aerodynamic  system  of  the  craft 
will  have  to  be  considered  to  be  unstea- 
dy and  compressible.  Incidentally, 
within  the  ranue  of  frequencies  studied, 
the  author  found  that  fewer  time  steps 
were  required  per  cycle  as  the  frequency 
increased.  (This  is  because  the  actual 
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maximum  time  step,  for  stable  computation, 
was  sensibly  independent  of  frequency.) 

It  is  not  entirely  clear  whether  the 
compliance  of  the  water  surface  is  less 
important  at  higher  speeds  and  fre- 
quencies, or  not.  It  is  known  that  the 
surface  response  per  unit  of  pressure 
will  be  reduced.  On  the  other  hand, 
the  magnitude  of  the  unsteady  pressure 
fluctuations  under  the  cushion  also 
greatly  increase  as  shown  in  previous 
work  [12]  , Thus  the  product  of 
theae  two  factors  is  the  important  thing. 

Dr.  Kaplan's  comments  about  skirts 
are,  of  course,  accepted.  Such  refine- 
ments can  be  included  at  the  expense  of 
computer  time. 


420 


I 


I 1 


1 


SEMI-SUBMERGED  AIR  CUSHION  VEHICLE 
(SSACV) 


T.  K.  S.  MuX-Chu 
Poxtimouth  Potytecnn-Lc 
Poxtimouth,  U.  K, 


ABSTRACT 

A new  concept  of  the  air  cushion  vehicle  Is 
presented  which  shows  some  promise  In  ful- 
filling the  requirements  for  a high  performance 
vehicle  with  a degree  of  operational  flexibility  In 
open  water  not  possessed  by  conventional  types 
of  ACVs  or  displacement  vessels.  The  proposed 
concept  comprises  the  use  of  a composite  type  of 
vehicle  which  will  take  advantage  of  :he  high  speed 
capability  of  an  ACV  and  combine  with  this  the  In- 
herent stability  and  course  keeping  ability  cf  a 
pair  of  submerged  hulls . 

Some  tentative  calculations  have  shown 
that  the  total  power  requirements  of  the  SSACV 
are  likely  to  be  less  than  those  of  ACVs  or  seml- 
sufamerged  ships  of  comparable  size  up  to  a 
speed  of  60  or  6S  knots.  Above  this  speed  the 
drag  of  the  submercv^.  hulls  Increases  excess- 
ively and  the  economic  advantages  of  the 
SSACV  are  not  p't  nless  con-'lderatlons  of 
habitability  o.  ■ r,  ■■ . of  i sslve  power 
requirement. 

A dual  con.  ■ itlon  is  therefore  proposed 
for  the  SSACV  by  ■ iggesting  the  use  of  cushion 
power  to  raise  the  hulls  to  the  water  surface  for 
short  bursts  of  high  speed  of  the  order  of  100 
knots  with  rhe  available  power  and  reverting  to 
the  semi -submerged  configuration  after  the 
mission  Is  completed. 

INTRODUCTION 

A requirement  exists  for  a high  perfor-  le 
vehicle  with  a degree  of  ..  fie> 

In  open  water  not  posses^..,..  „y  conve:  ,-nai 

type.s  of  ACVs  or  displacement  vessels.  Thus, 

In  terms  of  military  applications,  such  as  In 
anti-submarine  warfare  (ASW) , the  vehicle 
should  be  capable  of  sustained  all-weather 
operation  In  the  open  ocean  with  a long  end 
ance  at  relatively  low  or  moderate  speeds, 
for  initial  search  and  detection,  and  with 
additional  capability  of  bursts  of  very  hign 
speed  operation  of  the  order  of  100  knots  at 
least  for  short  periods  during  Interception  and 
attack.  The  vehicle  should  also  possess  a high 
degree  of  seakeeping,  particularly  In  the  attack 
rule,  capable  of  "platforming"  the  waves  In 


rough  seas  by  retaining  a steady  mean  height 
and  level  trim  over  the  mean  water  surface  with- 
out undesirable  motions  or  accelerations  ever.  In 
the  high  speed  role.  In  addition,  the  vehicle 
should  also  possess  a high  degree  of  manoeuv- 
rability. 

A conventional  type  of  dlsplar  iment  vessel 
operating  on  the  Irregular  interface  between  air 
and  water  does  not  possess  this  exacting  type 
of  capability.  Even  in  calm  water  the  ves.sel 
has  a very  high  resistance  to  motion  comprising 
wave  resistance,  form  drag  and  skin  friction, 
and  propulsion  beyond  moderate  speeds  Is 
Impractical  without  an  im  dlnate  expenditure  of 
power  which  roughly  follov/s  the  speed-c  bed 
law.  Also,  the  vessel  will  undergo  very  severe 
motions  and  accelerations  at  high  speeds  In 
waves  as  It  Is  very  much  subject  to  the  adverse 
effect  or  the  rough  water  surface  with  which  it  is 
In  Intimate  contact.  It  Is  therefore  obvious  that 
the  hull  should  be  kept  away  from  the  disturbed 
water  surface  In  order  to  travel  at  a high  speed 
with  a minimum  of  motions  and  accelerations. 
Thus,  the  fully  skirted  amphibious  air  cushion 
vehicle  (ACV)  ha.s  Its  hard  structure  raised  well 
above  the  mean  water  surface  so  that  ft  Is  clear 
of  the  crests  of  all  but  the  highest  waves  and  It 
has  been  demonstrated  in  recent  years  that  this 
type  of  vehicle  Is  capable  of  high  speeds  In 
moderate  sea  states  as  the  resistance  to  motion 
over  v/ater  Is  now  only  that  due  to  the  generation 
of  surface  waves  (the  so-called  wave  resistance 
which  is  very  small  Indeed  at  speeds  well  above 
the  hump)  apart  from  the  momentum  drag,  If  the 
form  drag  and  skin  friction  of  the  Im.mersed  part 
of  the  flexible  extensions  is  ignored.  This  means 
a considerable  Improvement  over  the  conventional 
type  of  Interface  vehicle.  It  will  be  remembered, 
however,  that  the  elevation  of  the  hard  structure 
of  the  ACV  above  the  water  surface,  l.e.  the 
Increase  of  the  potential  energy  of  the  vehicle 
which  also  enables  the  Increase  of  Its  kinetic 
energy  may  call  for  the  expenditure  of  a great 
deal  of  power.  This  may,  however,  be  considered 
worthwhile  If  the  speed  Is  the  main  objective. 

But  it  has  been  shown  (1)  that  this  type  of  ACV 
Is  subject  to  severe  motions  even  If  the  vehicle 
Is  Ideally  assumed  to  be  free  from  water  contact 
at  all  stages  of  its  motions  and  oscillations. 
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There  Is  Inadequate  damping  available  If  no  part 
of  the  vehicle  Is  Immersed  In  the  water,  apart 
from  the  damping  characteristics  of  the  air 
cushion  Itself. 

An  alternative  method  would  be  to  Immerse 
the  hull  of  the  vehicle  well  below  the  free 
surface  so  that  It  will  not  be  subject  to  the 
pressure  fluctuations  caused  by  the  orbital 
velocities  of  the  water  particles  due  to  lue  sur- 
face waves  or  sub-surface  waves.  Ideally,  the 
depth  of  immersion  should  be  at  least  one-half 
of  the  length  of  the  longest  wave  on  the  surface, 
but  a depth  equal  to  one-half  of  the  length  of 
the  hull  may  be  found  adequate.  In  the  case  of 
a very  long  hull  this  depth  of  Immersion  will 
be  structurally  Impractical  and  a depth  equal  to 
two  or  three  times  the  diameter  of  the  hull  Is 
actually  used  In  practice  with  the  hope  that  the 
wave  effect  will  be  very  much  smaller  at  this 
depth  than  at  the  surface.  Semi-submerged 
ships  of  this  type  have  been  built  and  Lang 
(^)  has  described  the  small  motions  exhibited 
by  this  type  of  vessel  In  waves  compared  with 
surface  vehicles.  However,  the  use  of  this 
type  of  submerged  hull  (or  hulls)  will  still 
entail  a large  expenditure  of  power  for  propul- 
sion at  high  speeds,  for  although  wave  resist- 
ance may  be  considered  to  have  been  nearly 
eliminated  and  form  drag  reduced  to  a minimum 
by  a proper  streamlining  of  the  hulls,  the  skin 
friction  will  be  ccnslderable  as  the  area  of  the 
wetted  surface  will  now  be  very  much  larger 
than  In  the  case  of  surface  vehicles.  But, 
although  these  types  of  vehicles  may  not  be 
economical  for  very  high  speed  operation,  they 
have  an  inherent  static  and  dynamic  stability. 
The  submerged  hulls  will  have  zero  stiffness  by 
themselves  and  the  stiffness  of  the  seml- 
submerged  ship  Is  limited  to  that  appropriate  to 
the  small  waterplane  area  of  the  surface- 
piercing  struts  which  carry  the  platform  above 
the  water.  However,  the  submerged  hulls  will 
provide  a large  measure  of  damping  due  to 
vortex  shedding  In  all  modes  of  oscillation  and 
particularly  1:  heave. 

It  appears  to  be  a law  of  nature  that  the 
faster  the  ride  over  an  Irregular  surface,  such 
as  In  a seaway,  the  rougher  the  ride  will  be. 

An  amphibious  ACV  or  an  ACV  with  rig'  I side- 
walls can  be  made  to  attain  an  arbitral  y value 
of  high  speed  if  sufficient  power  is  Installed 
altliough  there  Is  no  guarantee  that  the  habit- 
ability, l.e.  the  oscillatory  motions  and 
accelerations  in  various  degrees  of  freedom, 
will  be  within  acceptable  bounds.  In  fact,  the 
ride  quality  will  Invariably  deteriorate  with 
Increasing  speed  exactly  as  In  the  case  of 
planing  boats,  hydrofoils  and  displacement 
vessels  In  general.  On  the  other  hand,  a seml- 
submerged  ship  may  provide  a very  stable 
platform,  but  the  speed  Is  not  likely  to  be  very 
high  without  an  Inordinate  and  Impractical 
expenditure  of  power. 


A new  design  concept  Is  therefore  necessary 
in  order  to  satisfy  the  very  stringent  and  con- 
flicting requirements  of  a very  high  speed  and  a 
smooth  ride  which  are  separately  satisfied  by 
the  above  two  types  of  vehicles.  As  It  appears 
that  the  satisfaction  of  each  of  the  two  separate 
requirements  Is  mutually  exclusive  In  the  case 
of  each  type.  It  may  be  expected  that  a combin- 
ation of  the  two  will  produce  a type  of  vehicle 
which  may  also  hopefully  combine  the  merits  of 
each  without  attracting  too  many  of  the  dis- 
advantages. 

It  Is  suggested  that  the  new  concept  of  the 
Seml-Submerged  Air  Cushion  Vehicle  (SSACV)  to 
be  desi,iibed  presently  may  provide  a true  com- 
promise between  the  above  two  conflicting 
requirements  of  a high  speed  and  a smooth  ride. 

Starting  with  a conventional  surface  ship 
such  as  a destroyer,  Lewis  and  Breslln  (3)  have 
Indicated  three  directions  for  seeking  higher 
ship  speed;  firstly  going  well  below  the  surface 
and  thereby  eliminating  surface  wavemaking 
resistance:  secondly  staying  on  the  surface 


THE  LOGICAL  PO8IH0N  O'*  THt  UAC:V  CONriGURMlDh 
m THE  DEVILOfMtt.-T  Of  WGlifmP  MAMNI  _VtMCLI8 


SCMI -SURMEXCCD  HULL 
WITH  lAXC^SIXUT 


StMl-SURk-ARlHr. 


DCCr  RUNNING  SUIMARINC 


Fig.  1 Possible  dliectlons  In  which  to  seek 
higher  speeds  at  sea  (Reproduced  from 
Reference  2) 
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and  reducing  wavemaklng  drastically  by  making 
the  hull  longer  and  more  slender;  and  thirdly, 
raising  the  hull  above  the  surface.  Fig.  1 
Is  reproduced  from  their  v/ork  (3^)  and  also 
now  includes  the  new  concept  of  the  SSACV 
which  Involves  movement  in  all  three  direct- 
ions, namely,  raising  the  deck  and  buoyancy 
chamber  well  above  the  water  surface,  length- 
ening the  vehicle  and  submerging  the  hull 
well  below  the  water  surface. 

THE  SSACV  CONCEPT 

The  proposed  Semi-Submerged  Air  Cushion 
Vehicle  (SSACV)  concept  comprises  the  use  of 
a composite  type  of  vehicle  which  will  take 
advantage  of  the  high  speed  capability  of  an 
air  cushion  vehicle  and  combine  with  this  the 
inherent  stability  and  course-keeping  of  a pair 
of  submerged  hulls.  For  this  purpose,  the  hard 
structure  of  an  ACV  of  the  conventional  type  is 
supported  wall  above  the  water  surface  by  a 
pair  of  long,  thin,  streamlined  struts  along  the 
sides  of  the  vehicle  which  carry  at  the  lower 
end  a pair  of  long,  slender  torpedo-shaped 
hulls  immersed  at  an  adequate  depth  well 
below  the  water  surface.  Flexible  seals  extend 
below  the  base  of  the  vehicle  down  to  the 
water  surface  at  the  bow  and  at  the  stern 
enabling  the  retention  of  the  air  cushion.  The 
sustention  of  the  vehicle  above  the  water 
surface  is  therefore  partly  due  to  the  pressure 
of  air  generated  in  the  cushion  and  partly  due 
to  the  buoyancy  of  the  submerged  hulls  and  the 
immersed  part  of  the  surface-piercing  side 
struts.  The  mass  flow  of  air  into  and  out  of 
the  cushion,  the  size  of  the  side  struts  and  of 
the  submerged  hulls  are  all  determined  for  an 
arbitrary  ratio  of  cushion  lift  to  buoyancy 
which  can  be  optimised  from  conslderatlors  o* 
(a)  maximum  speed  that  can  be  .ichieved  foi  a 
given  total  installed  power  (lift  and  propulsion); 
and  (b)  habitability,  i.e.  minimum  of  motions 
and  accelerations.  It  is  realised  that  these 
requirements  may  be  conflicting  and  that  a 
compromise  may  therefore  be  necessary. 

A general  configuration  of  the  SSACV  is 
shown  in  Fig.  2. 

POWER  REQUIREMENTS 

If  0 is  the  proportion  of, air  cushion  lift  in 
the  total  sustention  of  the  .SSACV  above  the 
water  surface,  (1-  o)  denotes  the  proportion  of 
buoyancy  lift  due  to  the  Immersed  portion  of  the 
side  struts  and  the  two  submerged  hulls. 

When  0=1,  the  SSACV  becomes  simply  the 
familiar  amphibious  ACV  and  when  a.  = 0 the 
vehicle  degenerates  to  the  case  of  a semi- 
submerged  ship  such  as  that  described  by 
Lang  (^ . In  the  case  of  a sidewall  hovercraft 
o takes  a value  slightly  less  than  unity.  The 
buoyancy  contribution  in  this  case  is  only  ths 


Fig.  2 General  Configuration  of  the  SSACV 

small  amount  due  to  the  lightly  immersed  side- 
walls. 

Asa  is  always  less  than  unity  in  the  case  of 
the  SSACV  the  cushion  pressure,  p will  be 
less  than  that  of  an  amph'^.iou.''  ACV  of  the  same 
total  weight  and  cushion  area.  The  power 
required  for  the  generation  of  the  air  cushion 
{a  Pq3/2),  the  wave  Resistance  (o  P(,^)  and  the 
momentum  drag  (a  P(,2)  will  all  therefore  be  less. 
However,  the  power  required  for  the  propulsion 
through  water  of  the  surface-piercing  struts  and 
the  submerged  hulls  whose  displacement  is 
(1-  vi)  times  the  total  weight  of  the  vehicle  will 
have  the  value  D(1  -o)^/^  where  D is  a constant 
obtained  by  theoretical  calculation  or  from  tests. 
This  power  is  an  additional  item,  although  since 
o is  always  greater  than  zero  in  the  case  of  the 
SSACV,  this  will  be  less  than  that  for  the  equiv- 
alent semi-submerged  ship. 

It  may  be  possible  to  optimise  the  o-  value 
from  considerations  of  (a)  maximum  speed  achie- 
vable for  a t^tal  installed  power  (lift  and  prop- 
ulsion); and  (b)  .labitahillty  (motions  and  accel- 
erations). So  far  as  (al  is  concerned  a may  be 
obtained  by  the  minimisation  of  an  expression  of 
the  form . ^ 

A Bo^  + C o 2 + D (1  - o)2/3  where  the 

constants  depend  upon  the  characteristics  of  the 
air  cushion,  the  side  struts  and  the  submerged 
hulls.  A similar  optimisation  may  be  carried  out 
in  respect  of  (b).  The  two  values  of  o so  derived 
may  be  different  and  a compromise  may  therefore 
have  to  be  reached  in  regard  to  the  above  two 
conflicting  requirements. 

It  may  be  pointed  out  that  the  true  optimum 
to  oe  sought  for  the  SSACV  whether  designed  for 
civil  or  military  applications  is  not  so  much  a 
minimisation  of  the  total  Installed  power  witii  a 
further  optimum  subdivision  into  lift  and  propul- 
sive powers,  but  more  in  the  nature  of  optimis- 
ation of  performance  and  ride  quality.  The  latter 
may  be  very  Important  for  certain  types  of  military 
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operations,  such  as  weapons  deployment  In 
anti-submarine  warfare  and  other  tactical 
operations,  for  helicopter  and  V/STOL  aircraft 
operations  on  deck,  etc.  The  rld“  comfort  Is 
equally  Important  for  the  carriage  of  fare  paying 
passengers  In  the  civil  transport  role. 

A preliminary  analysis  of  the  power  .equlro- 
ments  of  the  SSACV  has  been  made  In  some 
very  simple  terms.  The  following  character- 
isltlcs  of  the  vehicle  have  been  assumed  or 
derived.  (Table*  1 and  2) 


Table  1 2000 -ton  SfiACV 

General  Particulars 


Weight,  W 2000  tons  = 4.48 

X 10®  lb 

Cushion  length,  L 

220  ft 

Cushion  width,  B 

80  ft 

Cushion  height,  H 

8 ft 

Side  strut  length 

220  ft 

Side  strut  width 

3 ft  (average) 

Hull  length 

220  ft 

Hull  diameter 

6 ft  - 10  ft 

(uniform) 

Depth  of  Immersion  of  nulls 

12  ft  along 

longitudinal  axis 


Table  2 Values  of  u for  Various  Hull  Sizes 


DIAMETER  OF  HULL 
ft 

BUOYANCY 

lb 

CUSHION  LIFT 
lb 

CUSHION  PRESSURE 
Ib/ft^ 

a 

6 

1.  56  X 10*= 

2.92  X 10® 

166 

0.65 

7 

1. 80  X 10® 

2.68  X 10® 

152 

0.60 

8 

2.09  X 10® 

2. 39  X 10® 

136 

0.53 

9 

2.42  X 10® 

2.06  X 10® 

117 

0.46 

10 

2. 80  X 10® 

1.68  X 10® 

95 

0.37 

The  power  required  to  ;.ropel  the  SSACV  at 
various  speeds  has  been  calculated  for  diffe- 
rent values  of  o , the  ratio  of  cushion  lift  to 
the  total  vjelght  (2000  tone}  of  the  vehicle. 

The  method  of  prediction  recommended  ir. 
reference  (^)  has  been  used  so  tar  us  the  ali 
cushion  Is  concerned.  As  for  the  side  struts 
and  the  submerged  hulls  it  has  been  assumed 
that 

power  = Cp  V ^ V^/  n (1) 

as  suggested  ly  Lar.g'  (2;  for  his  semi-submerged 
ship.  A strict  assessment  of  the  drag  coef- 
ficient, C]-),  Is  difficult  without  controllsd 
model  tests  for  the  present  configuration. 
Chapman  (5)  has  indeed  made  a theoretical 
study  of  the  wave  drag  and  spray  drag  of  surface- 
piercing struts  as  well  as  hull  drag  Including 
various  interactions,  but  he  considers  the  use  of 
two  struts  of  fairly  large  thickness/chord  ratio 
in  bnd^cn  each  side  of  the  vessel.  Weare  how- 
e''or,  considering  the  use  of  a very  long  continuous 
strut  of  very  low  thickness/chord  ratio  and  our 
hulls  are  also  of  smaller  diameter  than  that  of  the 
seml-submerged  ship,  Lang  has  useda  Cj^  value 
of  0.05,  but  we  may  use  a much  lower  vMue, 
say,  0.02  as  appropriate  to  our  case. 

The  estimated  power  requirements  of  a 
2000  ton  SSACV  are  shown  In  Fig.  3 togethei 
with  the  curves  given  by  Lang  for  other  types 
of  3000  ton  vehicles  including  the  Surface 
Effect  Ship.  It  will  be  seen  that  the  curves  for 
the  SSACV  with  the  air  cushion  providing  a lift 
of  about  one -third  to  two-thirds  of  the  total 


weight  all  He  within  a narrow  band  and  that  the 
curves  cross  at  a speed  of  approximately 
60  knots.  Above  this  speed,  the  SSACV  power 
roqulrementf-  appear  very  excessive. 


IMCV  K?»t«  ■quiMyata 


Fig.  3 2000-ton  SSACV  Power  Requirements 

Curves  for  Hydrofoil,  Destroyer,  •'  id  SES 
relate  to  3000 -ton  ships  and  are  repr  duced 
from  Reference  (2) 

Even  after  allowing  for  a proper  scaling 
down  of  the  ordinates  of  th.e  curves  for  the  3000- 
ton  ships  to  represent  the  power  requirements 
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for  2000  tons,  It  will  be  seen  that  the  SSACV 
will  require  generally  much  less  power  than  the 
hydrofoil,  the  semi-submerged  ship,  rhe  des- 
troyer and  even,  possibly,  the  SES  of  compar- 
able size  up  to  a speed  of  60  or  65  knots, 
although  the  power  may  slightly  be  higher  than 
that  of  the  destroyer  or  the  semi-submerged 
ship  at  very  low  speeds,  say,  below  25  knots. 
This  Is  because  the  resistance  of  the  air  cushion 
is  very  high  at  low  speeds  up  to  and  slightly 
beyond  the  so-called  "hump  speed"  compared  to 
the  resistance  of  the  hulls.  The  reverse  Is  true 
at  higher  speeds  when  the  resistance  of  the  air 
cushion  becomes  very  small  whilst  the  resist- 
ance of  the  hulls  Increases  steadily,  following 
roughly  the  speed-cubed  low  In  terms  of  power 
requirements.  A dual  configuration  Is  therefore 
proposed  below  for  the  SSACV. 

THE  HIGH  SPEED  SSACV 

Although  the  Remt-subi,.erged  feature  of  the 
SSACV  can  provide  n smooth  ride  with  an 
economy  of  power  at  speeds  up  to  60  or  65  knots, 
the  submerged  hulls  will  cause  an  excessive 
resistance  to  motion  at  higher  speeds  of  the 
order  of  100  knots  and  provision  of  the  necessary 
power  is  neither  economical  nor  practical. 
However,  If  the  hulls  are  raised  above  the  water 
so  that  the  vehicle  is  lust  skimming  the  water 
surface,  they  wll'  still  provide  a lateral  boun- 
dary for  the  air  cutihlon  and  the  skin  friction 
will  now  be  simply  that  due  to  the  small  area  of 
contact  of  the  lower  surfaces  of  the  hulls  with 
the  water  surface.  This  could  be  less  than  that 
of  the  Immersed  part  of  the  sidewalls  of  the 
SES  and  the  power  required  for  the  high  speed 
SSACV  could  be  therefore  less  than  the  equiva- 
lent SES. 

Fig.  3 shows  that  the  power  required  for 
the  high  speed  SSACV  at  high  speeds  does  not 
greatly  exceed  that  at  about  60  knots  provided 
the  hulls  are  raised  above  the  water.  It  Is 
therefore  perfectly  possible  to  reach  a speed  of 
100  knots  with  a little  more  than  the  power 
required  to  propel  the  SSACV  In  the  semi- 
submerged  condition.  It  Is,  however,  true  that 
the  inherent  stability  of  the  seml-sub..ierged 
condition  is  now  lost,  but  as  stated  above,  the 
power  required  may  now  be  less  than  that  of  the 
SES  due  to  the  lower  skin  friction  of  the  lateral 
rigid  boundaries  of  the  air  cushion. 

The  raising  of  the  hulls  above  the  water  is 
simply  effected  by  lowering  the  hemline  of  the 
flexible  extensions  at  the  bow  and  at  the  stern 
and  Increasing  the  mass  flow  of  air  through  the 
lift  fans.  The  hulls  will  have  zero  stiffness  to 
being  raised  through  the  water  surface  and  if 
they  come  up  too  high  air  will  escape  from  the 
cushion  along  the  entire  side-boundaries  under- 
neath the  hull  surfaces.  This  will  cause  the 
cushion  pressure  to  drop  and  the  vehicle  will 
settle  down  on  the  water  surface.  However,  the 


hulls  on  contact  with  the  water  will  have  con- 
siderable stiffness  against  immersion  due  to  the 
buoyancy  which  is  developed.  A steady  posi- 
tion will,  soon  be  reached  and  this  position  is 
obviously  a stable  one. 

VyAVE  PUMPING  AND  WAVE  EXCITATION 

The  principal  merit  of  the  SSACV  concept 
lies  in  the  possibility  of  a mathematical  design 
of  the  size  and  geometry  of  the  submerged  hulls 
to  match  the  characteristics  of  the  air  cushion. 
When  traversing  waves  in  a seaway,  the  surface 
waves  will  pass  through  the  air  cushion  under 
the  flexible  extensions  In  more  or  less  undls- 
torted  form  and  will  act  In  the  nature  of  a piston 
causing  alternatively  compression  and  rare- 
faction of  the  air  contained  In  the  cushion. 

This  "wave  pumping"  has  the  effect  of  intro- 
ducing a fluctuating  component  to  the  steady 
design  cushion  pressure. 

The  result  will  be  an  undesirable  vertical 
heaving  motion  and  also  pitching  and  rolling  of 
the  vehicle.  The  frequency  of  the  oscillatory 
motions  will  be  the  frequency  of  encounter  of 
the  waves  which  depends  upon  the  forward  speed 
of  the  vehicle  and  the  length  of  the  Incident 
waves. 

The  surface  waves  will  also  Induce  orbital 
velocities  of  the  water  particles  below  the 
surface  and  the  effect  will  be  a variation  of  the 
steady  hydrostatic  pressure  around  the  hulls  to 
which  a fluctuating  component  will  be  added 
also  with  a frequency  equal  to  the  frequency  of 
encounter.  This  again  will  produce  a vertical 
fluctuating  force  on  the  hulls  and  a fluctuating 
pitching  moment  and,  possibly,  a rolling  moment. 
This  Is  a hydrodynamic  effect  as  compared  with 
"wave  pumping"  which  is  simply  e pneumatic 
effect. 

The  mechanisms  producing  pressure  fluct- 
uations due  to  wave  pumping  of  the  air  cushion 
and  wave  excitation  of  the  submerged  hulls  are 
different  In  the  two  cases.  The  former  Is  simply 
a pneumatic  effect  dependent  upon  the  depth  of 
the  air  cushion,  i.e.  the  height  of  the  base  of 
the  vehicle  above  the  water,  whilst  the  latter 
arises  from  hydrodynamic  reasons  and  depends 
upon  the  depth  of  submergence  of  the  hulls. 

It  appears  therefore  possible  by  designing 
the  air  cushion  system  and  the  buoyancy  system 
as  complementary  systems  In  a suitable  manner, 
to  balance  the  adverse  effects  of  the  surface 
waves  In  the  ocean  on  the  two  systems  taken 
together  so  that  the  overall  effect  on  the  vehicle, 
considered  as  a rigid  body,  may  be  negligible 
and  thus  enabling  a true  "platforming"  of  the 
waves  to  be  achieved  In  rough  seas,  subject  to 
Blight  modification  by  the  drag  and  lift  forces  on 
the  flexible  extensions  which  are  likely  to  con- 
tact and  get  Immersed  In  the  rough  water  surface. 

The  Ideal  response  would  be  with  the  SSACV 
platforming  the  waves  although  contouring  all 
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the  longer  waves  may  be  acceptable  without 
detriment  to  the  habitability  of  the  vehicle  os 
the  accelerations  In  the  oscillatory  motions 
d(  -i..J  upon  the  square  of  the  frequency  of 
eticouutsi'  which  Is  fairly  small  over  the  long 
waves.  A comparatively  smooth  ride  Is  thus 
possible  In  heavy  seas. 

A simple  analysis  of  the  two  effects  Is 
carried  out  In  Appendix  I.  This  analysis  over- 
estimates the  effect  of  wave  pumping  as  It  Is 
assumed  that  the  air  does  not  escape  out  of 
the  cushion  during  the  adiabatic  compression. 

In  actual  practice,  air  will  escape  out  of  the 
cushion  through  the  lift  fan  air  Intake  and 
through  the  fluid  seals  under  the  flexible 
extensions  at  the  front  and  the  rear.  A strict 
analysis  would  Involve  fan  characteristics  and 
the  actual  response  of  the  vehicle  to  the  pres- 
sure fluctuations  In  the  cushion  due  to  wave 
pumping  and  around  the  hulls  duo  to  wave 
excitation.  Also,  the  wave  form  has  been 
assumed  to  travel  through  the  cushion  without 
distortion  and  that  it  Is  also  not  modified  by 
the  motion  cf  the  hulls  through  the  water.  The 
results  are  therefore  based  on  the  so-called 
Fronde-Krylov  hypothesis  which  postulates 
that  the  waves  affect  the  vehicle  but  that  the 
vehicle  does  not  affect  the  waves. 

It  is  shown  in  Appendix  I that  the  vertical 
forces  due  to  wave  pumping  In  the  air  cushion 
and  wave  excitation  of  the  hulls  are  exactly  in 
anti-phase  when  the  wave  length  exceeds  a 
certain  minimum  value.  As  short  waves  are 
unlikely  to  produce  much  affect  as  regards 
wave  pumping  or  wave  o.xcltatlon  It  Is  clear 
that  It  Is  possible  to  oalanca  out  the  two 
effocts  over  a range  of  wave  lengths  of  prac- 
tical significance.  Similar  calculations  can 
also  be  made  In  respect  of  the  pitching  moment. 

MOTIONS  IN  A SEAWAY 

The  linearized  problem  of  the  motions  and 
osc' nations  of  a sidewall  hovercraft  In  a sea- 
way lias  been  formulated  and  the  velocity  pot- 
ential derived  In  1972  (§)  by  the  use  of  Green's 
theorem  and  appropriate  Green's  functions. 

The  separate  potentials  due  to  the  motion  of  the 
air  cushion  and  of  the  sidewalls  can  bo  directly 
applied  to  the  SSACV  configuration,  but  It  Is 
now  necessai’y  to  derive  also  the  potential  due 
to  the  motion  of  the  submerged  hulls.  This 
derlvavlon  is  indicated  In  Appendix  D. 

The  velocity  potential  can  be  used  to  study 
the  steady  motion  of  the  SSACV  In  calm  water. 
For  ext.mp.le,  the  resistance  to  motion  Including 
all  Interference  effocts  between  the  air  cushion, 
the  side  struts  and  the  submerged  hulls  can  be 
calculated  together  with  the  steady  trim  and 
slnkaga  In  calm  water.  The  added  mass  and 
damping  of  water  during  forced  oscillation  In 
calm  water  and  the  response  amplitude  oper- 
atcrs  for  free  oscillation  in  waves  can  also  bo 
calculated  by  the  methods  previously  established. 


It  must,  however,  be  emphasised  that  the 
above  results  are  based  entirely  on  the  basis  of 
a linearised  theory  of  an  Invlsold  fluid  and 
separate  account  should  therefore  be  taken  of 
such  non-linear  and  viscous  effects  such  as 
wave  pumping, spray  drag,  skin  friction  resist- 
ance, etc.  In  empirical  form  or  on  the  basis  of 
tests  as  they  are  not  easily  amendable  to 
mathematical  treatment. 

GENERAL  FEATURES  OF  THE  SSACV 

The  SSACV  Is  a stable  high-speed  marine 
vehicle  which  combines  the  advantages  of  the 
low  resistance  to  motion  of  an  air  cushion 
vehicle  with  the  Inherent  static  and  dynamic 
stability  as  well  as  course-keeping  and  sea- 
keeping  qualities  of  a pair  of  submerged  hulls. 

The  propulsion  of  the  SSACV  may  be 

(a)  air  propulsion  from  the  deck;  and/or 

(b)  water-screw  or  water-pump  propulsion  from 
the  hulls. 

Air  propulsion  will  natural  / be  required  for 
the  high  speed  configuration  when  the  hulls  are 
raised  above  the  water.  In  the  seml-submerged 
condition  It  may  be  found  to  be  more  economical 
to  use  water  screw  or  water  pump  propulsion  but 
the  air  propulsion  units  may  have  to  be  used  for 
control  purposes. 

The  submerged  hulls  will  have  zero  stiffness 
when  displaced  in  the  vertical  or  horizontal 
directions,  but  they  will  have  considerable 
damping,  particularly  due  to  vortex  shedding  In 
all  modes  of  oscillation  except,  perhaps.  In 
surge.  The  small  waterpiane  areas  of  the 
Immersed  parts  of  the  two  side  struts  will  pro- 
duce a certain  measure  of  stiffness  for  static 
stability.  Their  stiffness  may  be  Increased  by 
shaping  the  cross-section  In  the  foim  of  an 
inverted  triangle  within  the  limits  of  the  require- 
ments of  streamlining.  There  Is  also  a consid- 
erable amount  of  stiffness  available  from  the 
air  cushion. 

The  submerged  hulls  should  be  designed  for 
laminar  flow  over  their  entire  length  as  far  as 
possible  In  longitudinal  motion  at  all  speeds. 

They  should  bfc  designed  to  be  "non-lifting" 
even  at  small  angles  of  attack  In  the  hoiizontal 
and  vertical  planes.  It  Is  Important  not  to  build 
up  circulation  around  thorn  with  the  possibility 
of  Incipient  separation  and  cavitation  at  high 
speeds  causing  Instability,  In  other  words,  the 
submerged  hulls  are  to  be  designed  solely  from 
considerations  of  hydrostatic  buoyancy.  No 
hydrodynamic  forces  are  to  be  expected  to  be 
produced,  nor  are  these  forces  desirable  on 
account  of  possibly  adverse  effects  at  high 
speeds. 

The  side  struts  and  Immersed  hulls  will 
provide  a great  deal  of  directional  stability  ar'd 
course-keeping  ability.  Directional  control  is 
available  from  swivelling  air  propellers  or  contra- 
rotating water  screws  (or  variable  flow  water 
pump  systems)  in  the  hulls.  The  use  of  stabl- 
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Users  or  rudders  on  the  submerged  hulls  or  side 
struts  will  present  a difficult  problem  at  high 
speeds  due  to  cavitation  and  separation. 
Reliance  will  therefore  have  to  be  placed  on  the 
well-established  methods  of  control  by  aero- 
dynamic forc-is  from  above  the  deck  as  In  the 
case  of  amphibious  ACV's.  The  air  cushion  may 
be  ised  as  an  active  stabilising  device  although 
this  Involves  the  generation  of  large  volumes  of 
low  pressure  air  very  quickly  and  at  frequent 
Intervals  depending  upon  the  frequency  of 
encounter  of  the  waves.  The  lift  fan  speed  can 
be  suitably  adjusted  to  counteract  heave 
motion . 

The  geometry  of  the  flexible  extensions  at 
the  bow  and  at  the  stern  can  also  be  varied  to 
provide  trim  control  and  thus  obviating  the  need 
for  ballast  In  the  hulls  which  Is  very  necessary 
In  the  case  of  purely  semi -submerged  ships. 
When  swivelling  air  propellers  are  used  there 
is  adequate  control  In  the  horizontal  plane. 

The  hulls  are  very  suitable  for  housing 
machinery  and  fuel  and  for  mounting  sonar  or 
other  equipment.  Compressed  air  can  also  be 
produced  and  stored  In  the  hulls  during" alack 
periods"  when  the  power  plants  are  not  being 
used  to  their  full  capacity.  The  air  can  then 
be  bled  to  the  cushion  in  a suitable  manner 
for  taking  corrective  action  to  control  the 
motions  of  the  vehicle  In  rough  weather. 

It  has  to  be  borne  In  mind  that  there  may  be 
an  Increased  structural  weight  due  to  the 
dispersal  of  the  structural  members  and  having 
considerable  buoyancy  at  a great  depth  below 
the  ba.se  of  the  vehicle,  But  the  problems  can 
be  overcome.  The  minimum  width  of  the  side 
struts  may  have  to  be  determined  mainly  from 
structural  considerations. 

The  side  struts  and  submerged  hulls  may  be 
considered  to  be  the  "legs  and  feet"  supporting 
the  SSACV  above  the  water  surface  with  the  air 
cushion  system  and  the  propulsion  units  const- 
ituting the  muscular  power  for  counteracting 
undesirable  motions.  The  Immersion  of  these 
appendages  in  the  water  need  not  constitute  an 
embarrassment  to  the  unique  characteristics  of 
an  air  cushion  vehicle,  for  It  may  well  be  the 
only  means  of  enabling  the  vehicle  to  steady 
Itself  In  rough  seas.  It  will  be  remembered  that 
It  Is  very  necessary  to  seek  the  considerable 
damping  of  the  motions  available  from  the  water 
itself. 

It  Is  to  be  expected  that  the  SSACV  Is 
likely  to  require  considerable  power  and  be  of 
complex  design,  but  It  may  well  be  the  only 
answer  when  a high  speed  and  habitability  are 
to  be  simultaneously  satisfied  as  the  desired 
objectives  for  all  weather  operations  In  the 
open  ocean  where  a large  draught  1s  not  a dis- 
advantage. The  SSACV  concept  also  poses 
some  very  difficult  structural  problems,  parti- 
cularly In  respect  of  a suitable  strengthening 
of  the  hulls  to  withstand  wave  Impact  In  the 
high  speed  configuration. 
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The  SSACV  combines  the  technologies  of  the 
air  cushion  vehicle  and  the  semi -submerged 
ship  whose  individual  development  1s  proceed- 
ing at  a rapid  pace. 

The  spray  drag  of  the  SSACV  In  the  high 
speed  configuration  with  the  hulls  lightly 
skimming  the  water  surface  need  not  be  unduly 
high  as  the  hulls  do  not  produce  any  hydro- 
dynamic  lift  like  a planing  surface  but  simply 
constitute  the  lower  edge  of  the  lateral  bound- 
aries of  the  air  Ci  shlon.  In  any  case  It  is  very 
likely  that  air  will  escape  from  the  cushion 
under  part  of  the  hulls  keeping  them  dry 
locally  and  eliminating  the  generation  of  spray. 

CONCLUSIONS 

A new  concept  of  a high  speed  marine 
vehicle  is  presented  for  flexible  operation  In 
open  water  with  a high  speed  and  a considerable 
degree  of  habitability.  At  moderate  speeds  up 
to  60  or  65  knots,  the  vehicle  will  be  In  the 
normal  configuration  of  a sidewall  ACV  with  a 
pair  of  submeiged  hulls,  the  latter  contributing 
to  the  sustention  of  the  vehicle  and  providing 
sea-keeping  ability  and  overall  economy  of 
power.  The  "legs  and  feet"  of  the  SSACV  need 
not  constitute  an  embarrassment  to  the  unique 
characteristics  of  an  air  cushion  vehicle  but 
may  v/ell  be  the  means  of  steadying  the  vehicle 
In  rough  seas  as  it  Is  very  necessary  to  seek 
the  damping  of  the  motions  from  the  water 
Itself. 

In  the  high  speed  role  the  hulls  are  raised 
just  above  the  water  by  depressing  the  hemline 
of  the  flexible  extensions  at  the  bow  and  stern 
and  by  a judicious  adjustment  of  lift  fan  speed. 
Although  the  advantages  of  the  submerged  hulls 
arc  now  lost,  It  Is  possible  for  the  SSACV  to 
attain  very  high  speeds  with  the  available  power 
for  specific  missions  of  short  duration  before 
reverting  to  the  normal  configuration. 

The  dual  configuration  proposed  for  the 
SSACV  Is  very  necessary  as  the  resistance  of 
the  air  cushion  Is  very  high  and  the  hull  drag 
low  at  moderate  speeds.  At  high  speeds  the 
air  cushion  drag  Is  negligible  but  the  hull 
drag  becomes  excessive.  This  dual  configura- 
tion also  enables  the  draught  of  the  SSACV  to 
be  reduced  as  necessary  in  very  shallow  waters. 

The  economy  In  power  demonstrated  for  the 
SSAC”  In  the  submerged  condition  at  moderate 
speeds  Is  worthy  of  attention  when  designing 
vehicles  for  passenger-carrying  yansport.  It 
is  thus  possible  to  achieves  fast  and  smooth 
ride. 

It  Is  realised  that  considerable  effort  and 
expenditure  mainly  In  the  area  of  the  aretlcal 
studies  and  model  tests  will  be  involved  In  the 
successful  evolution  of  the  SSACV  concept 
which  shows  great  promise  for  tactical  military 
operations  and  for  civil  transport  applications. 

The  SSACV  concept  has  been  registered  with 
the  U.K.  Patent  Office  under  Provisional 
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Specification  number  35705/73. 
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APPENDIX  I 

WAVE  PUMPING  AND  WAVE  EXCITATION 
Wave  Pumping 

The  Instantaneous  wave  elevation  may  be 
written 

;y(,t)  = cos  (^-  + 10  t+  c) 

2 A e 


where  h^  is  the  wave  height,  A the  wave 
length,  o,  g the  frequency  of  encounter  and 
E the  phase  angle. 

If  H is  the  helghc  of  the  base  of  the 
SSACV  above  the  mear  water  . level,  the 
instantaneous  cushion  volume  is 


where  Vc^  is  the  steady  cushion  volume  tnd 
the  change  in  cushion  volume  is  therefore 

Vg  = Vg(t)  - VCq  =-^-^slnh^)cos(u)  gt  + ?) 

It  is  assumed  in  the  above  derivation  chat 
the  wave  form  is  unchanged  as  it  passes  through 
tha  cushion.  This  is  in  accorda  ice  with  the 
Froude-Krylov  hypothesis  which  postulates  that 
the  waves  affect  the  vehicle  but  that  th  vehicle 
does  not  affect  the  waves. 

!£  we  also  assume  that  when  the  frequency 
of  encounter  with  the  waves  is  high,  ‘he  air  in 
the  cushion  under  the  fiequent  pumping  action 
of  the  waves  has  insufficient  time  to  escape 
either  through  the  lift  tan  Intake  or  through  the 
"daylight  gap”  under  the  flexible  extensions, 
the  compression  of  the  cushion  v/ill  follow  the 
adiabatic  law 


(p„  + p.)  V,  ' = constant 
C a C 

where  is  the  cushion  pressure  and  Pg  is  the 
atmospheric  pressure,  y being  the  adiabatic 
constant.  This  relation  gives 


« P, 


=__Li£c_LPaI 
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BXhw  Y (Pr.  + Pa)  ,iLv  , . . . 

= ■ riT  sin  (— )cos  (ogt  + e) 

so  that  the  vertical  force  on  the  base  of  the 
SSACV  in  the  upward  direction  is  the  heave 
force . 

Eg  I = (cushion  area)  x 6p^ 
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= -iS(t)(^)  Y(Pg+P3)sln(^^) 

where  ’o(t)  is  the  wave  elevation  at  the  centre 
of  the  cushion. 

We  have  assumed  in  the  above  simple 
analysis  that  the  air  pumped  by  the  wave  does 
not  escape  out  of  the  cushion  and  also  that  the 
vehicle  does  not  respond  in  heave,  pitch  or 
roll  and  take  up  an  attitude  appropriate  to  the 
modified  cushion  pressure.  These  are  drastic 
assumptions  and  a stricter  analysis  will  be 
necessary  taking  into  account  the  stiffness  and 
damping  of  the  air  cushion  and  the  added  mass 
and  damping  of  the  submerged  huUs  wHlch  will 
naturally  have  an  important  effect  on  the  motion 
of  the  vehicle  as  a rigid  body. 
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Wave  Excitation 

We  will  now  obtain  an  approximate  expres- 
sion for  the  heaving  force  on  a submerged  hull 
at  the  lower  end  of  a surface-piercing  strut  due 
to  the  passage  of  a surface  wave  along  the 
length  of  the  hull.  For  the  purposes  of  a simple 
analysis  we  may  use  the  Froude -Krylov  hypo- 
thesis mentioned  above  and  neglecting  hull- 
wave  Interaction,  the  pressure  on  the  hull  due 
to  the  orbital  motion  of  the  water  particles 
below  the  surface  of  the  wave  Is  In  the  usual 
notation  2 nz 

,hw.  X .2  ttk  . 

cos  ( 1 + 


P = -Pwg(-J“)  e 


t + .-  1 


assuming  that  the  water  is  deep.  This  shows 
that  the  pressure  Is  increased  above  the  hydro- 
static head  directly  beiow  the  crest  of  a 
hw 

wave  ( 5 = - -— ) and  decreased  below  a 

trough  ( C ~ 

Considering  an  element  of  area  Pd  '■’dx 
of  the  Cl oss-s6ction  of  the  hull  and  Integrating 


along  the  entire  length  of  the  hull  we  have  for 
the  heaving  force  on  both  hulls 
L/2  II  - u 

Fh|  = 4 J*  dx  (”  p(x)  p cos  d ■)> 

, - L/2  0 

where  , 
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and  setting 

= D + p cos  i' 
we  may  write  , 
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it  v/r  assume  that 
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we  may  set 

2 "P 

' cos 


n -„a  2it  , ^ , 
r - — ^ (D  + pcos  <1>  ] 

J e F t 

0 TTvif 

-2  '■  D f , , 2 up 

= J 

0 


(1- cos  0 cos  'l)d 


-2  nP 

-1  b b 

“Sin  L *“  i 

A-bHl 

X 

i_tp 

A L 

2p  2p1 

—M 

4p2 

i.e.  the  downward  force 


p gh 
w w 


2irp'  f -1 


-Uhl 

■ \ ,2  nX  . . . , 

P (x)  COS  ( — ; — -t  u)  t + r )dx 
A e 

If  we  now  assume  that  the  hull  is  of  uniform 
c'oss-section  throughout  Us  length,  i.e.  that 
it  Is  In  the  form  of  a circular  cylinder  we  may 
set 

p(x)  = p^  a constant 

and  Integrating  along  the  length  of  the  cylinder 

'3®*  2 1-Dr  2 

Fh!  - P^gh^  o ■"  ' [b  -'^■{-sln‘ 


fH(  - P^gh^  o ■"  ' [b  -'^■{-sln‘ 

"2^-/  (^Cos(.^t+d 

- 2 :„(t)  sin(^[b-^^{n- 

This  is  only  an  approximate  expression.  A 
stricter  analysis  would  take  into  account  the 
response  of  the  vehicle  to  wave  excitation  when 
the  added  mass  and  damping  of  the  hulls  would 
be  pertinent. 

It  :s  clear  that  the  Integral  force  on  the  hulls 
is  zero  where  the  wave  length  is  such  that 


^ = 1,  2,  3, 
and  also  when  A 


A Q giv.'in  by 


2p  2p  f 4,-,zJ 


When  the  waves  are  longer  than  /vi  he  heave 
force  Is  i.e.  in  the  same  direction 
■as  the  cushion  heave  force,  but  ove:  siiorter 
waves  (A  / Aq)  the  heave  excitation  of  the  hulls 
is  in  the  opposite  direction,  thus  reducing  the 
effect  of  wav2  pumping. 


so  that 


K,  - -.I'-'t  T fi : 
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appendix  II 

DERIVATION  OF  THE  VEEOCITV  POTEN'ITAL 


The  derivation  of  the  veolicty  ootential  ■■or 
the  motion  of  sidewall  hovercraft  through  the 
water  surface  has  been  derived  In  1972 
by  the  use  of  Green's  theorem  vlth  appropriate 
Green's  functions.  The  separate  potentials  due 
to  the  air  cushion  and  the  sidewalls  derived 
previously  can  be  directly  applied  to  the  air 
cushion  and  side  struts  of  the  SSACV  but  it  is 
now  necessary  to  derive  in  addition  the  poten- 
tial due  to  the  submerged  hulls. 

A part  of  the  domain  of  integration  in 
Green's  theorem  is  the  surface  of  the  immersed 
part  of  the  surface-piercing  struts  and  the 
submerged  hulls.  The  former  has  already  been 
dealt  with  in  the  earlier  work  and  in  the  case 
of  the  submerged  hulls  we  will  have  to  evaluate 
in  addition 


(G 


all  ' 


D n 


ds 


taken  over  the  surf.-ace  of  the  hulls  with  the 
normal  Derivatives  taken  into  the  hulls. 

It  has  been  shown  earlier  (^)  that  the  kine- 
matic condition  on  the  side  struts 

^2)  (x', 
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where  x z and  0 are  the  small  displacements 
in  surge?  heave  and  pitch. 

A similar  boundary  condition  may  be 
derived  for  the  submerged  hulls  whose  surface 
may  be  represented  by  an  equation  of  the  form 

H(x,y,z,t)  YP  (x' ) - ~/(y  b)T(z^'-d)  ^ = 0 

where  yp  is  the  small  radius  of  cross-section 
which  may  vary  along  the  longitudinal  axis 

y'  = - b,  z = d 

Thus,  in  the  case  of  the  starbourd  hull, 
we  may  wr,';e 

y^  - b = YP  sin  ■t 
z^  - d = YP  cos  * 


where  '1’  is  the.  angle  made  by  the  radius  vector 
to  the  point  (y'’,  z^/  on  the  surface  vrtth  the 
z - axis  which  is  taken  vertically  dowmiwards. 

It  can  be  shown  that 
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The  expression  for  the  normal  velocity  on  the 
port  hull  is  Identical. 

This  expression  may  be  directly  used  for 
the  evaluation  of  the  first  term  in  the  surface 
Integral 

M. 


K f 


G dS 
■in 


after  expanding  G from  the  hull  surface  to  the 
longitudinal  axis  and  substituting 

dS  = IP  d<J>  dx^ 

It  v^ill  be  noted  that  this  integral  is  of  0 (y) 
which  is  exactly  the  order  of  the  potential  due 
to  the  motion  of  the  hulls. 


The  second  term 


may  be  ignored  in  evaluating  the  lowest  order 
potential  for  'f  is  of  0 (y  ) as  is  also  dg  so 
that  the  integrand  becomes  of  0 { y2). 
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DISCUSSION 


PAUL  KAPLAN 

This  paper  is  very  disturbing  to  me,  and  represents 
publication  of  a concept  that  has  previously  been  discussed 
with  the  author  by  the  present  discussor  as  weil  as 
personnel  at  the  U.S.  Navy  SESPO  office.  In  each  case 
the  negative  impressions  of  the  concept  have  been  provided 
lo  the  author,  based  upon  the  judgment  of  all  the  reviewers, 
but  now  my  comments  will  deal  with  precise  facts  related 
to  the  proposed  vehicle.  The  original  concept  initially 
looked  impractical  since  the  inclusion  of  simple  appendages, 
such  as  propulsion  pods  for  use  of  submerged  propellers, 
was  not  considered  practical  for  SES  craft  due  to  the 
large  resistence  associated  with  appendages.  If  such  an 
addition  seemed  impractical,  then  the  inclusion  of  the 
submerged  hulls,  large  struts,  etc.  of  the  present  concept 
implies  a greater  impracticality.  Rather  than  discuss  the 
concept  generally,  the  various  analyses  provided  by  the 
author  are  considered  with  an  appropriate  critical  engineer- 
ing evaluation. 

Examining  the  drag  estimates  first,  it  seems  that  the 
basis  for  a much  lower  drag  coefficient,  as  compared  to 
that  of  the  semi-submerged  ship  of  Lang,  is  not  a practical 
choice.  The  spray  drag  is  not  the  largest  factor  for  this 
particular  design,  especially  in  view  of  the  small  slenderness 
ratio  of  the  strut  thickness-to-length  ratio  proixised  for  this 
design.  The  major  component  of  drag  for  the  submerged 
txirtions  of  struts  and  hulls  is  due  to  friction  drag,  and 
computations  have  been  made  of  the  necessary  power  to 
overcome  the  frictional  drag  alone  (based  on  use  of  total 
wetted  surface  area,  for  a 9 ft.  diameter  hull,  3 ft.  strut 
width,  and  use  of  the  Schoenherr  friction  coefficient  applied 
to  the  total  wetted  siuface,  at  the  appropriate  Reynolds 
number),  assuming  a propulsion  efficiency  of  approximately 
85%.  On  that  basis  the  power  requirements,  just  to 
overcome  friction  drag,  are  36,000  hp  at  a sjieed  of  50  kt. 
and  60,000  hp  at  a speed  of  60  kt.  Additional  power  is 
required  to  overcome  the  following  drag  components  that 
have  not  been  considered  in  the  above  evaluation:  via. 
form  drag  of  all  the  submerged  hulls  and  struts,  spray  drag 
of  the  struts,  wave  drag  of  the  struts,  wave  drag  of  the 
.submerged  hulls,  momentum  drag  of  the  air  cushion,  wave 
drag  of  the  air  cushion,  and  also  the  power  required  for 
generation  of  the  air  cushion.  Without  going  inixi  any 
detailed  computations  of  all  of  these  effects,  and  noticing 
by  comparison  with  Figure  3 of  the  paper  that  the  friction 
drag  power  requirement  alone  is  about  the  same  value  as 
that  proposed  by  the  author,  it  can  be  seen  that  the  total 
drag  tor  the  proposed  system  can  easily  he  twice  as  much 
(if  not  more)  as  the  author's  tabulated  values.  There  is  just 
no  physical  reason  for  es  ecting  this  vehicle  to  have 
reduced  drag  in  cc  mp.irisM;  with  other  craft  that  will  be 
competitive  with  it  in  its  operating  speed  range,  so  that 
the  author's  power  requirements  seem  to  be  severely 
underestimated . 

It  is  even  more  obvious  that  the  computations  of 
power  provided  by  the  author  are  erroneous  when  exam- 
ination is  made  of  the  drag  associated  with  his  so-called 
“high  speed  configuration”.  In  that  case  his  vehicle  then 
operates  in  the  same  w.iy  as  a full  SES  craft.  Since  the 
water  level  wUhln  the  cushion  is  depressed  by  the  action 
of  the  cushion  wave  generation,  which  is  of  the  order  of 


a 1-deg.  slope,  that  would  depress  the  water  approximately 
4 ft.  at  the  stem  of  the  craft  relative  to  that  at  the  bow. 

In  order  for  the  craft  to  properly  seal  the  cushion,  the 
circular  hulls  must  be  submerged  into  the  water  at  least 
this  much.  Comparing  the  actual  shape  of  the  sidewalls 
associated  with  SES  craft,  which  usually  have  very  sharp 
leading  edges  and  a gradual  increase  toward  the  stem  where 
the  propulsion  system  is  located,  it  appears  that  there  would 
be  much  more  area  of  cylindrical  hulls  in  the  water  than 
for  an  SES  craft.  In  addition  I would  certainly  expect  a 
more  significant  spray  problem  to  be  associated  with  such 
a ship  having  cylmdets  in  the  surface,  which  lead  to  much 
greater  restrictions  for  the  proposed  configuration  as 
compared  to  any  SES  design  I have  ever  .seen. 

Another  practical  consideration  for  an  SES  type  of 
craft  is  the  necessity  to  have  a sufficient  submergence  at 
the  stem  so  that  the  water  propellers  can  operate  properly. 

The  alternative  proposal  for  use  of  air  propulsion  is  not 
presently  being  considered  for  any  practical  multi-thousand 
ton  SES  craft  under  U.S,  Navy  oevelopment.  This  is  due 
to  the  low  efficiency,  noise,  and  habitability  problems 
associated  with  such  an  air  propulsion  system  for  the 
maximum  speed  range  of  80-100  kt.  Thus  the  inference 
of  an  air  propulsion  system  for  this  range  is  counter- 
productive. Furthermore,  no  dual  propulsion  system 
(separate  water  and  air  propulsion  systems  ) is  envisioned 
for  any  functional  ship  system.  Such  a redundancy  in 
power  plants  is  not  practical  from  the  points  of  view  of 
engineering,  cost  and  payload  reasons.  After  all,  that 
(i.e.  payload)  is  the  function  of  any  vehicle,  which  will 
be  compromised  by  any  such  design  suggestions. 

The  author’s  statement  regarding  a lack  of  hydro- 
dynamic  forces  acting  on  the  hulls  in  any  configuration  he 
envisions  is  an  unreal  and  ridiculous  exiiectation.  Effects 
due  to  circulation,  near  surface  forces,  turbulent  drag,  etc. 
are  certainly  present  and  cannot  be  dispensed  with  by 
desire,  in  accordance  with  the  physical  principles  I am 
aware  of.  The  hydrodynamic  forces  on  a hull  near  the  surface 
running  at  high  speed,  which  is  similar  to  the  problem  of 
submarines  near  the  surface,  result  in  difficulties  in  main- 
taining appropriate  depth  control.  That  sort  of  operation 
requires  the  use  of  continuous  active  controls  to  maintain 
a desired  depth,  even  in  smooth  water,  and  this  problem 
has  not  rwen  been  considered  by  the  author. 

A number  of  the  statements  about  SES  craft  subsystems 
such  as  the  action  of  adjusting  the  fars,  varying  the 
characteristics  of  the  bow  and  stern  seals,  etc.  are  made 
without  any  consideration  of  the  actual  behavior  of  such 
real  systems.  Extnnsive  work  has  been  carried  out  to  deal 
with  those  particular  problems  tor  a number  of  years,  and 
they  represent  important  problems  for  the  development  of 
SES  craft.  There  is  obviously  a lack  of  appreciation  and 
understanding  associated  with  the  operation  of  these  various 
subsystems,  together  with  their  effect  on  the  craft,  when 
considering  'he  subsystem  behavior  as  part  of  an  SES 
craft. 

However,  the  most  important  point  made  in  the 
paper,  which  is  indicated  to  be  the  most  significant  virtue 
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of  vhe  craft,  is  the  ability  to  obtain  better  K ;ave  motion 
characteristics  in  a seaway.  The  author  presents  an 
analysis  comparing  the  effects  of  the  vertical  forcing 
function  due  to  the  “wave  pumping”  action  and  that  due 
to  the  action  of  the  waves  on  the  submerged  hulls.  While 
it  is  iiidicated  that  there  is  a definite  range  of  wavelengths 
wherein  the  vertical  force  on  the  hulls  reduces  the  forcing 
action  of  the  pressure  fluctuations,  no  consideration  has 
been  given  to  determine  their  relative  magnitude.^,  i.e. 
nowhere  in  the  paper  is  there  any  numerical  evaluation  of 
the  magnitudes  of  these  two  components. 

In  order  to  determine  where  the  wave  forces  on 
the  submerged  hulls  are  significant  in  achieving  a benefit 
for  the  craft  motion  in  waves  I carried  out  some  computa- 
tions to  determine  the  force  magnitudes,  based  upon  the 
formulas  given  in  Appendix  I.  The  computations  were 
carried  out  for  cases  that  would  be  expected  to  be 
conditions  with  significant  craft  motions.  The  first  case 
chosen  was  that  of  a wavelength  of  160  ft.  which  is 
approximately  2/3  of  the  craft  cushion  length,  a condition 
that  is  known  to  result  in  large  vertical  accelerations  of 
SES  craft  at  high  speed.  The  relative  magnitude  of  the 
force  due  to  the  v/ave  pumping,  as  compared  to  that  of 
the  hull  forces,  is  227:1!!!!  While  it  is  expected  that  the 
formula  given  for  the  force  due  to  wave  pumping,  based 
upon  the  model  of  an  enclosed  box,  is  known  to  be  too 
larje,  we  have  carried  out  model  studies  together  with  a 
theoretical  analysis  that  has  been  verified  by  the  model  test 
data  (thereby  overcoming  an  objection  to  the  use  of  model 
values  which  do  not  scale)  which  indicates  that  the  wave 
pumping  effect  is  too  large  by  a factor  of  the  order  of  10. 
Even  in  that  case,  the  wave  pumping  effect  is  so  much 
larger  than  the  force  on  the  submerged  hulls  that  they 
cannot  be  expected  to  have  any  significant  effect  on  the 
craft.  An  actual  evaluation  of  the  hull  forces  for  this 
particular  wavelength  results  in  a value  of  3265  Ib./ft.  of 
wave  amplitude,  which  is  quite  small  when  considering  its 
influence  on  a 2000  ton  craft.  This  is  not  surprising  to 
any  hydrodynamist  who  is  aware  that  a submerged  body 
near  the  surface  does  not  generate  any  significant  wave 
force  until  the  waves  are  somewhat  longer  than  1/2  the 
length  of  the  body.  Thus  it  is  obvious  that  one  cannot 
gain  any  benefit  from  the  forces  generated  on  the  sub- 
merged form  in  this  case. 

Another  computation  was  made  for  the  case  of  a 
i')00  ft.  wavelength  which  results  in  the  wave  pumping 
effect  to  be  59  times  as  large  as  the  force  on  the  sub- 
merged hulls.  Even  accounting  for  the  deficience  of  the 
box  model  used  by  the  author,  the  relative  magnitudes  are 
such  that  the  benefits  to  be  gained  in  heave  motion  are 
marginal,  his  is  even  more  obvious  when  considering 
the  fact  that  the  craft  motions  themselves  do  not  result 
in  large  accelerations  for  such  a large  wavelength,  with  the 
craft  heave  tending  to  follow  the  wave  elevation  like  a 
particle,  in  the  limit  (i.e.  close  to  vertical  contouring). 


rather  than  leaving  expressions  in  mathematical  or  integral 
foun  without  any  numerical  evaiuation  that  can  indicate 
feasibility,  or  otherwise.  While  all  of  the  above  represents 
my  opinion  regarding  this  concept,  at  least  a choice  can 
be  made  (when  considering  this  proposed  design)  which 
is  based  on  perhaps  more  rational  reasoning  than  has  been 
presented  in  the  paper  itself. 


R.A.  BARR 

Interest  in  hybrid  ship  concepts  is  growing  rapidly. 
Any  contribution  to  the  meager  literature  in  this  area  is 
therefore  welcome,  although  I think  the  present  paper  is 
technically  not  well  founded.  I would  like  to  make  a 
number  of  comments  on  the  paper. 

1.  The  use  of  a drag  coefficient  of  0.02  seems  opfmis- 
tic.  Using  the  authors  dimensions  and  a representative  Cf 
of  0.0024,  the  drag  due  to  friction  alone  is  approximately 
0.02. 

2.  It  does  not  appear  feasible  to  make  the  hulls 
non-lifting  bodies  or  to  achieve  laminar  flow  over  a large 
portion  of  the  hull  length  given  in  nature  of  the  near- 
surf ice  environment. 

3.  It  seems  likely  that  cavitation  at  or  near  the  hull- 
strut  intersection  will  present  a difficult  problem  at  speeds 
of  60  knots  or  greater. 

4 Configurations  with  equal  hull  and  strut  lengths, 
and  with  no  stabilizing  appendages,  as  proposed  by  the 
author,  seem  likely  to  be  directionally  unstable. 

6.  The  use  of  swiveling  CRP  propellers  at  high  speeds 
is  not  practical. 

6.  There  is  likely  to  be  a significant  drag  peak  or 
hump  associated  with  the  hulls  breaking  the  surface  as 
required  to  achieve  the  high  speed  configuration. 

7.  At  high  speeds,  with  the  hulls  “planing”,  both 
spray  drag  and  frictional  drag  will  be  significant.  A 
significant  hull  “submergence”  will  be  required  to  maintain 
a satisfactory  leakage  rate  and  to  account  for  the  differen- 
tial waterlines  created  by  the  pressure  difference  of  about 
250  pst. 

8.  The  “lowering  of  the  skirt  of  seal  hemline”,  is 
far  from  simple  since  the  seals  must  be  lowered  15  feet  or 
more  . It  is  likely  that  such  seals  will  not  perform 
adequately  in  waves. 

Many  of  the  question  raised  here  can  only  be 
ajiswered  by  model  tests  or  detailed  engineering  studies. 
There  is  little  doubt  in  my  mind,  however,  that  the  authors 
drag  estimates,  particularly  for  the  high  speed 
configuration,  are  highly  optimistic. 


In  conclusion,  my  own  opinion  is  that  this  concept  has 
no  engineering  utility  as  a replacement  for  an  SES  craft 
in  the  high  speed  operating  regime.  .In  a lower  speed 
range  there  may  be  some  benefit  for  a particular  restrictive 
operating  range,  but  I cannot  see  one  iiased  on  the  exam- 
ination given  above.  There  is  always  on  opportunity  to 
investigate  the  practicality  of  this  concept,  or  any  other 
concept,  by  use  of  some  detailed  numerical  computations 
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L.J.  DOCTORS 


Regarding  the  power  related  to  (a)  the  ak  cushion 
supply,  (b)  the  wave  ' ' ‘stance  of  the  air  cushion  and 
(c)  the  momentun'  ■ isi-usser  tends  to  be  in 

agreement.  Hov,c'.s  the  submarine/ 

sidewall  drag  is  dt  ■;  vo  r.-.iderstunU.  Approximating 
these  : y circular  (,y;  ,.lers,  one  can  obtain  their  volume 
and  the  /"--v,  io  drive  them  through  the  water; 

V=-7rr  d2  L X 2 
and 

P = V pa  V2  • Cd  • irDL  X 2, 

in  the  usual  notation  (neglecting  free  surface  effects). 
Thus 

p y3  and  not  P 

as  assumed  by  the  author  in  his  Eq.  (1).  In  addition,  a 


choice  of  drag  coefficient,  Cd  , of  0.02  instead  of  0.06 
seems  rather  arbitrary  . 

Secondly,  could  the  author  explain  qualitatively  the 
nature  of  the  curves  in  Fig.  3?  Why  is  there  so  little 
difference  between  the  cases  given  by  0.37  < a < 0.66, 
while  there  is  a big  change  for  0.66  < a < 1? 

7’he  technique  of  the  high-speed  dash  mode  appar 
appears  impractical  to  the  diseusser.  One  problem  here 
would  be  the  very  high  wave  forces  due  to  slamming, 
since  the  lower  surfaces  of  the  sidewalls  are  horizontal.  A 
Also  there  would  be  excessive  venting  under  these 
sidewalls  in  anything  but  clean  water,  due  to  their  zero 
nominal  immersion. 

The  last  paragraph  before  the  conclusion  concerning 
the  spray,  appears  to  be  incorrect.  Where  there  is  a gap 
under  the  skirt  or  sidevail,  the  escaping  air  will  generate 
spray  not  eliminate  it. 
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AUTHOR’S  REPLY 


1 must  thank  Dr,  Kaplan  for  his  lengthy 
comments.  The  printed  comments  occupy  a 
space  almost  as  much  as  my  paper  Itself  and 
they  are  all  Invariably  of  an  adverse  nature. 

This  type  of  criticism  was  probably  directed 
against  the  hovercraft  principle  itself  when 
first  Introduced  to  the  engineering  public  some 
fifteen  years  ago.  However,  ACVs  are  now 
well-established  no  doubt  due  to  the  consider- 
able amount  of  research  and  development  of 
the  basic  principle  over  the  years.  I do  not 
think  there  is  any  need  for  Dr.  Kaplan  to  be 
"disturbed"  by  the  SSACV  concept  which 
simply  attempts  to  combine  the  advantages  of 
two  established  technologies,  namely  those  of 
the  ACV  and  the  seml-submerged  ship.  This 
concept  has  been  prompted  by  the  simple  idea, 
namely  that  If  you  must  have  sidewalls  immer- 
sed In  the  water  as  obviously  envisaged  for 
the  SES  craft,  let  us  make  the  sidewalls  pay 
for  the  added  resistance  by  providing  i contri- 
bution to  the  sustention  of  the  vehicl  Plan- 
ing surfaces  are  out  of  the  question  as  they 
cause  Instability  at  high  speeds  and  it  Is  there- 
fore necessary  to  rely  entirely  on  the  hydro- 
static buoyancy  of  the  immersed  hulls. 

With  regard  to  the  specific  comments  made 
by  Dr.  Kaplan,  there  are  some  very  good 
reasons  for  choosing  a lower  Cd  than  that  used 
by  Lang  for  his  semi-submerged  ship.  The  drag 
coefficient  is  a function  of  the  prismatic  coef- 
ficient, Cp,  and  the  L/D  ratio,  Lang's  hulls 
are  14  ft  in  diameter,  but  the  diameter  proposed 
for  the  2000  ton  SSACV  could  well  be  only  6 or 
8 ft.  Also,  our  struts  are  continuous  and  the 
drag  will  be  less  than  In  the  case  of  a pair  of 
struts  in  tandem  used  In  the  seml-submerged 
ship.  In  addition,  the  wetted  surface  of  the 
hulls  in  the  case  of  the  SSACV  will  be  less  on 
account  of  the  Induced  wave  formation  In  the 
air  cushion  which  will  cause  reduced  wetting  on 
the  Inboard  side  of  the  hulls  and  struts.  How- 
ever, the  power  requirements  for  the  SSACV 
given  in  Fig.  3 appear  to  be  on  the  low  side  as 
surmised  by  Dr.  Kaplan.  Further  calculations 
have  since  been  made  on  a stricter  basis  which 
show  that  although  a correction  Is  required,  the 
SSACV  will  still  require  less  power  (lift  and 
propulsion)  than  other  types  of  marine  vehicles 
at  least  up  to  a speed  of  60  knots.  This  may 
be  sufficient  for  most  types  of  operation,  but  it 
appears  that  the  advantage  may  also  be  extend- 
ed to  the  high  speed  configuration.  It  is  not 
practical  to  set  down  the  lengthy  calculations 
here,  but  It  is  proposed  to  circulate  separately 
a technical  document  containing  a stricter  ana- 
lysis of  the  predicted  performance  of  the  SSACV 
to  those  who  have  expressed  a critical  interest. 


favourable  or  otherwise.  In  the  concept. 

As  regards  the  propulsion  system  for  the 
SSACV  it  was  not  the  Intention  to  specify  any 
particular  type.  Air  propulsion  was  only  indi- 
cated as  a possibility,  particularly  as  control 
from  the  deck  may  be  preferred  to  control  sur- 
faces in  the  water  which  may  not  be  very  effi- 
cient at  high  speeds.  However,  there  may  be 
other  considerations  dictating  the  choice  of 
water  screw  or  water  jet  propui;  run, 

I agree  that  hydrodynamic  forces  ■'  the  hulls 
will  arise  particularly  when  running  at  a high 
speed  near  the  free  surface  and  these  will  have 
to  be  contended  with.  However,  there  may  be 
considerable  stiffness  available  from  the  air 
cushion  which  may  make  depth  control  easier. 

This  Is  the  particular  advantage  of  the  SSACV 
which  Is  not  available  In  the  case  of  submarines 
or  seml-submerged  ships. 

As  regards  the  relative  magnitudes  of  the 
effects  of  wave  pumping  and  wave  excitation,  it 
was  mentioned  during  the  presentation  that  the 
simple  formula  given  for  adiabatic  compression 
In  a closed  container  gives  unrealistic  values 
for  the  increase  In  pressure.  I tentatively  dec- 
ided to  use  a scaling  down  factor  of  100;1  to 
reduce  the  level  of  the  forces  due  to  wave  pump- 
ing to  that  observed  In  the  actual  operation  of 
hovercraft.  This  is  also  supported  by  Mantle's 
{7)  statement  In  a recent  paper  that  the  simple 
one-dlmenslonal  theory  correctly  predicts  the 
trends  but  over-estimated  the  actual  experienced 
accelerations  by  an  order  of  magnitude.  Mantle's 
Fig.  4 would  Indicate  that  a scaling  down  factor 
of,  say,  25:1  may  be  more  appropriate.  Dr. 
Kaplan  Is  prepared  to  settle  for  a factor  of  10 ;1. 

It  is  also  to  be  noted  that  forward  speed  effects 
are  not  Included  In  the  simple  formula  for  wave 
excitation  which  considers  the  situation  when  a 
surface  wave  travels  over  a stationary  hull. 

I am  glad  to  note  that  Dr.  Kaplan  concedes 
at  least  that  there  may  be  some  benefit  to  be 
gained  by  the  use  of  the  SSACV  concept  in  some 
particular  operating  range  although  he  cannot 
readily  see  one.  Fortunately,  the  comments 
received  from  a number  of  other  sources  and  In 
other  countries  Indicate  that  they  have  an  open 
mind  In  the  matter. 

Dr.  Barr  also  queries  the  use  of  a drag  co- 
efficient of  0.02  and  I would  refer  him  to  the 
explanation  given  above.  The  skin  friction  has 
been  calculated  from  the  ITTC  (1957)  formula  and 
actually  works  out  to  0.0016  at  20  knots  forCf  to 
0.0013  at  100  knots.  Also,  as  stated  above,  the 
wetted  surface  of  the  struts  and  hulls  has  to  be 
suitably  calculated  taking  Into  account  the  dep- 
ression of  the  water  surface  on  the  Inboard  side. 
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Hydrodynamic  forces  on  the  hull  and  the  possib- 
ility of  cavitation  have  Indeed  to  be  studied  In 
detail  but  these  may  be  hopefully  overcome. 
The  other  points  referred  to  by  Mr.  Barr  also 
require  serious  consideration  and  I fully  agree 
with  him  that  r.iodel  tests  and  detailed  engineer- 
ing studies  have  to  be  carried  out  before  serious 
development  of  the  concept  can  be  considered 
Dr.  Doctors  queries  the  use  of  the  expres- 
sion 


i , 3 

Drag  power  = i V /p 

This  is  In  conformity  with  similar  expressions 
used  In  ship  resistance  studies  and  Is  strictly 
correct  for  7 has  dimensions  of  l3  and  7 | 
has  therefore  the  dimensions  of  wetted  surface 
area,  l.e.  L^.  It  should  of  course  be  remem- 
bered that  Cq  is  a function  of  the  prismatic 
coefficient,  Cp,  and  1/D  ratio,  so  that  the 
resistance  of  long  slender  hulls  of  similar 
shape  may  be  compared  by  using  the  above 
formula . 

Referring  to  the  query  regarding  Fig.  3 I 
wonder  whether  Dr.  Doctors  has  misinter- 
preted the  situation.  The  cluster  of  curves 
relates  to  0.37<  0 <0.65  and  the  curves  are 
closely  spaced  Indeed  throughout  the  speed 


range.  They  rlso  appear  to  cross  each  other 
pt  a speed  of  about  60  knots  and  it  was  there- 
fore suggested  that  the  hulls  may  be  taken  out 
of  the  water  at  this  speed,  beyond  which  the 
hull  resistance  increases  very  steeply.  The 
single  curve  for  the  high  speed  SSACV  beyond 
CO  knots  assumes  only  a nominal  contact  of  the 
with  the  water  surface, 
f agree  that  the  hulls  have  to  be  suitably 
<!rongthened  to  withstand  the  very  high  wave 
...  rces.  As  regards  the  venting  of  the  air  cushion 
the  situation  Is  no  worse  that  In  the  case  of  the 
amphibious  ACV  which  the  SSACV  now  resembles. 

Dr.  Doctors  has  also  raised  the  point  that 
air  escaping  under  the  hulls  will  generate  spray 
and  not  eliminate  it.  I should  like  to  keep  an 
open  mind  about  this.  Experience  with  amphi- 
bious ACVs  seems  to  Indicate  that  spray  Is  essen- 
tially a low  speed  problem  there  being  a signifi- 
cant absence  of  spray  at  high  speeds. 


Reference  7.  Mantle,  P.J.  "Large  High-Speed 
Surface  Effect  Ship  Technology" . 

Paper  presented  at  the  International  Hovering 
Craft,  Hydrofoil  and  Advanced  Transit  Systems 
Conference,  Brighton,  England  , 

May  1974 
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SMALL  PARAMETER  EXPANSIVES  IN 
SHIP  HYDRODYNAMICS 


R,  TZmman 

Vtlii  UniviKiZtij  0/  Teahnotogy 
Ve,Zit,  The.  UetkeKtandi 


ABSTRACT 

The  flow  pattern  at  the  how  of  a ship  is 
considered  from  the  exact  solution  for  the  flow 
round  a three  axial  ellipaoid.  For  a vertical 
ellipsoid  the  slender  body  solution  is  shown 
to  he  similar  to  Ogilvie's  wedge  flow,  for  a 
horizontal  ellipaoid  the  pattern  is  similar  to 
the  pattern  calculated  hy  Harmans  for  the 
twodimensional  flow  round  a cylinder.  The 
equations  for  the  two  cases  are  shown  to  be 
similar. 

IHTRODUCTION 

The  theory  of  ship  hydrodynamics  is  so 
complicated,  that  an  exact  analytical  (or  even 
numerical)  theory  is  still  far  from  a completion, 
30  the  only  way  to  obtain  a tractihle  set  of 
results  is  to  introduce  asymptotic  methods.  So 
ns  a sequence  to  the  olassioai  Miohell  paper  the 
slender  hody  theory  was  introduced,  which 
assumed  that  everywhere  the  temgent  plane  to 
the  ship  hull  makes  a small  angle  with  the  axis 
of  the  ship.  The  theory  has  been  worked  out 
and  applied  to  a great  number  of  cases  and 
several  reviews  are  available  (Kewman  1 , 

Ogilvie  2 ) . 

The  hypothesis  that  the  slope  of  tangent  plane 
is  small,  however,  gives  a sev  “i-.e  restriction 
to  its  applicability.  Essentially,  as  in 
supersonic  aerodynamics , where  the  theory  is 
much  simplex',  it  is  only  valid  for  a conical 
bow,  where  the  condition  of  small  slope  is 
fulfilled.  Even  a wedge  shaped  bow  requires 
a modification,  which  was  given  by  Ogilvie  ( 3 )• 
For  a round  bow  the  conditions  are  quite 
different.  Another  extreme  was  considered  in  a 
recent  paper  by  Hermans  ( ^ ) . 

He  considered  the  two  dimensional  forward  flow 


round  a horizontal  circular  cylinder,  perpendicular 
to  the  incoming  flow, 

In  this  paper  a synthesis  between  the  two 
approaches  will  be  tried,  based  upon  an  analysis 
of  the  infinite  fluid  flow  refund  the  ship,  which 
will  be  replaced  by  a three  axial  ellipsoid. 


THE  FLOW  PATTERN  ROUND  A THREE-AXIAL  ELLIPSOID 


The  flow  round  a three-axial  ellipsoid  in 
translational  motion  was  first  calculated  by 
Oreen  ( 1033,  Lamb,  Chap.  V).  If  the  half  axis 
of  the  ellipsoid  are  a,b,c  (a  ^ b ^ 0)  the 
disturbance  velocity  potential  for  a flow  in  the 

direction  of  the  x €u.io  with  velocity  U is 

00 
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which  can  be  reduced  to  an  elliptic  integral. 

are  confocal  coordinates,  defined  as 
the  roots  of  the  equation 


a*  7*  ^ ^ 

with  the  domains 
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' » 0 correspoiids  to  the  ellipsoid. 

For  a Blender  ellipsoid  the  stream  pattern  is 
calculated  by  asymptotic  expansions.  (Appendix 
A). 

On  the  middle  part  -a  <"  x +a  of  the  ellipsoid 
we  obtain,  putting  b »Cb,  c =>£.0  the  results 
of  slender  body  theory,  two  dimensional  flow 
in  a plane  perpendicular  to  the  x axis  with  a 
source  distribution  along  the  axis.  For  our 
purpose,  however  the  behaviour  at  the  forward 
stagnation  point  is  of  primary  interest. 

We  do  not  consider  an  ellipsoid  of  revolution 
but  the  opposite  case:  a>^  b,  b » o,  a 
flattened  three  axial  ellipsoid. 

At  the  forward  stagnation  point  the  stream  lines 


Fig.  1. 

form  a nodal  point  (Fig.  1).  They  travel  alotig  the 
equator  of  the  ellipsoid  and  at  a certain 
point  leave  this  equator  and  change  into  nearly 
"straight"  lines  parallel  to  the  x axis  o-  . r the 
surface  of  the  ellipsoid,  (fig.  2). 


Fig.  2. 

Thio  behaviour  is  the  basis  for  the  following 
considerations. 


THE  FLOW  AHOUND  AH  ELLIPSOID  WITH  FREE  SURFACE 
The  preceeding  calculations  for  an 
ellipsoid  in  on  infinite  fluid  gave  a result 
with  ■ w •=  0 on  the  plane  z • 0.  We  now 

if  2t 

consider  the  case  of  a semi  submerged  ellipsoid 
and  we  have  to  take  account  of  the  free  surface 
condition.  An  analytic  solution  to  this  problem 
is,  because  of  the  non~lineair  character  of  this 
condition  not  possible.  So  we  have  to  take 
recourse  to  a case  where  a linearized  free 
surface  rendition  is  admissable. 

The  Bernoulli  law  is  valid  on  the  free  surface 
z =^(x,y) 

^ A 'r  P-  V ’*  / 't'  - 

Now  at  X = - tfo  the  flow  has  velocity  U in  the 
X direction  and  the  elevation  of  the  free 
surface  is  zero,  at  the  stagnation  point 
u • V “ 0.  This  gives  for  the  elevation  ^(  0 ,0) 

a length,  which  must  be  compared  to  the 
characteristic  length  of  the  configuration: 
i.e.  the  half  axis  b or  o of  the  ellipsoid. 

Hence  for  an  acceptable  theory 
we  require 

« / 

(For  a tanker  with  length  300  m and  beam  50  m 
at  a speed  of  10  knots  — » 0,05,  the 
slenderness  parameter  is  yfo"  ^ 

20  knots  the  velocity  parameter  is  0,20 ). 

The  basic  flow  pattern  is  different  for  the  case 
where  the  middle  axis  is  vertical  and  for  the 
case  where  it  is  horizontal. 

In  the  first  case  the  beam  of  the  ship  at  the 
bows  is  small  and,  the  stream  lines  will,  except 
for  a very  small  vertical  region,  follow  the 
main  flow,  i.e.  the  flow  pattern  will  resemble 
a wedge  flow,  as  considered  by  Ogilvie. 

In  the  case,  where  the  middle  axis  is  horizontal 
the  free  surface  meets  tne  bow  over  a relatively 
broad  part  of  the  front. Here  again  the  stream 
lines  will  .follow  the  direction  of  the  x eixis, 
projected  o:i  the  siurfaoe.  The  flow  pattern  now 
will  resemble  the  two  dimensional  flow  as  con- 


sidured  by  Hermans.  There  is  one  difference,  in 
the  purely  two  dimensional  flow  there  is  a line 
of  stagnation  points  along  the  front,  here 
however  there  is  only  one  stagnation  point  and 
the  velocity  increases  along  the  equator. 

OOILVIE'S  SOLUTIOM  FOR  A WEDQE-SHAPED  BOW 
For  a wedge  shaped  how 

^ ± 

with  the  condition  ^ “ 0(C). 

Ogilvie  has  given  the  correction  to  the  slender 
body  theory.  The  vertical  ellipsoid  has  a stream 
line  pattern  which  is  similar  to  this  case,  but 
although  the  vertical  streamline  is  only  limited 
to  a narrow  ship  and  the  horizontal  streamline 
starts  very  closely  to  the  symmetry  pleuie,  the 
crucial  condition  = 0(£)  is  not  satisfied. 
Hence  we  must  extend  Ogilvie' a analysis  to  the 
case,  where  • 0(£  x 'which  is  allowed 
since  a small  region  near  x «■  0 is  excluded, 
where  we  assume  0^  ^ < 1.  For  the  ellipsoid 

J. 

Following  his  derivation,  we  put  for  the 
potential 

iSfx  t*  2 } 

consider  the  region  near  the  front  x = 0(f") 

0 < < 1 . Then  the  estimation  of  the  orders  of 

magnitude  in 

= /xx  ^ " ^22 

gives 


,1 


If 


with  the  result 


where  the  approximation  is  worse  if  PC  is  closed 
to  1.  The  boundary  condition  on  the  hull  gives; 
since  b * 0{£.  ' ) 


Since  b ■ 0{£  ) and  1 -<M+*c>twe  can  assume 

the  condition  on  the  plane  y " 0. 

Comparison  of  the  terms  of  lowest  order  gives 
because  of  1 - andoc-<^-  1 > -1 

«hich  leads  to  the  boundary  condition 

k c ^ ^ K 

3a 

With  these  simplifications  we  attack  the  free 
boundary  condition,  again  following  Ogilvie 'p 
reasoning: 

^ i.  { 4") 

[^] , 

p-Xix/l-£ 

^ J ^ 

together  with 

^4x  4,  - 4. 

^ X - or/s  - / 

The  first  equation  leads  to 

- , Z " oc  /t  - oc  I 

(?n  ) 

and  in  the  second  equation  we  must  have 

Z-c^/i-Zoex  Z ~ CX-/S  - / 

or«  » J . 

This  leads  to  Ogilvie 's  boundary  conditions 
P ^ ^ y‘  U 
O ~ ^ ^x  “ ^2 

Of 

/x  X = " 

i/.'-i  i, 

on  the  undisturbed  free  surface  z “ 0. 

Since  b ” 0(£  ) we  have  (in  a ns'gh 

approximation)  the  conditions  in  the  y»  plane 
on  the  line  y “ 0.  z ^ -H(x). 
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I'f,..  u .,  . ..Xi.w-i.  i>.„  ..  J.  -X. ‘—1  .1,. 


y r:  ^4. 

- ^ 

Apparently  the  problem  ia  reduced  to  Ogilvie'a 
problem.  In  Appendix  B the  reaulte  are  derived 
in  O'AT  case  iu  a lightly  different  way. 


HERMASS'  SOLUTION  FOB  A HOHIZOOTAIi  CILINDFJR 

If  the  ellipaoid  ia  horizontal  the 

atreamlinos  in  infinite  flow  all  follow  the 

equator  in  a region  near  the  stagnation  point 

and  Fuddenly  break  away  and  follow  the  main  flow 

over  the  surface.  This  behaviour  is  similar  to 

the  behaviour  of  the  flow  round  an  elliptic 

cylinder  at  right  angle  to  the  uncoming  flow 

direction  with  the  difference  that  here  only 

the  point  x » »a,  y « z = 0 is  a stagnation 

point  and  the  other  points  on  the  equator  have 

a steadily  increasing  velocity. 

In  this  analysis  it  is  essentialt  that  • i-e- 

2g 

the  heigth  of  the  stagnation  point  in  the  free 
surface  above  the  original  sttkgnation  point  ia 
small  with  respect  to  the  radius  of  the  cylinder. 
The  total  solution  ia  written  as 

where^^(x,y)  -s  tfte  outer  solution  of  the 
problem,  as  a solution  of 

■ a 


for  which 

T = Ux  a-f 


$ 

together  with  the  condition  on  the  wall 

i/.-  . 

and  the  non-linear  free  surface  condition 


o 


The  basic  solution  for  the  determination  of 
^ is  the  infinite  fluid  solution,  with  rigid 
free  surface,  which  can  be  perturbed  by  a series 
in  the  small  par<imeter.  It  does  not,  however, 
represent  the  correct  wave  character  of  the 
flow. 


In  the  case  of  the  ellipaoid  this  basic  solution 
along  the  front  peurt  does  not  have  a pure  two- 
dimensional  character.  Hence  in  writing  down 
the  perturbation  conditions  we  use  the  basic 
solution  i^(x,y,z),  where  z is  the  coordinate 
along  the  equator.  The  free  surface  condition 
takes  the  form 

^ /a'Pk 


Elimination  of  ^ gives  the  condition 


on-^  «^(x,z). 

Hermans  introduces  the  perturbation  potential 
is  o(^°)  if  U ->  0 in  coordinates  along  the 
equator  streamline,  which  are  stretched  with  the 
length  /g  in  the  field 


Then 

iiT  <<  ^ , £if 

3 2 3 w 3 y 


and  ^ satisfias  the  2D  Laplace  equation 

nv'’*  ^ 

In  these  coordinates  the  non-linear  surfaco 
condition  for  \f  y)  io  linearized  with  respect 

to  ^ . We  put^  « U.At(x,y,z)  and  lemark  that  X 

. ' Z . ^ 

if  of  order  U . So  with  U small,  we  retain  only 


Remark,  that  in  the  8D  case  for  x ■ x'  “ 0: 

and  do  not 

vanish. 

Anyhow,  compared  to  the  'Srave  length*  /g  Zia 
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a slowly  varying  quantity  with  ^ • OO). 
Hence  we  follow  Hermans  in  putting  as  the  free 
surface  condition  for  in  the  stretched 
coordinates  at  y'  » 0 


where  y — » 1 forx'— *oe>. 

' X 

Remark,  that  in  our  case,  in  contrast  to  the  2V 
case  can  be  considered  as  a slowly 

varying  function  because  of  the  absence  of  a 
stagnation  point.  Hence  with  a reasonable 
approximation  we  can  write  the  boundary  value 
problem  for  ^ in  the  stretched  coordinates 

for  x'fO  y'  <!  0 


APPENDIX  A 

The  flow  round  a three  axial  ellipsoid. 

The  transformation  formulae  to  ellipsoidal 
coordinates  are 


^ 

A X ^ ? 

^ e _ 2 

^ J 


a 


, e.x.e. 


~^q/-x  /"  J J ^ ^ ~ ‘‘V 


y 


I 


The  solution  is  given  in  the  paper  of  Hermeuis 
and  is  reproduced  in  a simplified  version  in 
Appendix  C. 
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6uid  the  perturbation  potential  is 


eo 


This  gives  the  velocity  components  at  the  surface 

A - 0 


Z - of. 

2-at,  0^  ^ V 

2jf- 

~ z U 

^1  1 
^X-  <*• 

■ 

Z~^o 

_ 

~ z 

t / * 

■X  Z A 6 

Z ~ Oio 

At? 

/ 

The  products  V is  found  from  the  fact,  that  the 
ec^ufttion 


443 


a^,  Q i>  -f  0 & 

has  one  root  = o.  The  result  is 

a’  ^ %-ig  Var  V g / ‘Jt.  "- 

^ ^ o' 


_ A X £V^-^ v;^ V aYA-cy 

a-’"  /c  ^ 

r ,c"-4Y  4 Ya  -^  V g'/4  W/. * 


We  now  put 

a.  ^ ^ 


then 


^^-  / 

Near  the  forward  stagnation  point  -• 
we  have  for  small  values  of  /y  and  ^ 

I = - O-  z — ) 


■U  = ^ [/-  - /-  y''-  ^ \__  _ 


1/  - ^ ^ /y  )/7-y'  - k *•  ^ 

''^lY.  f 7{''Y-iYY-i)y 

^ I 


~' ' -■■  • 1 . t 


z-c<:  / 

r"  f ^ V- A-,?. VfS 

i 


These  expansions  are  only  valid  for 

I f ^ I / 

and  , , 

If  7’y<  ' 

i.e,  for  small  values  of  — and  moderate  values 
ti  ^ 

of  — there  is  only  a small  band  along  the 

equator  where  this  behaviour  is  representative. 

The  behaviour  of  the  streamlines  close  to  the 
origin  follows  from 


I/'  ZZ  lO  f>. 


7 


A/  ^ ^ 


/y?  ~ t-  - ^ X A>] , 

7 ^ 


^ 7 


z Y 

Z ~ OCo 

_Z  /ft, 

z - 


z 0^ 


7 


JZ 

yC. 


$ 


■-i 


This  gives  for  the  streamli-  he  equation 

^ ^ 7 

For  moderate  values  of  b/c  the  ctrsaml'nes 
follow  closely  the  equator,  dependent  on  C. 
As  soon  as  ^ reachea  a va.lue  where  the 
approximation  is  no  longer  valid,  there  is 
a rapid  change  in  behaviour  and  the  stream- 
lines folic w the  middle  region,  to  which  we 
now  turn  our  attention. 

We  assxune 

< <r  / (Z*7  o<'  7^  ^ / 

CL. 

We  introduce  coordinates '•7=  ^ and  ^ = — 

/ a£  z a £. 

and  remark  that 

Then  the  velocity  field  is 
Ai  ^ U ^ ^ ^ 


•2  -«» 


2 U f X_ 
2-  A-  ( a.  / 


2 U /.  A'/‘ 


SL  - 


,ia 
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I 


' • ' ’ . . 


»• 

jL 

S 


2 ii/  -X 


y • 


2 - cr'o  a. 


/ ■y'  - 2 i!y  X ^ ^ 


7 


t - o(,  a.  y^^  *- 


i.e,  the  perturbation  on  the  x component  is 
2 

of  order  £.  . but  the  y and  z components  are 
or  order  £ . 

They  correspond  exactly  to  the  result  of  the 

slender  body  theory,  except  for  the  factor  oc  , 

? /P  ^ 

ifhich  can  be  shown  to  bo  of  order  L.  £ . 


We  try  to  obtain  the  solution  by  a superposition 
of  sources  of  strength  tJb^  along  the  negative 
z axis,  but  in  order  to  avoid  differentiation 
of  the  intensity  with  respect  to  x (x  is  a 
parameter  in  the  problen.)  we  add  a set  of 
nega':ive  sources  in  the  upper  half  plane. 

Hence  we  assume,  with  ^ :r  ^ "Z. 


<y^x)  J ^r- ) t' 


2 rr 


APPENDIX  B 

Solution  of  the  boundary  value  problem  for  the 
vertical  ellipsoid. 

For  the  verticaJ.  ellipsoid  (Ogilvie's 
problem;  wo  have  to  determine  a function 
froa  the  conditions 

X / 

o 


f <2^  - 


with 


z ■ o 
^ X O 


whe; 


re^(f  ;z) 


} is  regular  in  the  neighbourhood  of 


iz  and  -iz 
P P 

The  boundary  condition  for  z = 0 becomes: 
or 

_ X y y‘*?yj]  - o 

l/x"  tTf  Z 


on  z * 0. 

The  function 


y arr  r V / 


o^-<^2yr  / 


is  regular  in  the  entire  ^ plane  and  is  real  for 
z ■=  0,  hence  it  is  identically  zero  and^^is  the 
solution  of  the  non-homogeneous  diffusion 
equation 


J 


r 


From  the  condition  that  for  x->*»?the  solution 
must  IS?,  into  the  ordiviarv  slender  body 
solution  we  derive  that  F — ->0  for  x~^>  . 

The  theory  uf  the  diffusion  equa-o’en  gives  for 
the  Green's  function 
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—i^SL.,  , — . — •'  ^■•■~.v «,^.  - 


’ { ( '■kTr 


re. 


f^~ 


and  so  the  solution  of  the  non-homogeneoua 
eq.uation  is: 


oo 

'e 


(t- 


For  the  Function 


z-^  y 


we  obtain  the  representation 

f/=> 

/>c  ~ j 

y e a-^rJ^f . 

c 


Ap^-Xication  of  :hc  method  of  stationary  phase 
shows  that  for  x -*<»«•  > ^p)  approaches 

the  ordinary  slender  body  theory  result. 

APPKNDIX  C 

Solution  of  the  boundary  value  problem  for  the 
horizontal  ellipsoid. 

The  boui^darj'  value  problem  is 

with 


F.  ^ o • y ~ ^ 

?y  y ' ^ 


We  joi.ve  this  prooleai  by  a superposition  of 
source  potentials  on  the  negative  z axis. 


Such  a source  potential  G has  a logarithmic 
singularity  in  a point  z = z^  (z^  0)  and 

satisfies  the  boundary  condition  at  z = 0. 
Hence  we  put,  with  = y + iz 

which  has  to  satisfy  the  condition 

o 0/>  ^ ~ ^ 


Consider  now 

y f V ^ - oLK 

which  has  a singularity  near = iz  . f(^)  is 

an  analytic  function  which  assumes  real  values 
on  the  real  axis  and  from  Schwartz's  principle 
of  symmetry 

//<7=  /W' 


Hence  f(^)  must  also  have  a singularity  near 
eads  to 

y / 


^ ~ -itp.  This  leads  to  put 


/ o(/y  ^-‘^r 


{/  ^ i'  e 7^  ^ f 

where  f^(^)  iu  lioloraerphic  in  the  complete 
plane  including  ifjfinity  and  hence  can  be  taken 
to  vaninh. 

This  leads  to  tho  equation  for  G 

y^- 

We  now  put 


and  obtain  the  following  equation  for 

^ r-  Ky^) 


ay^’^  - y = 
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f 

i 


1 


/ 

{ 

1 

j 

i 

I 


jL|ji 


With  the  function 


s/^J 


we  obtain  the  solution  for  this  function  K 

<* 

/-z^T — 

where  the  contour  avoids  the  singular  point. 
The  function 

-tsfKjP 

LB.._  ^ ze  /e 

c/^;  " K'*  y ^ 


gives  the  velocity  distribution  of  the 
source  potential. 

■If  k(^)  has  a constant  value  we  find  back 


the  well  known  formula  for  a moving  point 
source,  (e.g.  Wehausen  p,  U89). 

About  the  function 


we  remark  that  the  integral  diverges  and  hence 
s(^)  is  infinite  if  It(^)  - 0 at  the  lower  end 
of  the  path  of  integration,  i.e.  if  we  liave 
a stagnation  point  of  i he  firsu  approximation. 
In  this  case  the  integral  K(^)  does  not  exist. 
In  the  2D  case  the  whole  equator  is  a line  of 
the  stagnation  points  but  for  the  ellipsoid 
this  is  only  the  case  in  the  forward  point, 
now  along  the  equator  k(0)  has  a finite  value, 
so  here  we  have  a wave  travelling  from  the 
ellipsoid,  i.e.  a how  wave.  More  accurate 
calculations,  based  on  a second  approximation 
for  the  undi sturbed  non-wave  flow  should  be 
carried  out. 
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PERTURBATION  SERIES 

M.  Van  Vyke. 

Staniond  llnive.n.i-Lty 
Stan^on.d,  Cat-i^oAnla  94305 


ABSTRACT 

A three-step  program  is  described  for  enlarging 
the  range  of  utility  of  the  power-series  solution  of  a 
regular-perturbation  problem.  First,  the  number  of 
temis  is  extended  by  delegating  the  arithmetic  labor 
to  a computer.  Second,  the  coefficients  are  examined 
to  reveal  the  analytic  structure  of  the  solution.  Third, 
transformations  suggested  by  that  structure  are 
applied  to  Improve  the  accuracy  and  extend  the  range 
of  convergence.  The  potentialities  of  this  approach 
are  illustrated  by  four  examples  from  various 
branches  of  fluid  mechanics,  including  gas  dynamics, 
laminar  vlsoous  flow,  and  water  waves. 

INTRODUCTION 

Most  perturbation  solutions  are  based  on  ' 
syritematlc  expansion  procedure,  so  that  in  principle 
the  approximation  can  be  continued  to  indefinitely  high 
order.  If  the  scheme  proves  successful,  however, 
the  first  or  second  approximation  is  usually  adequate 
for  practical  purposes.  This  happens  when  the  per- 
turbation quantity,  which  has  been  regarded  as  infini- 
tesimal in  the  formal  expansion,  actually  assumes 
only  small  values  in  practice. 

This  happy  situation  does  not  prevail,  however, 
when  the  perturbation  quantity  is  not  naturally  small, 
but  has  been  assumed  small  only  out  of  desperation, 
in  order  to  open  a chink  in  an  intractable  problem. 
Then  one  wants  to  apply  the  results  to  values  of  the 
perturbation  quantity  that  are  large  — perhaps  even 
infinite.  Under  these  circumstances  one  might  hope 
to  extend  the  range  of  utility  of  the  approximation  by 
calculating  a great  many  terms. 

Two  major  difficulties  stand  in  the  way  of  thus 
eniargiug  the  range  of  a perturbation  series.  First, 
the  labor  Involved  — and  hence  also  the  possibility  of 
error  in  band  calculation  — grows  rapidly  with  the 
number  if  terms.  Thus,  although  a great  variety  of 
problems  in  fluid  mechanics  has  been  treated  in  this 
way,  the  writer  knows  of  no  expansion  for  a significant 
problem  that  has  been  carried  beyond  ten  terms  by 
hand;  and  it  is  typical  that  many  of  those  calculations 
turn  out  to  suffer  from  errors  in  the  last  few 
coefficients. 

Second,  if  a few  terms  prove  inadequate,  it  is 
likely  that  the  series  is  being  used  close  to  (or  even 
beyond)  its  limit  of  convergence.  If  so,  its  utility 
cannot  be  appreciably  improved  simply  by  adding 


more  terms. 

Fortunately,  both  these  difficulties  can  be 
alleviated.  The  labor  of  calculating  higher  terms  can 
be  delegated  to  a digital  computer,  which  executes  it 
not  only  thousands  of  times  faster  than  a human  com- 
puter, but  without  error.  Then  analysis  of  a suffi- 
ciently large  number  of  coefficients  will  reveal  at 
least  the  main  analyti  ^ atioicture  of  the  solution. 
Finally,  that  knowledge  often  serves  to  suggest  one  or 
more  of  a battery  of  transformations  that  can  be 
applied  to  improve  and  eelsrge  the  convergence  of  the 
series. 

The  combination  of  these  three  steps  is  essential; 
exit.  Jion,  analysis,  and  improvement  — each  is  of 
little  value  without  the  other  two.  Together,  in 
favorable  problems  they  can  produce  dramatic  results. 

This  three-step  program  has  so  far  been  signif- 
icantly developed  only  for  regular  perturbations  — 
approximations  where  the  solution  is  found  as  a 
formal  series  in  Integral  powers  of  the  perturbation 
quantity.  For  singular  perturbations,  where  the 
series  may  involve  fractional  powers  and  logarithms, 
neither  extension,  analysis,  nor  improvement  has  yet 
been  systematically  developed  to  any  useful  extent. 

In  this  paper  we  Illustrate  the  potentialities  of 
this  program  by  applying  it  to  four  problems  in  fluid 
mechanics.  Our  examples  necessarily  date  only 
from  the  age  of  mass  computers,  which  began  in  the 
1950's;  but  each  has  its  roots  in  an  older  band  com- 
putation. Other  examples  are  discussed  in  reference 
1,  which  presents  a general  survey  of  computer 
extension;  and  a more  detailed  discussion  of  the 
analysis  and  Improvement  of  perturbation  series, 
based  on  a set  of  examples  from  viscous  flow  theory, 
is  given  in  reference 

COMPUTER  EXTENSION  OF  SERIES 

Fbrlnclples  of  computer  application 

We  are  not  concerned  here  with  programming  the 
computer  to  do  our  algebra.  Non-numerical  computer 
languages  have  been  developed  that  carry  out  the 
literal  operations  of  algebra  and  trigonometry;  and 
they  have  been  used  to  calculate  the  successive  terms 
of  a perturbation  series  in  symbolic  form.  (Refer- 
ence 3 gives  an  excellent  survey  of  this  subject. ) 
However,  that  technique  is  typically  applied  to 
problems  so  complicated  that  only  a few  terms  can  be 
calculated  even  by  machine,  in  any  case,  there 
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remains  the  task  of  numerically  evaluating  the 
symbolic  results. 

We  consider  Instead  problems  sufficiently 
simple  that  recursion  relations  for  successive  terms 
in  the  perturbation  series  can  be  conveniently  derived 
by  band,  but  the  arithmetic  labor  moimts  so  rapidly 
that  no  more  than  five  or  ten  terms  can  be  evaluated 
by  hand.  When  this  arithmetic  Is  delegated  to  the 
computer,  dozens  or  even  hundreds  of  terms  can  be 
calculated  in  a few  seconds  or  minutes.  The  limiting 
factor  is  usually  storage  or  loss  of  significance, 
rather  than  cost  In  computing  time. 

Thus  the  extension  can  be  carried  out  using  a 
standard  language  such  as  Fortran.  A program 
typically  consists  mainly  of  nested  "do"  loops.  In 
principle  the  coefficients,  which  are  usually  rational 
fractions,  could  be  calculated  precisely  using  Integer 
arithmetic.  However,  It  ordinarily  seems  preferable 
to  accept  the  gradual  erosion  of  significance  that 
results  from  floating-point  arithmetic;  for  Integer 
arithmetic  complicates  the  program,  the  integers 
quickly  become  enormous,  and  the  unwleldly  fractions 
must  ultimately  be  evaluated  as  floating-point 
numbers  in  order  to  be  comprehended.  Repeating  the 
calculations  with  single-  and  double-precision 
arithmetic  appears  to  provide  an  adequate  If  not 
rigorous  estimate  of  accuracy. 

Flow  Behind  a Detached  Bow  Shock  Wave 

The  earliest  computer  extensions  were  made  in 
gas  dynamics.  The  first  appears  to  be  Richtmyer's 
attempt  (4)  in  1957  to  calculate  axisymmetric  super- 
sonic flow  past  a blunt  body  using  the  Inverse 
approach  of  supposing  the  bow  shock  wave  known,  and 
expanding  the  flow  downstream  In  a double  Taylor 
series.  This  approximation.  Introduced  in  1948  by 
Lin  and  Rubinov  (5),  had  been  carried  furthest  by 
hand  by  Cabannes,  who  used  cylindrical  coordinates 
and  calculated  the  coefficients  of  the  fifth  approxima- 
tion (6)  for  adiabatic  exponent  y - 7/5  and  arbitrary 
free-stream  Mach  number  M,  and  the  seventh 
approximation  (7)  for  M = 2.  Rlchtmyer  programmed 
the  Univac  computer  to  calculate  the  15th  approxima- 
tion for  a hyperbololdal  shock  wave  at  M = 12,  using 
sheared  coordinates  with  origin  on  the  shock  wave 
(Fig.  1).  These  calculations  weie  later  extended  by 
Moran  (8)  and  others. 

As  an  example,  we  consider  a paraboloidal  shock 
wave  of  unit  nose  radius  at  M = <»  with  y = 7/5. 
Cabannes' s series  gives  tue  dimensionless  Stokes 
stream  function  as 


+ 8.  628293xl0®x^  - 8,  047653x10® X® 
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+ ...  . (2) 


Fig.  1 Cylindrical  (above)  and  sheared  (below) 

coordinates  for  axisymmetric  shock  wave 


Transonic  Flow  Through  a Nozzle 

In  1908  Meyer  (9)  calculated  the  potential  flow 
near  the  throat  of  a symmetric  plane  Laval  nozzle 
(Fig.  2).  Assuming  a linear  velocity  distribution 
along  the  axis;  u(x,  0)  = 1 + x in  dimensionless  teims, 
he  expanded  the  velocity  potential  in  a double  Taylor 
series  in  Cartesian  coordinates,  and  coi  :puted  the 
coefficients  of  terms  up  to  sixth  order  iu  x and  y. 


y 


Fig.  2 Flow  near  throat  of  symmetrical  nozzle 
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If  for  simplicity  we  restrict  attention  to  the  nelghboi- 
hood  of  the  axis  r = 0,  Moran's  computer  extension 
of  this  series  gives 
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Fifty  years  later  Martensen  and  von  Seogbusob  (10) 
programmed  the  GotUngen  G2  computer  to  extend  that 
series  (and  its  axisymmetric  counterpart)  to  23rd 
order.  Thus,  for  example,  they  find  the  axial 
velocity  component  as 

i+ZJ=22 

'i(x.y)  = E L a (8x)‘(4y)^\  (3) 

1=01=0 

(The  scale  factors  8 and  4 were  inserted  to  suppress 
excessive  growth  of  the  coefficients. ) 
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For  simplicity,  we  consider  conditions  at  the 
section  X - 0.  There  only  23  of  the  144  coefficients 
remain,  giving  for  y = 7/5 


u(0,  y) 
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Laminar  Flow  Through  Slowly  Varying  Channel 

In  1910  Blasius  (11)  calculated  the  steady  viscous 
flow  throu^  a symmetrical  plane  channel  (Fig.  3)  by 
perturbing  the  Poiseuille  solutlan  for  constant  width. 


Fig.  3 Laminar  flow  through  slowly  varying  channel 

It  is  convenient  to  describe  a slowly  varying  channel 
by  y = ^(ex).  Then  expanoiing  the  stream  function  in 
powers  of  e gives 

''  3 

+ [ff'(-1213Ti  + 3279n®-3234T,^ 

+1518ri’-385ri®+35Ti^S+f'^(2875rr8222r|^ 

+8778Ti®-4488ri^+1155Ti®-£8Ti^S]  > + 0(€^  . 

J (5) 

Here  R is  the  Reynolds  number  based  on  half  the 
volumetric  flow  rate,  and  r|  = y/f  Is  the  fractional 
distance  across  the  channel  at  any  station.  The 
first  term  is  due  to  Poiseuille,  the  second  to  Blasius, 
and  part  of  the  third  was  given  by  Abramowltz  (12). 

Lucas  (13)  observes  that  this  series  has  the 
general  form 
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where  F^  is  a two-dimensional  array  with  elements 
that  depend  on  f through  its  first  n derivatives, 
and  K(n)  is  the  number  of  distinct  ways  that  n 
indistinguishable  objects  can  be  placed  in  n indistin- 
guishable boxes.  He  programmed  the  IBM  360/67 
computer,  using  the  PL/1  programming  language, 
and  in  23  minutes  of  execution  time  calculated  the 
227,  018  coefficients  of  this  series  throu(^  He 

also  extended  the  series  to  higher  order  for  special 
channel  shapes  and  specific  values  of  Reynolds 
number. 

We  quote  one  of  his  results  for  the  exponential 
channel,  deucidbed  by  f(ex)  = e^*,  at  R = 17.  5. 

The  dimensionless  skin  friction  on  the  wall  Is  given 
by  the  series  in  X = ce®* 

QQO  ^ ^ 4 

= 3-6X-  ^X'VlO.  274X  +10.  938X 
55 
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Steady  Periodic  Waves  in  Deep  Water 

In  1849  Stokes  (14)  approxtmated  the  steady 
motion  of  plane  periodic  surface  waves  in  deep  water 
by  expanding  for  small  amplitude.  Hius,  for 
example,  he  found  for  the  free  surface  (Fig.  4),  the 
series 

1 2 

y = a cos  X + - a (l+cos  2x) 


1 3 

+ 7a  {9  cos  X + 3 cos  3x)  + . , , 
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Fig  4 Steady  gravity  waves 

Evidently  this  is  an  expansion  in  powers  of  the 
amplitude  of  the  Infinitesimal  wave.  The  higher 
terms  tend  to  sharpen  the  crests  snd  flatten  the 


troughs;  and  Stokes  conjectured  that  his  series 
would  converge  up  to  a highest  wave  having  the  sharp 
12u-degree  crest  implied  by  a local  analysis. 

Thirty-one  years  later,  whUe  preparing  his 
collected  papers  for  publication,  Stokes  noticed  that 
the  calculations  could  be  simplified  by  taking  the 
velocity  potential  and  stream  function  as  independent 
rather  than  dependent  variables;  and  he  thus  extended 
his  series  to  fifth  order.  In  1914  Wilton  (15)  carried 
the  computation  to  tenth  order. 

Schwartz  (16)  has  programmed  the  IBM  360/67 
computer  In  the  Fortran  IV  language  to  extend 
Stokes's  series,  and  calculated  the  70th  approxima- 
tion in  less  than  a minute.  He  flndn  that  Wllt<m'B 
hand  computation  is  erroneous  beyond  the  seventh 
order.  A significant  derived  quantity  is  the  wave 
height,  for  which  Schwartz  finds 
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Parameter  and  Coordinate  Expansions 

A perturbation  aeries  is  usefully  classified  as  to 
wl'ether  the  small  quantity  Is  a parameter  in  the 
problem  or  a coordinate.  We  see  that  both  parameter 
and  coordinate  perturbations  have  been  extended  by 
computer.  Stokes's  series  (8)  for  water  waves  is  a 
parameter  expansion,  whereas  the  aeries  for  How 
behind  a detached  shock  wave  and  Meyer' s series  (3) 
for  transonic  flow  in  a nozzle  are  both  double 
coordinate  expansions.  The  IBlaslus  aeries  for 
laminar  flow  in  a channel  is  a quadruple  e.xpansiou 
(6),  double  in  coordinates  and  parameters;  but  for  the 
akin  friction  on  an  exponential  channel  at  fixed 
Reynolds  number  (7)  it  reduces  to  a single  coordinate 
expansion. 

This  dlstincHoc  is  of  physical  significance,  and 
affects  the  details  of  computer  extension.  It  la 
irrelevant,  however,  for  the  analysis  and  improve- 
ment that  we  discuss  next 


ANALYSIS  OF  COEFFICIENTS 


A great  deal  of  Information  lies  concealed  In  the 
multiple  digits  of  the  many  coefficients  in  each  of  the 
preceding  examples,  hi  particular,  the  analytic 
structure  of  the  solution  awaits  unveiling.  We  nhow 
how  an  analysis  of  the  coefficients  reveals  that 
structure  to  a greater  or  lesser  extent  in  each 
problem. 

The  Pattern  oi  Signs 

In  each  of  our  four  examples  a regular  pattern  of 
signs  is  established  no  later  than  the  fifth  term  of  the 
aeries.  The  signs  ultimately  alternate  In  the  series 
for  the  blunt  body  (Eq.  2)  and  the  viscous  channel 
(Eq.  7),  and  become  fixed  for  the  transonic  nozzle 
(Eq.  4)  and  the  gravity  waves  (Eq.  9). 


If  a power  series  has  a finite  radius  of  conver- 
gence, fixed  signs  indicate  that  the  nearest  singular- 
ity lies  on  the  positive  real  axis,  as  for  the  model 
funotlon 

^ = 1 + t + e + « + e +...  (10) 

whereas  alternating  signs  mean  that  It  lies  on  the 
negative  axis,  as  for 

1 , 2 3 4 

— = l-f  + e -c  +€  .....  (11) 

If  the  radius  of  convergence  is  infinite,  fixed  signs 
mean  that  the  funotlon  grows  most  rapidly  along  the 
positive  real  axis  and  most  slowly  along  the  negative 
axis,  and  conversely  for  alternating  signs.  If  the 
radius  at  convergence  is  zero,  the  signs  usually 
alternate  In  a physical  problem,  diou^  not  always. 

A Graphical  Ratio  Test 

Our  most  useful  analyUcal  device  is  a graphical 

version  of  the  D'Alembert  ratio  teat,  according  to 

which  the  radius  of  convergence  R of  ttie  power 

series  Sc  e is 
n 

R = Umlc^_l/Cn|  . (12) 

n-*® 

Bomb  and  Sykes  (17)  observed  that  this  limit  is  most 
accurately  estimated  from  a finite  munber  of 
coefficients  by  plotting  the  inverse  ratio  c^/c^.]^ 
versus  1/n,  and  extrapolating  to  1/n  = 0 to  find 
1/R.  The  reason  is  that  In  many  physical  problems 
the  nearest  singularity  is  of  the  form 

const  / (13) 

^(R±«)  !og(R±i:),  u = 0, 1,  2,... 

and  for  these  simple  functions  the  extrapolation  is 
precisely  linear; 


= F-(1- 


(14) 


The  nature  of  the  nearest  singularity  can  be 
estimated  et  the  same  time,  since  Eq,  (14)  shows 
that  the  exponent  ct  is  related  to  the  ultimate  slope 
of  Cn/o^-1  I/**-  Hence  in  making  the  linear 

extrapolation  one  naturally  tends  to  favor  slopes  that 
correspond  to  simple  values  of  that  expement 

Paraboloidal  Bow  Shook  Wave 

We  analyze  ourfour  examples  using  these  Ideas. 
For  the  flow  downstream  of  a paraboloidal  shook 
wave,  the  alternation  of  signs  in  Eq.  (2)  means  that 
the  singularity  that  limits  convergence  does  not  lie 
in  the  region  of  physical  interest,  but  rather  in  its 
analytical  continuation  upstream  through  the  shock. 

The  radius  of  convergence  can  be  estimated  from 
the  Domb-Syfces  plot  of  Fig.  5.  After  some  initial 
oscillation,  the  ratios  become  remarkably  linear; 
and  it  seems  clear  that  the  slope  corresponds  to  a 
3/2-power  singularity.  On  that  jls  the  intercept  is 
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Fig.  5 Domb-Sykea  plot  for  atream  funotlaii  near 
axle  of  paraboloidal  ahook  wave 

found  aa  13. 6 to  three  flgurea,  ao  that  the  radius  of 
oonvergenoe  la  0.  074, 

These  results  agree  with  the  writer'  a oonoluai<» 
(18)  in  1958  that  a limit  line,  or  envelope  of  charao- 
terlstioa,  Ilea  ahead  of  the  shook  wave  in  the  analytic 
ooDtlnuatiaD  of  the  disturbed  flow  upstream  (Fig.  6). 
For  at  a limit  Une  the  velocity  has  square-root 
behavior,  ao  that  its  integral  the  stream  funotlan 
must  show  a 3/2-power  singularity.  Accurate 
numerical  solutlans  (19)  have  shown  that  in  this 
problem  the  nose  of  the  body  lies  at  x = 0.  09897. 
Thus  the  shook  wave  is  closer  to  the  limit  line  than 
to  the  body,  so  that  the  series  does  not  include  the 
body  in  its  radius  of  convergence. 


Fig.  6 Analytic  continuatl(»  of  disturbed  flow  up- 
stream through  shock  wave 

Transonic  Nozzle 

The  fixed  signs  in  Eq.  (4)  mean  that  the  nearest 
singularity  lies  in  the  physical  field  for  transonic 
flow  in  a nozele.  Again  the  Domb-Sykes  plot  (Fig  7) 
is  remarkably  strai^t;  and  it  clearly  points  to  a 


square- root  singularity  located  at  (4y)^M(0. 495)'^, 
or  y - 0. 356.  This  eingularity  in  again  symptomatto 
of  a limit  line,  since  the  dependent  variable  la  now  a 
velocity  component 


n 

Fig  7 Domb-Sykes  plot  for  u across  throat  of 
transonic  nozzle 


No  analog  of  the  Domb-Sykea  plot  has  been 
Invented  for  double  Taylor  oeries.  We  can  however 
locate  other  points  on  the  boundary  of  convergence  of 
the  full  series  (Eq.  3)  by  examining  the  single  series 
to  which  it  reduces  along  various  other  rays  throu^ 
t)>e  origin.  These  contain  odd  as  well  as  even  powers 
of  the  distance  except  in  the  case  just  ccnaidered. 
However,  the  rattos  become  increasln^y  erratic  as 
the  slope  decreases.  The  absence  of  odd  powers 
from  Eq.  (4)  suggests  plotting  the  ratioa  cf  alteniate 
terms.  This  gives  a smoother  variation,  as  shown 
in  Fig  8 for  the  4S-degroe  ray.  The  extrapolation 
must  then  be  reinterpreted,  according  to  ; 


(16) 


In  this  way  we  have  traced  out  the  domain  of  con- 
vergence of  Meyer's  double  series,  which  is  bounded 
by  a doubly  symmetric  set  of  limit  lines,  as  shown  in 
Fig.  9.  This  may  be  compared  with  the  result  of 
Martensen  and  von  Sengbusoh,  who  made  ingenious 
application  of  the  clLSaical  method  of  majorants  to 
calculate  a finite  region  within  which  convergence  is 
certain.  That  bound  is  seen  to  give  roughly  the 
proper  shape,  but  to  be  very  conservative. 


Laminar  Flow  in  Exponential  Channel 

Lucas  observed  that  his  series  (Eq.  7)  for  t^ 
skin  friction  in  an  exponential  channel  appears  tobave 
zero  radius  of  oonvergenoe.  He  therefore  reinverted 
the  ratioa,  plotting  the  classical  Oq.^/Oq  versus 
1/n,  as  shown  in  Fig  10.  This  yields  a linear  plot 


In  the  (unlUar  altuatlon  of  an  aaymptotlo  aatlea  iritoae 
ooattloients  grow  like  n!,  and  It  aeenia  plaualUe  that 
thin  la  the  oaae  here. 
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Fig.  10  Saveree  Domb-Sykea  plot  for  skin  friction  in 
e]qx)hentlal  channel 
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Fig.  8 Domb-Sykea  plot  of  rattoa  of  <ltemate  terma 
for  u on  45°  ray  from  orlgi.1 
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Fig.  9 Region  of  oenvergenoe  of  Mayer' a aerlea  for 
noccle 

Gravity  wavea 

The  fixed  aigna  In  Sohwarta'a  aerlea  (Eq.  9)  for 
the  wave  height  nuggent  that  the  neareat  atngularlty 
haa  pfayaioal  algnlfloanoe.  The  Domb-Sykea  plot 
(Fig.  11)  clearly  indicate  a a aquare-root  atngularlty 
at  a = 0. 2972.  Howeve  Schwartz  noticed  that  thla 
differa  from  the  accepted  value  of  a - 0. 202  for  the 
' hlgheat  wave,  calculated  numerically  by  aeveral 
Inveatlgatora.  Hence  the  neareat  nlnguiarlty  appeara 
not  to  correapond  to  the  hlgheat  wave.  We  denorlbe 
hie  reaoluUon  of  thla  paradox  to  the  following  aeotioa. 


Fig.  11  Domb-Sykea  plot  for  height  cC  gravity  wavea 
In  deep  water 

IMPROVEMENT  OF  CONVERGENCE 

We  have  et  our  dlapoaal  a half  doaen  or  more 
uaeful  tranaformationn  for  Improving  the  convergence 
of  a poarer  aerlea.  Theae  can  be  applied  atngly,  but 
are  often  more  effective  in  combination.  An  appropri- 
ate choice  of  tranaformatlona  depanda  on  underatand- 
Ing  the  analytlo  atruoture  cf  the  aolutlcn,  at  leaat  to 
the  extent  of  eatlmatlng  the  dlreottan,  dlatanoe,  and 
nature  of  the  neareat  atngularlty,  aa  dlaouaaed  In  the 
preceding  aectlcn. 

In  parUoular,  different  teohniquea  may  be 
appropriate  according  aa  the  neareat  atngularlty  Ilea 
on  the  poalUve  real  axle  or  elaewhere.  On  Cte  axla. 

It  uaually  repreaenta  a limit  beyond  which  the  problem 
loaea  pl^aloal  meaning.  Elaewhere  In  the  complex 
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plane  ot  the  perturbation  quantity,  however.  It  haa  no 
direct  phyaical  significance;  and  we  then  want  to 
perform  aualytlo  contlnuaticn  of  the  solution  as  far  as 
possible  along  the  real  axis. 

We  describe  four  of  the  moat  generally  useful 
transformations,  as  applied  to  our  four  computer- 
extended  series.  Further  examples,  details,  and 
discussion  of  other  techniques  are  given  in  Ref.  2, 

Reversion  of  Series 

Stokes's  aeries  for  water  waves  is  an  excepticu 
to  our  remark  that  a singularity  on  the  positive  real 
axis  usually  represents  a physical  limit.  Schwartz 
(16)  recognized  that  the  square  root  indicated  by 
Fig.  11  simply  means  that  the  wave  height  h is  a 
double-valued  function  of  the  parameter  a.  At 
first  a and  h iucrease  together,  but  a reaches  a 
maximum  about  ten  per  cent  short  of  the  higdtest  wave 
(Fig.  12). 


a 


Fig.  12  Variation  of  wave  height  with  Stokes's 
perturbatian  parameter 


The  singularity  can  therefore  be  riimlnated 
e imply  by  interchanging  the  roles  of  the  independent 
and  dependent  variables,  for  a is  a single-valued 
fimcUon  of  h up  to  the  highest  wave.  Schwartz  thus 
reverted  the  series  (Eq.  9),  and  at  the  same  time 
extended  it  to  order  117.  (This  required  15  minutes 
on  a CDC  computer. ) The  result  has  the  form 


, 3.  1 .3  3007.7  1.617.319,,9 

-uio**  -mmoT** 

-19. 16197h^^-70.  66874h^®-  . . . 

A 27  A 

-1,  461613x10  h -6.  366499x10  h - . . . 

■0(h^^^-... 


(16) 


The  signs  are  still  fixed,  oorreapcadlng  to  a singu- 
larity on  the  real  axis;  and  Schwartz  has  confirmed 
that  it  now  oorresponda  to  the  comer  in  the  hl^st 
wave. 


Extraction  of  Singularity 

When  the  nearest  singularity  has  physical  reality, 
it  can  usefully  be  extracted  from  the  series  to 
accelerate  the  convergence.  We  consider  the  series 
(Eq.  4)  for  u across  the  throat  of  a transonic  nozzle. 
Figure  4 shows  diat  it  has  a square-root  singularity, 
corresponding  to  a limit  line,  at  (4y)^  = (0.  496)"^. 

If  u vanished  there,  we  could  either  suppress 
the  singularity  by  forming  the  series  for  u^  or 
extract  it  by  dividing  out  a factor  (1-.  496(4y)^]^/^, 
and  then  examine  the  new  series  for  additional 
singularities.  An  example  from  boundary-layer 
theory  is  given  in  reference  2.  However,  here  the 
new  Domb-Sykes  plots  indicate  a square  root  remain- 
ing at  the  same  location  in  the  aeries  for  u^,  and  an 
Inverse  square  root  in  the  series  from  which  the 
original  square  root  has  been  extracted.  This  means 
that  the  square  root  is  not  the  leading  term,  but  that 
near  the  limit  line  u behaves  like 

u = A+B[l-.  495(4y)  + . . . . (17) 

Under  these  circumstances  the  singularity  has  to 
be  extracted  by  subtracting  it  rather  than  dividing  it 
out.  This  is  less  accurate,  because  it  require!  an 
estimate  rf  the  coefficient  B,  Gaunt  and  Guttmann, 
in  a useful  survey  of  techniques  for  analyzing  coeffi- 
cients (20),  describe  several  systematlo  ways  of 
making  that  estimate.  However,  in  our  example  it  ^ 
suffices  to  choose  B so  that  the  coefficient  of  (4y) 
in  Eq.  (17)  agrees  with  that  in  the  original  series 
(Eq.  4).  This  gives 

2 1/2 

u(0,y)  - -0.  2534311  . 495(4y)  ) ' +0.  74157 

+1. 1039xl0'^(4y)^  + 7.  849x10“* (4y)“‘ 

+5.  76xl0'^(4y)®  + 2.  91xl0“®(4y)® 

-7  10  -7  12 

-3.5x10  '(4y)*  -2.66x10  (4y) 

-1.  llxl0’^(4y)*^-3.  97xl0'®(4y)*® 

Q Jg  .Q  20 

-1. 22x10  (4y)  -2. 9x10  (4y) 

22 

-0x(47)“  - . . . . (18) 

The  later  coefficients  are  new  several  hundred 
times  smaUer  than  before.  Moreover,  a new  Domb- 
Sykes  plot  suggests  ^though  the  new  coefficients  are 
too  small  to  be  certain)  that  the  radius  of  convergence 
is  now  infinite.  In  any  case,  this  recast  series 
converges  very  rapidly  out  to  and  including  the  limit 
line. 

Euler  Transformation 

When  the  nearest  singularity  lies  off  the  axis  of 
phyaical  significance,  we  are  not  ordinarily  Interested 
in  its  details.  Then  the  simplest  method  of  analytic 
continuBtloD  is  to  map  that  singularity  away  to  infinity. 
Ihis  is  easily  accomplished  by  applying  an  Euler 
transformation;  recasting  the  series  in  oowers  of  the 
new  pertuxbatloa  quantity  for  a singularity 

located  at  e = -Cq.  The  range  ofoonvergenoe  is  thus 
extended  to  some  other  singularity  — the  nearest  one 


456 


In  the  plnno  of  e/(c4-{^,  which  often  haa  phytioal 
algntfioanoe. 

We  apply  thia  tranaformatton  to  the  aerlett  of 
Eq.  (2)  for  the  paraboloidal  ahook  wave.  Figure  5 
Indloatea  a aingularlty  at  x ==  -(13. 6)~V  Reoaating 
in  powers  of  X = x/(x+ 1/13. 6)  glvaa 

^ = 1-.  73594X-.  762327X*-.  766066X^ 

it 

r 4 6 fl 

-.  751908X  -.  728482X  -.  e9!»218X 

-.  667934x’-.  638089X®-.  612927X® 

-.  595668X'®-.  589072X^^-.  596513X^* 

-.  621064X^^-.  «66103X^^  - . . . . (19) 

The  pattern  of  aigna  ahowa  that  the  nearest  singular- 
ity now  lies  on  the  positive  axis,  and  we  shall  see  that 
it  la  inside  the  body.  This  is  evldeiitly  almost  a 
geometric  aeries  with  unit  radius  of  convergence;  and 
that  fact  could  be  used  to  further  improve  its  utility. 
However,  the  series  is  sufficiently  accurate  as  it 
stands.  It  gives  the  zero  that  corresponds  to  the 
nose  of  the  body  at  X = 0.  574.  Thus  Oie  surface  of 
the  body,  which  fell  outalde  the  range  of  the  original 
aeries,  now  lies  well  within  the  radius  of  convergence. 
In  terms  of  the  original  abscissa,  Eq.  (19)  locates  the 
nose  of  the  body  at  x = 0.  0990,  which  is  correct  to 
four  decimals. 

Padd  Approximants 

From  a power  series  of  order  M+N  one  can 
form  any  one  of  M+N+1  different  Padd  approximants 
— a rational  fraction  with  numerator  of  degree  M 
and  denominator  of  degree  N that  reproduces  the 
power  aeries  to  order  M+N  when  expanded.  In  a 
convenient  notation  this  is  now  often  called  the  |M/N] 
approximont  The  approximants  with  M and  N 
nearly  equal  have  especially  useful,  though  still 
somewhat  mysterious,  properties  of  analytic  oontiDU- 
atlon.  The  best  introduotiao  to  the  use  of  Padd 
approximants  la  the  article  by  Baker  (21). 

In  particular,  Padd  approximants  have  the 
remarkable  property  of  summing  a divergent  series 
whose  coefficients  grow  like  the  faotorlaL  We  saw 
that  Just  such  a series  (Eq,  7)  is  obtained  for  the  skin 
friction  in  an  exponential  ohanneL  Lucas  (13)  haa 
recast  that  series  using  Padd  approximants.  Figure 
13  shows  that  whereas  the  original  serlss  oscillates 
wildly,  the  [12/11]  and  [13/12]  approximants  are  in 
close  accord  until  far  past  the  separation  point 

Moran  (8)  used  Padd  approximants  with  great 
success  in  his  solution  for  a detached  bow  shook  wave. 
Because  the  classical  Padd  appitudmant  deals  with 
series  In  only  one  variable,  he  applied  it  to  various 
fixed  ratios  of  the  coordinates  in  Us  double  series. 
Recently  Chisholm  haa  gensrallaed  Padd  approximants 
to  two  variables  In  a somewhat  different  way  (22). 
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DISCUSSION 


J.  M.  Witting 

Van  Dyke  has  given  us  clear 
examf'les  of  how  the  combination  of 
numerical  analysis  and  the  high  speed 
digital  computer  can  generate  njw  ideas 
in  certain  problems  in  fluid  mechanics. 
Another  example  should  be  added  to 
van  Dyke's  list,  that  of  a solitary 
wave  in  water. In  reference  1 an 
expansion  which  is  valid  to  the  ninth 
order  in  wave  amplitude  was  derived. 

By  using  a method  which  extracts  the 
limit  of  well-behaved  sequences  of 
partial  sums,"*  Panton  was  able  to  esti- 
mate properties  of  the  highest  wave  in 
water.  Very  recently,  Longuet-Higglns 
and  Fenton®  and  Witting®  have  applied 
several  of  the  techniques  described  by 
van  Dyke  to  the  solitary  wave  problem, 
with  marked  success.  Both  conclude 
that  expansions  in  powers  of  wave  ampli- 
tude, e.g.  refereni;e  1,  are  asymptotic 
and,  indeed,  yield  a highest  wave  amp- 
litude that  is  a few  percent  too  high. 

In  reference  2 the  reversion  of 
the  series  from  powers  of  wave  ampli- 
tude to  one  in  powers  of  a parameter 
closely  related  to  the  fluid  speed  at 
the  wave  crest  (in  laboratory,  not  wave 
coordinates)  yields  results  which  are 
analogous  to  those  of  Schwartz  for 
Stoljes  waves.  Liberal  use  of  diagonal 
Fade  approxlmants  is  employed  to  deduce 
many  Important  properties  of  solitary 
waves  up  to  and  including  the  highest 
wave.  One  of  the  most  significant 
results  of  this  research  is  that  the 
highest  wave  is  not  the  most  energetic. 
Longuet-Higglns  and  Fenton  are  able  to 
conclude  that  something  drastic  must 
happen  to  solitary  waves  propagating  up 
a gently  sloping  beach  before  the  high- 
est wave  is  reached.  This  is  an  example 
of  a qualitative  discovery  born  out  of 
some  of  the  techniques  described  by 
van  Dyke. 

In  reference  3 an  expansion  about 
the  point  at  the  extreme  flank  of  the 
solitary  wave  is  employed  which  facili- 
tates computation  to  very  high  order 
(551  for  the  highest  wave — apparently 
n record  at  this  date).  Except  possibly 
for  tlie  highest  wave,  the  expa.nsion  is 
shown  to  result  in  a non-solitary  wave, 
end  Witting  concluded  that  perturbation 
expansions  in  powers  of  amplitude  ere 
incomplete  at  all  amplitudes  except 
Infinitesimal,  and,  therefore,  that 
such  expansions  are  asymptotic.  The 
analysis  relies  to  some  extent  upon 


finding  the  "direction  of  singularities" 
in  a complex  plane.  As  van  Dyke  has 
pointed  out,  most  physical  problems 
result  in  coefficients  A with  the  same 
or  with  alternating  signs.  In  the  soli- 
tary wave  problem  the  signs  of  were 
found  to  be  periodic  at  particular 
values  of  a parameter,  but  with  periods 
greater  than  two.  If  the  periodic  sign 
structure  behaves  so  that  rotation  by 
an  angle  -8  results  in  the  signs  of  all 
real  parts  of  An  > N being  the  same, 
then  the  closest  singularity  to  the 
expansion  point  must  lie  at  an  angle  of 
0 from  the  real  axis  of  the  original 
problem.®  This  fact  was  used  to  deduce 
(with  some  reservations)  the  fact  that 
the  amplitude  of  the  highest  solitary 
wave  is  exactly  = 0.82699..., 

which  agrees  perfectly  with  the  result 
of  Longuet-Higglns  and  Fenton  of  0.827. 
By  employing  the  Domb-Sykes  tests 
described  by  van  Dyke  for  a non-hlghest 
wave,  one  can  conclude  that  the  approach 
to  near-breaking  periodic  waves  taken 
by  Havelock*-  and  others  is  probably 
better  than  recently  thought. 
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and  Fenton  which  have  already  been 
mentioned  by  Dr.  Witting,  I would  like 
to  mention  that  I have  carried  out  fur- 
ther computations  on  the  speed  of  peri- 
odic waves  in  deep  water  by  methods 
similar  to  those  outlined  by  Professor 
van  Dyke.  The  results  arc  remarkable. 

In  the  jtokes  expansion  outlined 
by  Professor  van  Dyke,  the  complex 
velocity  (u  + iv)  is  expanded  as  a 
power  series  in  the  complex  potential 
C,-  in  fact 

u-^v'  “ Cl+a,c+ajC’  + ...+a„c"+...)/c^ 


The  coefficients  a and  the 

phase  velocity  c are  then  expanded  in 
powers  of  some  small  parameter. 
Schwartz  took  as  his  parcimeter  the 
wave  amplitude  h (=  half  the  crest- to- 
trough  wave  height) . 

However  in  some  respects  it  is 
re  convenient  to  take  as  the  expan- 
sion parameter 

Cf  ^ X Q 

M = 1 - ^crest  ^'crough 


%rest  '^trough 

cle  speeds  at  the  crest  and  the  trough 
respectively  (in  the  steady  flow  seen 
by  an  observer  travelling  with  the 
wave) . Cq  denotes  the  speed  of  waves 
of  inf initasimal  amplioud  . For  waves 
with  a sharp  angle  at  the  crest 

vanishes,  giving  u - 1 precisely.  In 
ganeral,  0 < u < 1.  Moreover  a>  can  be 
expanded  as  a power  series  in  h®  (not 
h) , and  on  reversion  both  h and  c*  can 
t“  expressed  as  power  series  in  w. 

Using  tha  [N,lf]  Pad6  approximant 
to  SUIT  chi.s  series  I obtained  excellent 


convergence  right  up  to  the  limiting 
value  w = 1 (see  Figure  1) . In  fact 
with  the  quadratic  precision  (31  deci- 
mal places)  available  on  the  IBM  360, 
and  at  the  30th  order  in  m,  (i.e.,  the 
60th  order  ir.  h)  the  wave  speed  c con- 
verges numerically  to  better  than  one 
part  in  10®  for  all  0 < u < 0.98  and 
better  than  one  in  10''  for 
0.98  < u)  < 1. 

From  Figure  1,  however,  it  will  be 
seen  that  while  h increases  monotonic- 
ally  wi*-h  '■),  the  wave  speed  c appears 
to  nave  a maximum  cf  about  oi  = 0.95, 
similar  to  the  apparent  maximum  in  the 
solitary  wave  speed  found  by  Longuet- 
Higgins  and  Fenton. 

Should  one  believe  in  the  exist- 
ence of  this  maximum?  The  author 
knows  of  no  rigorous  argmiient  either 
for  or  against.  The  apparent  values 
of  c^  and  h^  at  u)  = 1 are  respectively 
1.1931  and  0.19CS1  for  a wavelength 
normalized  to  2it  (c^  = 1)  , giving  a 
maximum  wave  steepness 


= ^ = 0.14107 

This  compares  with  Schwartz's  preferred 
value  of  0.14118  derived  from  the 
poles  of  . The  two  values  are  in- 

distingui^able  graphically.  Schwartz 
calculated  a few  values  of  at 
values  of  h near  the  maximum,  the 
nearest  being  o'*  = 1.1930  at  A/L  = 0.14. 
He  suggested  that  the  tangent  to  c®' 
might  be  horizontal  at  the  maximum. 

By  a quite  different  method  Yamada 
found  a limiting  value  c’'  = 1.1932. 

In  conclusion  we  may  say  that  re- 
sults obtained  in  this  way  can  be  high- 
ly interesting  and  suggestive.  At  the 
sane  time  it  is  appropriate  to  regard 
them  as  being  provisional,  until  con- 
firmation is  available  by  other 
methods . 
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ABSTRACT 

The  numerical  calculation  of  the 
movement  of  free  shear  layers  in  two- 
dimensional  and  quasi-three-dimensional 
flow  has  been  in  vogue  since  Rosenhead 
published  his  method  of  discretisation 
of  vortex  sheets  into  elemental  vortices 
of  constant  strength  in  1931.  The  many 
writers  to  use  the  technique  in  the  next 
42  years  have  met  more  or  less  severe 
difficulties  in  applying  the  method  to  a 
variety  of  problems  involving  memory 
effects.  These  troubles  were  due  to 
Rosenhead 's  incomplete  consideration  of 
the  principal  value  integrals  which  are 
implicit  in  the  calculation. 

A new  method  is  put  forward  here  in 
which  numerical  error  associated  with 
principal  value  integrals  is  much  reduc- 
ed. New  sets  of  equivalent  vortices  are 
created  at  each  time  step  in  the  comput- 
ation, giving  rather  better  simulation 
of  the  behaviour  of  vortex  .sheets.  We 
review  the  most  important  of  the  earlier 
papers  and  recalculate  some  of  their  res- 
ults. .Solutions  for  vortex  sheet  develop- 
ment for  several  other  problems  of 
interest  are  also  presented. 

I.  INTRODUCTION  AND  REVIEW  OF  EARLIER 

WORK 

1 . 1 Introduction 

The  practical  iniportance  of 
boundary-layer  separation  and  the  forma- 
tion of  shear  layers  in  two  and  three 
dimensions  is  so  great  that  approximate 
calculations  have  been  attempted  by  very 
many  workers.  These  cover  such  areas  as 
the  self-induced  movement  of  shear  lay- 
ers; the  rolling  up  of  vortex  sheecs 
behind  wings,  propel.lers  and  other  lift- 
ing bodies;  lee  vortices  above  slender 
wings,  bodies  and  wing-body  combinations; 
two-dimensional  starting  flows  past  all 
manner  of  bodies,  particularly  those  with 
sharp  edges  such  as  ships'  keels,  Fig.l, 

Although  the  viscosity  of  the  fluid 
is  responsible  for  the  formation  of  all 
the  shear  layers  i.ientioned  above,  it  is 
neglected  in  potential  flow  cal aulatiore , 
save  indirectly  by  the  imposition  of 
Kutta-type  conditions  on  the  solutions  of 
the  Laplace  equation  which  is  always  in- 
volved, at  any  rate  for  subsonic  flow. 


Fig.  1 Vortex  Separation  at  Bilge  Keel: 

Segmented  Model  in  Uniform. 

Vertical  Motion  following 
Impulsive  Start 

This  procedure  appears  to  be  justified 
for  high  Reynolds  number  steady  flows 
and  for  many  unsteady  flow  situations  of 
practical  importance  during  periods  in 
which  inertial  effects  predominate. 

Rosenhead  was  the  first  worker  to 
replace  a vortex  sheet  by  an  equivalent 
distribution  of  discrete  vortices.  He 
used  this  method  to  consider  the  non- 
linear Helmholtz  instability  of  a two- 
dimensional  vortex  sheet  of  initially 
constant  strength  in  a.  paper  published 
over  forty  years  ago.  The  results  were 
plausible  and  the  method  has  been  used 
repeatedly  by  research  workers  to  the 
pre.sent  day. 

Unfortunately  the  method  is  unsound. 
After  1959,  criticisms  of  Rosenhead 's 
work  were  made  by  Birkhoff  and  Fisher, 
Hama  and  Burke  and  others.  It  was 
pointed  out  that  groups  of  discrete 
vortices  moving  under  their  own  influence 
in  two-dimensional  flow  will  inevitably 
tend  to  a random  distribution.  However, 
there  is  no  proof  that  this  will  also 
happen  to  potential  flow  models  of  cem- 
ttnuoui  vortex  sheets.  It  seems  certain- 
ly to  be  the  case  that  experimentally 
observed  starting  flow  .situations  are 
free  of  randomness.  Tlius  it  can  be 
expected  that  Rosenhead 's  device  of 
following  a system  of  discrete  vortices, 
chosen  to  represent  some  initial  distrib- 
ution of  continuous  vorticity,  will  lead 
to  increasing  irregularity  in  equivalent 


vortex  position  and  must  finally  make  it 
impossible  to  reconstitute  a coherent 
vortex  sheet.  A careful  reading  of  the 
many  papers  using  Rosenhead's  discretis- 
ation, written  between  1931  and  the 
present  day  shows  this  to  be  the  case. 

In  many  of  these,  the  phenomenon  of  in- 
creasing randomisation  has  been  brushed 
aside  or  ascribed  to  numerical  error 
with  an  inference  that  better  numerical 
accuracy  would  prevent  the  emergence  of 
a random  arrangement  of  equivalent  vort- 
ices. In  others,  the  randomisation  was 
suppressed  by  arbitrary  smoothing  tech- 
niques. 

In  the  present  work  a different 
process  of  discretisation  is  recommended 
which  appears  to  improve  the  situation 
considerably.  This  is  an  extension  to 
free  vorticity  of  the  care  normally 
taken  with  principal  value  integrals 
occurring  in  bound  vortex  theory.  Some 
of  the  most  important  applications  pub- 
lished since  1931  have  been  reworked 
using  the  new  procedure  and  rather  more 
consistent  results  have  been  arrived  at. 
Several  new  results  involving  memory 
effects  have  also  been  obtained. 

The  present  section  is  intended  to 
be  a critical  survey  of  some  of  the  most 
significant  published  papers  relevant  to 
the  subject  of  vortex  sheet  development 
in  unsteady  two-dimensional  potential 
flow  and  of  the  allied  subject  of  vortex 
separation  from  slender  wings  and  ither 
slender  three-dimensional  bodies. 

1 . 2 Formation  of  Vortices  from  Urbounded 

and  Planar  Surfaces  of  Discontinuity' 

Rosenhead's  Treatment  of  Helmholtz 
Instability.  The  reader  will  recall 
that  Helmholtz  instability  [1]  refers  to 
the  situation  when  adjacent  portions  of 
fluid  of  the  same  density  move  with 
different  speeds.  Rosenhead  [2]  invest- 
igated perturbations  of  a basic  case  of 
two  initially  uniform  streams  in  two 
dimensions  flowing  over  one  another  with 
equal  speeds  in  opposite  directions. 

Thus  he  was  concerned  with  the  self- 
induced  distortion  of  an  initially  plane 
vortex  sheet  of  constant  strength. 
Rayleigh's  method  of  applying  small 
oscillation  theory  was  used;  i.e.  the 
surface  of  discontinuity  was  given  a 
sinusoidal  displacement  of  small  amplit- 
ude and  arbitrary  length.  The  work  was 
extended  by  the  inclusion  of  a second 
order  term  for  the  disturbance  potential 
which  generated  disturbances  anti- 
symmetrical  about  the  crests  of  the  in- 
itial sine-waves.  The  method  was  only- 
claimed  to  be  applicable  for  the  very 
early  stages  of  the  development  of 
instability.  It  appeared  that  within 
the  assumptions  of  the  analysis  all  wave- 
lengths were  unstable, 

A most  significant  part  of 
Rosenhead's  work  is  his  subsequent  num- 
erical treatment  of  the  instability 
phenomenon  for  longer  durations . To 
quote  the  original  paper,  "the  


vorti  X sheet  is  replaced  by  a distribu- 
tion of  finite  elemental  vortices  along 
its  trace,  and  the  paths  of  these  vort- 
ices are  determined  by  a numerical  step- 
by-step  method.  The  line  joining  these 
vortices  at  any  instant  is  assumed  to  be 
an  approximation  to  the  actual  shape  of 
the  surface  at  that  time.  It  is  shown 
that  the  effect  of  instability  upon  a 
surface  of  discontinuity  of  some  form  is 
to  produce  concentrations  of  vorticity 
at  equal  intervals  along  the  surface, 
and  it  is  also  shown  that  the  surface  of 
discontinuity  tends  to  roll  up  round 
these  points  of  concentration  with  an 
accompanying  increase  in  the  amplitude 
of  the  displacement.  For  comparison, 
the  effect  of  putting  2,  4,  8,  12 
elemental  vortices  of  equal  strength  in- 
itially equally  spaced  along  the  sur- 
face, is  investigated,  but  the  results 
are  of  the  same  nature".  Fig.  2 is 
copied  from  Rosenhead's  paper  and  shows 
both  the  abovementioned  concentrations 
of  vorticity  and  the  increasing  amplit- 
ude of  the  disturbance  as  calculated 
when  12  elemental  vortices  are  used  to 
represent  one  wavelength  of  the  sheet. 


Fig.  2 Rosenhead  calculation: 
Initial  vorticity 
density  constant  and 
(n)  = 0.  lsin2Ti5 

Rosenhead  gave  an  estimate  of  the 
error  introduced  at  each  step  of  the 
calculation.  He  supposed  this  to  arise 
merely  from  the  truncation  of  the  Taylor 
series  for  the  displacement  of  his 
elemental  vortices  during  each  step.  He 
also  mentioned  that  the  method  could 
not  be  used  for  a large  number  of  steps 
siiice  "the  accumulation  of  the  errors 
introduced  at  each  step  may  become 
large  enough  to  destroy  the  value  of 
the  approximation".  Further,  he  specul- 
ated that  "an  increased  accuracy  in 
determining  the  shape  of  the  surface 

would  be  obtained  by  taking  (more 

vortices)  than  eight  It 

appears  that  Rosenhead's  calculations 
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were  not  performed  in  sufficient  detail 
to  exhibit  the  tendency  towards  random- 
isation of  vortex  position  which  was 
brought  out  in  recalculations  of  this 
now  classical  work,  by  later  authors  as 
discussed  below. 

In  fact  the  question  of  the 
accuracy  of  calculations,  in  which  vor- 
tex sheets  are  represented  by  elemental 
vortices,  is  rather  more  subtle  and  the 
criticisms  of  Birkhoff  and  his  co- 
workers (see  later)  have  to  be  consid- 
ered when  judging  the  merits  of  any  of 
the  investigations  using  that  represen- 
tation. Rosenhead's  results  are  re- 
calculated later,  using  the  technique 
recommended  in  this  paper. 

Abernathy  and  Kronauer's  Treatment 
of  Vortex  Sheets.  The  purpose  oi 
Abernathy  and  Kronauer's  [3]  contribu- 
tion was  to  explain  the  essential 
features  of  the  mechanism  of  the  forma- 
tion of  vortex  streets  from  two  initially 
parallel  uniform  vortex  sheets  of  oppos- 
ite sign.  The  paper  includes  a small 
perturbation  analysis  and  it  was  found 
that  no  argument  based  ' lely  on  a lin- 
earised theory  of  dis  lances  was  able 
to  generate  the  asymn.o . • commonly 

associated  with  the  interaction  of  the 
two  sheet  3 . 

Their  non-linear  analysis  of  this 
configuration  employed  the  same  numeric- 
al discretization  of  vortex  sheets  as 
Rosenhead's.  Pig.  3 sl’.ows  a typical 
outcome  of  the  calculation.  The  non- 
linear calculation  proceeded  from  a 
small  amplitude  sinusoidal  disturbance 
in  the  same  manner  as  Rosenhead's  - as 
is  evident  from  the  positions  of  the 
equivalent  elemental  vortices  shown  for 
zero  value  of  the  time  parameter.  The 
method  appears  to  be  successful  in  cal- 
culating the  subsequent  distortion  of 
the  sheets  for  the  next  three  values  of 
the  time  parameter  shown  at  the  right 
side  of  the  figure.  For  greater  times, 
a degree  of  randomness  appears  to  enter 
into  the  computation  of  the  coordinates 
of  the  equivalent  elemental  vortices 
which  finally  becomes  so  pronounced 
that  "there  was  no  longer  suffic- 

ient evidence  to  suggest  the  existence 
of  vorte"  sheets".  However,  Abernathy 
and  Kronauer  consider  it  reasonable  to 
draw  solid  lines  around  so-called  clouds 
of  vorticity,  as  shown  at  the  bottom  of 
Fig.  3.  In  fact  the  major  concentra- 
tions of  vorticity  of  one  sign  or 
another  shown  there,  do  include  a few 
elemental  vortices  of  opposite  sign. 
Abernathy  and  Kronauer  conclude  that  the 
concentrated  clouds  of  vorticity  have 
.....  "a  net  strength  diminished  by  the 
vorticity  swept  into  the  cloud  by  the 
opposite  vortex  row" . We  have  not  re- 
calculated these  results  but  it  may  be 
worthwhile  repeating  them  using  the 
method  of  this  paper. 

Michalke'g  Treatment  of  the  Effect 
of  Thickness.  The  work  of  Rosenhead  and 


of  Abernathy  and  Kronauer  was  generalis- 
ed by  Michalke  [4]  to  include  the  effect 
of  thickness  of  a shear  layer  - at  any 
rate  for  a simple  Rayleigh  type  linear 
velocity  profile.  Michalke  also  began 
with  a linearised  treatment  of  his  prob- 
lem. This  led  to  the  discovery  that  the 
presence  of  the  additional  dimension  in 
the  analysis  removed  the  arbitraryness 


Fig.  3 Abernathy  & Kronauer  calculation: 
Initial  vorticity  density 
constant  and  initial 
amplitude  = 0.0125a 

of  disturbance  wavel'.ngth  stipulated  in 
the  earlier  papers  and  that  it  was  poss- 
ible to  find  a wavelength  for  maximum 
amplification  of  disturbance. 

The  non-linear  calculation  proceeded 
in  similar  fashion  to  Rosenhead's  except 
that  the  constant  surface  distribution 
of  vorticity  representing  the  initially 
li.iear  velocity  profile  of  the  shear 
layer  was  represented  by  a discrete 
number  of  surfaces  of  discontinuity  - 
each  of  which  was  simulated  by  a finite 
number  of  elemental  vortices.  The 
initial  disturbance  was  chosen  to  have 
the  wavelength  which  suffered  maximum 
amplification  according  to  the  author's 
linearised  theory.  Fig.  4 sliows  a 
typical  development  of  a disturbed  shear 
layer  when  the  latter  is  represented  by 
three  sheets  of  24  elemental  vortices  per 
wavelength.  No  very  great  irregularity 
of  vortex  position  appears  to  have 
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developed  for  the  Interval  shown  but 
some  licence  has  had  to  be  used  to  draw 
the  vortex  spirals  shown  due  to  the 
relatively  small  number  of  elemental 
vortices  used.  The  number  of  apparent 
vortex  cores  developing  in  the  layer  with 
time  seems  to  equal  the  initial  number 
of  surfaces  of  discontinuity.  Thus  it  is 
unlikely  that  one  can  conclude  anything 
detailed  about  the  concentrations  of 
vorticity  which  occur  as  time  goes  on. 

It  appears  that  the  surfaces  of  discon- 
tinuity used  to  represent  a thick  shear 


Pig.  4 Michalke  calculation: 
Initial  conditions  are, 
sheets  parallel, 
vorticity  density  has 
sinusoidal  initial 
perturbation 

layer  retain  a degree  of  independence. 

To  the  extent  that  this  is  true,  the 
conclusions  following  from  our  recalcul- 
culation  of  Rosenhead's  problem  may  also 
have  application  here.  One  might  also 
criticise  Michalke 's  assumption  that  the 
development  of  a shear  layer  of  finite 
thickness  may  be  represented  by  the 
development  of  a number  of  elemental 
surfaces  of  discontinuity,  each  ac-fa-ts- 
■cng  the  same  circulation  per  unit  wave- 
length of  initial  disturbance.  The 
improvements  recommended  later  relate 
only  to  the  calculation  of  surfaces  of 
discontinuity.  Corresponding  improvement 
to  the  calculation  of  the  development  of 
surface  rather  than  line  distributions 
of  vorticity;  i.e.  shear  layers  with 
thickness,  remains  to  be  worked  out  in 
detail. 

Criticism  by  Birkhoff,  Hama  and 
OtherFI  Rosenhead's  flow  patterns  for 
Helmholtz  instability  were  so  realistic 
that  the  validity  of  his  calculations 
appears  to  have  remained  unsuspected  for 
nearly  thirty  years.  The  first  criticism 


of  Rosenhead's  work  was  made  in  1959  by 
Birkhoff  and  Fisher  [5]  in  a little  known 
publication*  entitled  'Do  vortex  sheets 
roll  up?'  Their  grounds  for  criticism 
were  further  examined  by  Hama  and  Burke 
[6].  The  present  writers  learned  a great 
deal  respecting  the  computation  of  the 
motion  of  clusters  of  vortices  from  these 
papers  but  we  would  dispute  the  Inference 
that  conclusions  about  such  motions  are 
immediately  relevant  to  the  later  develop- 
ment of  vortex  sheets  which  were  initial- 
ly represented  by  earlier  configuration 
of  the  same  discrete  vortices. 

Birkhoff  and  Fisher  pointed  out  that 
any  decrease  of  distances  between  pairs 
of  vortices  would  be  accompanied  by 
increases  for  other  pairs. This  conclusior 
is  based  on  the  theorem  that  a system  of 
vortex  filaments  in  two-dimensional  in- 
viscid  fluid  flow  has  an  energy  invari- 
ant, see  also  Leunb  [1],  Batchelor  [7], 
which  is  determined  - when  all  vortices 
are  of  equal  strength  - by  the  product  of 
all  initial  distances,  iience,  no  two  vor- 
tex lines  can  coalesce  unless  some  other 
pair  has  its  separation  increased  indef- 
initely. Thus,  Birkhoff  and  Fisher,  having 
seized  on  a concept  of  rolling  up  which 
suggests  an  infinite  concentration, 
asymptotically,  assert  their  "Theorem  I.: 
the  vorticity  in  a periodic  array  of 
point  vortices  cannot  tend  to  become  con- 
centrated". The  inference  in  the  paper 
that  a similar  conclusion  may  be  applied 
in  relation  to  the  rolling  up  of  vortex 
sheets;  i.e.  as  represented  in  a poten- 
tial flow  model,  derives  from  their 
persistence  - after  all!  - with  Rosenhead's 
assumption  that  such  a continuous  sheet  of 
vorticity  can  be  modelled  by  an  approp- 
riately chosen  but  unchanging  set  of  dis- 
crete elemental  vortices. 

On  recalculating  Rosenhead's  results 
they  found  that  the  motion  of  the  element- 
al vortices  became  very  complicated  in 
domains  ■ here  some  concentration  took 
place  thus  making  it  impossible  to  recon- 
stitute smooth  vortex  sheets.  Their 
re-examination  al.Jo  showed  that  the 
results  were  sensitive  with  respect  to 
the  assumed  initial  conditions.  Further- 
more, they  tried  a method  in  which  local 
equality  of  arc  length  between  elemen'^al 
vortices  was  maintained.  However  this 
still  led  to  irregular  results  as  shown 
in  Fig.  5. 

These  circumstances  led  Birkhoff  and 
Fisher  to  look  for  - and  find,  subject  to 
a plausible  assumption  - arguments  that 
discrete  vortex  arrays  might  exhibit  a 
tendency  towards  randomisation  of  posi- 
tion. Given  that  expectation,  Poincare's 
recurrence  theorem  was  then  invoked  to 
prove  that  any  "rolling  up  must  be 
followed  by  unrolling  with  probability 
one".  ('Rolling  up'  of  vortex  arrays  was 


‘ We  are  indebted  to  Professor  John  W. 
Miles  for  drawing  our  attention  to 
Birkhoff 's  work. 
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Fig.  S Birkhoff  calculation  of 
Helmholtz  instability i 
Development  of  half 
wavelength 

not:  defined.)  The  build-up  of  randomness 
in  Birkhoff  and  Fisher's  recal.culation 
of  Rosenhead's  work,  and  also  in  similar 
and  earlier  recomputation  by  Birkhoff 
and  Carter  [8]  was  such  as  lead  these 
writers  to  the  conclusion  that  effective 
randomisation  had  taken  place  in  a few 
wavelengths  of  relative  motion. 

The  validity  of  Rosenhead's  results 
and  Birkhoff  and  Fisher's  work  were 
further  considered  by  Hama  «ind  Burke  [61 
in  a paper  inspired  by  the  wish  to  com- 
pute the  affect  of  background  vorticity 
on  the  roiling  up  process.  A number  of 
parameters  were  varied  but  the  paper 
persists  with  Rosenhead's  representation 
of  the  development  of  a vortex  sheet  by 
the  motion  of  a given  set  of  discrete 
elemental  vortices.  Hama  and  Burke's 

final  conclusions  are  that  "this 

result  does  not  necessarily  exclude  the 
concentration  (of  vorticity)  in  a 
certain  area"  and  that  "the  stab- 
ility problem  with  background 

vorticity  still  remains  open." 

1. 3 The  Rolling  up  of  Trailing  Edge 

Vortex  Sheets 

Westwa-*-er ' s Calculations.  In  1935 
Westwater  [yj  attempted  to  calculate  the 
rolling  up  of  a trailing  edge  vortex 
sheet  using  the  same  numerical  technique 
as  Rosenhead.  He  considered  the  wing  to 
have  an  elliptic  span  loading  giving  a 
corresponding  strength  of  the  trailing 
vortex  sheet.  The  effect  of  the  bound 
vorticity  on  the  flow  direction  was  neg- 
lected. Thus  the  problem  was  reduced  to 
a two-dimensional  one  such  that  the 
region  of  interest  would  be  a cross- 
section  plane  normal  to  the  direction  of 
travel  of  the  wing.  The  time  parameter 
involved  would  be  the  time  interval  from 
the  Instant  the  wing  had  passed  this 
normal  plane.  Initially  the  trace  of  the 
vortex  sheet  was  taken  to  be  straight 
and  coincident  with  the  wing  span.  Its 
vorticity  density  was  of  the  well-known 
cotangent  form  appropriate  to  an  ellip- 
tically  loaded  bound  vortex  line. 
Westwater  replaced  the  sheet  by  20 
unevenly  spaced  discrete  vortices  of 
equal  strength  in  order  to  simulate  the 


correct  vorticity  density. 

A step-by-step  calculation  was  used 
to  trace  the  movements  of  these  vortices 
and  the  shape  of  the  vortex  sheet  at  any 
Instant  was  taken  to  be  the  smooth  line 
joining  the  discrete  vortices.  A typical 
result  is  shown  as  a solid  line  in  Fig. 6. 
Westwater  stated  that  the  spiral  portion 
of  the  vortex  sheet  could  not  be  rep- 
resented accurately  by  a small  niunber  of 
discrete  vortices.  "On  the  other  hand, 
there  are  strong  grounds  for  supposing 
that  the  approximate  method  gives  a good 
representation  of  the  form  of  the  sheet 
near  the  centre  and,  in  fact,  anywhere 
except  near  the  edges.  Presumably  these 
'strong  grounds'  related  to  experimental 
observation  rather  than  any  more  exact 
theoretical  formulation. 
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Fig,  6 Westwater  calculation  of 
development  of  trailing 
vortex  sheet  from 
eD.iptically  loaded  wing; 
elemental  vortices 
Identical  in  strength 

He  found  that  initially  the  discrep- 
ancy between  the  velocity  of  a point  on 
the  sheet  and  that  of  the  equivalent 
vortex  at  this  point  was  small  even  for 
the  rel">tively  few  vortices  used  in  his 
representation.  In  fact  if  only  one  vor- 
tex is  used  to  represent  the  trailing 
vortex  sheet  from  each  half  wing  and  is 
placed  at  the  centroid  of  the  shed  vor- 
ticity as  required  in  Westwater 's  scheme, 
the  velocity  at  the  position  of  that 
vortex  will  be  error  by  a factor  of  only 
8/ti“  . Of  course  this  favourable  state  of 
affairs  applies  only  at  the  beginning  of 
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the  calculation.  Westwater  believed  that 
the  error  was  due  not  so  much  to  the  dis- 
cretisation of  the  sheet  but  to  the  step- 
by-step  process  of  time  integration 
- especially  where  the  velocities  of  the 
vortices  undergo  rapid  changes  as  in  the 
spiral  portions.  He  suggested  that  this 
calculated  spiral  portion  could  well  be 
replaced  by  a matched  spiral  of  the  kind 
derived  by  Kaden's  theory  [10]  for  a two- 
dimensional  infinite  spiral  sheet. 
Westwater  shows  this  as  a dotted  line  in 
Fig.  6. 

A little  time  after  the  start  of  the 
motion,  a kink  appeared  in  Westwater' s 
representation  of  the  trailing  vortex 
sheet,  as  shown  in  Fig.  6.  Westwater'n 
paper  reproduced  some  flow  pictures  of 
Kaden's  which  seemed  to  have  similar 
kinks.  Yet,  the  photographs  are  not 
clear  and  it  is  debatable  whether  they 
really  substantiate  the  existence  of  such 
kinks.  However  the  general  appearance  of 
Kaden's  photographs  is  similar  to 
Westwater 's  prediction  of  the  development 
of  the  sheet  and  he  is  confident  that  they 
"appear  to  give  confirmation  to  the  view 
that  the  numerical  method  gives  a good 
approximation  to  the  motion" . 

Later  workers  shed  more  doubt  on  his 
numerical  approximation.  The  error  anal- 
ysis of  the  representation  of  a vortex 
sheet  by  a series  of  discrete  vortices  as 
given  by  Westwater  is  far  from  complete. 

It  will  be  shown  in  the  next  chapter  that 
Rosenhead's  discretisation,  as  implement- 
ed by  Westwater,  must  lead  to  an  ever 
less  coherent  description  of  the  movement 
of  the  sheet  as  time  goes  on. 

Takeunj  and  Moore's  Numerical  Experi- 
ments . Takami  [11]  re-examined 
Westwater 's  calculations  in  light  of  the 
criticisms  of  Rosennead's  work  by 
Birkhoff  and  others.  He  used  a better 
numerical  method,  he  employed  a modern 
digital  computer  and  he  represented  the 
trailing  vortex  sheet  by  rather  more  dis- 
crete vortices  than  the  number  used  by 
Westwater.  A Runge-Kutta  integration  was 
employed  with  much  smaller  time  steps. 

The  truncation  error  was  small  and  a 
check  of  the  coordinates  of  each  element- 
al vortex  computed  for  different  values 
of  the  time  step  revealed  that  they  dif- 
fered only  in  the  third  significant 
figure.  Fig. 7 gives  une  of  Takami 's  res- 
ults using  twice  th  number  of  elemental 
vortices  used  by  Westwater.  The  vortices 
moved  in  complicated  orbits  around  each 
other  so  that  the  sheet  they  were 
supposed  to  represent  would  have  had  to 
cross  itself  repeatedly.  He  ascribed  this 
to  the  rapid  circling  motions  arising 
from  the  strong  interaction  among  vortices 
which  had  come  into  close  proximity.  He 
found  that  th3"datailed  picture  of  this 
region  could  not  be  improved  by  increas- 
ing the  number  of  elemental  vortices. 

It  is  worth  remarking  that  the 
characteristic  kinks  observed  in 
W’stwater's  representation  of  the  sheet 
were  not  present  in  any  of  Takeimi's  cal- 
culations, i.e  not  even  when  Westwater 's 


smaller  number  of  elemental  vortices  was 
used.  Thus  it  appears  that  Takami 's  use 
of  a better  method  of  numerical  integra- 
tion was  enough  to  remove  a feature  which 
Westwater  felt  to  be  a reproduction  of 
experimental  observation. 

Takami  also  attempted  to  calculate 
the  development  of  trailing  vortex  sheets 
springing  from  wings  with  loadings  other 
than  the  elliptic  loading  treated  by 
Westwater.  He  considered  spanwlse  load- 
ing curves  which  were  square  and  cube  of 
this  - so  reducing  the  strength  of  the 
trailing  vortex  sheet  at  the  wing  tip  to 
constant  and  zero  values  respectively. 

He  clearly  expected  greater  regularity  of 
flow  near  the  ends  of  the  sheet  but 
appears  not  to  have  appreciated  that  his 
intermediate  case  was  bound  to  require  a 
logarithmic  velocity  distribution  near 
the  ends  and  he  confesses  that  " ....  we 
still  end  up  with  a random  distribution 
near  the  tip" . Indeed  this  randomness 
became  more  pronounced  as  the  number  of 
elemental  vortices  was  Increased  from 
eight  to  twenty-four.  For  the  elliptical 
loading  'cubed'  we  quote  Takami 's  graphic 
words  "....  At  first  thought,  we  would  ex- 
pect the  vortices  to  have  more  regular  dis 
tribution  because  the  initial  distribu- 
tion is  the  least  singular  in  this  case. 
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Fig.  7 Takeuni's  recalculation  of 
Westwater  case; 

40  elemental  vortices  of 
identical  strength. 
Black  spot  is  centroid  of 
vorticlty  for  half  span 


468 


On  the  contrary,  however,  vortices  move 
Irregularly  on  a larger  portion  of  the 
sheet  than  In  the  preceding  cases,  and 
we  clearl.y  see  that  the  Increase  of  the 
number  of  vortices  makes  the  approxima- 
tion meaningless" . It  is  believed  that 
the  method  developed  in  this  paper  res- 
olves these  difficulties  - as  demonstrated 
later  when  the  method  is  applied  to 
several  of  the  problems  tackled  by  Takami. 

In  his  conclusion,  Takami  disagrees 
with  Birkhoff's  argument  concerning  the 
significance  of  the  random  distribution 
of  elemental  vortices  as  follgws:  " .... 

the  randomness  which  we  encountered  in 
our  computation  is  no  more  th'an  an  indic- 
ation of  the  instability  of  the  equation 
of  motion  and  has  nothing  to  do  with  the 
randomness  in  the  statistical  sense  - it 
would  take  far  longer  time  for  this 
randomness  to  develop" . The  proposition 
that  the  equations  are  always  unstable 
is  not  borne  out  by  the  results  obtained 
in  later  sections  of  this  work. 

Moore  [12]  recalculated  Takami *s 
work  using  even  larger  numbers  of 
elemental  vortices  to  represent  the 
vortex  sheet  for  the  Westwater  case  - of 
an  elliptically  loaded  wing  - and  he 
further  reduced  the  time  steps.  However, 
he  found  no  improvement  in  the  randomness 
which  developed  in  Takami 's  calculations. 
Following  on  a careful  numerical  analysis, 
Moore  ruled  out  the  possibility  of  numer- 
ical error  as  the  cause  of  this  random- 
ness and  he  concluded  that  Rosenhead's 
discretisation  of  vortex  sheets  was 

inappropriate.  He  claimed  that  " it 

is  shown  by  examination  of  a special  case 
that  the  approximation  of  replacing  a 
finite  vortex  sheet  by  an  array  of  line 
vortices  can  be  unreliable,  however  many 
vortices  are  used".  We  agree  with  this 
statement  and  show  latex  how  the  above 
randomness  can,  in  principle,  be  avoided 
for  periods  of  time  which  are  significant- 
ly long  in  relation  to  many  of  the  prob- 
lems reviewed  here. 

Other  Contributions.  Many  other  work- 
ers have  considered  a variety  of  problems 
involving  the  rolling  up  of  trailing 
vortex  sheets  shed  from  wings  and,  partic- 
ularly, wing-body  combinations.  The  posi- 
tion up  to  1950  was  summarised  in  an 
important  paper  by  Spreiter  and  Sacks  [13], 

They  were  concerned  to  find  " the 

proper  vortex  distribution  to  be  used  for 
‘'^ownwash  calculations'"  and  they  used  a 
similarity  argument  to  show  now  very  much 
more  rapidly  a trailing  vortex  sheet 
rolled  up  for  a wing  of  small  aspect  ratio 
than  for  one  of  larger  aspect  ratio.  Thus 
they  pinpointed  areas  for  application  of 
the  Rosenhead/Westwater  method  which  they 
reported  without  criticism.  However,  they 
did  not  advocate  its  widespread  use  for 
downwash  calculations  behind  low  aspect 
ratio  wings,  presumably  because  the  poten- 
tial of  electronic  digital  computers  had 
hardly  been  tapped  at  that  time.  In  the 
intervening  years  aerodynamic  interference 
problems  assumed  greater  Importance  and 


digital  computer  power  became  more  widely 
available.  This  led  to  an  Increase  in 
the  number  of  papers  attempting  to  use 
Rosenhead's  discretisation  for  those 
aerodynamic  (vortex)  interference  calcul- 
ations for  wliich  non-linearity  was 
important.  We  mention  now  merely  some  of 
those  writers  who  had  some  particular 
comment  to  make  regarding  the  shortcom- 
ings of  the  method. 

Rogers  [14]  applied  two-dimensional 
non-linear  vortex  theory  to  the  predic- 
tion of  flow  fields  behind  wings  of  wing- 
body  combinations  at  subsonic  and  super- 
sonic speeds  in  1954.  He  found  a number 
of  interesting  trends , including 
qualitative  agreement  with  experimental 
findings  that  the  trailing  vortlclty  shed 
from  a particular  wing  panel  in  super- 
sonic flow  distorted  into  an  S-shape  on 
the  way  to  rolling  up  into  a pair  of 
cores  rotating  about  each  other.  In  res- 
pect of  discretisation,  Rogers  found 
that  a relatively  small  number  cf 
elemental  vortices  was  needed  for  com- 
putation of  downwash  in  regions  oZ 
interest  for  missile  designers.  He  used 
elemental  vortices  of  equal  strength 
spaced  as  necessary  ar.i  he  commented  that 
care  had  to  be  taken  to  avoid  what  he 

called  ' the  loss  of  a vortex 

caused  by  excessive  induced  velocity'  due 
to  close  proximity  to  neighbouring 
elemental  yortices.  In  view  of  the  limit- 
ed range  of  parameters  considered  and, 
particularly,  because  he  did  not  wish  to 
use  fine  sub-division  of  his  sheets,  the 
' loss-of-vortex'  phenomenon  proved  to  be 
no  great  embarrassment. 

In  1968  D.E.  Cummings  [15]  published 
an  M.I.T.  report  on  a preliminary  study 
of  vortex  interaction  in  the  wake  of 
heavily  loaded  marine  propellers.  He 
began  with  a re-examlnatlon  oi  tne  case 
of  an  elliptically  loaded  lifting  line 
using  a discrete  vortex  approximation  to 
the  sheet,  modified  by  analytic  calcula- 
tion near  the  ends.  The  latter  natural- 
ly led  him  to  use  a Cauchy  principal 
value  integral  and  he  recognised  that 
this  may  be  important  in  the  numerical 
calculation  also.  He  suggested  that  in- 
duced velocities  should  only  be  determin- 
ed at  points  midway  between  discrete 
vortices.  However,  consideration  of  the 
segments  of  the  continuous  distribution 
represented  by  these  vortices  along  the 
lines  of  the  theory  given  in  the  next 
section,  shows  that  this  procedure  cannot 
eliminate  errors  associated  with  Cauchy 
principal  value  integrals. 

Hackett  and  Evans'  paper  of  1971  on 
vortex  wakes  behind  high  lift  wings  [16] 
attempts  to  use  the  Westwater  method  and 
discusses  some  of  the  difficulties.  They 
wished  to  achieve  greater  accuracy  than 
had  been  sought  before  and  they  also 
wished  to  investigate  the  effect  of 
height  above  ground  on  the  development 
of  the  sheets  when  non-linear  effects 
were  important.  They  found  that  small 
time  steps  in  the  integration  led  to 
'tighter  vortex  grouping’;  l.e.  near  the 
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edges  of  the  sheet,  but  thet  " .....  the 
vortex  sheet  had  crossed  Itself,  which 
is  physically  Impossible  In  real  flow". 
It  was  also  noted  that  there  was  "osten- 
sibly quite  a wide  choice  of  (elemental) 

vortex  arrangements  ranging  from 

equal  strength  vortices  to 

(Initially)  equal  spaced  vortices  of 
differing  strength" . They  show  signifi- 
cantly different  development  of  sheet 
geometry  with  time  for  these  two  forms 
of  Initial  discretisation  and  express  a 
preference  for  the  latter  while  warning 

the  reader  about  " the  dangers  of 

looking  In  too  much  detail  near  the 
singularities  (cores)".  They  felt  that 
there  might  be  kinematic  optimum  bet- 
ween the  two  extremes". 

Butter  and  Hancock  [17],  also  In 
1971,  published  an  Investigation  of  the 
effect  of  sweep-back  angle  on  the  roll- 
inc  up  process  of  the  trailing  vortex 
sheet  behind  a wing.  Thus,  they  had  to 
generalise  Westwater's  work  by  Includ- 
ing the  effects  of  bound  vortlclty.  We 
note  the  paper  here  because  of  this  and 
also  because  of  their  recognition  that 
some  of  their  more  useful  results  were 

obtained  " more  by  good  fortune 

than  numerical  insight l.e.  by 

use  of  relatively  few  Initially  equl- 
spaced  elemental  vortices  of  unequal 
strength.  They  also  reported  that  " ... 
If  too  great  a number  of  vortices  Is 
chosen,  numerical  difficulties  may 
arise  ...  " . 

The  most  recent  paper,  1973, 
relating  purely  to  wing  trailing  vortex 
sheet  development  appears  to  be 
Clements'  and  Maull's  [18]  attempt  to 
find  wing  load  distributions  "which 
alter  the  rolling-up  characteristics  of 
the  sheet  in  such  a way  as  to  de- 

crease the  vortlclty  finally  contained 

in  (any  of  the  several  resulting) 

vortex  cores".  They  continue  to  follow 
Westwater  and  use  elemental  vortices  of 
const«mt  strength.  This  led  to  un- 
acceptably large  Induced  velocities 
near  the  edges  of  the  sheets.  Clements 
Md  Maull  therefore  placed  an  upper 
bound  on  the  initial  velocity  of  the 

vortices  near  the  edges  'and  if 

these  velocities  were  exceeded  at  the 
first  time  step,  the  two  tip  vortices 
were  amalgamated' This  arrange- 

ment never  resulted  In  more  than  two 
vortices  being  amalgamated. 

1 . 4 The  Shedding  of  Vortex  Sheets  from 

Two-Dimensional  Bodies 

Anton  and  Wedemeyer ' a Treatments 
of  Flow  Separation  from  Impulsively 
Started  Plates.  The  potential  moclellinq 
of  flow  round  a sharp  edge  requires 
that  vortlclty  is  shed  from  it  in  order 
to  prevent  a velocity  infinity.  This 
assumes  a spiral  form  covering  increas- 
ing area  as  more  vortlclty  Is  added.  It 
follows  from  the  conservation  of  energy, 
that  this  vortlclty  cannot  be  concen- 
trated into  a point  but  that  a core 


structure  very  similar  to  the  well-known 
solution  given  by  Xaden  [10]  is  expected 
to  form. 

The  first  calculation  of  vortlclty 
shedding  from  a sharp  edge  is  that  of 
the  flow  round  a semi-infinite  plate 
which  was  made  by  Anton  [19]  in  1939 
following  on  much  earlier  work  byPrandtl. 
This  system  does  not  have  a character- 
istic length  and  so  a similarity  solution 
exists.  Anton  found  that  the  total 
vortlclty  shed  is  proportional  to  a one 
third  power  of  time  and  that  the  distance 
from  the  edge  to  a marked  point  on  the 
vortex  sheet  Is  proportional  to  the  two 
thirds  power  of  time.  The  similarity  law 
does  not  give  enough  information  to  des- 
cribe the  entire  shape  and  vortlclty 
distribution  of  the  sheet  but  Anton 
devised  a numerical  method  to  find  the 
necessary  constants.  The  existence  of 
the  similarity  law  allows  the  time 
dependent  movements  of  the  vortex  sheet 
to  be  reduced  to  a steady  state  config- 
uration by  appropriate  scaling  in  the 
time  parameter.  Anton  divided  the  vortex 
sheet  into  two  sections:  an  Inner  core 

and  an  outer  loop  linking  it  to  the 
shedding  edge . The  inner  core  was  approx- 
imated by  a Kaden-type  spiral.  For 
smooth  matching,  the  two  portions  were 
arranged  to  have  a common  tangent  and 
continuous  vortlclty  at  the  join.  This 
determined' the  centroid  of  the  Inner 
core  In  relation  to  the  sharp  edge.  The 
core  portion  was  then  replaced  by  a dis- 
crete vortex  at  this  centroid  having  the 
same  strength  as  the  core  which  It  re- 
placed. The  problem  having  been  reduced 
to  the  steady  state.  It  became  possible 
to  find  the  shape  of  the  vortex  sheet  by 
an  interative  process.  The  constraints 
for  this  iteration  were  that  the  vortex 
shee^  must  convect  with  the  surriMmding 
fluid  and  that  a Kutta  condition  was 
applied  at  the  shedding  edge.  Wedemeyer 
[20]  published  a recalculation  of  Anton's 
result  in  1961  using  a different  form  of 
iteJ’atlon  and  this  gave  8 per  cent  more 
vortlclty  in  the  sheet  plus  core  combin- 
ation. Despite  the  use  of  iterative 
procedures,  neither  solution  can  be 
viewed  as  exact  because  of  the  over- 
simplified representation  of  the  core 
region. 

Both  Anton  and  Wedemeyer  suggested 
use  of  the  semi-infinite  plate  solution 
as  a starting  point  for  similar  calcula- 
tions for  an  impulsively  started  plate 
of  finite  width  moving  with  uniform  vel- 
ocity transversely  to  its  width.  Step- 
by-step  integrations  were  performed 
graphically.  Wedemeyer 's  results  are  more 
complete  and  include  useful  Information 
on  the  growth  and  distribution  of  vor- 
tlclty density  in  the  fluid  as  well  as 
on  the  shape  and  total  circulation  of 
the  shed  vertex  sheets,  at  any  rate  when 
there  is  a symmetric  pair. 

It  is  worth  noting  that  Anton's 
similarity  solution  for  the  starting 
flow  near  a semi -infinite  plate  was 
recently  generalised  by  Blendermann  [21] 
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to  Include  convex  corners  of  any  angle 
moving  with  velocity  equal  to  time  rais- 
ed to  any  power  in  fluid  otherwise  at 
rest.-  Biendermann's  results  may  serve  as 
useful  starting  solutions  in  fuller  anal- 
yses of  vortex  shedding  from  more 
complicated  boundaries  in  more  general 
motion. 

Some  Other  Contributions . Wo  refer 
to  three  further  writers  whose  work 
relates  to  the  shedding  of  vorticity  in 
two-dimensional  flow.  Giesing  has  used 
non-linear  (vortex)  representations  for 
the  study  of  two-dimensional  aerofoils 
in  unsteady  motion  in  a number  of  papers 
published  from  1968.  His  discussion  [22] 
of  the  kinematics  of  vortex  shedding  is 
noteworthy  in  that  he  claimed  that  the 
Kutta  condition  could  be  approximated  as 
requiring  zero  velocity  difference  at 
non-cusped  trailing  edges  amd  he  showed 
that  the  surface  velocity  distribution 
is  in  error  only  in  the  immediate  vicin- 
ity of  the  edge.  We  have  not  felt 
obliged  to  approximate  conditions  at 
shedding  edges  in  this  way. 

Clements'  model  of  the  starting 
flow  in  the  near  wake  of  a bluff-based 
body,  1973,  [23]  exhibits  some  new 
features  in  the  treatment  of  shedding 
conditions,  when  only  discrete  elemental 
vortices  are  used.  It  will  be  appreciated 
that  for  that  case  the  velocity  at  a 
shedding  edge  must  be  infinite  or  zero; 
there  is  no  scope  for  non-zero  finite 
velocity  imless  a continuous  sheet  is 
used  in  the  immediate  vicinity  of  t!ie 
edge.  Clements  dealt  with  the  problem  by 
letting  the  shed  vortices  travel  with  a 
velocity  evaluated  a small  distance  away 
from  the  shedding  point.  This  appears  to 
have  replaced  the  Kutta  condition  with  a 
lal-ar  iM««ur«  of  suooesa.  Some  intareat- 
ing  results  were  obtained  for  the  rate 
of  shedding  of  vorticity  into  shear  lay- 
ers from  two  separation  points  - but  the 
validity  of  these  results  must  be 
subject  to  the  general  criticism  made 
here  of  the  Rosenhead  model. 

We  also  refer  to  Gerrard's  numeric- 
al computation  of  1967  of  the  magnitude 
and  frequency  of  the  lift  on  a circular 
cylinder  [24].  This  paper  confronts  the 
difficult  problem  of  separation  from  a 
body  without  sharp  edges  by  introducing 
a pair  of  elemental  vortices  into  the 
flow  some  distance  downstream  at  each 
time  step.  The  - constant  - strengths  of 
these  vortices  were  derived  from 
experimentally  obtained  shedding  rates. 
Despite  the  appearance  of  irregularity 
oi  elemental  vertex  position,  see  earli- 
er discussion  of  Birkhoff's  criticisms, 
the  calculated  values  of  lift  force  and 
scale  of  formation  region  agree  well 
with  experiment  for  a range  of  Reynolds 
number. 

1 . 5 Vortex  Separation  from  Slendt' £ 

Wings  and  Bodies 

Boundary  layer  separation  of  an 
interesting  kind  is  found  to  take  place 


at  the  sides  of  slender  wings  and  bodies 
even  for  angles  of  incidence  which  are 
not  very  large.  Boundary  layer  fluid  is 
fed  into  the  flow  on  the  lee  sides  of 
the  bodies,  as  is  usual  at  separation, 
but  it  is  also  convQcted  downstream. 

Thus  coherent  vortex  sheets  are  formed 
and  these  lend  themselves  to  analysis 
within  the  framework  of  slender  body 
theory.  The  non-linear  and  memory  effect* 
associated  with  this  so-called  vortex 
separation  are  of  significance  in  aero- 
nautics, with  respect  to  non-linear  lift, 
nature  of  roll-up  of  shed  vorticity  etci 
ship  hydrodynamics,  with  respect  to  non- 
linear force  and  moment  in  ship  man- 
oeuvrability, action  of  bilge  keels, 
fins,  etc;  and  other  areas.  The  reader 
is  referred  to  Kiichemann's  excellent 
report  [25]  of  the  I.U.T.A.M.  symposium 
on  concentrated  vortex  motions  in  fluids 
held  at  Ann  Arbor  in  1964  and  to  his 
important  survey  [26]  publ ' ihed  in  19C6. 
We  novj  refer  more  particu..cirly  to  work 
which  contributes  to  the  numerical  treat- 
ment of  such  VO.  .ex  sheets  and  associated 
forces. 

Slender  Wings  and  Wing-Body  Combin- 
ations. The  phenomenon  of  leading  edge 
separation  from  slender  wings  and 
particularly  delta  wings,  is  now  very 
well-known.  Major  contributions  were 
made  to  tlie  understanding  of  the  subject 
■iy  Roy  and  I jgendre  in  France  in  the 
early  1950s  but  much  remained  to  be  done 
and  many  workers  were  attracted  by  the 
good  prospects  for  theoretical  treatment 
implied  in  the  experimentally  observed 
coherence  of  leading  edge  vortex  sheets. 
The  most  successful  attempt  to  create  a 
purely  analytical  model  was  published  by 
Brown  and  Michael  [27]  in  1954.  Each 
sheet  was  represented  in  the  crossflow 
plane  by  a point  vortex  and  a cut  join- 
ing the  vortex  to  its  shedding  point. 
Neither  was  force-free  alone  but  the 
condition  of  zero  force  on  a vortex 
sheet  was  approximated  by  arranging  for 
the  forces  on  cut  and  point  vortex  to  be 
equal  and  opposite.  Although  Brown  and 
Michael's  results  for  vortex  position, 
pressure  distribution,  etc,  were  only  in 
qualitative  agreement  with  experiments, 
the  method  has  been  used  in  many  attenpts 
to  include  the  effects  of  non-conical 
planform,  thickness  and  even  those  of 
unsteady  motion  for  the  calculation  of 
stability  derivatives.  A number  of  the 
papers  on  leading  edge  separation  review 
earlier  work  and  a useful  review  of  this 
kind  is  included  in  a recent  paper  by 
Pullin  [28]. 

The  major  numerical  metlioda  avail- 
able hithe. to  were  Smith's  iteration 
technique  [29]  fine'  the  multivortex  model 
of  Sacks,  Lundbe.rg  and  Hanson  [30j. 
Validation  of  any  new  models  would  in- 
volve, comparison  with  these  techniques  - 
both  of  which  are  in  moderate  to  good 
agreement  with  experiment.  Smith's  meth- 
od is  not  easy  to  generalise  for  non- 
conical  geometries  although  the  attempt 
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hna  been  made.  Sacks'  method  is  very 
adaptable  but  suffers  from  the  shortcom- 
ings of  multivortex-  representation  as 
discussed  later.  Both  these  methods  have 
been  used  by  other  writers  who  have  ex- 
tended fhe  work  to  cwver  vortex  separa- 
tion from  slender  bodies  alone  and  from 
wing-body  comblnet J ons  as  discussed 
below. 

Smith's  is  perhaps  the  most  soph- 
isticated model  published  so  far.  In 
developing  his  conical  flow  theory  for 
a slender  delta  wing  of  seru  thickness, 
ha  considered  the  trace  of  the  separa- 
tion vortex  sheet  in  a transfcrmed  plane 
as  being  composed  of  two  parts)  the 
outer  part,  joining  the  leading  edga  was 
divided  into  an  arbitrary  number  of 
segments  while  the  remalndei:  was  repres- 
ented by  a Brown  a.id  Michael  type  force- 
free  combination  of  isolated  vortex  plus 
cut  connecting  to  the  outer  part.  A 
procedure  involving  throe  nested  itera- 
tions was  used  to  ensure  this,  to  sat- 
isfy boundary  conditions  at  points  on 
the  outer  part  which  were  intermediate 
to  the  pi/otal  points  at  which  the  shape 
and  strength  of  the  sheet  were  defined 
and,  thirdly,  to  satisfy  a smooth  out- 
flow condition.  It  would  appear  that,  the 
pressure  continuity  condition  was  satis- 
fied close  to  but  not  at  the  shedding 
edge.  Convergence  was  very  satisfactory 
for  many  quantities  of  Interest,  such  as 
pressure  distribution  and  normal  force 
which  agreed  quite  well  with  experiment. 
However,  the  proportion  of  total  circul- 
ation carried  by  the  Isolated  vortex 
("core")  depended  strongly  on  the  number 
of  pivotal  points  chosen  to  represent 
the  outer  part  of  the  spiral.  Smith 

states  that  "the  only  evidence  for 

the  existence  and  uniqueness  of  a solu- 
tion   is  the  success  of  calcula- 
tions   ",  It  iii  worth  noting  that 

Smith's  success  in  modelling  the  flow  is 
probably  due  to  his  avoidance  of  the 
Kosenhead-type  of  discretisation,  tempt- 
ing though  that  must  have  been.  At  the 
same  time-  this  makes  it  harder  to 
extend  Smith ' s procedure  for  more  general 
wing  geometries.  Such  attempts ' have  been 
published,  see  for  example  Levinsky,  Wei 
and  Maki  C311.  Successful  as  they  have 
been,  they  have  not  as  yet  been  extended 
to  the  important  problem  of  sheet  roll-n> 
behind  wings. 

Sacks,  Lundberg  and  Hanson  did  <ise 
a Rosenhead  discretisation  in  their  model 
of  leading  edge  vorcex  separation  from 
wings  alone  or  in  combination  with  fuse- 
lage type  bodies.  Neither  wings  nor  bod- 
ies were  constrained  to  have  conical 
geometry.  Elemental  vortices  were  shod 
from  each  edge  at  successive  chordwise 
crossflow  planes.  These  vortices  were 
allowed  to  convect  with  the  stream,  their 
strength  remaining  unaltered.  Kutta  con- 
ditions were  satisfied  exactly-  but  the 
shedding  process  was  modelled  only 
approximately  in  that  the  effect  of  fin- 
ite sweep  angle  was  neglected  in  the 
equation  expressing  the  pressure  contin- 
uity condition  at  the  leading  edgaa.  The 


predicted  shapes  of  vortex  sheets 
exhibited  the  considerable  irregularity 
to  ba  expected  in  applications  of  the 
Rosenhead  method  as  the  niunber  of  vortic- 
es representing-  a sheet  was  Increased, 
sea  Fig.  8.  Surface  pressure  distribu- 
tions were  not  presented  but  estimates 
of  normal  force  for  delta  wings  were  in 
fair  agreement  with  experiment.  The 
adaptability  of  the  method  enabled  the 
authors  to  obtain  results  for  various 
double  delta  wing  arrangements  and  also 
for  some  elementary  wing-body  combina- 
tions. .Mternatlve  results  were  also  der- 
ived using  a semi-empirical  procedure  to 
determine  local  shedding  rates.  These 
were  in  better  agreement  with  experiment 
than  those  using  the  above  mentioned 
model  of  the  shedding  process. 


Fig.  8 Sacks,  Lundberg  and  Hanson's 
result  for  delta  wing  of 
unit  aspect  ratio  at 
angle  of  Incidence 
15 " (a/K  ■ 1.07) 

Flnkleman  [32]  extenaed  tne  Sacks 
method  in  his  work  on  non-linear  vortex 
interactions  on  wing- canard  configura- 
tions. He  corrected  tha  expression  for 
pressure  continuity  at  leading  edges 
used  in  [30]  by  including  the  effect  of 
sweep  and  he  analysed  the  vorticity  shed 
from  tile  trailing  edge  of  the  forward 
wihg.  Finklenan  gave  a frank  description 
of  the  dif r.iculties  involved  in  his 

application  of  the  Sacks  method;  " 

'old'  vortices  near  the  vortex  centroid 
become  quite  confused  and  cannot  logic- 
ally be  connected  when  elemental 

vortices  were  sufficiently  close  to  the 
surface,  components  of  velocity  normal 
to  the  surface  had  to  be  suppressed; 
Rogers'  'loss  of  vortex'  phenomenon  was 
also  found  and  treated  by  amalgamating 
any  pair  of  elemental  vortices  whose 
separation  had  become  less  than  an  arbit- 
rary proportion  of  the  local  span. 
Finkleman's  critical  approach  to  these 
problems  is  exemplified  by  his  comment 
that  " Westwate.r's  original  fig- 

ures reveal  considerable  imagination  on 
the  author ' s part  when  he  connected  the 
vortices  .....  " . 

The  Sacks  method  was  also  used  by 
Angelucci  [33]  in  his  multi-vortex 
method  for  axisymraetric  bodies  at  inoid- 
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enoa  . )3mpirlcal  separation  lines 

were  included  to  enable  the  analysis  to 
proceed  and  agreement  between  predicted 
force  and  experiment  was  good.  At  the 

same  time  Angelucci  reported  that  " 

internal  spirals  s :art  to  show  signific- 
ant irregularity  when  more  than  30  to  40 

vortices  have  bean  shed  " - thus 

indicating  the  need  for  an  Improved 
model  for  this  geometry  as  well  as  for 
the  wings  and  wing-body  combinations 
discussed  previously. 

Some  Contributions  from  Ship  Hydro- 
dynamics. Usually,  ships  are  more  or  less 
slender  bodies  and  boundary  layer  separ- 
ation leading  to  the  formation  of 
coherent  shear  layers  would  not  be  an 
unexpected  phenomenon  in  normal  straight 
ahead  motion  for  many  practical  hull 
shapes.  Also,  much  of  the  non-linear 
force  and  moment  mat  in  ship  manoeuvrab- 
ility is  due  to  such  vortex  separation 
effects  and  we  are  currently  using 
vortex  sheet  analysis  to  investigate 
these  effects  for  appropriate  geometries 
in  order  to  improve  on  existing  cross 
flow  drag  theories.  We  are  preceded  in 
this  endeavour  by  Hennig  [34J  whose 
paper  (1970)  reported  use  of  a single 
pair  of  discrete  vortices  to  represent 
the  non-linear  side  force  due  to  sides- 
way  on  slender  ships  with  Lewis  form 
cross  sections.  The  theory  required 
experimental  input.  Professor  K.Nomoto 
recently  supplied  us  with  an  advance 
copy  of  a paper  by  Puwa  [35]  which 
appear.s  to  refine  Hennig's  work  by  using 
a multivortex  model  somewhat  along  the 
lines  of  Angelucci' s work  for  the  bilge 
vortex  separation  on  a ship  in  oblique 
towing.  At  the  time  of  writing  we  have 
been  unable  to  obtain  a translation  but 
it  appears  that  experimental  inputs 
were  required  for  the  solutions,  that 
bilge  keels  were  not  modelled  and  that 
some  good  agreement  with  experiment  was 
repotted. 

Bilge  vortices  produced  near  the 
bows  of  full  sh^ps  have  been  descr.ibed 
by  several  writers  and  an  approximate 
semi-empirical  treatment  of  the  corres- 
ponding increment  in  ship  resistance,  or 
vortex  drag,  is  due  to  Tatincleux  [36]. 
The  roll  dancing  due  to  bilge  keels  has 
been  the  subject  of  a useful  semi- 
empirical  analysis  by  .Martin  [37]  and 
others;  a later  review  was  published 
by  Gadd  [38].  To  our  knowledge,  vortex 
sheet  models  have  not  yet  been  applied 
to  any  of  these  problems. 

During  1971  we  became  Interested  in 
potential  flow  modelling  of  vortex  sep- 
aration at  ships'  bilge  keels  in  the 
heaving  mode  - see  Fig.  1 - and  we  pres- 
ented a discrete  vortex  approximation 
for  the  sheets  [,39]  which  we  took  to  be 
standard  practice  in  aerodynamics;  i.e. 
we  used  the  Rosenhead  method.  The  prob- 
lem was  simplified  into  the  study  of  the 
motion  of  a plate  normal  to  itself.  At 
that  stage  we  were  unaware  of  most  of 
the  work  reviewed  in  this  section  and  we 


quickly  encountered  the  random  vortex 
arrangements  discussed  by  Blrkhoff  and 
his  collaborators.  The  use  of  constant 
time  steps  promoted  early  onset  of  break- 
down of  the  calculation  in  the  sense  of 
crossing  vortex  sheets.  Considerable 
improvement  was  obtained  by  allowing  the 
time  steps  to  vary  so  as  to  ensure  that 
the  shedding  point  and  the  last  two 
elemental  vortices  to  be  shed  formed  an 
equl-spaced  set  of  points.  This  discovery 
led  us  to  the  more  thorough  analysis 
given  in  the  next  section  from  which  it 
appears  that  error  is  least  when  element- 
al vortices  are  equi-spaced  for  the 
entire  sheet  at  every  instant  for  which 
the  motion  is  calculated. 

II.  COMPLEX  POTENTIAL  TREATMENT  OF 

VORTEX  SHEETS  IN  UNSTEADY  TWO- 

DIMENSIONAL  FLOW  OF  INCOMPRESSIBLE 

FLUID 

2.1  Introduction 

■fhe  use  of  vortex  sheets  to  help 
represent  some  of  the  effects  of  viscos- 
ity in  otherwise  inviscid  flow  theory  is 
well-xnown.  The  tech.nique  is  particular- 
ly valuable  for  two-dimensional  situa- 
tions and  those  many  three-dimensional 
cases  which  are  quasi-two-dimensional. 

It  will  generally  be  necessary  to 
calculate  the  movement  of  the  vortex 
sheets  and  this  invariably  leads  to  the 
problem  of  evaluating  singular  integrals. 

In  this  section  we  iecall  and  set 
down  the  necessary  complex  functions  to 
the  point  where  numerical  methods  may  be 
applied.  That  is  done  in  Section  III  in 
which  a new  nunierical  scheme  is  develop- 
ed for  the  calculation  of  the  movement  of 
vortex  sheets  in  unsteady  motion.  The 
distribution  of  pressure  and  the  force  on 
Dodies  in  the  vicinity  of  vortex  sheets 
are  often  of  Interest  and  the  method  of 
calculation  is  then  described.  Proof  of 
uniqueness  of  solution  is  perhaps  too 
much  to  hope  for  at  present  but  some  as- 
pects of  the  accuracy  of  the  approximate 
method  of  solution  proposed  here,  are 
examined  in  Section  3.4. 

2 . 2 Complex  Velocity  Field  Associated 

with  a Vortex  Sheet 

In  two-dimensional  flow,  a vortex 
sheet  ic  a line  of  discontinuity  of  vel- 
ocity and  we  require  a notation  such  as 
is  shown  in  Fig.  9.  For  a free  vortex 
sheet  which  convects  with  the  fluid,  we 
follow  Helmholtz  in  defining  the  complex 
velocity  q of  a point  on  the  sheet  as 
the  mean  of  the  complex  velocity 
vectors  q^,q_  immediately  on  either  side 
of  the  sheet  at  that  point.  Thus 

^vs  ■ ^ 

The  vorticity  density  Y(s), taken  to  be 
positive  in  chs.  counter-clockwise  sense, 
is  defined  in  terms  of  the  distance  s 
along  the  shuet  measu>-  ' from  some  ref- 
erence point. 
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The  complex  conjugate  velocity  q(z) 
at  some  point  z induced  by  a segment  of 
vortex  sheet  extending  from  a to  is 
usually  given  as'  an 


q (z) 


1 

J7T 


®b  Y(s,)ds, 


(2) 


Whenever  the  field  point  z lies  on  the 
vortex  sheet,  z « z(s)  and  for  s <s<s,  , 
the  Cauchy  principal  value  has  ® " 

to  be  taken  for  the  integral.  Converting 
to  integration  with  respect  to  the , com- 
plex variable  Zy,  we  write  dz,  = e^*<dSi 
where  9,  is  the  inclination  of  the  tang- 
ent to  the  sheet  at  z.  (s,)  to  the  real 
axis.  Equation  (2)  then  becomes 
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We  shall  require  the  time  derivative 
This  is  obtained  ns 
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q_(z,)Y(z,)e 
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dz, 
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by  invoking  Kelvin's  theorem  for 
dr  - y(Si)<JSi  • constant  and  by  taking 
care  with  (usually  vanishim.  ■ terms  aris- 
ing from  variability  of  the  limits  of 
integration.  It  can  be  shown  that  the 
expression  (6)  is  valid  at  points  on 
boundaries  from  which  vorticity  is  shed. 

Equations  (3) , (6)  may  also  be  used 
to  demonstrate  the  continuity  of  pressure 
on  free  vortex  sheets  as  follows.  The 
appropriate  Bernoulli  equation  is 


fM]  . 

+ kl 

[3tJ  + 
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and  continuity  of  pressure  is  assured  if 
the  right  side  of  (7)  vanishes.  The 
relevant  Plemelj  formula  yields 
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Where  necessary  we  assume  that  the  func- 
tion satisfies  the  Holder  condi- 

tion for  the  existence  of  a principal 
value  integral.  When  the  point  z lies  on 
the  vortex  sheet,  the  velocity  is  to  be 
interpreted  in  the  sense  of  Plemelj , viz 


|[q+(*)+q_(*)]  = q^s 

(4) 

-[q+(z)-q_(z)J 

Thuc  it  appears  that  the  velocity  of 
points  on  the  vortex  sheet  given  by  the 
above  formulation  agrees  with  Helmholtz's 
definition,  see  equation  (1).  For 
details  of  Holder's  condition  and  the 
Plemelj  formulae,  see  e.g.  L.C.  Woods, 
[40]. 

Consistently  with  equation  (3) , the 
velocity  potential  is  given  by 
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and  this  result  together  with  equation 
(4)  is  easily  shown  to  cause  the  right 
side  of  (7)  to  vanish,  as  required  for 
tne  continuity  of  pressure  condition 
which  is  an  important  constraint  on  the 
calculation  of  motion  of  vortex  sheets. 
For  the  sake  of  simplicity  we  have 
omitted  all  mention  of  the  effects  of  a 
free  stream  or  of  boundaries.  The  same 
argunents  v/ill  apply  when  these  are  pres- 
ent. 

2 . 3 Nature  of  Vortex  Sheet  at  Shedding 

Point 

In  potential  flow  theory,  separa- 
tion from  sharp  edges  is  usually 
modelled  by  means  of  vortex  sheets  shed 
from  those  edges  - or  points  for  flow  in 
two  dimensions.  Kutta's  well-known  con- 
dition ensures  finite  velocity  at  such 
points  but  it  is  not  sufficient  to 
determine  other  details  of  the  shedding 
process.  The  static  pressure  must  be 
continuous  across  a vortex  sheet  at  the 
shedding  point  as  much  as  at  any  other 
point  on  the  sheet.  Reference  to  equation 
(8)  then  indicates  how  the  rate  of 


* This  equation  was  derived  differently 
by  Cooper  [41] 
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change  r of  circulation’  of  the  total 
shed  vorticity  is  related  to  the  vor- 
ticity  density  and  velocity  at  the  shed- 
ding point.  Generally  that  point  may 
have  a vector  velocity  V and  the 
pressure  continuity  condition  at  the 
shedding  edge  then  becomes 

f - He|(q^^-V)ye-iO|^^g^  (9) 


This  form  of  the  condition  is  particul- 
arly convenient  for  application  of 
numerical  methods. 

Mangier  and  Smith  [42]  give  an 
Interesting  argument  to  determine  the 
orientation  of  the  vortex  sheet  shed  in 
the  flow  past  a convex  corner.  In  order 
to  avoid  the  infinite  velocity  at  the 
corner  which  would  violate  Kutta's  con- 
dition or  zero  velocity  which  would  in- 
fer zero  vorticity  generation  at  the 
corner,  the  sheet  is  recognised  as 
leaving  the  corner  tangentially  to  one 
of  the  sides.  The  local  vorticity 
density  then  reduces  to  the  finite 
speed  parallel  to  the  appropriate  arm 
of  the  corner. 


III.  NUMERICAL  METHOD 


3 . 1 Discretisation  of  Vortex  Sheets 

Here  we  first  consider  the  dlscret- 
isation  of  the  continuous  distribution 
of  vorticity  density  in  a vortex  sheet; 
i.e.  the  manner  in  which  the  corres- 
ponding line  singularity  is  treated 
nxxnerically . Time  integrations  involved 
in  following  the  convecting  sheet  are 
considered  next  and  the  section  is  con- 
cluded with  discussion  of  the  numerical 
representation  of  the  shedding  condi- 
tions mentioned  previously. 

Clearly,  vortex  sheets  are  made 
amenable  to  numerical  calculation  by 
break ina  them  up  into  simple  segments 
whose  movements  are  traced  as  a means  of 
representing  the  motion  of  the  sheets. 

We  split  a sheet  into  n segments,  lett- 
ing the  boundaries  lie  at  s.  , with 
integral  values  of  k,  l<k<n.-* 

Equation  (2)  for  the  induced  velocity 
then  becomes. 
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The  point  Zj^  lies  within  the  segment 


<=k-i'«k+i>’  ''k 


V (S| )ds,  is  the 
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circulation  round  the  segment  and  tie 


’ Clearly  at  a fixed  shedding  point 
A0(t)  - r and  Ai)>(t+6t)  - T+AP 

^■A4i(t)  = r 


point  z is  taken  to  lie  not  in  the  vortex 
sheet. 

When  the  point  under  consideration 
z.  does  lie  in  the  vortex  sheet,  the 
integration  over  the  segment  containing 
that  point  will  req- ire  special  treat- 
ment. If  the  segment  is  short  enough  to 
warrant  the  assumptions  that  its  radius 
of  curvature  is  large  compared  with  its 
length  and  that  the  vorticity  density  may 
be  taken  as  constant,  then  the  appropri- 
ate Cauchy  principal  value  will  be  well 
represented*  in  the  second  term  of  the 
following  .equation. 
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Equation  (11)  resembles  the  equation 
for  the  induced  velocity  field  due  to  a 
series  of  n discrete  vortices  - or  point 
singularities  - except  for  the  logarith- 
mic term.  When  the  equivalent  vortex  r 
is  placed  at  the  mid-point  of  its  segment; 

i.e.  z.  - (z.  i+Zj.i)  that  term  vanishes. 

3 3“I  3+r 

It  is  understandable  that  much  of  the  pre- 
vious work  reviewed  in  this  paper  makes 
that  assumption  - perhaps  intuitively! 

Thus  it  would  appear  that  sufficiently 
fine  subdivision  of  an  Initial  vortex 
sheet  would  be  likely  to  lead  to  indefin- 
itely small  error  in  the  predicted  veloc- 
ity field.  Certainly  Rosenhead  satisfied 
himself  that  his  calculation  tended  to 
converge  with  Increasing  subdivision  - 
coarse  though  that  was  in  terms  of  modern 
computing  power  - in  the  limited  number  of 
subsequent  steps  used  to  follow  the  motion 
of  his  perturbed  vortex  sheet.  However, 
the  reader  will  recall  Birkhoff's  ai.d 
Hama's  experience  that  finer  subdivision  of 
an  initial  sheet  leads  to  earlier  failure 
of  the  representation! 

Fine  subdivision  is  clearly  desirable 
for  accuracy  of  calculation  of  flow  quan- 
tities at  a given  instant  but  this  is  not 
to  say  that  the  r • and  their  associated 
coordinates  Zj  can  continue  to  represent 
a given  vorte;l  sheet  as  it  distorts  and 
convects  with  time.  This  is  because  each 
segment  of  the  original  sheet  will  suffer 
its  own  distortion  and  change  of  leng*-h. 

Thus  a set  of  mid-points  of  segments  will 
generally  not  remain  mid-points  as  time 
goes  on  and  each  of  the  logarithmic  terms 
associated  in  principle  with  each  of  the 
segments  may  become  significant.  Hence 
the  predictud  velocity  at  any  point  on  the 
sheet  will  need  to  Include  an  increasing 
number  of  logarithmic  error  terms  as  the 
subdivision  of  the  initial  sheet  is  refin- 
ed. Thus  the  process  of  discretisation  us- 
ing Rosenhead' s multivortex  representation  is 


* See  error  analysis  at  end  of  this  sec- 
tion. 
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Inconsistent.  Coarse  subdivision  is 
also  undesirable  - for  obvious  reasons  - 
but  some  earlier  work  gave  the  appear- 
ance of  success  by  using  this  for  short 
enough  times  to  avoid  evident  failure  of 
the  calculation.  Thus,  the  difficulties 
encountered  by  the  writers  reviewed  earl- 
ier appear  to  be  explained.  It  is  not 
possible  to  calculate  the  motion  of  a 
vortex  sheet  from  the  motion  of  the  ser- 
ies of  discrete  vortices  used  to  repres- 
ent that  sheet  for  more  than  infinites- 
imal intervals  of  time. 

3.2  Method  of  Stepwise  Rediscrctisation 

of  Vorticity 

In  general  it  would  appear  that 
equation  (11)  for  the  convection  of 
points  on  a vortex  sheet  requires  compu- 
tation of  a logarithmic  term  at  every 
segment  in  the  sheet  for  each  time  step 
as  well  as  the  velocity  induced  by  the 
multivortex  system  used  to  represent  the 
rest  of  the  sheet.  However,  we  have 
already  shown  that  the  logarithmic  term 
vanishes  when  the  z . are  placed  at  the 
mid-points  of  the  ^ jth  segments.  We 
ensure  that  this  is  done  by  a simple  pro- 
cedure. At  some  arbitrary  time  we  have 
a series  of  discrete  vortices  at  points 
predicted  by  an  appropriat.e  time  integra- 
tion of  the  velocity  field  existing  one 
time  step  earlier.  This  movement  will 
generally  lead  to  a new  set  of  coordinat- 
es of  the  equivalent  vortices  which  no 
longer  bisect  the  segments  of  the  sheet 
they  are  intended  to  represent.  Rather 
than  calculate  the  logarithmic  term  of 
equation  (11)  at  each  time  step,  we  rep- 
resent the  vorticity  density  by  an 
entirely  new  net  of  equi-distant  discrete 
vortices  whose  strengths  are  adjusted  to 
give  a good  representation  of  that  dens- 
ity. Thus  we  are  no  longer  interested  in 
the  self-convection  of  a particular  group 
of  discrete  vortices.  Of  course  the  time 
steps  need  to  be  reasonably  small  to 
ensure  success  of  even  this  procedure  for 
subdueing  the  logarithmic  terms.  Other- 
wise they  will  make  themselves  evident 
again. 

Thus  the  numerical  integrations  to 
be  performed  need  not  be  particularly 
sophisticated.  The  loss  of  computing 
efficiency  involved  in  using  small  time 
steps  is  compensated  here  by  using  a 
simple  method  of  numerical  integration, 
viz. 


condition  and  the  pressure  continuity  con- 
dition, equation  (9)  wnich  then  becomes 

(13) 

The  determination  of  r from  Kutta's  con- 
dition has  been  found  straight  forward 
in  all  cases  examined  in  this  paper. 

Although  equation  (13)  is  available, 
tog’ether  with  the  Kutta  condition  for  all 
values  of  n,  we  have  to  give  special 
attention  to  the  manner  in  which  the  cal- 
culation is  started.  The  single  vortex 
representation  of  the  segment  of  sheet 
shed  initially,  i.e.  for  n»l,  is  unlikely 
to  be  satisfactory.  However  if  the  cal- 
culation converges  to  a solution  of  known 
character  for  increasing  n,  we  may  have 
some  confidence  in  the  details  predicted 
as  n becomes  large.  It  will  be  shown 
that  this  is  the  case  for  a number  of 
corner  flows,  including  the  special  case 
of  zero  included  angle,  viz.  that  of  flow 
past  a semi-infinite  flat  plate  in  uni- 
form motion  normal  to  itself  following  on 
an  impulsive  •'tart.  These  all  have  simil- 
arity solutions  for  the  time  dependence 
of  the  parameters  describing  the  shed 
vorticity  - but  for  unknown  constants. 
These  Constanta  emerge  in  our  calculatiots 
as  n increases;  i.e.  the  present  method 
may  also  be  viewed  as  an  iteration  tech- 
nique for  finding  all  the  details  of 
such  flows.  Thus,  if  an  accurate  repres- 
entation of  the  shed  vorticity  is  re- 
quired for  small  times,  or  even  at  the 
first  time  step,  we  may  begin  with  an 
arbitrarily  large  number  of  elemental 
vortices  obtained  from  the  appropriate 
similarity  solution.  Hence,  the  similar- 
ity solutions  for  semi-infinite  corners 
serve  to  represent  vorticity  shed  from 
points  on  quite  general  bodies  with 
corners  for  small  time.  These  solutions 
provide  the  starting  configurations  for 
the  present  method. 

3. 3 Calculation  of  Pressure  and  Force 

The  calculation  of  pressure  in  the 
flow  using  the  Bernoulli  equation  is 
almost  trivial  but  some  points  require 
attention.  A numerical  expression  for 
the  velocity  is  available  in  equation 
(10)  . The  unsteady  term  of  the  Bernoulli 
equation  is  the  real  part  of  3w/3t,  equa- 
tion (6).  This  is  represented  numerically, 
in  line  with  previous  procedui  . as 


Zj(t+At)  = Zj(t)  + q(Zj)At 

r<iq(*4)1 

■t  *5  I— (At)»  (12) 

We  now  consider  how  to  Incorporate 
the  various  conditions  applying  at  a 
shedding  point.  An  additional  segment  As 
of  vortex  sheet  will  need  to  be  Introduced 
at  the  shedding  point  at  each  time  step 
At.  It  will  be  oriented  as  described 
earlier.  The  strength  of  the  circulation 
r and  the  values  of  As,  At  are  related 
because  of  the  need  to  satisfy  the  Kutta 
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(14) 


Generally  we  will  need  to  evaluate 
the  pressure  at  points  in  flows  with 
boundaries.  In  this  work  we  consider  onV 
those  boundaries  which  can  be  readily 
transformed  on  to  the  real  axis  of  a 
C(z,t)  plane.  The  shed  vorticity  will 
then  appear  in  the  upper  half  plane 
lm(c)>0  together  with  its  image  in  lm(c)<0. 
Also,  there  will  often  be  a stream  with 
velocity  U(u)  parallel  to  the  real  axis  at 
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C In  place  of  the  numerical  equa- 

tions (10) , (14)  - neither  of  which  apply 
at  points  on  vortex  sheets  - we  then  have 


(16) 


It  will  be  noted  that  this  pair  of  ex- 
pressions allows  the  boundary  to  change 
its  geometry  with  time.  Evidently  this 
will  be  useful  in  applications  of  the 
theory  to  the  flow  past  slender  wings  and 
bodies  with  non-linear  force  and  moment 
arising  from  vortex  separation. 

The  calculation  of  the  distribution 
of  pressure  over  a boundary  from  which 
vortex  sheets  are  shed,  will  require 
attention  for  points  z(c,t)  close  to  the 
shedding  edges/points  because  a discrete 
vortex  representation  of  the  segment 
which  is  attached  to  the  shedding  point 
- as  suggested  by  equations  (15)  , (16)  - 
must  misropresent  conditions  in  the 
immediate  vicinity  of  that  point.  We 
improve  the  representation  by  approximat- 
ing the  attached  segment  by  a straight 
short  length  of  sheet  with  constant  vot- 
ticity  density  and,  by  assuming  that  q 
within  the  segment  is  (<3vs'edof**  ThuST 
the  segment  is  used  in  place  of 

the  nth  elemental  vortex  referred  to  in 
equations  (lit)  , (16)  . aume  results  of 
usinq  this  procedure  are  aiven  later. 

The  force  on  a body  may  be  obtained 
by  direct  integration  of  pressure  or  by 
application  of  Blasius'  theorem  for  un- 
steady motion.  The  latter  is  generally 
preferred  since  it  involves  less  calcul- 
ation and  the  former  serves  as  a useful 
checlr.  The  expression  for  force, 
derived  from  Blasius'  theorem  will  con- 
sist of  the  sum  of  an  inertia  term 
associated  with  the  added  mass  of  the 
body  and  of  a further  term  associated 
with  the  memory  effect  of  the  shed  vor- 
ticity.  Consider  for  example  a flat 
plate  lying  between  z = +ih(t)  moving 
with  ^'elocity  U(t)  norraaT  to  itself.  The 
normal  force  X(t)  is  readily  determined 
by  use  of  contour  integration,  when  it 
is  found  that  the  memory  term  tal^es  the 
form  of  line  integrals  along  the  vortex 
sheets  shed  into  the  flow: 


This  equation  is  compatible  with  results 
obtained  by  Sacks  [431  for  discrete 
vortex  systems.  The  numerical  treatment 
of  the  equation  follows  the  method  of  the 
previous  sub-section.  However,  it  is 
clear  that  special  care  must  be  taken  in 
the  neighbourhood  of  the  shedding  points 
z « +ih  as  was  the  case  in  the  determina- 
tion of  pressure  in  the  same  region.  The 
segmentation  and  representation  of  the 
vortex  sheet  by  equivalent  elemental  vor- 
tices is  not  taken  right  up  to  the  shedd- 
ing points.  Instead,  the  contribution  to 
the  integral  of  the  final  segment  is 
obtained  analytically  with  the  plausible 
assumptions  that  yj(z  ),  qy-(Zi>  and  8j(z) 
are  constant  and  equal  to  the  values  per- 
taining at  the  shedding  points.  We  found 
that  it  was  necessary  to  treat  the 
integrals  in  this  way  in  order  to  obtain 
close  agreement  with  the  normal  force  v:>b- 
taineu  from  integration  of  pressure. 

3 . 4 ftecuracy  of  Calculations 

The  predictions  of  our  work  will  be 
in  error  due  to  the  manner  in  which  exact 
integrals  occurring  in  equations  (2) , (6) 
as  well  as  the  condition  (9)  are  approxim- 
ated. Errors  will  arise  from  the  dis- 
cretisaticn  and  also  from  the  technique 
of  time  integration.  Comment  will  be  made 
in  this  section  on  both  these  sources  of 
inaccuracy.  Fortunately  there  are  a few 
similarity  solutions  for  flows  of  interest 
with  which  the  results  of  this  paper  agree 
well  when  the  appropriate  vortex  sheets 
are  sufficiently  subdivided. 

The  error  in  induced  velocity  q^  at  a 
point  z.  on  a vortex  sheet  is  treated  in 
two  parts:  error  in  Induced  velocity 

arising  from  discretisation  of  all  of  the 
sheet  excepting  the  jth  element  and  its 
immediate  neighbours  together  with  the 


error  arislnq 

from  tne  latter,  we 

rewrite 

equation 
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and  the  integral  of  equation  (19)  is  taken 
as  a Cauchy  principal  value  for  k* j . When 
ky j , we  expand  the  denominator  (z.-z,)  of 
(19)  in  terms  of  (Zj^-z,),  we  expriss  the 
vorticity  density  as  y ^ 

— and  the  infinil  limal  arc  length 
*“  i 8 u 

dSj  = e *^dz  . We  also  assume  that  6 is 
constant  within  each  segment.  Equation 
(19)  then  becomes 
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The  first  term  of  (20)  arlaos  from  the 
discretisation  of  (3.0)  as  given  in  (11) 
with  error  of  order 


1 

II 


*j  ■ 


This  error  is  amall  for  most  of  the  ele- 
ments in  the  sheet  and  is  perhaps  only 
of  significance  for  a few  values  of  k in 
the  neighbourhood  of  the  jth  element. 

The  error  produced  by  discretisa- 
tion at  and  near  the  jth  element  becomes 
important  not  only  for  the  above  reason 
but  also  because  the  induced  velocity  at 
Zj  of  the  elemental  vortices  f , T j 

differs  significantly  from  that  induced 
by  the  corresponding  portion  Sj_jj 


of  the  original  sheet  due  to  the  effects 
of  local  curvature.  We  demonstrate  this 
by  considering  the  sheet  to  have  a linear 
vortioity ^density  as  before,  viz. 

Yj  » constant  radius  of  curv- 

ature R for  the  three  segments  under  con- 
sideration. With  these  approximations  we 
easily  integrate  (19)  to  give 


-iB, 


^[oY.  t 3iisYj  3-  0(«>)] 


3+1  - 

j-1 

iB.  (21) 

where  Re  ^ is  the  vectorial  distance  of 
z.  from  the  centre  of  curvature,  As  is 
tile  arc  length  of  each  of  the  three  seg- 
ments and  2aR  ^ 3As.  The  approximate 
answer  obtained  from  consideration  of  the 
effects  of  the  corresponding  elemental 
vortices  follows  readily  as 
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Hence,  the  principal  error  due  to  dis- 
cretisation in  our  calculations  will 
arise  from  the  discrepancy  in  the  leading 
terms  in  the  parentheses  in  (21)  , (22)  . 
Thus,  the  contribution  of  the  immediately 
adjacent  elements  to  the  velocity  at  z. 
as  given  in  (22)  must  be  increased  by  one 
half  even  for  small  curvature  of  the 
sheet. 

The  error  in  the  time  integration 
may  be  estimated  in  the  normal  way  but  it 
must  be  remembered  that  the  velocity  field 
being  integrated  is  itself  in  approximated 
form  due  to  discretisation  of  the  vortex 
sheets.  In  fact  this  leads  to  the  conclu- 
sion that  sophisticated  procedures  of  the 
Runge-Kutta  type  are  best  avoided.  In  a 
Runge-Kutta  integration  the  velocities  of 
the  elemental  vortex  coordinates  are  cal- 
culated at  several  intermediate'  times 
within  each  time  step  and  there  are  as 
many  additional  oppor-cunities  for  the 
creation  of  further  logarithmic  error  in 
ths  induced  velocity  field  since  the  ele- 
mental vortices  will  generally  deviate 


more  and  more  from  their  original  mid- 
element positions,  see  equation  (11) . 

The  simple  Euler  integration  (12)  is 
free  of  this  severe  handicap. 

We  should  also  mention  the  method 
used  to  translate  the  unequally  spaced 
elemental  vortex  coordinates,  which 
occur  at  every  time  step  in  the  calcul- 
ation, into  a new  - and  different  - set 
of  equi-spaced  elemental  vortices.  The 
Lagrangian  Interpolation  formula  was 
used  throughout  for  this  purpc-  .e.  For 
small  steps,  the  error  will  be  small 
since  the  deviations  of  the  elemental 
vortices  from  their  mid-segment  posi- 
tions will  then  also  remain  small. 

Increasingly  fine  segmentation  of  a 
vortex  sh'jet  will  evidently  improve  the 
accuracy  of  the  discrete  vortex  repres- 
entation of  a continuous  distribution  of 
vorticity  at  the  instant  of  subdivision. 

It  will  also  enaure  that  the  radius  of 
curvature  of  the  sheet  is  large  cfd.  the 
length  of  the  segment'!.  This  implies 
that  the  time  steps  in  the  integration 
need  to  be  small  in  our  method  because 
th-'*-  ensures  that  in  each  time  step  the 
deviation  par  unit  segment  length  from 
equi-spacing  of  the  equivalent  elemental 
vortices  is  kept  small.  We  explained 
the  vital  importance  of  this  matter 
earlier. 

Perhaps  we  should  point  out  that, 
like  all  other  writers  in  the  field,  we 
have  not  produced  a fully  satisfactory 
numerical  treatment  of  regions  close  to 
the  centres  of  vortex  spirals.  Mostly, 
it  is  satisfactory  to  represent  these 
regions  by  relatively  few  elemental 
vortices  despite  inaccuracy  due  to  curv- 
ature and  proximity  of  neighbouring 
turns.  Where  more  precision  is  r,v=«ces- 

eary,  we  Invoke  the  now  oleseissl  ei.miI- 

arity  solutions  which  give  all  the 
necessary  information  except  for  con- 
stants used  to  match  these  inner  regions 
to  our  solutions.  Our  method  throws 
these  up  readily. 

Finally  we  refer  to  the  use  of 
certain  invariants  to  check  the  accur- 
acy of  our  calculations.  The  energy  in- 
variant for  a vorticity  distribution  has 
already  been  referred  to.  However, 
where  we  use  approximate  treatments  of 
the  inner  regions  of  vortex  spirals  we 
replace  infinite  lengths  of  vortex  sheet 
by  a relatively  few  discrete  vortices  and 
we  cannot  expect  the  relevant 
Ha...iltonians  to  remain  constant.  To  this 
extent  we  agree  with  Birkhoff's  observa- 
tions (5).  The  moment  of  vorticity  is  in- 
variant with  time  in  many  flow  situations 
involving  shed  vorticity.  All  of  the  work 
reviewed  in  the  first  part  of  this  paper 
used  multivortex  representation  in  which 
the  strength  of  the  elemental  vortices  re- 
mained unchanged.  Thus,  a running  check 
on  the  moment  of  vorticity  would  have  lieen 
little  more  than  trivial.  However,  in  the 
present  method  elemental  vortices  of 
different  strengths  are  generated  at  every 
time  step  and  observation  of  any  change  of 
moment  of  vorticity  provides  a worthwhile 
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check  of  overall  accuracy^ 

IV.  SOME  APPLICATIONS  OF  THE  METHOD 

4.1  Introduction 

Th  this  section  we  give  a aurvey  of 
some  of  the  reaults  we  have  obtained  with 
our  stepwise  redis>cretiaatlon  method, 
more  detailed  accounts  to  be  published 
elsewhere.  He  thought  it  worthwhile  to 
recalculate  some  of  the  more  critical 
reaults  obtained  in  the  papers  which 
were  reviewed  earlier.  These  include  a 
further  attack  on  Rosenhead's  and  other 
free  vortex  sheet  problems  such  as  cal- 
culation of  rolling  up  of  trailing  vortex 
sheets  behind  lifting  surfaces  with 
different  loadings.  We  also  recalculated 
the  development  of  vortex  sheets  which 
grow  with  time  for  several  cases,  includ- 
ing those  shed  from  edges  at  Impulsively 
started  plates  and  corners.  Our  method 
appears  to  give  generally  more  satisfact- 
ory results  - although  this  needs  to  be 
qualified  wivh  respect  to  the  recalcula- 
tion of  Helmholtz  instability  for  which  we 
too  are  unable  to  present  reliable  con- 
clusions. 

We  also  rep-'rt  some  of  the  results  of 
our  investigation  of  cases  which  have  not 
been  solved,  or  fully  solved  hitherto.  The 
initial  stimulus  for  much  of  that  work 
followed  on  our  review  and  revision  of 
e ;':lier  calculations  of  the  shape  and  vor- 
ticity  distribution  of  vortax  sheets  shed 
from  impulsively  started  plates  moving  at 
unifoinn  speed.  We  extended  these  Anton/ 
Wedemeyer  calculations  to  include  surface 
pressure  distributions  and  force-time 
curves  and  then  generalised  the  calcula- 
ions  to  include  the  effect  of  time  varia- 
tion of  both  velocity  and  dimension  of  the 
plate  itself;  i.e.  we  obtained  resultc 
which  were  immediately  applicable  for  the 
estimation  of  surface  pressure  distribu- 
tion and  normal  force  on  small  aspect  ratio 
lifting  surfaces  of  arbitrary  c2unber  and 
planform  - at  any  rate  within  the  frame- 
work of  slender  wing  theory.  At  time  of 
writing  we  have  not  completed  extensions 
to  include  the  effects  of  thickness  for 
lifting  surfaces  but  we  present  some  cal- 
culations of  lee  vortex  development 
behind  rectangular  and  other  sections 
which  have  application  in  ship  hydrodynam- 
ics. Tn  principle,  the  method  lends 
itself  to  consideration  of  much  more 
realistic  boundaries  and  some  of  theue 
applications  are  the  subject  of  current 
work.  V , 

4. 2 Free  Vortex  Sheets 

Helmholtz  Instability.  The  result  of 
repetition  of  one  of  Rosenhead's  calcula- 
tions using  16  and  32  elements  per  half 
wavelength  of  vortex  sheet,  as  against 
Rosenhead's  use  of  six  discrete  vortices 
of  permanent  strength  is  shown  in  Fig.  10. 

This  development  is  for  the  same  initial 
disturbance  us  for  the  case  shown  in 
Fig.  2 at  the  time  t = 0.4  A/U,  i.e.  for 
the  lowest  record  shown  there.  It  is 


seen  that  increasing  the  number  of 
elemental  vortices  no  longer  promotes 
breakdown  of  calculation,  see  Fig.  5,  but 
our  finer  subdivision  of  the  sheet  has 
revealed  the  appearance  of  a shorter 
wavelength.  It  is  possible  that  more 
detailed  investigation  of  this  Invlscld 
model  might  Indicate  instability  for  all 
wavelengths. 


Roll-up  of  Trailing  Vortex  Sheet. 
Application  of  the  stepwise  rediscretlsa- 
tlon  method  to  the  problem  of  trailing 
vortex  sheet  roll-up  behind  an  elliptic- 
ally  loaded  wing  - ignoring  the  contribu- 
tion of  wing  bound  vorticity  following 
Westwater  (Fig.  6)  and  Takami  (Fig.  7)  - 
gave  results  such  as  the  configuration 
for’  t “ 0.5  s/U  shown  in  Pig.  11. 


Fig.  11  Roll-up  of  trailing  vorticity 
behind  elliptically  loaded  wing 


It  is  seen  that  increase  in  the  number  of 
segments  from  10  to  40  per  half  wing 
indicates  improvement  rather  than  deterior- 
ation of  results.  The  patterns  should  be 
compared  with  tha  final  arrangements  of 
discrete  vortices  shown  in  Figs.  6,7.  It 
is  interesting  to  note  that  our  time  steps 
were  set  at  ,it  * 5xl0“’  s/U,  a rather 
coarser  value  than  the  range  SxlO""*  < 

< IxlO”’  used  by  Takami  in  his  Runge-  ® 
Kutta  method. 

The  calculation  could  have  been  made 
more  accurate  by  a more  careful  initial 
approximation  to  the  singular  vorticity 


’ The  conventional  notation  of  wing  theory 
is  used: 

3 “ semi -span 

U « wing  velocity  relative  to 
stationary  fluid. 
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density  near  the  tip.  This  was  ravealad 
by  testing  our  result  for  constancy  of 
the  spanwise  position  of  the  centroid  of 
the  distribution  of  trailing  vorticity 
from  each  semi-span.  Our  very  first 
discretisation  removed  that  centroid 
from  its  theoretical  position  at  tt/4s. 

The  reader  may  feel  that  the  abandonment 
of  the  popular  concept  of  following  a 
particular  group  of  discrete  vortices 
might  of  itself  lead  to  considerable  in- 
accuracy because  a curve  fitting  error 
is  incurred  in  the  process  of  interpol- 
ation at  every  time  step.  However,  we 
found  that  the  centroid  remained  at 
0.7915s  +0. 0008a  during  the  interval  of 
interest~0.1  < ^ < 0.5,  the  deviation 
of  3/4%  from  thf  theoretical  value,  hav- 
ing occurred  at  theinitial  time  of  cal- 
culation t « 0^.  Of  course,  the  initial 
subdivision  may  be  made  less  coarse. 

We  also  recalculated  Takami ' s res- 
ults [11]  for  vortex  sheet  roll-up 
behind  a distribution  for  which  the 
values  of  local  load  were  proportional 
to  the  cube  of  the  values  for  elliptic 
loading;  i.e.  a trail^g  vorticity  dis- 
tribution of  the  form  ;^(s*-x^  in  place 

of  ^-(s*-x®)’  in  Takami 's  notation.  This 
waa^^he  case  for  which  Takami  found  that 
even  the  absence  of  a singularity  at  the 
edge  of  the  sheet  x-*s  did  not  prevent 
the  tendency  to  random  vortex  position- 
ing when  using  the  Rosenhead  method  at 
times  t 3 0,4  a/U.  Fig.  12  shows  the 
result  of  applying  the  present  method, 
using  24  segments  in  place  of  Takami *s 
24  discrete  vortices  of  constant  strength 
at  time  t • 0.4  s/U.  It  is  evident  that 
no  irregularity  was  found. 


Fig.  12 


Development  of  trailing 
vorticity  distribution 

;^(s^-x’)H  from  t»0  to 
t=0.4  s/U 


4 . 3 Vortex  Shedding  from  Two-Dimensional 
Bodies 


Vortex  Shedding  in  Similar) ty  Flows . 
The  similarity  solutions  of  Anton  [IS J, 
Wedemeyer  [20]  and  Blendermann  [21]  for 
starting  flows  near  the  tips  of  plates 
and  convex  corners  involve  the  computa- 
tion of  constants  of  proportionality, 
e.g,  in  the  power  law  for  the  growth  of 
circulation  of  shed  vorticity  with  time. 
It  is  important  to  have  these  available 
as  near-field  solutions,  valid  early  in 
the  shedding  process,  for  patching  into 
the  computation  of  vortex  separation 
from  finite  bodies  for  longer  times. 

The  analysis  of  the  previous  section 
is  easily  adapted  to  include  the  prepenco 
of  boundaries.  For  the  case  of  the  semi- 
infinite plate  we  move  to  a C-plane  with 
the  transformation 


||  = f(0  = -iHC 


(23) 


and  equation  (11)  for  the  velocity  of  the 
jth  vortex  point  in  the  shed  sheet  be- 
comes 


q(Cj)  = 


i-l{uH+ 


f ( 


-jk 


n 


‘k 


f 


- c^-%) 


(24) 


where  the  logarithmic  error  term  has 
bf  >n  taken  to  vanish  due  to  use  of  our 
disoretised  vorticity  method,  the  vari- 
able arises  from  the  image  system,  the 
penultimate  term  in  parentheses  arises 
from  distortion  of  elemental  lengthy  in 
the  transformation  and  u is  the  fluid 
speed  at  the  arbitrary  point  z ■ -iH  in 
steady  flow  with  no  vortex  shedding. 

In  our  method  the  computation  begins  with 
the  shedding  of  one  segment  of  vortex 
sheet,  which  we  generally  represent  by 
one  aqui valent  vortex.  Additional  equiv- 
alent vortex  points  arise  as  the  computa- 
tion progresses,  see  Fig.  13  in  which 
results  for  a semi-infinite  plate  are 
scaled  for  Ut/H  - 1 to  enable  the  con- 
vergence of  the  calculation  to  be  exhib- 
ited as  the  number  of  segments  increases 
from  n»5  to  n=70  in  steps  of  5.  The 
similarity  law  is  z/H“(Ut/H)^  for  this 
case. 

Anton's  similarity  law  for  the 
development  of  the  total  circulation  r(t) 
of  the  vorticity  shed  into  the  fluid  in 
time  t is  r(t)/2TrUH  » C(Ut/H)V^  and  we 
found  that  our  solution  converged  rapidly 
to  the  value  0=0.611,  viz. 


n 1 10  25  40  55  70 

C 0.241  0.539  0.595  0.609  0.610  0.611 

This  may  be  compared  with  values  of  0.587 
0.635,  0.586  obtained  respectively  by 
Anton,  Wedemeyer  and  Blendermann.  The 
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th*  •Icmentary  trana formation  z ■ K((‘-l)^ 
to  obtain  raaulta  for  a piata  of  width 
2H  moving  normal  to  itaalf  - initially  at 
conatant  apaad  - following  on  an  impula- 


Flg.  13  Starting  flow  for  semi-infinite 
plate:  Scaled  representation 

of  sheet  by  5,10, ,65,70 

segments 

first  two  of  these  writers  used  approx- 
imately one  turn  of  outer  spiral  together 
with  one  discrete  vortex  to  represent  the 
inner  turns.  Anton's  lumped  central  vor- 
tex accounted  for  54%  of  the  total  circul- 
ation, Blendermann's  accounted  for  61% 
although  he  used  2>i  turns  for  the  outer 
winding.  However,  the  innermost  segment 
of  our  70  segment  representation  carried 
only  1.6%  of  the  total  circulation.  Thus 
we  appear  to  come  rather  closer  to  the 
character  of  the  Kaden  spiral  which  must 
obtain  in  the  core  and  it  is  quite  poss- 
ible that  our  solution  is  the  nrast  accur- 
ate of  the  four  discussed  above. 

The  constant  velocity  starting  flow 
near  a right  angled  corner  with  vortex 
separation  is  handled  in  like  manner,  the 
transformation.and  similarity  laws  being 
given  by  z - . z/M«  (Ut/H)H  , 

r(t)/2TtUH  » B(Ut/H)  We  again  found 
quite  rapid  convergence  for  the  constant 
B to  a value  of  0.429,  viz. 

n 1 10  25  40  55  69 

B 0.248  0.389  0.441  0.432  0.430  0.429 

This  may  be  compared  with  a value  of 
B a 0.474  obtained  by  Blendermann.  Our 
previous  remark  in  respect  of  comparative 
accuracy  of  the  methods  may  apply  here 
also.  Corners  with  included  angles  other 
than  zero  and  n/2  have  not  been  examined 
but  they  are  not  thought  to  present  any 
special  difficulty. 

Vortex  Shedding  from  Finite  Plate. 
The  similarity  solutions  tor  starting 
flow  past  semi-infinite  plates  were  used 
by  Anton  and  Wedemeyer  as  starting  points 
for  iterative  solutions  of  the  finite 
plate  problem.  In  principle  we  should 
have  done  likewise  but  this  proved  to  be 
not  necessary  for  our  purposes.  We  used 
the  previously  described  procedure  with 


Ive  start.  Our  vortex  sheet  devulopm-^nt 
was  of  the  same  general  character  as 
Wedemeyer 'a  except  for  our  rather  greater 
definition  of  the  core  region.  Fig.  14 
shows  the  development  for  (U/tH)  • 1.924 
and  (Ut/H)  •-  2.814,  the  corresponding 
number  of  segments  in  the  sheet  being 
55,70. 


Fig.  14  Starting  flow  for  finite  plate: 
Onset  of  irregularity  due  to 
insufficiently  fine  subdivision 


The  pattern  shown  at  the  left  has  a smooth 
appearance  but  it  is  clear  that  there  are 
several  points  for  which  the  saparation 
between  turns  of  the  spiral  has  become 
less  than  the  chosen  length  of  segments. 
Thus  we  find  growing  disturbances  and  the 
pattern  at  the  right  is  the  last  for  which 
no  serious  irregularity  was  observed.  The 
sequence  illustrates  that  the  present 
method  is  not  foolproof  but  that  it  gives 
ad«'quate  warning  of  danger  so  that  the 
con.puting  scheme  may  be  adjusted.  The 
development  of  circulation  r (t)  shed  into 
the  stream  at  each  edge  ie  elmoet  Identi  c- 
al  with  that  calculated  by  Wedemeyer  as 
shown  in  Fig.  15. 


Fig.  15  Finite  plate:  Time  development 

of  circulation 

Wedemeyer 's  solution 

e Present  method 

We  extended  the  work  of  earlier 
wf'iters  by  also  calculating  surface  pres- 
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•ur«  dlattlbutlon  and  normal  force  on 
platea  oC  cone tent  and  time- varying 
finite  width  - the  latter  ae.vlng  ae  the 
unsteady  two-dimensional  flow  which  may 
be  Incorporated  into  the  theory  of 
slender  lifting  surfaces  with  leading 
edge  or  *wrtex  separation  - with  time- 
varying  stream  U(t)  which,  Incidentally, 
provir^es  the  means  to  Include  the  effect 
of  candser  on  the  above  slender  lifting 
surfaces.  A typical  set  of  pressure 
vixstributions  is  shown  in  Fig.  16.  This 
is  for  the  special  case  U(t)  ” const  and 
shows  both  the  decay  and  the  Inward 
movement  of  the  surface  auction  peak  in 


Fig.  16  rroasure  distribution  on  half 
width  of  finite  plate  in  uni- 
form motion  after  impulsive 
start 

the  interval  0.2  ^ Ut/H  <2.7.  The 
decline  of  Utu  front  stagnation  prooouxo 
coefficient  tow'rds  its  steady  state 
value  c " +1.''  'ay  also  be  noted. 
Integration  oi  these  pressure  distribu- 
tions yielded  normal  force  coefficients 
Cj,  which  were  within  one  percent  of  val- 
ues obtained  by  careful  application  of 
Blasius'  theorem,  as  explained  previously, 
when  70  segments  were  used  to  represent 
a sheet.  The  discrepancy  increased  with 
reducing  number  of  segments  reaching 
nearly  5t  when  only  15  segments  were  em- 
ployed in  the  representation.  Fig.  17 
shows  an  early  result  of  using  the 
Blasius-based  method  for  0.01  <.  Ut/H  < 
7.5,  the  present  vorticlty  discretisation 
being  used  after  25  time  steps*.  This  is 
a difficult  case  for  the  method  since  C» 
tends  to  infinity  at  t"0  . If  any  sort" 
of  precision  is  regulred'''for  small  time, 
the  segmentation  of  the  sheet  has  to  be 
fine,  even  for  small  Ot/H.  Three  curves 
are  drawn  for  increasingly  short  final 
segments  As  of  the  sheets.  Since  only 
70  time  steps  were  employed  in  each  case 


* It  will  be  seen  that  every  curve  suffers 
a corresponding  kink  at  the  sixth  point 
after  the  start;  i.e.  when  30  time 
steps  have  elapsed. 


the  useful  range  of  Ut/H  is  correspond- 
ingly reduced.  It  might  be  noted  that 
application  of  these  results  to  slender 
lifting  surfaces  of  rectangular  planform 
of  aspect  ratio  A at  Incidence  will  in- 
volve values  of  Ut/H  « 2a/A.  This  %N>uld 
normally  leave  us  with  values  of  Ut/H 
rather  less  than  the  range  shovm  in  Fig. 
17  except  perhaps  when  modelling  the 
action  of  very  small  aspect  ratio  fins 
on  ships'  hulls. 


Fig.  17  Normal  force  coefficient  for 
finite  plate,  Uwconstant. 
Eftw  t of  increasing  sub- 
division of  sheet 


We  also  examined  cases  in  which  U(t) 
was  not  constant,  including  uniform 
acceleration  and  the  simple  harmonic 
motion  U “ slnvt,  which  we  pursued  as 
part  of  an  attempt  to  investigate  the 
affect  of  bilge  keel  vortex  separation  on 
heave  damping  f39],  see  also  Fig.  1.  A 
specimen  result  is  given  in  Fig.  18  which 
indicates  the  Interaction  of  portions  of 
shed  vortlcity  of  opposite  sign.  Towards 
the  end  of  the  first  cycle  a finer  seg- 
mentation of  the  sheet  is  required  for 
accuracy  than  we  provided  for.  In  Fig. 

19  we  present  a normal  force/displacement 
diagram  in  which  some  overlap  of  the 
sheets  during  the  final  eighth  of  the 
cycle  has  been  Ignored.  The  values  of 
C»(t)  plotted  exclude  added  mass  contribu- 
tions defined  in  the  first  term  of 
equation  (17) . It  is  clear  that  the  non- 
linear force  is  not  in  phase  with  the 
motion  of  the  plate,  as  is  evident  from 
the  disposition  of  the  shed  vortex  sheets. 
The  net  area  enclosed  within  the  curve 
represents  the  wo'.'k  done  in  generating 
the  vortex  system  during  the  first  cycle. 
We  aim  to  extend  this  analysis  when  more 
computer  power  becomes  available  to  us. 
Gadd  [38]  has  drcwn  attention  to  the  need 
for  this  type  of  analysis  for  an  approxim- 
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at*  theory  of  th*  action  of  bllg*  k**la 
when  th*lr  'apan'  la  amall  compared  with 
tha  local  bilg*  radlua. 


Fig.  18  Vortex  sheet  configuration  in 
first  cycle  of  simple 
harmonic  motion 


Fig.  19  Non-linear  force  on 
oscillating  plate 

Vortex  Sheddin-  r from  Slander  Lifting 
Surfaces.  We  have  already  stated  that 
our  discretised  vortlcity  method, 
together  with  our  extension  of  the  Anton/ 
Wedemeyer/Blendermann  work  to  finite 
plates  of  time-varying  width  is  applic- 
able, in  respect  of  vortex  separctlon,  to 
the  calculation  of  aero/hydrodynamic 
properties  of  lifting  surfaces  of 
arbitrary  slender  planform  with  camber. 
Initially,  wa  applied  the  method  to  some 
slender  delta  wing  configuration  for  which 
the  well  reputed  solutions  of  Smith  [29] 
and  Sacks  [30]  already  existed.  We  next 
investigated  lee  vortex  disposition  above 
lifting  surfaces  with  curved  leading 
edges.  We  also  obtained  some  results  for 
non-conlcal  lifting  surfaces  for  which 
the  local  span  was  constant  or  of  linearly 
decreasing  amount  downstream  of  a maximum 
value. 


We  glva  a typical  example  of  separa- 
tion vortex  sheet  development  in  Fig.  20 
together  with  Smith's  prediction  for  the 
same  value  of  th*  incidence  parameter 
a/K  ■ 1.00,  for  a delta  wing  of  aero 
thickness,  K being  thio  tangent  of  the 
ueml-apex  angle.  The  sheet  was  represent- 
ed by  70  segments  in  this  example,  the 
central  segment  carrying  3 percent  of  the 
total  circulation.  Th*  reader  Is  referr- 
ed back  to  Fig.  8 for  Sacks,  Lundberg  & 
Hanson's  prsdlction  for  tha  nearly  equal 
value  a/K  ■ 1.07.  Smith's  result  is 
based  on  the  use  of  21  pivotal  points  to 
define  the  outer  spiral  together  with  a 
cut  joining  a concentrated  vortex  carry- 
ing 50%  of  the  total  circulation.  Thus 
one  could  HOC  expect  close  agreement 
between  the  predicted  shapes  of  the  vor- 
tex sheets.  Despite  the  difference  in 
shape  of  sheet,  the  two  methods  give 
almost  identical  pressure  distributions, 
as  shown  in  Fig.  21. 


a/K-l.OO 
. . . Smith, 

Present  Method 


Fig.  21  Pressure  Coefficient  across 
Semi-span:  Delta,  a/K>1.00 

Smith, 

Present  Method 
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Parhapa  nol:  aurprlalngly,  nur  pradlctJ.on 
for  non-linaar  forca  ia  cloaar  to  Saoka 
at  al.  than  to  Smith ’■  aa  ahown  In  Fig. 

22.  Furthar  rafaranca  to  Fig.  8 would 
aaem  to  ahow  that  a fair  dagraa  of  dia- 
organiaation  of  ahaat  ahapa  can  ba  tol- 
aratad  in  raapact  of  aatimation  of  non- 
linaar  normal  forca  on  alandar  dalta 
plan  foi'ma. 

T.inaariaad  theory  haa  it  that  no 
life  ia  found  downatraam  of  the  maximum 
apan  of  a plane  alender  wing  and  that 
trailing  vorticity  ahed  from  the  retreat- 
ing edges  remains  coplanar  with  the  wing 
ahead  of  the  trailing  edge.  He  were 
intaraated  in  the  effect  of  roll-up  of 
the  retreating  edge  vorticity  on  the 
above  near-classical  result.  Fig.  23 
shows  the  extent  of  this  roll-up  at  the 
rear  apex  of  a diamond  shaped  alender 
wing  operating  at  the  same  angle  of 
Incidence  21.8°  as  the  semi-apex  angle  of 
the  diamond  (a/K-1.06).  Plow  over  the 
front  half  wing  was  arranged  to  be  un- 
separated. The  number  of  segments  used 
to  represent  the  sheet  was  47.  Roll-up 
appeared  to  be  significant  for  the  entire 
extent  of  the  retreating  edges  at  the 
substantial  angle  of  incidence  chosen 
for  this  example.  We  also  considered 
the  same  wing  for  a/K«l  but  with  flow  sep- 
aration from  tha  front  apox.  A few 
examples  of  the  development  of  tha  shed 
vorticity,  for  this  case,  downstream  of 
the  maximum  span  are  shown  in  Fig.  24, 
Immediately  downstream  of  the  maximum 
span,  tlie  retreating  edge  vorticity  is 
of  opposite  sign  to  tha  vorticity  shed 
from  the  leading  edge.  In  the  example 
shown,  this  changes  back  to  the  original 
sign  at  a station  distant  of  the  half 
chord  downstream  of  the  m...<imun^  span. 

This  accounts  for  the  mushroom  appear- 


Fig.  22  Non-linear  normal  force  increment 
for  slender  delta 


Fig.  23  Roll-up  of  Trailing  Vortex 
Sheet  at.  Rear  Apex  of 
Slender  Diamond  Wing; 
a/K-1.06,  Front  Half 
with  Attached  Flow 


tiy.  24  Roll-up  of  Trailing  Vortex  Sheet 
at  Retreating  Edge  of  Slender 
Diamond  wing;  a/K-1.00,  Front 
Half  with  Separated  Plow 

ance  of  part  of  the  sheet.  Thus  li.  appears 
that  the  now  well-known  bound  vortex 
pattern  asaoclated  with  leading  edge  sep- 
aration of  slender  lifting  surfaces  merges 
back  into  a conventional  pattern  when  a 
contracting  rear  portion  ia  fitted  down- 
stream of  the  maximum  span.  We  have  con- 
atructed  plausible  bound  vortex  patta,.’n8 
but  we  prefer  to  await  the  outcome  of 
current  calculations  of  surface  pressure 
distribution  for  non-conical  winga  before 
committing  the  patterns  to  paper. 

The  chordwise  distributions  of  local 
load  coefficient  C for  the  non-conical 
cases  discussed  above  and  also  for  a delta 
shape  followed  by  a portion  of  constant 
■pan  8 are  shown  in  Fig.  25  incidence 
now  being  set  to  0.1  radian.  The  linear- 
ised slender  wing  theory  attached  flow 
result  is  shown  for  reference  as  a heavy 
dashed  line.  Our  non-linear  theory  has 
perforce  to  predict  infinite  C when  free 
vorticity  is  first  shedj  i.e."at  the 
station  immediately  downstream  of  the  max- 
imum span.  The  chordwise  loading  falls  tc 
sero  as  shown  by  the  light  dashed  line. 

The  effect  of  roll-up  is  to  induce  lift  at 
all  stations  upstream  of  the  rear  apex. 
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When  leading  edge  aeparatlon  oocura  on 
the  front  half  of  the  lifting  surface 
the  loading  la  of  courae  increased.  It 
appears  to  decay  quite  rapidly  but  not 
monotonioally  for  the  diamond  wing,  the 
latter  feature  presumably  being  assoc- 
iated with  the  abovemsntinned  changes  of 
sign  of  the  retreating  edge  vortlcity. 

When  the  rear  portion  is  parallel-aided, 
the  local  load  coefficient  decays  even 
less  rapidly,  as  might  bs  expected  since 
the  shed  vortlcity  then  passes  much 
closer  to  the  lifting  surface.  For  this 
geometry  we  have  not  shown  a prediction 
for  attached  flow  over  the  delta  portion 
followed  by  separation  over  the  parallel- 
sided portion  since  the  latter  world  be 
expected  to  show  a C (x)  distribution 
equivalent  to  the  two-dimensional  flat 
plate  solution  for  C„(t),  Fig.  17.  In  any 
case  the  slenderness'^assumptiona  made 
here  do  not  apply  near  the  discontinuity 
in  ds/dx.  It  is  planned  to  investigate 
these  matters  in  greater  detail. 


Fig.  25  Chordwlse  Loading  for  Two 
Nop-Conical  Lifting 
Surfaces;  a/K-1.00  for 
front  delta 

Vortex  Shedding  in  Ship  Manoeuvra- 
bility'! The  present  methooi  is  applic- 
able to  the  calculation  of  zero-Froude 
number  values  of  non-linear  force  and 
moment  on  slender  ships  in  manoeuvre 
situations.  As  a start  we  have  consider- 
ed the  development  of  bilge  vortex  sheets 
and  non-linear  force  for  rectangular 
sections  of  beam/draft  ratios  0.11,  0.60, 
0.83,  1.23,  2.09,  the  gaemotry  of  the 
sections  remaining  invariant  with  time  in 
the  first  instance.  In  Fig.  26  we  show 
the  two  dissimilar  separation  vortex 
sheets  - each  modelled  by  65  segments  - 
shed  from  the  square  bilges  of  the  beami- 
est of  these  sections  at  time  t ■<  1.80D/6U. 
The  drift  (sideslip)  velocity  8U  is 
written  in  terms  of  the  sway  angle  8.  If 
we  replace  the  time  t by  distance  x/U, 
this  may  be  taken  as  an  approximate  rep- 
resentation of  the  state  of  affairs  at  the 
aft  end  of  a box-shaped  vessel  of  length/ 
draft  ratio  10 ;1  waen  6 ■ 10°.  The  cal- 


Fig.  26  Vortex  Shedding  from  Rectangular 
Section;  B/D»2.09,  8Ut/*l.B0 

culation  was  started  with  15  segments  per 
sheet,  disposed  according  to  our  own  simil- 
arity solution  for  vortex  separation  at  a 
right-angled  corner.  The  spirals  assumed 
different  shapes  after  relatively  few  time 
steps.  Fig.  27  gives  first  results  for 
the  dependence  of  the  non-linear  side- 
force  cool ficient  C (t)  on  beam/draft  ratio 
B/D.  It  \;rll  be  noticed  how  incresusing  B/D 
reduces  non-linear  force,  perhaps  due  to 
the  straightening  of  the  flow  component 
across  the  hull  and  also  because  the  singul- 
arities at  the  shedding  edges  are  less 
strong  for  rectangular  sections  than  for  a 
flat  plate  so  that  all  curves  other  than 
B/D  « 0 (see  Pig.  17)  have  a finite  starting 
value.  This  work  is  being  extended  to 
check  results  of  oblique  tov.ing  experiments, 
on  a lenticular  model  with  constant  draft, 
recently  made  by  a student  of  Professor 
Nomoto's  at  Osaka  University.  The  method 


Fig.  27  Sldeforce  due  to  Sidesway 
for  Rectangular  Sections 


is  also  being  developed  for  more  general 
sections.  The  zero  frequency  effect  of 
rate  of  yaw  r on  bilge  vortex  shedding  on 
a ship  of  length  L travelling  with  speed 
V,  may  be  studied  by  setting  the  two- 
dimensional  stream  velocity  to  (L/2-Vt)r. 
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DISCUSSION 


L.  lANDWEBER 

Fink  and  Soh  have  refined  previous  treat- 
ments of  the  problem  of  oalcvilating  the  motion 
of  vortex  sheets.  In  performing  these  calcu- 
lations, it  appears  to  be  necessary  to  assume 
a distribution  of  vorticity  strength  on  the 
sheet.  The  basis  for  this  selection, and,  in- 
deed, the  vari.  s distributions  employed  in  the 
examples  preset _od  in  the  paper  are  not  given. 

It  is  requested  that  the  authors  discuss  this 
question . 

The  improvement  in  the  numerical  treatment 
ccnsists  of  evalun'cing  the  jchy-principal- 
value  integral  (2)  more  carefully  in  the 
neighborhood  of  the  singularity.  The  contribu- 
tion to  the  velocity  at  a point  of  the  vortex 
sheet  from  other  elements  of  the  sheet  is 
treated  by  means  of  the  trapezoidal  quadrature 
formula,  as  was  also  done  by  previous  investiga- 
tors. 


^^dx  = 

f[ 

k/j  X^-X. 

x-c 

X . 

_£i_ 

^ f. 

dx  + — 
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J X-Xj 

dx,  e = { 


j+e 


j even, 
j odd  ’ 


the  remainder  of  the  Cauchy-principal-value 
Integral  vanishing  because  of  symmetry.  It  is 
now  seen  that  the  terms  of  the  above  sum  con- 
taining fj  are  either  canceled  when  the  last 
pair  of  integral  are  discretized  by  Simpson's 
rule,  or  vanish  because  of  symmetry.  The 
resulting  rule  is  then 
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f(x) 


dx 


3 3 3 
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Discussoi:  suggests  that  the  integral  (2) 
may  be  discretized  almost  as  simply,  but  much 
more  accurately,  by  using  a form  of  the  Simpson 
quadrature  rule  suitable  for  treating  Cauchy- 
principal-value  Integrals,  which  yields, 
instead  of  (11) , 


, n A,.r. 
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k^l  J k 


(1) 


where  X,  =X  =l,nan  odd  number;  for  other 
In 

values  of  k,  X^^  = 2 or  4 according  as  k is  even 

or  odd;  and  P.'  = y.As.  A proof  of  this  rule 
3 3 

which  is  due  to  the  disoussor,  was  given  by 
Kobus  (with  due  credit)  in  Appendix  1 of 
"Examination  of  Eagers'  Relationship  Between 
Transverse  Wave  Profiles  and  Wave  Resistance," 
Journal  of  Ship  Research,  Vol.  11,  No.  4,  Dec. 
1967.  The  result  is  valid  for  j even  or  odd, 
although  the  proof  is  given  only  for  j even  in 
the  foregoing  reference.  Since  Simpson's  rule 
takes  into  account  the  curvature  of  the  curve 
representing  the  integrand,  the  discretization 
errors  should  be  much  smaller  and  it  should  be 
possible  to  continue  the  calculations  closer  to 
the  centers  of  vortex  spirals. 


A simple  proof  of  the  Cauchy-principal- 
value  quadrature  rule,  valid  for  j either  even 
or  odd,  is  as  follows.  Vor  a<c<b,  and  f(x) 
a oontli.aous  function  with  a derivative 
f ' (c)  at  c,  we  may  write 

b b b 


f(x)  , 

dx  = 

x-c 


f (x)-f(c) 
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We  now  divide  the  Interval  alx^b  into  sub- 
intervals Ax  at  points  x = a,  x , ...x.  = c,... 

1 2 7 

x^  = b.  Applying  Simpson's  rule,  we  obtain 
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K.  WIEGHARDl' 

To  this  valualjle  review  with  an 
improvement  of  the  calculation  method, 
3uat  two  supplementary  remarks. 

1 ) The  finite  pressure  in  the  core  of 

an  edge  vortex  might  become  interest- 
ing for  cavitation  inception.  Blender- 
mann  /1/  calculated  e.g.  the  vortex 
sheet  when  a thin  vertical  plate  (2B  = 
breadth)  is  accelerated  horizontally 
with  constant  acceleration  a in  a 
fluid  at  rest  (density  ?).  As  long  as 
the  vortex  spiral  is  small  the  press- 
ure minimum  in  the  core  is,  for  time 
t«VB^  , P 4 - 7<?(a2Bt)2/3. 

2)  For  the  plane  motion  of  vortices  in 
unbounded  fluid  (without  shedding  of 
now  vorticity)  Hamilton's  principle 
might  perhaps  be  used  to  check  numeri- 
cal computations.  The  generalised  pot- 
ential U of  the  Kutta-Joukowsky  forces 
on  the  vortices,  which  are  proportio- 
nal to  their  velocity,  is 

or,  in  the  notation  used  here,  the 
imaginary  part  of  Then  U = 

|-!^El(x^yk-Xi,yk)  and  the  force  = 

The  kinetic  energy  due  to  the  vortices 

is  E = 

Ej^  (energy  of  the  vortex  cores)  is  in- 
finite, yet  independent  of  position  of 
the  vortices.  The  variational  princip- 
le (E-U)  dt  = 0 gives  e.g.  Prendtls 
equation  for  the  down  wash  far  behind 
a lifting  line  /2/. 

/1 /Blendermann, W. Schlff stechn. 20, 1 973 , 

pp. 76-80 

/2/Wieghardt,K.  ZAMM  22,  1942, p. 59-60. 


L.  J.  DOCTORS 

The  discusser  would  like  to  raise  a question  concern- 
ing computing  effort,  as  the  time  (t)  becomes  large.  It 
seems  that  the  computation  time  will  not  be  proportional 
to  the  time  of  development  of  the  vortex  sheet  — due  to 
the  increasing  number  of  vortices.  Could  the  authors  give 
an  indication  of  the  relationship  ~ either  as  found  in 
theory,  or  based  on  theory? 

Should  the  computing  time  be  dependent  on  a power 
of  t not  too  much  greater  than  unity,  then  the  results 
shown  in  Fig.  19  could  be  extended  to'  give  the  steady- 
state  response  due  to  a simple-harmonic  motion  of  the 
flat  plate  (or  ship  section). 


G.  E.  GADD 

The  authors  have  demonstrated  that  their  numerical 
techniques  have  increased  the  stability  of  the  computed 
results  as  compared  with  those  obtained  by  earlier  workers. 

In  the  case  of  the  problem  of  Fig.  18,  an  oscillating 
plate,  presumably  after  many  oscillations  the  influence  of 
the  vorticity  shed  in  the  earliest  oscillations  must  become 
negligible,  and  a quasi-steady  picture  should  be  obtained, 
dependent  only  on  the  phase  of  the  oscillation  in  its 
present  cycle,  and  not  on  the  number  of  previous  oscilla- 
tions that  has  taken  place.  Would  it  help  to  achieve  such 
a result  numerically  if  an  artificial  damping  were  intro- 
duced, so  that  tlte  shed  vortices  slowly  decayed  with  time? 
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AUTHOR’S  REPLY 


We  thank  our  dlscussors  for  their 
conurents  and  suggestions. 

The  answer  to  Professor  Landweber's 
question  is  that  the  method  of  stepwise, 
rediscretisation  does  not  involve 
explicit  computation  of  the  vorticity 
Y(s,t).  Instead,  we  use  the  circula- 
tion of  each  segment 


Y(s)ds.  When  the  vortex 


®k-)j 


sheet  is  not  attached  to  a boundary,  as 
in  Rosenhead/Westwater/Moore  type 
calculations,  the  discretisation  proceeds 
from  a given  initial  distribution  of 
vorticity.  The  pivotal  points  Zj^  move 
in  accordance  with  the  equation  (2)  so 
that  Kelvin's  theorem  applies  and  the 
r)f  do  not  change  with  time.  To  achieve 
equi-spaoing  of  pivotal  points  before 
the  next  step  is  undertaken, rediscretisa- 
tion  is  used  and  a new  set  of  emerges 
in  an  interpolation  process  which 
conserves  the  partial  circulation  func- 
tion K(s);  i.e.  the  circulation  of  the 
portion  of  the  sheet  of  length  s measured 
from  a reference  point  on  the  sheet, 
such  as  the  midpoint  in  Westwater  type 
calculations.  Thus 


k-1 


K(s^)  = 


Y(s)ds  = + I 


When  the  sheet  is  attached  to  a boundary, 
the  calculation  is  similar  but  additional 
vorticity  is  shed  into  the  fluid  in 
accordance  with  conditions  described  in 
the  paper;  otherwise  the  interpolation 
process  is  the  same. 

We  believe  that  Professor  Land- 
weber's equation  (3)  is  strictly  app- 
licable only  to  situations  for  which 
curvature  of  the  vortex  sheets  is 
negligible.  When  the  trace  of  the 
sheet  is  nJt  a straight  line,  an  addi- 
tional factor  appears  in  the  last  term 
on  the  right  side: 
fb 


-27Ti  q(Zj) 


Y(s)ds 
z (s) -z j 


_ As 


I 


-e , 

X.e  3 
3 


where  0j  is  the  inclination  of  the 
tangenf^to  the  vortex  sheet  at  z,  . We 
believe  that  this  use  of  a form  of 
Simpson's  rule  is  not  particularly* 
advantageous.  Both  Yk  3*''^  "vi  needed 
in  the  calculation  although  our  method 
does  not  throw  chese  quantities  up  in 
explicit  form.  Since  y = k'(s),  the 
above  formula  becomes  sensitive  to  error 
in  numerical  differentiation  of  the 
function  y’ (s)  = K"(s).  A further 
difficulty  arises  from  the  fact  that 
application  of  Simpson's  rule  requires 
knowledge  of  the  value  of  the  integreUied 


function  at  the  ends  of  the  segments 
whereas  our  method  yields  information  at 
midpoints  of  segments.  Thus  we  would 
need  to  extrapolate  at  the  ends  of  the 
sheet  in  addition  to  interpolating  with- 
in it  for  each  time  step. 

We  wrote  the  above  reply  after 
attempting  to  recalculate  the  serai-in- 
finite plate  case  of  section  4.3  using 
an  adaption  of  Professor  Landweber's 
form  of  Simpson's  rule  for  evaluation  of 
the  velocity  of  pivotal  points.  We 
immediately  encountered  irregularity  of 
shape  of  sheet  near  the  shedding  point 
and  then  arrived  at  the  above  conclusions 

In  reply  to  Professor  Wleghardt  we 
are  happy  to  acknowledge  that  we  found 
Blendermann ' s work  helpful  - see  our 
ref.  21  - and  the  additional  reference 
is  also  useful.  Estimations  of  cavita- 
tion nu.nber  should  be  possible  for  two- 
dimensional  situations.  However,  when 
our  theory  is  adapted  to  slender  three- 
dimensional  flow  s.ltuations,  there  may 
be  problems  in  respect  of  pressure 
calculations  since  we  are  unable  to 
model  the  strong  axial  velocities 
usually  found  in  these  circumstances. 

In  principle  we  agree  with  Professor 
Wleghardt 's  comment  that  the  energy 
principle  is  not  violat.  d for  exact 
solutions  and  we  have  ourselves  commented 
in  section  3.4  on  the  use  of  the  rel- 
evant Hamiltonians.  That  statement  was 
based  on  a limited  number  of  checks  we 
had  made  ourselves . For  example  our 
recalculation  of  Westwater 's  computation 
of  trailing  vortex  roll-up  behind  an 
elliptically  loaded  lifting  surface 
(section  4.2)  gave  changes  of  the 
Hamiltonian,  in  arbitrary  units  which 
were  typically  as  follows  for  the  case 
when  N=40. 


Ot/s 

Hamiltonian 

0.05 

-4.09 

0.1 

-4.10 

0.2 

-3.99 

0.3 

-3.91 

0.4 

-3.85 

0.5 

-3.79 

It  is  seen  that  the  form  of  inter- 
polation used  in  our  stepwise  redis- 
cretisation of  vorticity  leads  to  changes 
in  the  Hamiltonian  but  that  the  varia- 
tion is  not  large  in  the  examples  tested 
so  far. 

There  are  several  aspects  to  Dr. 
Doctors  question  re  computing  time. 
Ordinarily,  the  time  increases  with  the 
number  of  segments  n as  n(n+l).  How- 
ever, as  explained  in  section  4.3,  it 
will  be  necessary  to  adopt  increasingly 
fine  segmentation  when  the  separation 
between  neighbouring  loops  of  vortex 
sheet  is  of  the  same  order  as  the  length 
of  the  chosen  segments  and  computing 
time  will  increase  at  a greater  rate. 

It  may  of  course  be  possible  to  coalesce 
elemental  vortices  for  certain  purposes 
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THE  FORCE  AND  MOMENT  ON  A TWIN-HULL  SHIP 
IN  A STEADY  POTENTIAL  FLOW* 

by 

Wan-Chin  Lin 

Naval  Ship  Rasearch  and  Devetopmant  Center 
Betheida,  Maryland 


ABSTRACT 

Tile  linearized  problem  of  potential  flow  around  a 
twin-hu)'  ship  is  solved  by  two  sheet  distributions  of 
sources  and  normal  doublets,  Tiie  thickness  problem  is 
solved  by  the  tbin-ship  approximation,  while  the  lifting 
problem  is  solved  by  a slender-sitip  approximation.  General 
formulas  for  the  steady  hydrodynamic  force  and  moment 
acting  on  a hull  are  obtained  as  an  extended  form  of 
Lagally’s  theorem  for  two  floating  lifting  bodies.  This 
theory  is  applied  to  the  prediction  of  wave  resistance  of 
Small-Waterplane-Area  Twin-Hull  (SWATH)  ships.  Com- 
puted and  experimental  results  are  compared  and 
presented. 

1.  INTRODUCTION 

Recently,  there  has  been  a considerable  amount  of 
interest  in  developing  a particular  type  of  twin-hull  con- 
figuration, namely,  the  Small-Waterplane-Area  Twin-Hull 
(.SWATH)  .ship,  as  a new  design  concept  for  a number  of 
specific  Navy  applications.  As  part  of  the  initial  effort  to 
investigate  the  hydrodynamic  performance  of  SWATH 
ships,  an  analytical  tool  for  predicting  wave  resistance  was 
developed.  This  paper  presents  the  results  of  subsequent 
efforts  to  extend  the  scope  of  analysis  to  include  an  inves- 
tigation of  the  steady  hydrodynamic  force  and  moment  on 
a twin-hull  ship  of  a more  general  sliape. 

The  wave  resistance  problem  of  catamarans  has  been 
investigated  by  Lunde  (1951)  and  Eggers  (1955).  In  both 
papers,  a catamaran  was  treated  as  two  separate  but  identi- 
cal thin  ships,  and  the  velocity  potential  of  the  problem 
was  obtained  from  two  siieet  distributions  of  simple  sources 
(or,  more  precisely,  Havelock  sources).  However,  since  each 
hull  is  in  proximity  to  the  other,  and  since  each  will  gener- 
ally experience  an  asymmetrical  flow  field  around  it,  dis- 
tributions of  simple  sources  alone  are  insufficient  for  solving 
the  problem.  To  account  for  the  asymmetric  flow  field 
around  each  hull,  distributions  of  doublets  normal  to  the 
sheets  should  be  simultaneously  considered.  Fortunately, 
by  virtue  of  linearization,  the  effects  of  doublet  distribu- 
tions may  always  be  superimposed  to  refine  the  results 
initially  obtained  from  source  distributions  without  jeop- 
ardizing the  initial  results. 

In  this  paper,  the  twin  hulls  are  represented  by  two 
distributions  of  sources  and  normal  doublets  on  their  plan- 
forms  (which,  in  the  case  of  a symmetric  ship,  correspond 

* kea<f~nt  the  Tenth  Symposium  on  Naval 
Hydrodynamics,  June  24-28,  1974, 

Cambridge,  Mass.,  U.S.A. 


to  the  ship  centerplane).  The  normal-doublet  distribution 
is  also  extended  into  the  infinite  downstream  in  the  wake 
regions  which  trail  each  hull.  Hence,  the  so-called  “lifting” 
effect  is  also  included  in  the  present  analysis.  The  mathe- 
matical problem  is  formulated  within  the  context  of  the 
linearized  thin-ship  theory.  Therefore,  the  “thickness 
problem,”  i.e.,  the  determination  of  the  source  density,  may 
be  solve  Immediately  upon  application  of  the  boundary 
conditions.  For  the  “lifting  problem,"  i.e,,  the  determina- 
tion of  the  doublet  density,  an  integral  equation  is  initially 
derived  with  the  fuii  expression  of  the  Havelock  doublet  as 
its  kerne'. 

As  a first  epproximation,  the  kernel  function  of  the 
original  integral  equation  is  replaced  by  the  so-called  “zero- 
Froude-number”  Green’s  function.  This  equation  is  further 
reduced  to  a singular  integral  equation  of  one  variable  by 
introducing  low  draft-to-length  ratio  and  small  hull  separa- 
tion distance-to-length  ratio  approximations.  For  this 
reduced  problem,  both  the  source  density  and  doublet 
density  of  the  distributions  have  been  obtained.  General 
formulas  for  force  and  moment  expressed  in  terms  of  these 
singularity-distribution  densities  have  been  derived.  The 
result,  as  might  be  expected,  is  an  extended  form  of 
Lagally’s  theorem  for  thin  lifting  bodies  making  a uniform 
motion  in  tltc  free  surface.  In  addition  to  the  expressions 
obiained  by  Cunjm  ns  (1957)  for  the  steady  case,  terms 
involving  integratiens  along  the  waterline  and  the  trailing 
edge  of  a hull  now  appear  in  these  formulas.  The  signi- 
ficance of  these  additional  terms  for  making  better  predic- 
tions of  force  and  moment  on  a floating  lifting  liody  is 
being  assessed  b’  actual  computations  and  by  comparison 
of  the  computed  results  wKh  experimental  data. 

As  an  example  of  the  application  of  the  theory 
presented  in  this  paper,  the  wave  resistance  of  two  SWATH 
ships  has  been  investigated.  Tlie  results  of  computations 
together  with  their  comparisons  with  experimental  results 
are  presented.  Unfortunately,  the  entire  scope  of  tlie 
investigation  of  force  and  moment  on  a twin-hull  ship  is 
not  covered  in  this  paper  since  the  work  is  still  in  progress 
and  further  computations  are  being  made.  We  shall  con- 
tinue to  report  the  results  of  such  investigations  as  they 
become  available. 

2.  FORMULATION  OF  THE  PROBLEM 

Consider  a twin-hull  ship  moving  with  constant  forward 
speed  U into  othenvise  calm  water  of  infinite  depth.  The 
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NOMENCLATURE 

(Additlontl  nomencUtur«  tre  defined  ar  they  tppear  in  the  text) 


C(x,z)  = mean  camber  surface  of  a demiluill 
t(x,z)  = half  thickness  of  a demihull 
2b  = hull-separation  distance 

<J>  = total  velocity  potential 

0 = disturbance  potential 

q = total  lluid  velocity  relative  to  the  ship 

y = disturbance  velocity 

= planforir.  of  Mull  1 

■''iw  ~ trailing  Mull  I 

0g  = disturbance  potential  due  to  source  distribution 

0JJ  = disturbance  potential  due  to  normal  doublet 

distribution 

o = local  density  of  the  source  distribution 

p = local  density  of  the  normal  doublet  distribution 

H = ship  draft 

L = ship  length 

B = ship  beam 

A • B = scalar  product  of  two  vectors 


A A B = vector  product  of  two  vectors 

I = bounding  surface  of  a control  volume  excluding  ship 

wetted  surface 

VJ,  = control  volume  bounded  by  2 and  the  wetted 

surface  of  Hull  1 , S, 

V[,'  = VJ,  plus  the  displacement  of  Hull  1 

V = (0,1,0)  = the  unit  normal  to 

q,  = tangential  component  of  q with  respect  to 

q„  = normal  component  of  q with  respect  to  S*,®' 

7,  = qj**  — q{"l  = the  difference  in  q,  sides  of 

q = averaged  value  of  the  fluid  velocities  at  both  sides 

of  the  singularity  distribution 
F = hydrodynamic  force  acting  on  Hull  1 

Nj  = hydrodynamic  moment  acting  on  Hull  1 with 

~ reference  to  tl-.e  origin  of  the  Oxyz-frame 

= total  wave  resistance 
= Cauchy  principal  value  integral 


two  hulls  will  be  referred  to  as  Hull  1 and  Hull  2,  respectively. 
Let  Oxyz  be  a right-hand  Cartesian  coordinate  system  moving 
together  with  the  ship,  with  Oz  directed  upward  (against  grav- 
ity), Ox  in  the  direction  of  motion,  Oy  to  port,  and  Oxy  coin- 
ciding with  the  undisturbed  free  surface. 

As  usual,  we  shall  assume  that  each  hull  is  "thin"  and  has 
small  camber,  and  that  the  two  hulls  are  mirror  images  of  each 
other.  We  shall  further  assume  that  Hull  1 is  situated  approxi- 
mately in  the  Oxz  plane,  and  Hull  2 is  situated  approximately 
in  the  plane  y = 2b.  Tlius,  the  hull  separation  distance  is  2b, 
and  the  plane  y = b is  a plane  of  symmetry  for  the  whole  flow 
field. 


Using  this  coordinate  system,  the  ship  geometry  may  be 
described  as  follows: 


Hull  I: 


Hull  2: 


f*  (x,  z), 
f (X,  z). 


- f-(x,z)  + 2b, 

- C (X,  z'  -r  2b, 


(2.1a) 


(2.1b) 


C(x,z)  = { f*(x.z)  + f ■ (x.z))  , 

l(X,2)  = ( r(x,z)  - f (x.z))  . 

I hen. 

f*  (x.z)  = C(x,z)  + t(x,z),f 
f (x.z)  = C(x.z)  t(x,z).| 


(2.2a) 

(2.2b) 

(2.3) 


Finally,  we  shall  assume  that  the  draft  of  the  ship  is  H and  the 
ship  length  is  L,  extending  from  -L/2  to  L/2. 

We  shall  now  develop  a potential  flow  of  an  inviscid  fluid 
for  a twin-hull  ship.  This  development  will  be  based  upon  the 
linearized  theory  of  ship  waves  using  the  thin-ship  approximation. 

Let  the  total  velociiy  potential  <l>  be  given  by 
<l>  = - Ujc  ♦ 0 

so  that  its  gradient  gives  the  total  fluid  velocity  relative  to  the 
ship  as  follows: 


where  the  subscript  S and  P indicate  the  starboard  and  port 

sides  of  the  hull,  respectively.  where 


q = 7‘P  = " Ucj  + 70, 


For  convenience,  let  us  define  the  mean  camber  surface 
and  the  half-thickness  function,  respectively,  as  follows: 


70  = (u.v,  w)  = y. 


(2.4) 


(2.5) 
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whicl\  represents  the  disturbance  velocity  due  to  the  ship.  We 
shall  use  the  notation  i = 1,2,3  to  represent  the  three  base 
vectors  of  the  Oxyr,  coordinate  system.  Tlien,  by  a systematic 
perturbation  expansion  based  on  the  thin-ship  assumption,  we 
may  obtain  the  following  boundary-value  problem  appropriate 
for  the  first-order  approximation  of  the  disturbance 
potential  <i>. 


9^0  9^^ 

9x^  9y^  9/.^ 


for  >.  < 0, 


9^0 

9x^ 


+ k„ 


at  z = 0, 


Since  both  the  differential  equation  and  the  boundary  con- 
ditions (2.6)  and  (2.7)  are  linear,  we  may  consider  the  effect  of 
thickness  and  the  effect  of  the  position  of  the  mean  cambci 
line  (which  now  includes  the  incidence)  separately.  This  can  be 
done  by  assuming  C(x,y)  = 0 and  t(x,z)  » 0 in  (2.7),  respectively, 
and  superimposing  the  results.  Thus,  for  example,  the  flow 
around  Hull  1 may  be  decomposed  into  two  problems  as  follows: 
(1)  the  flow  around  a symmetric  hull  (with  respect  to  the  plane 
y = 0)  without  the  presence  of  Hull  2,  and  (2)  the  flow  around 
a very  thin  hull  (zero  Ihickness),  with  or  without  camber,  in  the 
presence  of  Hull  2.  Subsequently,  these  two  problems  will  be 
referred  to  as  the  “thickness”  and  the  “lifting”  problems,  respec- 
tively. The  flow  around  Hull  2 may  be  similarly  decomposed. 
This  suggests  that  the  disturbance  potential  <t>  may  have  the 
following  decomposition: 


where  g/U^ 


I '^20 

> (2.6) 


for  X > 0. 


a;:  x-*  + y^ 


j^'Otl), 

for  X < 0. 

lim 

dip 

— = 0. 

1 

i 

In  addition,  4>  is  required  to  satisfy  the  following  approximate 
kinematic  conditions  at  the  ship: 


90 

9y 


(x,+0,z)  = 


90 

9y 


(X,  - 0,z)  = 


(x,0,z)eS‘"j 


such  that 


— ^-(x,±0,7.)=  TU  — , 
9y  9x 


90, 


— tx,0,z)+  - — =-U  — 
9y  9y  9x 


9y 


for 

(x,0,z)t-S‘">, 

(2.<)) 


^(X,2bi0,z)  = TU  , 

9y  9x 


dy 


tx,2h,z) 


90 


9y 


()X 


'^*10 

Oy 


for 

(x.2b,z)eSj<®>. 


(2,10) 


and 


>(2.7) 


— (x,2b  + 0,z) 
Oy 


90 

9y 


(x,2b 


0,7.)  = U 


or 

9x 


for 

(x,2b,z)eS<«> 


where  and  Sj?,,'  represent  projections  of  the  wetted  surfaces 
of  Hull  1 and  Hull  2 onto  the  vertical  planes  y = 0 and  y = 2b, 
respectively,  when  the  ship  is  at  rest.  In  wing  theory  termi- 
nology, Sj®'  and  are  the  planforms  of  Hulls  1 and  2, 
respectively. 

Before  proceeding  further,  let  us  observe  the  flow  situa- 
tion around  the  ship.  Because  each  hull  is  now  cambered  and 
is  situated  in  proximity  to  the  other,  each  will  expe  ence  a 
uniform  flow  coming  from  an  angle.  Hence,  in  addition  to 
the  usual  thickness  effect  of  a sy;  . ^tric  monohull  slrip,  the 
so-called  cross-flow  effect  must  also  be  considered.  This  is  true 
even  if  the  camber  is  reduced  to  zero  since,  for  two  identical 
monohull  ships  sailing  abreast,  the  flow  around  each  ship  will 
still  be  asymmetric  with  respect  to  its  centerplane. 


In  view  of  these  boundary  conditions  and  the  corresponding 
flow  problem  each  component  potential  represents,  we  may 
expect  the  potentials  0,„  and  0,^  to  be  symmetrical  about  the 
planes  y = 0 and  y = 2b,  respectively,  while  0,^  and  0j^  should 
be  antisymmetrical  about  these  two  planes.  Hence, 


0,„(x,y,/,)  = 0,„(x,  y,z).| 
'^i;,<x,y,z)  = 0,^(x,  y,z)  ,j 

'^2o(x,y,/.)  = 0jo(x,  y-t4b,z),  1 
0j^(x,y,z)  = - 0j^(x.-y-t-4b,z). 


(2.11) 


(2.12) 


Our  next  task  is  to  find  solutions  to  the  boundary-value 
problems  given  by  (2.6),  (2,9),  a d (2.10).  We  shall  try  to  find 
the  respective  .solutions  by  the  method  of  Green’s  functions. 

2.1  Solution  to  tha  Thickrtets  Problem 

Let  us  first  find  the  solution  to  0j^  which  is  required  to 
satisfy  the  requirements  in  (2.6)  and  the  first  equation  in  (2.9). 
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Since  is  expected  to  be  symmetrical  with  respect  to  the 
plans  y “ 0 (see  2.1 1),  it  suggests  that  may  be  obtained  by 
a distribution  of  sources  and  sinks  over  the  planform  of  Hull  I , 
S<®>.  Thus 


*io(x,y,z)  ^ 


IJ 

s(0) 

'’lb 


3(Xo,7.g)C.(x,y,i;Xo.O,ao)dXodio,  (2.13) 


From  (2.16)  and  the  first  equation  of  (2.9),  the  local  surface 
density,  o(x^,,Iq),  of  the  distribution  is  found  to  be  related  to  the 
half-thickness  function  of  a h»ll  as  follows: 


o(x,z)  = 


2ir 


at 

3x 


(2.17) 


In  a similar  manner,  we  may  conclude  that 


where  o(Xg,2^)  is  the  local  surface  density  of  the  distribution, 
and  G (x,y,z;  is  known  as  a Green's  function.  This 

function  satisfies  dl  the  requirements  in  (2.6),  except  at 
(x,y,z)  (XQ,yg,ZQ),  and  has  the  form 

G(x,y,z;Xg,yg,Zg)=  ^ +ll(x -Xg,y -yp,z+Zg).  (2  14) 


;e.  tiie 


In  this  expression  r =»  j^(x  - Xg)^  + (y  - yg)^  + (z 
and  H is  harmonic  everywhere  in  the  lower  half  space 
explicit  expression  of  the  function  G is  well  known  (see,  for 
example,  page  149  of  Wehausen  (1973)),  and  may  be  written 
in  the  following  form: 


^jg(x.y,z) 


II 

,(0) 


a(Xg.Zo)G(x,y,z;Xg,:h,Z(,)dx„dZ(,, 


(2.18) 


where  is  the  planform  of  Hull  2.  Since  we  assume  that 
Hull  2 is  a mirror  image  of  Hull  1 , the  local  surface  density  of 
the  source  distribution  for  Hull  2 in  (2.18)  will  still  be  given  by 
(2.17). 

Thus,  both  <f>^g  and  are  now  completely  determined. 
Our  next  task  is  to  determine  and 


G(x,y. 


,yg, 


1 1 

) = - + - 
r r, 


If  “I 

•^1  Vi 


dkk 


exp  k(z.+Zg) 


xcos[k(x  Xg)cos01  'cos(k(y-yg) 
X sin  0| 


(2.15) 


■4k, 


f' 


ddsec^  6 


xsin|k„!x  Xg)secO) 


exp  1 kg(Z'^  Zg  ) 
X sec^  fl| 

cos(kg(y  yg) 
xsiii  Osec^dl , 


where  r,  = [(x  - Xg)^  + (y  - -f  (z  + Zg^]  kg  = g/U^ 
and  the  integral  with  respect  to  k is  a Cauchy  principal-value 
integral. 


2.2  Solution  to  the  Lifting  Problem 

Suppose  that  Hull  1 is  of  zero  thickness,  but  cambered,  and 
is  situated  in  close  proximity  to  Hull  2 which  has  finite  thick- 
ness. As  was  previously  discussed,  describes  this  portion  of 
the  flow  field  around  Hull  1.  By  (2.1 1),  0,^,  is  antisymmetrical 
with  respect  to  the  plane  y - 0.  This  suggests  that  can  be 
represented  by  a distribution  of  doublets  of  surface  density  p in 
the  x,z-plane,  To  satisfy  the  antisymmetrical  property  of  (2.1 1), 
the  orientation  of  the  doublet  distribution  should  be  normal  to 
the  x,z-plane.  Analogous  to  the  situation  of  an  incident  flow 
past  a finite  liiin  wing,  we  sliall  assume  that  there  is  now  a 
steady  vortex  wake  trailing  the  stem  of  Hull  1 and  remaining  in 
the  x,z-plane.  We  shall  also  assume  a similar  physical  picture  for 
Hull  2.  Furthermore,  since  the  wake  is  now  a slieet  of  disconti- 
nuity, the  doublet  distribution  extends  over  the  wake  as 
well  as  over  the  planform  of  Hull  1 . Thus, 


''IP 


(x.y.z) 


II 


'^'■’‘o-i'.g)  — G(x.y.z;xg.O,Zg)dXgdZg, 

(2.19) 


The  function  G for  this  specific  case  is  called  a “Havelock 
source”  and,  in  addition  to  having  the  properties  of  a source 
potential,  satisfies  the  linearized  free-surface  condition  in  (2.6). 
Thus,  it  is  obvious  from  (2.13)  .ind  (2.14)  that  has  the 
properties  of  a single-layer  potential,  and,  in  particular,  has  the 
following  jump  property  at  the  surface  of  distribution,  sj®'; 


3^10 

(X,  ±0,7.)  = ±2ffa(x.z).  (2.16) 

3y 


wliere  the  suffix  S*,®'  + indicates  that  the  integral  is  taken 
over  the  planform  of  Hull  1 and  the  wake  trailing  behind  it. 

SimiUuly,  for  Hull  2,  we  have 


'^jj,(x,y.z)  = 


.1 


(2,20) 
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where  the  distribution  is  now  extending  over  the  planlomi  of 
Hull  2 and  its  wake.  The  minus  sign  in  (2.20)  is  due  to  the 
assumption  that  Hull  2 is  a mirror  image  of  Hull  1 ; hence,  the 
doublet  density  for  Hull  I is  equal  in  magnitude  and  opposite 
in  orientation  from  that  of  Hull  2.  From  (2.14),  (2.19),  and 
(2.20),  it  is  clear  that  both  and  have  the  properties  of  a 
double-layer  poten*^ial.  In  particular,  we  have: 


Vo’  0,7.,,)=  4jrp(Xg,z^) 
tor(x„,0,7o)eS<“'+S|®>, 


(2.21) 


and 


^jp(x„,2b+0,7.„)  .0j^(x^  2b-  0,z„)=+47rp(Xp,7,„) 
for(x„,2b,z„)eSWtSfJ. 


Since,  by  (2.1 1)  is  an  odd  function  of  y,  (2.21)  gives 


^(>^0  - T;;  + 


(2.23) 


Similarly,  for  Hull  2,  we  have  from  (2.22) 


in  the  wake  That  is,  p is  constant  along  lines  which  are 
parallel  to  the  direction  of  flow  in  the  wake.  Similarly,  wo  may 
also  set  Dp/3x  = 0 along  the  keel  if  we  assume  continuity  of 
pressure.  .\t  the  keel  we  sliall  further  assume  that  the  function 
is  continuous.  Tliis  means  that 


p(x^,  H)  = 0, 


(2.28) 


everywhere. 

Since  p(X(,,Zq)  is  no  longer  related  directly  to  t))e  local 
geometry  of  the  ship,  it  is  more  difficult  to  determine  0,^. 
However,  the  second  equation  of  (2.9)  may  now  be  used.  If 
we  substitute  expressions  in  (2.15),  (2.18),  (2.19),  and  (2.20) 
into  (2.9),  we  may  write 


liin 

y-»o 


JI. 


p(X(,,7^)  (G(x,y,z;x„,0.7.Q) 

3y2 


G(x,y,7,;Xg,2b,z„)  [dx^dz,, 


= - U 


dx 


(2.29) 


,(0) 

^Ib 


3G 


P(X„,7.„)  = 


(2,24) 


X (x,0,z;Xq, 2b,z,p)  dX(,  dZj, 


A few  more  obseivations  can  be  made  for  the  doublet 
density  p.  T'  express'on  for  the  pressure  appropriate  for  the 
Pi'S  -order  approximation  may  be  obtained  from  Bernouiii's 
law  us 


p = pU  =pU  ' (^10  ">n  + '^2pK 

Since,  in  (2.25),  30|^/3x  is  the  onlv  fu..ction  which  suffei  a 
lump  discontinuity  across  the  sheet  Sj^'  + Sj^',  the  pressure 
difference  on  both  sides  of  this  sheet  is 


(S'/'ip  uAy  I 

^pLI  ^ (x,  + o,z)  - .;x,  0..--' 
px  a . , 


--  47rpU 


3p 


<)x 


(2.26) 


Tliis  is  an  intecral  equation  to  be  solved  for  the  unknown 
doublet  density  p.  The  right-hand  side  of  (2.2;^)  involves  only 
known  quantities,  since  the  source  density  o{x^,,Zq)  is  already 
related  to  the  local  slope  by  (2.17).  However,  this  equation 
becomes  extremely  complex  if  the  complete  expression  of  the 
kernel  funct*  )n  G is  to  be  substituted  from  (2.15).  A closed- 
form  solution  of  this  complete  integral  equation  appears  to  be 
beyond  our  resources.  Althoug'i  we  may  try  to  solve  this  equa- 
tion numerically  ii  is  not  advisable  to  tal  e a brute-force  approach 
to  evaluate  the  function  G in  the  f i m given  by  (2.15)  without 
further  reduction.  Since,  in  this  expre' sion,  G contains  a double- 
integral  term  with  a highly  oscillating  integrand,  a direct  numer- 
ical evaluation  of  this  term  is  not  only  time-consuming  but 
prone  to  inaccuracy. 

Ku  (I9iil)  has  shown  that  for  a simpler  case,  i.e.,  for 
y = 0 and  y^  = 0,  the  k-integral  of  the  double-integial  term  in 
(2.15)  may  be  expressed  in  terms  of  th,  exponential  integral 
function.  Since  the  exnonential  integral  function  is  well  behaved 
and  is  -also  extensively  tabulated,  the  degree  of  numerical  diffi- 
culty appears  to  be  co.'.siderably  reduced. 


The  assun  ption  that  the  pressure  is  continuous  across  the  wake 
implies  that 


To  fill  the  need  of  the  problem  here,  Hu’s  approach  has 
been  extended  to  a general  case  of  G.  It  is  sliown  in  Appendix 
A that  (2.15)  may  be  written  in  the  following  form: 


3p(x„,/,„) 


3x 


0,  or,  P(~„,z„)  = p ^ 


(2.27) 
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I I 
^ *^1 


- ( 
' 3a  J 


dg  . e»^i+iu) 


■E|  (i<(a  + ic3)) 

-ir/2t0 
+ 4—  f 

Oa  I 

>/2 


dfl  • c''* 


(2.30) 


•sin  (vp  cos  (0  (3)1 , 

where  a = z+Zp  , p *>/(x  Xg)^+  (y 

(3=t:m  ‘ ((y  -yp)/(x  -Xp)|.  w=(x-  Xp)  cos  fi 
+(y  yp)sin0 

and  V = kp  sec^  0. 

the  rest  of  the  variables  are  already  defined  in  (2.15).  Tl»e 
special  function  E,  is  the  “exponential  integral  function”  as 
defined  by  Equation  (A.4)  of  Appendix  ,V. 

In  (2.30),  the  double-integral  term  has  been  reduced  to  a 
single  integral.  Since  the  function  E,  is  extensively  tabulated 
and  its  method  of  computation  well  studied,  an  efficient 
numerical  scheme  for  evaluating  G may  he  developed  from 
(2.30). 

As  an  alternate  approach,  we  may  also  try  to  solve  the 
integral  Equation  (2.29)  by  an  iterative  perturbation  technique. 
In  fact,  for  a yawed-ship  problem,  Hu  (1961)  assumed  pertur- 
bation expansions  fur  both  G and  the  doublet  density  p,  and 
solved  the  integral  equation  of  the  problem  by  an  iterative 
procedure. 

In  terms  of  (2  30),  the  expansion  for  G used  in  Hu  may 
be  written  as  follows: 


|gg“"  -G*'’ +G'^'G<’>  + (2.31) 


where 


■rl.  > > 

(pOI  = — + — 


(2.32) 


•quoreu,  the  expansion  (2.31)  is  valid  only  fur  low  Froude 
numbers. 

In  fact,  G*®’  in  (2.31)  corresponds  to  the  limiting  case  of 
seiting  Froude  number  equal  to  zero,  and  is  referred  to  as  the 
“lero-Froude-number”  approximation  of  G.  Hu  fiirther  reasoned 
that  G*®'  and  G*"*  represent  the  lowest-  and  liigliest-order  terms 
in  the  expanrion,  respectively,  and  pursued  the  iterative  approxi- 
mations accordingly. 

In  Hu’s  report,  the  computational  results  so  obtained  com- 
pared favorably  with  corresponding  experimental  data.  There- 
fore, it  may  be  inferred  that  a similar  technique  may  be  applied 
here  to  solve  the  integral  Equation  (2.29).  On  the  other  hand, 
some  investigators  have  experienced  difficulty  in  using  the  iter- 
ative technique  based  on  a perturbation  expansion  which  has  the 
zero-Froude-number  approximation  as  its  first  term  in  the  series, 
and  have  warned  that  such  a technique  may  not  be  valid.  In 
any  case,  the  information  available  in  this  regard  seems  inconclu- 
sive in  proving  or  disproving  the  validity  of  such  a technique. 
Continuing  efforts  arc  being  made  to  solve  the  integral  Equation 
(2.29)  both  by  a direct  numerical  scheme  and  by  the  iterative 
perturbation  technique.  It  is  felt  that,  short  of  rigorous  inathe- 
matical  proof,  one  can  draw  a conclusion  about  the  validity  of 
the  iterative  perturbation  technique  only  after  a careful  examina- 
tion of  the  computed  results  obtained  by  different  methods, 
such  as  those  mentioned  above,  and  by  comparison  between  the 
computed  results  and  experimental  data. 

2.3  Zero-Order  Solution 

In  the  following  we  shall  attempt  to  derive  an  approximate 
solution  to  the  integral  Equation  (2.29)  by  replacing  the  com- 
plete expression  of  G by  G'®*.  Such  a solution  is  equivalent  to 
the  zeroorder  approximation  in  the  asymptotic  expansion  (2.31). 
The  problem  will  be  further  simplified  by  adding  three  more 
assumptions  concerning  sliip  geonieiry:  (1)  that  each  hull  has  a 
rectangular  planform,  (2)  that  the  draft-to-length  ratio  is  small, 
and  (3)  that  the  ratio  between  the  hull  separation  distance  and 
ship  length  is  also  small  and  is  of  a comparable  order  of  magni- 
tude as  the  draft-to-length  ratio. 

Tlius,  (2.29)  shall  now  be  written  as 


't  II  - -a,. 


^2 


I ; r 
( 1 


. „ (01 


and 


t;(w>  = 4 — I 

‘^4/2 


dfle*'"  ■ sinlvpcoslfl  P)|. 


(2.33) 


Tlie  remaining  terms  of  (2.31),  G*"',  n = 1,2,3,...,  are 
obtained  by  making  use  of  the  asymptotic  expansion  of  the 
E|  function.  Their  explicit  expressions  aie  given  by  Equations 
(A.  18)  and  (A.  19)  of  Appendix  A.  Since  the  asymptotic 
expansion  of  the  E,  function  is  valid  only  for  large  arguments, 
and  since  the  argument  of  the  E,  function  in  (2.30)  is  now 
v(a  + ito)  which  is  related  to  the  inverse  of  the  Froude  number 
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G'®*(x,y.z;x„,2b,z„))  dx„dz„ 

X JJ  ®<’‘o-‘'o 


ac 

Ox 


OG® 

0> 


X (x,0,z;X(,.2b.z„)dx„dz^.  (,,34) 
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I I 

■ ir- 
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1 1 


I 
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In  the  tbOYe  equation,  G'®'  is  to  be  substituted  from 
(2.32).  After  such  a substitution,  however,  each  term  in  (2  34) 
must  be  further  manipulated  into  a form  suitable  for  taking  the 
limit  as  indicated.  Thus,  the  Tint  term  on  the  left  side  of  (2.34) 
becomes 


''lAi(N.y.z)  » 


MIKq-Zq) 


- (01  ...  (0) 
''lb  *'‘1* 


x(x.y,/;xo,0,Z5)dx„dz, 
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|\/(X  x„)^+y^+(/.  z„V 


il 
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v/(x  x„)^  + y''*  (Z+Z(,)^ 


v-fl  .11 


r r 

dxM  dt„u(Xo.z„)  — - 


I s/(x  - x„  )^  + y^  + (z 


1==,! 

(^  + (Z  Z„)M 


(2..t  i) 


if  we  assume 

'o'- 


-in 


Since  r"  * = [(x-Xg)^  + y + (z-Zg)^ ! satisfies  Laplace’s 
equation,  (2,35)  may  be  replaced  by 


•5(^1 


v,,,(x.y.z)  = 


^(exl  we  adapt  the  usual  assumptions  made  for  a rectan 
gular  wing  (for  example,  Robinson  and  Laurmann,  p.  232) 
that:  (1)  M(Xg,Zg)  = 0 along  the  finite  boundaries  of 

®ib^  + (2)  dp/9Zg  * 0 along  the  bow  profile  and  its  reflec- 

tion, X “ L/2;  and,  (3)  9p/9xg  “ 0 along  the  keel  and  its 
reflection,  Zg  » ±H.  Then,  by  making  use  of  these  assumed 
boundary  conditions,  of  integration  by  parts,  and  of  the  fact 
that  9p/9xg  » 0 in  the  wake,  the  following  results  may  be 
established; 


(2.38) 
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(•--  (X  Xg)(Z  Zg) 
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H dju  I 
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yt+(z-Zg)^  (2.39) 
dV  (X  Xg)(Z-Zg) 


9Zg  ly'  +(z  -Zg)'K 


The  algebraic  details  for  deriving  these  results  may  be  found  in 
Robinson  and  Laurmann  (1956,  pp.  232-237).  After  substitu- 
tion from  (2.38)  and  (2. 39)  into  (2.37),  we  obtain 
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Equation  (2.40)  (Continued) 
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C.40) 


The  integrals  in  ('.40)  are  singular  for  y =>  0.  It  can  be 
shown  that  in  this  case  the  correct  limiting  value  is  obtained 
by  taking  the  principal  values  ol  the  integrals.  Thus,  upon 
taking  the  limit, 
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where  we  have  again  made  use  of  (2.36)  and  the  fact  that  1/r 
satisfies  Laplace’s  equation. 

Following  a similar  manipulation  as  in  the  case  of  we 
obtain 


Note  that  upon  taking  the  limit  y-*Q,  the  second  double 
integral  in  (2.40)  tends  to  zero.  Hence,  only  the  principal 
values  of  the  first  double  integral  and  the  last  single  Integral 
of  (2.40)  remain. 

Next,  let  us  derive  a similar  result  for  the  second  term  on 
the  left  of  (2.34).  Clearly,  this  term  represents  the  component 
velocity  normal  to  Sj®’  + due  to  ,.ie  doublet  distribution 
over  the  planform  and  its  wake  of  Hull  2.  Hence,  we  shall 
write 
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D + cIlb 
3*G*®’(x,y,z;  Xp,2b,Zp) 


Since  there  is  no  longer  any  singularity  at  y ■ 0 in  (2.43), 
Vj^(x,0ji)  may  be  obtained  immediately  from  (2.43)  as 
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(X-Xp)*  + 8li*  + (a  z.p)* 


■ L 


/ (X-XpV 

\((x-x„)*  + 


3*0 


3y* 


Equation  (2.42)  (Continued) 


g,  . 4b* I • (4b*  + (z-Zp)*( 

(X-Xp)(z-Zp)  Z-Zp 


(2.44) 


v4x  -Xp)*  + 4b*  + (z-  Zp)*  *( 


0'^) 
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The  remaining  term  to  be  similai'y  manipulated  is  the 
last  term  on  the  right  side  of  the  equal  sign  in  (2.34),  This 
term  represents  the  component  velocity  normal  to  Sj®*  + 
contributed  by  the  source  distribution  over  the  planibrm  of 
Hull  2.  Hence,  let  us  write 


ff  dr,*"' 

v^„(x,0,z)=  JJ  o(X(,,Zo)  (x.O,z;x„,2b,7.„)dx„dz„ 


1./2  0 


» r dxo  j d/,j 

J L/2  J M 

([(X  Xu)-H  4b^+(z 

^ 2b \ 

^x  X,,)-  + 4b^  + U+Zo'^]  ^ ' 
i/2  H 

- r dXo  j dz„  .-7(x„,z„i 

J i/.’  J n 

([(X-  x„)^  + 4b^  + (7.  z„)^]’^^) 


In  li/7  ' " " (•<’' 


This  is  an  integral  equation  of  the  first  kind  for 
Althon!’,b  we  may  try  to  solve  this  equation  numerically,  it 
appears  that,  for  the  problem  considered  heir,  further  simplify- 
ing assumptions  may  be  introduced.  To  do  this,  we  observe  that 
the  draft  of  a ship  is  generally  much  smaller  than  its  length, 
l urthemiore.  for  the  steady  forward  motion  of  a twin-hull  ship, 
the  cross-flow  effect  becomes  a problem  of  concern  only  when 
the  two  hulls  are  sufficiciuly  close  to  each  other.  Hence,  the 
two  assumptions  introduced  earlier  concerning  the  draft-to- 
length  ratio  and  separation  dlstance-to  length  ratio  will  now  be 
used,  they  may  be  stated  as 


11  2b 

- < < I and  — < <•  1 . 
L L 


Tliat  is,  H/L  and  2b/L  are  both  small  a,id  their  orders  ot 
magnitude  are  comparable,  so  that  the  usual  approximaMons 
made  for  low-aspect  ratio  wings  may  be  applied  here.  Thus  the 

radicals  |(x--Xj,)^  + (z-z^)^)'^^  and  Kx-x^,)^  + 4b^ 

+ (z -Zq)^]'^^  may  both  be  replaced  by  Ix-x^lin  (2.47).  For 
example,  two  of  the  terms  in  (2.47)  will  he  approximated  as 
follows: 


where  we  have  assumed 

o(x„,z^(  = a(Xy, -Zq).  (2.4b) 

Because  ■ f the  r .''ionship  between  the  source-distribution 
density  and  the  local  ship-hull  slope  as  given  by  (2.17),  the 
assumption  (2.46)  means  that  the  ship  geometry  is  also  an 
even  function  of  z,  i.e.,  symmetric  with  respect  to  the  Oxy- 
plane,  .so  that  9C(Xq,Zq)/3x  = 9C(Xg,-Z(,)/9x. 

The  integral  equation  for  the  doublet-distribution  density 
appropriate  tor  the  flow  around  a .ship  with  two  thin  huUs 
may  now  be  obtained  by  substituting  the  results  obtained  in 
(2.41),  (2.44),  and  (2.45)  into  (2.34).  Hence, 


f"  f ( /xA'*  "o*'  * ^0^'  _ I \ 

ax„3zj  \ (X-  Xo)(z  z„)  Z zj 

J II  J 112 


(X  x„)^ -r  8b- + (z  z„)2  (X  x„)(z  z„) 

l(x  x„)2+4b-114b-+(z  z„)2]  x,)^+4b2+(z  Z(,)- 


^ \ 

b--r(z  z„)7| 


aC(x,  ■;) 


/tX  Xu)-  + tZ  Z,,)-  lx  X|j|  1 

— — — 

(X  X,,)(Z  Z„)  (X  X„)  (Z-Zg) 


(X  X,,)(Z  z.,) 


/(x  x,^)^  + 4b'*  + (z-Zj)^ 


(X  .X,,)’ -r  Hb- -t  (z  Z|,)^ 

lix  X|,)^+4b7  |4b-+tz  z„)7 


<x  x„)  z z„ 
lx  x„|  4|>- ^ (z 


After  making  substitutions  from  (2.49)  and  (2.50)  and  carrying 
out  the  integration  with  respect  to  Xq,  the  left  side  of  the  equal 
sign  in  (2.47)  becomes: 


J ^ 'o  4b^-r(z-Zo)^/ 

To  treU  the  last  double-integral  term  in  (2.47)  similarly, 
we  integrate  by  parts  with  respect  to  Xj,  first  before  replacing 

the  radical  [(x-Xq)^  -i-  4b^  + (z-Zq)^I*^^  with  Ix-x^l.  Thus, 
this  term  becomes: 


Equation  (2.47)  (Continued) 


H 1/2 


r ^^0  I "^^0  0{Xl),Zy) 

j M j 1./2  ^ 

,/ _\ 

\l(x  x„)^+4b-+(7. 

r"  ' 

= • 2b  I dZ|j  

J ,1  4b-  + (z  z„)- 

|(x  x„)'g(x„,Z|)) ‘ 

v/  X x„ )-  + 4b-  (z  z,|)- 

da  ^ 

J u!  “ y(x  x„)-  + ' 


'(X  Xu)-+4b-i(z  z,,)^ 


1 ^))0'>‘o-'o> 


: 2b  r — L__ 

J ,1  4b-+(z  Z(,)-  |L 

1 

j “'•’‘"■''I'l' 

o(x.z„) 

:4b  dz„. 

J I,  4b-  + (z  z„)- 


Substituting  (2.51)  and  (2.52)  into  (2.47),  we  obtain  an 
approximate  integral  equation  for  9m/3zq  as  follows: 


f"  /_i_  \ 

J II  4h-  + (z  z,|)^j 

ac  c" 

= U — +4b  dz 

J „ 4b=  + (r.  z,,)^ 


37j  ^ 'o«  V(y  -Vo)'  + 

. o(..v 

2 3x  3yJ-H 

x(iogv'(y-  y(|)2  Kz  Zg')2)  iiZg. 

’0" 

at  y = 0.  (2.53a) 

In  the  cross-sectional  plane,  x = consta.-.t,  the  left  side  of  the 
equal  sign  in  (2.53a)  represents  the  net  y-component  velocity 
contiibuted  by  the  two  line-distributions  of  horizontal  doublets, 
located  at  yj,  = 0 and  yg  = 2b  and  extending  from  Zq  = -H  to 
Zq  = H.  On  the  other  hand,  the  right  side  of  this  equation 
represents  the  cross-flow  velocity  due  to  both  the  camber  of 
Hull  1 and  the  source  distribution  representing  Hull  2.  Thus 
(2.53a)  states  that  the  double,  density  p may  be  determined 
by  equating  these  two  velocities  when  evaluated  at  y = 0 
(which  corresponds  to  the  planform  of  Hull  1).  Hence,  p is 
now  to  be  determined  two-dimensionaily  at  each  cross-section. 
This  is  in  agreement  with  one  of  the  familiar  conclusions 
obtained  from  the  slender-body  approximation. 

To  find  the  doublet  density  p,  we  note  first  that  (2.53)  is 
a complete  singular  integral  equation.  Except  for  .some  particu- 
lar types  (see.  for  example,  Clakhov,  § 51 ) for  which  closed-form 
solutions  may  be  obtained,  the  solution  of  such  an  equation  is 
generally  carried  out  by  a reduction  to  a Fredholm  in'egral 
equation.  A number  of  techniques  are  available.  He  , we  shall 
use  the  method  of  Carleman-Vekua.  Namely,  we  shall  eliminate 
the  singular  Integral  by  solving  the  corresponding  dominant 
equation  (for  example,  Gakhov,  pp.  186-194). 

Morgan  (1962)  derived  an  integral  equation  of  this  type  for 
a ducted  propeller  problem,  and  used  the  same  method  to  solve 
the  equation.  A similar  approach  will  be  applieu  here  to  solve 
(2.53).  First,  let  us  rewrite  (2.53)  in  the  following  form: 


3p(xz„) 


— dzp  = l'|,(x;z) , 


This  equation,  aside  from  being  simpler  than  the  original 
one  in  (2.47),  has  an  interesting  physical  significance  which 
shail  be  discussed  here.  It  can  be  shown,  by  integrating  by 
parts  and  by  making  use  of  the  fact  that  log 
[(y-yg)^  + (z-Zg)^)'^^  satisfies  Laplace’s  equation  in  the  plane 
perpendicular  to  the  x-axis  (i.e.,  in  y-  and  z-variables),  that 
(2.53)  is  precisely  the  same  equation  as 


U 3C  bU  r"  3t(x,Zg)  dzg 


U ^ bU  C 

2 9x  IT  I 

J-\i 

. r"  is- 

J ^1  '■''■n  4b' 


41V  -t(Z  Zg)^ 


4b^-b(Z“Zg)^ 


Note  that  in  (2.55)  we  have  made  a substitution  for  a from 
(2.17). 
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By  making  use  of  a known  inversion  formula,  (2.54)  may 
be  solved  in  a closed  form  if  Fg  is  regarded  temporarily  as  a 
known  function.  Thus,  according  to  this  formula,  (2.54)  may 
yield  the  following  result: 


3p(x,a)  ^ j_ 

ffV(H 

I 3p(x;zg) 


I Fg(x;7.g) 

J-n  'o 


V(H  -ZgKH+Zg) 


dz. 


7Tv/(H  -zKHt  z) 


J 3^0 

J..  H ’ 


dzg. 


(2.56) 


But 


M 

I. 


3p(x;zg) 

dZg  = g(x,H)  p(x,  H)  = 0, 


(2.57) 


since  we  have  assumed  that  p is  even  in  z and  also  vanishes 
along  the  keel.  Hence,  upon  substitution  from  (2.55)  for  Fg, 
(2.56)  becomes: 


3p(x,:')  I 


3z 


■77=  f 

ir^  \Ai^  7}  J II 


, 3p(x,z')  , , 

(z.z  ) — — — dz 
3z 


(2.58) 


tr2  yii^  z2  J 11  ■''>  '• 


where 


(Zg  z')v4FlJ 




J ,1  (Zg  z)  141)^  +(z, 


Z'l^l 


dz,,. 


(2.5>)) 


F,(x,z„)  = . 


U 3C  l^r  3t(,x,Z(,l  ^1,’ 

” 

J II 


2 Dx 


3x  .11,2 


41/  + (Zg  z')^ 


(2.(>0) 


Note  that  (2.58)  is  a Fredholm  equation  of  the  second 
kind  for  3p/3z.  However,  it  may  not  be  soived  in  this  form 
since  tiiere  are  singularities  at  z - ±11.  Instead,  let  us  define 


3p*(x.zl  — -J  3p(x,z) 

3z  3 7, 


<2.(1 1 


) 


Tlien,  in  terms  of  tins  new  unknown  function,  (2.58)  may  be 
written  as 


Ou*(x.z) 


II 


()U*(X.7.')/37' 


dz' 


V 


r-t 

' II  7.  - 


(2.621 


+ !•', 


(x.z). 


where 


H 

K(z,z')  = — -f 

III 

F,(x.z)  = -l| 

J u 


(Zo-z')n/h2  -Zg2 
(Zg--Z)  14b^  +(Zg-z')^J 


F| 


(X.Zg) 


dz„ 


dZn 


(2,6.5) 


(2.64) 


The  kernel  function  K(z,z')  and  the  known  function 
Fj(x,z)  are  both  defined  by  Cauchy  principal-value  integrals.  In 
general,  for  a given  ship  geometry,  (2.62)  may  be  solved  for 
3/a*/3z  by  a numerical  scheme  without  much  difficulty.  Finally, 
the  doublet  density  p(x,z)  may  be  completely  determined  from 
the  solution  for  3p*/3z. 

3.  HYDRODYNAMIC  FORCE  AND  MOMENT 

Tlius  far,  both  the  thickness  and  lifting  problems  previously 
formulated  have  been  solved.  That  is,  both  the  corresponding 
source  and  doublet  densities  may  now  be  determined  explicitly 
for  a given  ship  geometry.  The  logical  next  step  is  to  find  the 
hydrodynamic  force  and  moment  acting  on  the  ship  in  terms  of 
these  known  singularity  densities.  Formulas  derived  for  such 
purposes  are  generally  referred  to  as  Lagally’s  theorem. 

Recall  that  we  have  obtained  the  flow  field  of  our  problem 
by  two  sheet-distributions  of  sources  and  normal  (or  transverse) 
doublets.  Across  such  surface  distributions  of  singularities,  two 
important  properties  of  the  fluid  velocity  are  of  particular 
interest  to  our  investigation,  namely:  (1)  that  part  of  the  velo- 
city generated  by  a source  distribution  which  has  a jump  discon- 
tinuity in  its  component  normal  to  the  surface,  and  (2)  that  pa-t 
generated  by  a normal  doublet  distribution  which  has  a jump 
discontinuity  in  its  component  tangential  to  the  surface.  These 
two  properties  shall  now  be  used  to  derive  general  expressions 
for  force  and  moment. 

In  the  subsequent  development,  we  shall  derive  formulas 
for  force  and  moment  acting  on  Hull  1 alone.  Let  S|  and  Sj 
be  the  wetted  surface  of  Hull  1 and  Hull  2,  respectively.  Let 
S'5„,  and  Sj"„,  rcprc.scnt  the  plus  and  minus  sides  of  the  wake 
sheet  of  Hull  1,  respectively.  Next,  consider  a volume  of  fluid, 
V,.,  which  is  boundet!  by  the  wetted  surface  S,  and  a control 
surface  2,'  enclosing  Mull  I and  its  wake  sheet.  Thus,  part  of  2 
consists  of  the  free  surface  and  both  sides  of  the  wake  sheet. 
Hence,  the  combined  surface  S,  and  21  bounds  only  fluid.  As 
before,  we  shall  define  the  positive  direction  of  the  unit  nonnal 
to  this  bounding  surface  .S,  + 21  to  be  pointing  away  from  the 
fluid  volume  V^,.  We  shall  assume  thal  V,.  contains  no  singulari- 
ties, and  therefore  Hull  2 lies  outside  of  V^..  For  a steady-state 
problem  we  shall  assume  that  the  control  surface  21  moves  with 
the  ship. 

3.1  Force 

The  total  momentum  of  llie  Iluid  in  tlie  volume  V^.  is 


V 

C 
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where  p is  the  mass  density  of  the  fluid,  and  q is  the  total 
fluid  velocity  relative  to  the  ship  as  defined  by  (2.4).  Tlien, 
by  making  use  of  the  momentum  theorem  (see,  for  example, 
Wehausen  (1973),  p.  102),  we  may  obtain  an  expression  foiJ 
the  force  acting  on  Hull  1 as 

F = 

r 


JJ 


Ip  n + p q (q.n)l  ds. 


(3.2) 


in  which  p is  the  pressure,  and  n is  the  unit  normal  to  X. 
Next,  recall  that  the  generating  singularities  representing  Hull  1 
arc  distributed  only  on  its  planforin  S*®’.  Let  and 

( ^ib')  represent  the  plus  and  minus  sides  of  S|®\  respective- 
ly. To  simplify  our  derivation,  we  shall  assume  that  the  plan- 
form  of  Hull  1 lies  entirely  within  Sp  the  wetted  surface  of 
Hull  1.  Then,  the  volume  bounded  by  tire  combined  surface 
2,  and  also  contains  no  singularities.  Let 

this  volume  be  denoted  by  Note  that  the  difference 
between  Vj  and  VJ,  in  this  case  is  the  displacement  of  Hull  1. 

Let  us  now  rewrite  (3.2)  as  follows: 


V7P  + P (q.t7)q  = 0.  (3.5) 

From  (3.5)  and  (3.4)  it  is  clear  that  the  first  surface-integral 
term  in  (3.3)  vanishes  identically.  Hence,  the  express  for  the 
force,  (3.3),  becomes  simply: 


[pn+pq  (q«n)j  ds 


(sj«\ns{®', 


If  I 


(3.b) 


+p  q (q  • n)+  ~ p 


ds. 


in  which  a substitution  has  been  made  from  Bernoulli’s  equation 
for  the  pressure  p. 

Let  us  now  define  the  unit  normal  vector  to  the  planform 
S*|®'  to  be  p such  that  it  is  pointing  in  the  positive  y-direction. 
Then,  according  to  our  convention,  the  normal  vector  n in 
(3.6)  is  related  to  p as  follows: 


IJ 


Ip  n + p q (q.n)l  ds 


2r(.S<»))^v(S'®') 


. II 


1 p n t p q (q  . n ) | ds. 


n=  p on  (Sj'") 

lb  + 

(3 

ji  = n on  , 

(3.3) 

Recognizing  the  planform  S,®'  to  be  a sheet  of  discontinuity, 
let  us  also  ('efinc 


Applying  Guass’  theorem  to  the  first  surface  integral  in  (3.3) 
results  in 


III 


|J7P+P  (q*l7)q|  dV, 


(3.4) 


p(‘> 

= p(.x. + (),/.), 

9'"' 

= i|(x.  + 0,z)  on 

p'  1 

' = p(x.  O.z), 

9' 

’ = q(x,  O.z)  on 

Furthermore,  we  shall  decompose  the  fluid  velocity  q on  either 
side  of  S*,®*  into  the  normal  and  tangential  components  as 
follows: 


where  wc  have  used  a variant  of  Gaus.s'  theorem, 


(3.9) 


s 


|(B.pr)A  + A(7*B)|  dV 


V 


and  the  fact  that  7 • q ~ 0 for  an  incompressible  Ihiid.  Note 
that  Euler’s  equation  of  motion  may  be  written  with  reference 
to  the  Oxyz  frame  as  follows: 

3q  1 

-:^+(q*V^)q=  -P^  + X. 

(Jt  ~ p 


If  we  neglect  the  external  body  force  X,  then  for  steady-flow 
problems  we  have 


Substituting  (3.9),  (3.8),  and  (3.7)  into  (3.6)  and  working 
oil’  the  necessary  algebraic  manipulations,  we  may  obtain  an 
expression  of  F as 


(9^'  < '’-i  T'Br  + 9,'  >)*(9r'  9,'  ’)j;l 


ds. 


(3.10) 
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In  view  of  the  decomposition  (2.8),  let  us  write 


With  substitutations  of  the  results  obtained  in  (i),  (ii),  and  (iii), 
the  expression  for  th.e  force  in  (3.10)  becomes: 


where 


q,.  = 7(  Ux  + + 02^) 


Ue, + V2„  + y2^, 


(3.11) 


y,o  = Wio- 


Thus,  represents  the  uniform  stream  and  tne  disturbance 
velocity  due  to  Hull  2.  On  the  other  hand,  and  Vj^ 
represent  the  disturbance  velocities  due  to  the  normal  doublet 
and  source  distributions  on  S'j®,*,  respectively.  If  we  now 
decompose  and  V,^  into  the  normal  and  tangential  com- 
po.ients  according  to  (3.9),  then  from  (2,16)  and  (3.1 1)  we 
have 


I-  = 47TP  jj  « * 
«;(0) 

o(0) 

^Ib 

ff 
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^(0) 
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If 


q(0) 

^Ib 


(3.15) 


On  the  other  hand,  the  discontinuity  in  the  tangential  com- 
ponent will  be  written  as 

q,'*>  qf’=7,-  (3.13) 


In  terms  of  (3.12)  and  (3.13),  the  three  terms  in  the  integrand 
of  (3.10)  become: 


(i)  ‘ir’‘C 


qf  ’q^ 


(ii)^(qi*’  + q^  ’)(q 
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= q„  • T,  + 4 Iraq,, 

q^  ))  n = 4rru  q^, 

(q,‘^'  qj  ’>2;  = (9| 


where  § = q,  + % represents  the  average  value  of  the  velocities 

on  both  sides  of  S*,”'.  Ihe  first  term  of  (3.15)  is  exactly  the 
familiar  form  of  Lagally’s  theorem  for  the  force  acting  on  a 
source  distribution.  However,  (3.15)  states  that  for  a continuous 
sheet  distiibution,  across  which  the  velocity  suffers  a jump  dis- 
continuity, the  average  value  of  the  velocities  on  both  sides  of 
the  sheet  should  be  used  when  applying  Lagally’s  theorem  to 
compute  the  force. 

Since  (3.15)  represents  the  force  due  to  a simultaneous 
distribution  of  sources  and  normal  doublets,  the  second  integral 
must  represent  the  force  on  the  doublet  distribution.  Neverthe- 
less, it  is  not  in  the  familiar  form  of  Lagally’s  theorem  since  it 
is  now  expressed  in  terms  of  vorticity  rather  than  explicitly 
related  to  the  density  of  the  doublet  distribution. 

It  will  be  shown  next  that  the  second  integral  in  (3.15)  can 
indeed  be  brought  into  the  familiar  form  of  Lagally’s  theorem 
for  doublets.  However,  because  the  singularity  distribution  now 
represents  a lifting  body,  additional  terms  must  be  added  to  the 
usual  form  of  Lagally’s  theorem  for  doublets.  To  derive  this 
result,  we  shall  make  use  of  the  properties  of  the  potential  of 
normal-rloubict  distribution.  Since  the  subsequent  analysis 
involves  integration  by  parts,  in  order  to  simplify  our  derivation 
we  shall  assume  that  Hull  i has  a rectangular  planfonn.  Hence, 
the  boundary  conditions  imposed,  following  (2,37),  on  the 
doublet  density  - 'erivatives  for  a rectangular  planfonn 

will  still  be  useu  extension  to  a planform  of  a more  ship- 

like  shape  is  straightforward  but  adds  additional  complications 
to  the  final  result. 


in  which  we  have  defined 


To  begin  with,  let  us  write  the  second  integral  of  (3.15)  as 
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Recall  that  in  (3.13)  we  defmei.1  7,  as  the  jump  discontinuity 
in  that  component  of  q which  is  tangential  to  S^®>.  Thus  from 
(3.13),  (3.1 1),  and  (2.21)  we  have 
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Substituting  (3.17)  into  (3.16)  and  noting  that  in  - (0,1,0) 
and  li  = ((t|,  qj,  ^3).  the  expression  for  becomes 
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Let  us  now  examine  each  component  of  in  (3.18). 
After  integration  by  parts,  the  x-component  gives 
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The  first  term  of  (3.21)  is  the  standard  form  of  Lagally’s 
theorem  for  a distribution  of  doublets  with  its  axis  in  the 
positive  y-direction.  Tire  second  term  of  (3.21),  on  the  other 
hand,  can  be  identified  with  the  induced  drag  of  a wing.  As  is 
indicated  in  (3.21),  the  doublet  density  p and  the  “averaged” 
velocity  normal  to  S^|°'  are  both  tc  be  evaluated  at  x = — L/2, 
which  is  the  trailing  edge  (i,e,,  the  stern)  of  the  planform  of 
Hull  1.  Note  also  that  (3.21)  appears  to  provide  an  interesting 
insight  into  the  differene  '.etween  a lifting  and  a nonlifting 
body. 

For  simplicity,  let  us  consider  the  ise  of  a thin  asym- 
metric body  making  a uniform  motion  m an  infinite  fluid 
(which  is  incompressible  and  inviscid).  So  long  as  the  flow 
field  is  to  be  generated  by  a distribution  of  singularities  on  the 
planform  of  the  body,  both  sources  and  normal  doublets  will  be 
required.  Since  in  the  wake  the  doublet  density  remains  con- 
stant along  the  direction  of  the  unifonn  stream,  i.e., 
p(x,z)  = p(  L/2,z),  if  we  assume  p(Xp,z)  = 0 for  any  \g<-L/2, 
then  there  will  be  no  wake  trailing  the  thin  asymmetric  body. 

In  this  case  the  induced-drag  term  in  (3.21)  vanishes.  Thus  the 
flow  problem  is  solved  as  a nonlifting  potential  problem  which 
has  its  velocity  field  continuous  everywhere  outside  the  body. 

On  the  other  hand,  if  p is  nonzero  at  the  trailing  edge,  then 
there  will  be  both  a wake  trailing  behind  the  body  and  induced 
drag  due  to  the  wake.  Clearly,  in  this  case,  the  flow  problem 
is  solved  as  a lifting  problem. 

Applying  a similar  analysis  to  the  two  remaining  components 
of  ^ in  (3,18),  we  may  obtain  (he  following  results; 
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that  is,  tiic  limit  y-K)  is  to  be  taken  after  the  partial  diflereu- 
tiation  with  respect  to  y,  then 
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(3.20)  in  which  the  second  term  is  to  be  integrated  along  the  trailing 
edge,  and  the  third  term  is  to  be  integrated  along  the  waterline. 


With  substitution  from  (3,20),  the  last  expression  for 
becomes 


In  summary,  let  us  write  the  force  aclmg  on  Hull  1 as 


(3.23) 
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and  has  already  been  given  by  (3.22). 

3.2  Moment 

To  obtain  formulas  for  the  hydrodynamic  moment  acting 
on  Hull  1 , we  may  use  an  analysis  simitar  to  that  used  for 
deriving  the  force  expression.  However,  moment  of  momentum 
will  be  used  rather  than  momentum.  We  shall  use  the  origin 
of  the  Oxyz  frame  as  the  point  of  reference  for  the  moment 
expression.  Thus,  in  place  of  (3.1),  the  momentum,  we  shall 
consider  the  moment  of  momentum  with  respect  to  the  origin 
0 = (0,0,0)  in  the  control  volume  V as  follows: 
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in  which  x=  (x,y,z)  is  the  position  vector  of  a point 
P = (x,y,z)  in  the  control  volume. 

Tlien,  by  a similar  analysis  applied  to  Ky,  we  may  obtain 
the  expression  for  the  moment  acting  on  Hull  1 with  refer- 
ence to  the  origin  of  the  Oxyz  frame  as  follows: 
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where  Ngy  and  represent  the  first  and  second  integrals  in 
(3.26),  respectively. 

By  a similar  analysis  following  (3.16)  we  may  obtain  the 
final  expression  for  as  follows: 
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Again,  in  this  expression,  the  first  two  integrals  represent  the 
well  known  result  of  Lagally’s  theorem.  The  last  two  integrals 
in  (3.27)  are  required  only  if  the  flow  problem  is  being  solved 
as  a lifting-surface  problem.  In  particular,  the  last  integrals  in 
(3.22)  and  (3.27)  appear  only  for  surface  ship  problems  since 
they  are  to  be  evaluated  along  the  undisturbeu  waterline,  z = 0, 
These  integrals  are  obtained  as  the  result  of  integration  by  parts. 
Their  physical  meaning  and  numerical  importance  to  a better 
prediction  of  the  force  and  moment  are  not  yet  well  understood. 
Hence,  further  investigations  are  required  to  assess  their 
contributions. 

4.  APPLICATION  TO  SWATH  SHIPS 

With  the  source  density  a(Xg,Zg)  and  doublet  density 
*i(Xg,Zg)  obtained  in  Chapter  2,  and  the  general  formulas  for 
force  and  moment  derived  in  Chapter  3,  we  may  now  proceed 
to  compute  all  three  components  of  force  and  moment.  How- 
ever, since  this  work  is  still  in  progress  and  further  computations 
are  being  made,  we  shall  not  be  able  to  cover  the  entire  scope 
of  this  investigation  here,  but  shall  continue  to  report  the  results 
as  they  become  available.  In  this  paper,  we  shall  present  the 
results  of  our  specific  application  of  the  theory',  namely:  the 
prediction  of  wave  resistance  of  the  Small-Waterplane-Area  Twin- 
Hull  (SWATH)  ships. 

A .SWATH  demihull  is  characterized  by  having  a combina- 
tion of  an  elongated,  slender,  round  body  which  is  totally  sub- 
merged, and  a thin  strut  which  joins  the  submerged  main  body 
and  extends  above  the  free  surface.  There  has  been  a consider- 
able amount  of  interest  in  developing  such  configurations  as  a 
new  design  concept.  As  a part  of  the  effort  to  investigate  the 
hydrodynamic  performance  of  SWATH  ships,  an  analytical  tool 
for  predicting  the  wave  resistance  was  developed.  Such  a tool 
may  be  obtained  by  applying  the  theory  presented  in  this  paper. 

To  begin  with,  observe  that  the  main  body  of  a SWATH 
demihull  has  a round  shape,  and  its  transverse  dimension  is 
wider  than  that  of  the  strut.  Such  a configuration  tends  to 
prevent  the  fiow  from  going  around  the  keel.  Hence,  a SWATH 
demihull  is  less  likely  to  behave  a-  a lifting  surface  as  compared 
to  a conventional  catamaran.  Thus,  in  applying  the  theory  to 
SWATH  ships,  it  was  assumed  that  wake  may  be  neglected  in 
the  initial  investigation.  Such  an  approach  does  not  represent 
a serious  compromise  in  accuracy  since,  as  a consequence  of 
linearization,  the  effect  of  the  wake  may  be  superimposed  on 
the  results  of  the  initial  investigation  as  a later  refinement,  if 
necessary. 

To  obtain  the  wave  resistance  formula,  we  only  have  to  be 
concerned  with  the  x-component  of  Equation  (3.23).  Since  we 
have  assumed  that  Hull  2 is  the  mirror  image  of  Hull  1 , the 
resultant  wave  resistance  of  the  twin-hull  ship  is  twice  that 
experic:iced  by  Hull  1.  Thus,  with  the  effect  of  wake  neglected, 
we  may  obtain  from  (3.23): 
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where 


Then,  since  the  right  side  of  Equation  (2,34)  vanishes,  we  may 
conclude  that 
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if  the  integral  equation  has  a unique  solution.  Thus,  if  the 
condition  (4.7)  is  satisfied,  then  the  force  and  moment  associated 
with  n vanish.  In  particular  (4.1),  the  wave  resistance  fomiula, 
simplifies  to  merely 


Rw  = 2 R, 


(4.<1) 


Thus,  the  relationship  (4.7)  represents  an  interesting  design 
application.  If  we  apply  the  low  draft-to-length  ratio  and  the 
small  separation-distance-tc -length  ratio  approximations  used  in 
obtaining  (2. 52),  the  relationship  (4.7)  may  be  further  simpli- 
fied as  follows; 
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with  the  boundary  condition  t(-L/2,z)  = 0 and  C(-L/2,z)  = 0. 
According  to  (4.10),  the  no-cross-flow  camber  varies  with  z as 
(4.5)  well  as  with  x.  In  practice,  however,  it  would  be  more  con- 
venient and  sufficiently  accurate  to  use  an  averaged  value  of 
C(x,z)  so  that  it  would  be  constant  along  the  draft  and  would 
vary  only  along  the  length.  If  we  let  C be  such  an  averaged 
value,  then  from  (4.10)  we  have: 
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Kq  ” “nil  S®*  is  the  projection  of  S*,®*  and  o’-:  a the 
Oxz  plane. 


(4,11) 


Tlie  quantity  represents  the  wave  resistance  experi- 
enced by  one  hull  contributed  by  the  source  distribution  alone. 
Similarly,  is  that  due  to  the  transverse  dipole  distribution 
alone,  and  R^^  + R^  is  due  to  the  interaction  between  the 
sources  and  the  transverse  doublets, 

4.1  No-Cross-Flow  Assumption  and  Its  Consequence 

Here  we  shall  discuss  ii  special  condition  on  camber. 

Under  such  a condition,  each  demihull  will  experience  no 
cross-flow  effect.  Recall  the  integral  Equation  (2.34)  which  is 
to  be  solved  for  the  unknown  doublet  density  p.  Suppose 
now  that  a demihull  is  so  designed  that  its  camber  satisfies  the 
following  relationship: 


Thus,  the  averaged  no-cross-flow  camber  may  now  be  deter- 
mined for  each  station  by  using  (4.1 1). 

4.2  Results  of  Computations  and  Comparison  with 

Experimental  Data 

In  making  wave  resistance  computations  for  SWATH  ships, 
we  have  assumed  that  the  ship  either  has  camber  which  satisfies 
the  no-cross-flow  requirement  of  (4.1 1),  or  a low  beam-to- 
separation-distance  ratio.  Under  such  an  assumption,  the  simpli- 
fied fonnula  (4.9)  may  be  considered  an  acceptable  approxima- 
tion. Tlius,  with  this  simplification,  only  the  source  distributions 
are  now  involved.  Nevertheless,  as  can  be  seen  from  (4.2)  and 
(4.5),  the  actual  computation  is  still  quite  involved  foi  an 
arbitrarily  given  ship  geometry. 


3x 


(4.7) 


To  take  advantage  of  SWATH  geometry,  the  source  dis- 
tribution is  further  simplified  to  the  sum  of  a sheet  distribution 
representing  the  thin  strut,  and  a line  distribution  representing 
the  body.  With  this  simplification,  only  the  thickness  of  the 
strut  and  the  cross-sectional  area  of  the  body  appear  explicitly 
in  the  wave-resistance  fonnula.  However,  carrying  out  the 
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computation  still  requires  the  strut  tliickness  ami  body  section- 
al area  to  be  described  analytically.  This  may  present  problems 
siiu'»  ''ull  geometry  is  usually  given  in  terms  of  offsets. 

To  solve  this  problem,  a special  curve-fitting  technique  hits 
been  developed.  This  technique  employs  the  Chebysliev  series, 
utilizes  the  offsets  of  strut  thickness  and  area  curve  of  the 
body,  and  provides  analytical  expressions  for  the  strut- 
thickness  function  and  the  body  area  curve.  Analytical  devel- 
opment of  this  technique  is  presented  in  Appendix  B. 

With  two  Chebyshev-series  representations,  one  for  the 
strut  thickness  function  and  one  for  the  body  area  curve,  the 
expression  for  wave  resistance  may  be  put  in  the  following 
final  form: 

R,  = 2(Rs  + Ra+Rsa)  ('^■>2) 

where  R^,  Rg,  and  Rjg  represent  the  wave  resistance  of  one 
strut,  one  body,  and  the  interaction  between  strut  and  body, 
respectively.  Furthermore,  each  of  the  three  components  is 
now  expressed  as  a finite  sum  of  the  products  of  Chebyshev 
,coe<'’  mts  and  auxiliary  functions.  For  example,  Rj  is  given 
as  follows: 


procedure  developed  in  Lin,  Webster,  and  Wehausen  (1963)  may 
be  easily  adapted  to  the  present  formulation.  The  computer 
program  developed  on  the  basis  of  the  present  analytical  work 
has  been  applied  to  most  of  the  SWATH  models  investigated  at 
NSRDC.  Only  the  results  of  two  SWATH  models  will  be  report- 
ed in  this  paper  as  typical  examples.  Since  no  experiment  was 
conducted  to  measure  wave  resistance  directly,  comparison  of 
theoretical  predictions  can  be  made  only  against  residuary 
resistance.  Despite  the  fact  that  residuary  resistance  consists  of 
the  so-called  "form  drag”  as  well  as  wave  resistance,  good  quali- 
tative agreement  between  residuary  resistance  and  theoretical 
wave  resistance  was  observed. 

Schematic  diagrams  and  geometric  characteristics  of  the 
two  SWATH  models  are  given  in  Figures  1 and  2 and  Table  1 , 
respectively.  The  demihulls  of  both  models  have  similar  cross- 
sectional  shapes,  the  mqjor  difference  being  thet  SWATH  111  has 
two  “straight"  (i.c.,  zero  camber)  demihulls,  while  SWATH  IV 
has  a slight  camber  on  each  demihull  intended  to  minimize  the 
cross-flow  effect.  Another  distin-.,tion  is  in  the  waterplane 
shapes,  as  can  be  seen  from  the  diagrams. 
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; are  the  maximum  thickness  and  length  of  the 
’.ly,  and  is  a dimensionless  number  related  to 
; equations  for  Rg  and  R^g  have  a similar 
’■  gi"en  by  Equations  (B.9)  througli  (B.17)  in 


A computational  program  has  been  developed  on  the  basis 
of  those  final  se^s  equations.  Since  the  three  principal  equa- 
tions for  Rj,  Rjg.  Hi  Rg  have  a similar  structure,  we  shall  use 
the  one  for  Rj,  as  an  example  for  discussing  some  of  the  com- 
putational asp  f the  program.  In  the  above  equation  for 
Rj,  the  Chebyshev  coefficients,  Ag,,|  and  Bj.„,,  are  determined 
solely  by  strut  thickness  offsets,  while  the  auxiliary  functions. 
To,,,  and  W„  , are  determined  by  the  draft-to-lcngth  ratio  and 
the  speed  (or,  to  be  precise,  the  Froude  number);  that  is,  the 
auxiliary  functions  do  not  vary  with  changes  in  strut  shape. 
Thus,  in  case  there  e several  alternate  designs  to  be  investi- 
gated, the  auxiliary  functions  need  to  be  computed  only  once 
provided  those  designs  have  the  same  draft-to-length  ratio. 

In  making  the  wave  resistance  computations,  the  major 
portion  of  computer  time  is  taken  up  by  tire  auxiliary  func- 
tions, while  the  Chebyshev  coeffficients  require  only  a minor 
amount  of  effort.  Hence,  the  present  development  is  e.specially 
suitable  for  investigating  the  effect  of  hull-form  variations  on 
wave  resistance.  In  particular,  it  would  be  a straiglitfoiward 
extension  to  formulate  an  optimization  problem  to  investigate 
the  theoretical  hull  form  of  "minimum”  resistance.  The 
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Figure  1 - Reduced  Scale  Drawing  of  SWATH  III 
Represented  by  Model  5276 
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Figure  2 - Reduced  Scale  Drawing  of  SWATH  IV 
Represented  by  Model  5287 

A number  of  test  cases  have  been  devised  to  investigate  the 
merits  of  this  theoretical  tool  in  making  resistance  predictions. 
First,  to  test  its  ability  to  reflect  the  effect  of  a small  change  in 
hull  geometry,  the  demihull  of  SWATH  HI  with  different  strut 
shapes  was  used.  Results  of  theoretical  predictions  and  the 
corresponding  residuary  resistance  coefficients  are  presented  in 
Figure  3.  In  this  figure,  the  same  main  body  was  used  for  both 
cases.  Althougli  the  only  difference  is  in  the  strut  shape,  experi- 
mental data  show  marked  differences  in  the  residuary -resistance 
characteristics  at  lower  speeds.  This  trend  is  very  well  predicted 
by  the  theory.  However,  at  the  higher  speed  range,  the  compari- 
son between  theory  and  experiment  is  not  as  favorable  for  this 
specific  example.  Although  both  theory  and  experiment  indicate 
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TABLE  I SHIP  DIMENSIONS  AND  COEFFICIENTS 
FOR  SWATH  DEMIHULLS 


NSRDC  Mod«l  Numbor 
Lfngth  of  Body  (ft)  (Lg) 

Length  of  Strut  (ft)  (Lj) 

Diameter  of  Body  (ft)  (D) 

Beam  of  Strut  (ft)  (T) 

Depth  of  Submergence  to  ({.  Body  (ft) 
Total  Draft  of  Dcmihull  (ft) 
Displacement  (tons,  s.vy.) 

Wetted  Surface  (sq  ft)  (S) 

LCB/LOA 

Length/Diameter  of  Body 
Cp  (Body) 

(Strut) 

T/Lg  (Strut) 


SWATH  III 
5,276 
287 
226 

17.3 
8.0 

19.4 
28.0 

3,760. 

17,350 

0,479 

16.55 

0,758 

0.709 

0.035 


SWATH  IV 

5,287 

288 

227 

18.0 

8.0 

19.0 

28.0 
3,960. 

17,540 

16.02 

0.758 

0.740 

0.035 


(Depth  to  ({^  Body)/(Diameter  of  Body)  1.12 

Design  Speed  in  Knots  32.0 

Scale  Ratio  20,4 


1.06 

32.0 

20.4 


NOTE:  For  a twin  hull  configuration  the  laparation  distance  between  demi- 
hull  centerline  is  3.68  feat,  model  scale.  This  corresponds  to  a beam/separalion 
distance  ratio  or  0.106. 


SWATH  HI  OEMIHULL 


Figure  3 - Effect  of  Strut  Variations-Comparison 
between  Theory  and  Experiment 


that  differences  in  the  resistance  characteristics  will  be  small  at 
liigher  speeds,  theory  predicts  a different  trend.  One  thing  that 
may  help  explain  this  reversed  trend  is  the  fact  that  the 
“original”  struf  possessing  a “Coke-bottle”  shape  may  have  a 
higher-than-usual  percentage  of  “form  drag”  and  therefore  a 
higher  residuary  resistance.  The  theory,  on  the  other  hand,  is 
intended  to  predict  only  wave  resistance  and  does  not  account 
for  the  viscous  form  drag  of  the  Coke-bottle  effect. 

Figure  4 sliows  a comparison  between  single-  and  twin- 
hull  ships.  Since  the  deinihulls  of  SWATH  HI  are  "straight,” 
each  is  exactly  one  half  of  a twin-hull  ship.  In  this  figure, 
the  solid-  and  dotted-line  curves  show  the  predicted  wav: 


resistance  characteristics  of  the  twin-hull  (i.e.,  SWATH  III)  form 
and  its  demihull,  respectively.  For  most  speeds,  the  twin-hull 
interference  effect  amounts  to  an  increase  in  resistance.  How- 
ever, at  certain  speed  ranges  (for  example,  the  speed-leng'di  ratio 
between  1..3  and  1.5),  the  interference  effect  becomes  favorable. 
In  tills  case,  the  twin-hull  ship  would  have  less  resistance  than 
would  two  demihulls  traveling  individually.  The  experimental 
data  appear  to  substantiate  this  predicted  trend  very  well. 
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Figure  4 - Effect  of  Twin-Hull  Interference  on  Resistance 
Characteristics 


Figure  5 shows  the  theoretical  prediction  and  its  compari- 
son with  experimental  data  for  SWATH  IV.  Data  from  two 
model-experiment  techniques,  one  with  the  model  captive  and 
the  other  with  the  model  free  to  trim  and  heave,  are  presented. 
In  contrast  with  SWATH  111,  SWATH  IV  has  camber  which 
makes  the  flow  field  more  closely  satisfy  the  no-cross-flow 
assumption  of  the  present  theory.  Thus,  the  agreement  between 
theory  and  experiment  in  this  case  is  the  most  striking  among 
all  the  cases  investigated.  It  is  also  evident  from  this  figure  that 
the  theory  agrees  better  with  the  data  from  the  captive-model 
experiments. 
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Figure  5 - Comparison  between  Theoretical  Prediction 
and  Data  from  Two  Experimental  Techniques 
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Comparison  of  the  computed  and  experimental  data  shows 
that,  for  SWATH  strips,  we  may  expect  generally  goorl  correla- 
tion between  theoretical  wave  resistance  and  residuary  resistance. 
A number  of  reasons  which  are  rather  obvious  m,iy  explain 
such  good  agreement.  First,  the  SWATH  .ships  have  thin  and 
slender  demthulls  which  weil  satisfy  the  assumptions  of  the 
theory.  Second,  the  traditionai  method  of  estiirrating  viscous 
drag  (i.e.,  Froude’s  method)  must  be  quite  satisfactory,  at 
least  qualitatively,  for  SWATH  ships  so  that  residuary  resistance 
consists  mostiy  of  wavemaking  resistance.  Tliird,  the  speeds  of 
interest  for  SWATH  ships  fall  in  a higher  Froude  number  range 
for  which  the  theory  is  known  to  be  more  reiiable.  As  was 
previously  mentioned,  lifting  effect  seems  to  be  less  important 
to  SWATH  configurations.  For  a conventional  catamaran, 
however,  lifting  effect  may  become  rather  significant.  In  this 
case,  the  dipole  distributions  as  well  as  the  source  distributions 
must  be  considered  simultaneously. 
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APPENDIX  A 

EXPONENTIAL  INTEGRAL  FUNCTION  AND  HAVELOCK  SOURCE  POTENTIAL 


Tlic  Havelock  source  potential  given  in  {2,l  ^Xmay  be 
expressed  in  terms  of  tlie  well  tabulated  exponcni’liil  integral 
function.  To  this  end,  we  first  rewrite  (2.15)  in  the  fcllowing 
form: 
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H(x,y,A;x„,y„,7.„)= 
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(A.l) 


The  special  functions  E,  and  E|  in  (A.3)  are  knov/n  as 
exponential  integral  functions  and  are  defined  as  follows: 


-dt,  |argw|<ir, 


W ^ 

Hj(u)  ~ ~ ^ 1^*'  . u > 0 I 


(A.4) 


Further  information  concerning  these  functions  may  be  found 
in  Abramowitz  and  .Stegun  (N64,  pp.  228  -252). 

Next,  we  substitute  (A.3)  into  the  double-integral  term  of 
(A.l).  However,  since  the  6 integral  ranges  from  -ir  to  -Hr, 
and  variable  u changes  sign  in  this  interval,  care  is  required  in 
making  the  substitution.  Let  us  introduce  the  plane  polar 
coordinates  p and  ^ swell  that 


X Xy=pcos(3,  y-  y„=psind. 
Tlien,  the  variable  u>  may  be  written  as 


c5=(x  Xj|)cosO  + (y  )sin0=pcos(9  (3). 


(A.5> 


Thus,  the  double-integral  term  in  (A.l)  becomes 

where  a = z + ZQ<0,  v^ko  sec^  9 > 0,  and 
2j  = (x  - Xq)  cos  9 + (y  - y,,)  sin  9. 


The  third  term  in  (A.l)  involves  a double  integration  and 
tlius  presents  the  major  computational  difficulty.  Hence,  our 
primary  concern  is  to  express  tlie  k-integral  in  terms  of  a 
well-known  function  for  which  computations  may  be  perform- 
ed efficiently. 

Let  us  first  introduce  the  following  change  of  variable: 

t--=  (k  v)(a+ico).  (A. 2) 

Then,  by  making  use  of  the  definitions  of  exponential  integral 
functions,  the  Cauchy  integral  theorem,  and  a suitable  choice 
of  the  paths  of  integration  in  a complex  plane,  the  following 
identity  may  be  established: 
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where 


9'  = 9 (3,  and  = k„  sec^  (9+d'. 


(A.6) 
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{ E.(  va)  ),  ifS  = t). 


Since  p = x/(x  - x^)^  -r  (y  - y„)^  > 0.  co ; 9'  > 0 for 
— »/2  < 9'  < )r/2,  and  cos  9'  0 for  -x  9'  < - t/2  and 

ir/2  < 9'  < tr,  correct  substitutions  may  n.iw  be  made  from 
(A.3)  (A.3)  according  to  the  values  of  S'.  After  a straightforward  but 

somewhat  lengthy  manipulation  involving  a change  of  integra- 
tion variables,  the  final  result  becomes 
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The  result  obtained  in  (A.8)  is  now  substituted  into 
(A.l)  in  place  of  the  double  integration,  in  doing  this,  we 
note  that  the  second  term  on  the  right  side  of  (A.8)  cancels 
with  the  last  term  of  (A.l)  after  the  substitution.  Thus,  the 
fin,".!  result  gives; 


Note  that  the  argument  of  E,  in  (A.9)  is  given  by 


w = i>(a+ia)) 
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where  (J  = tan  ' ((y  - ygl/tx  - x^)!  and 
p = >/(x  - Xq)^  + (y  - yg)^  the  polar  coordinates  of  the 
field  point  (x,y)  relative  to  the  singulanty  point  (x^.y^)  in  the 
plane  z = constant.  The  rest  of  the  variables  appearing  in 
(A.9)  are  defined  in  (A.l). 

Since  the  double  integral  has  now  been  reduced  to  siiigle 
integrals,  (A.9)  may  provide  a more  efficient  basis  for  numeri- 
cal integration.  However,  we  should  attempt  to  reduce  (A.9) 
even  further  (especially  the  last  integral  on  the  right  side  of 
(A.9))  before  actually  proceeding  with  numerical  evaluations 
of  the  function  G. 

Next,  let  us  investigate  a series  expansion  of  G based  on 
the  asymptotic  expansion  of  the  function  E, . It  is  a known 
property  of  the  exponential  integral  function  (Ahramowitz 
and  Stegun,  1964,  p.  231)  that,  for  large  w, 


c ^ 1 21  3-2- 1 , 

E|  (w) 1 — — + — — ;;  ' + ■ ■ ■ 

W W yy-  yy.' 


where  r,  = v^(z  + z^)*  *■  (x  - x^)^  + (y  - yQ)^;  L and  are 
the  ship  length  and  the  Froude  number  based  on  ship  length, 
respectively.  Hence,  unless  r,  is  very  small,  it  may  generally  be 
said  that  y(a  + \Z>)  assumes  large  values  for  low  Froude  numbers. 

Thus,  for  low  Froude  numbers,  the  first  integral  on  the 
right  side  of  (A.9)  admits  tlic  following  asymptotic  expansion: 
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The  individual  G*"'  in  (A, 2)  may  be  evaluated  in  closed  form 
by  making  use  of  the  residue  theorem.  For  example,  G^*  may 
be  evaluated  as  follows: 


I 3 r"  1 

_ JO 

22  V _ uia  + i 


+ ■ ■ + O (|w  |■"■')| . 

(-W)"  ) 


1±( 
7T  3a  J 


ura  + i co) 


(19 , (A.  13) 

kj,  (a  + 1 b cos  9 + ic  sin  9 ) 


where  b » (x  - Xq)  and  c = (y  - yfl).  By  making  change  of 
variables. 
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f « c'fl  . i;os  0 + i sin  0 I 
j-l  « s tos  6 i sin  9 J 


Similarly,  from  (A. 1 2)  we  may  write 


(A.  14) 


the  integration  in  (A.  1 3)  may  be  transformed  into  complex 
integration  over  a unit  circle  as  follows: 
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The  integrand  has  two  poles  within  the  unit  circle.  The 
residues  at  these  poles  are  found  to  be 


In  principle,  each  in  (A.  19)  may  be  integrated  in  closed 
form  by  using  the  same  algebraic  operation  as  that  used  for 
evaluating  G*‘\  However,  the  complexity  of  the  algebra 
required  to  find  the  residues  escalates  rapidly  with  the  index  n. 
Hence,  for  G*"*'s  with  higher  iiidices,  the  algebraic  operation 
may  become  too  complex  to  be  practical.  In  this  case,  some 
other  numerical  scheme  must  be  developed. 

In  summary,  let  us  write 
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Hence,  by  the  residue  theorem,  the  integral  in  (A.  15)  is  equal 
to 


t;t2' given  in  (A.  18)  and  (A.  l'>), 


"TT  (‘^0 

‘-'^0 

,1 

= _L_  .r.ijd. 

i2k„  |r, 

(r,  a)^| 

X c-2 

— • 1 + 

) ''l  (r,  a)^ 


(A.  1 7) 


Substituting  (A.  1 7)  into  (A.  13)  and  performing  the  partial 
differentiation  with  respect  to  “a,”  we  finally  obtain 
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APPENDIX  B 

EVALUATION  OF  THE  WAVE  RESISTANCE  INTEGRAL  FOR  SWATH  SHIPS 


A typical  demihull  of  a SWATH  ship  la  characterized  by 
having  a combination  of  an  elongated  main  body  and  a thin 
strut.  The  main  body  is  totally  submerged  and  represents  the 
bulk  of  total  ship  displacement.  The  strut  extends  above  the 
free  surface  and  usually  has  a uniform  thickness  vertically. 
Thus,  we  shall  assume  that  the  relationship  between  hull 
geometry  and  the  corresponding  source  strength,  Equation 
(2.17),  may  be  approximated  as  follows: 


/jA  dW 
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AA  dA(x) 

y4x  J dx 
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A(x)=  ^IAB„,U„,(x)-tB„„.V„,(x)l 
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The  quantities  Aj.,,,.  and  A^,,,,  shall  be  called  the 
Chebyshev  coefficients  for  strut  and  main  body,  respectively. 

By  making  use  of  the  orthogonality  of  the  series,  the 
following  inversion  formulas  may  be  obtained: 


where  t(x)  is  the  half  thickness  o*'  the  strut,  A(x)  is  the  cross- 
sectional  area  of  the  main  body,  and  the  subscripts  “S"  and 
“B”  indicate  the  strut  and  body,  respectively. 

In  principle,  we  may  substitute  Equations  (B.l)  and 
(B.2)  into  Equations  (4.5)  and  (4.2),  and  tlien  find  the  wave 
resistance  from  (4,9)  provided  the  strut  thickness  t(x)  and  the 
area  A(x)  of  the  main  body  are  given  analytically.  In  practice, 
however,  hull  geometry  is  usually  given  in  terms  of  offset 
tables. 


n 


x^ 
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One  way  of  solving  this  problem  is  by  representing  the 
hull  as  a series  in  some  fundamental  set  of  functions.  A 
special  fouii  of  Chebyshev  scries  has  been  devised  for  the 
present  application.  This  series  has  been  proven  to  be  both 
effective  and  efficient  in  reproducing  a faired  ship  line  by 
making  use  of  its  usual  offset  table. 

The  Chebyshev  series  representation  of  the  hull  geometry 
will  be  developed  below.  Let 
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Deilne  a fundamental  set  of  Cliebyshev  series  as  follows: 

U„,(x)  = cos  (2ni  l)0=cosl(2in  l)sin  'xl, 

(x)  ■-sin2ni0=sinl 2msin  'x|.  (B.4) 

The  half-thickness  and  the  sectional  area  functions  will  be 
Presented  by  finite  sums  of  the  series  in  (B.4)  as  follows: 

M 

U„(x)  + Bb„.V„(x)| 

M 

~ |Aj^^  cos  (2m  110  + Bb„,  si;i2m01,  **^-'*^ 


If  the  half-thickness  of  tlie  strut  t(x)  is  replaced  by  the  area 

curve  A(x)  of  the  main  body  in  Equations  (B.7)  and  (B.8),  they  1 

become  a set  of  equations  for  evaluating  the  main-body 

(2hebysliev  coefficients,  Ag^  and  Bg^. 

The  maximum  number  of  terms  required  in  the  series  to 
represent  a faired  ship  line  depends  on  the  shape  of  the  specific 
lines  and  the  degree  of  accuracy  desired.  For  a typical  ship 
line,  twelve  to  fifteen  terms  will  be  able  to  graphically  produce 
smooth  curves  with  good  accuracy.  On  the  other  hand,  if  the 
primary  objective  is  to  evaluate  the  wave-resistance  integrals  for 
a given  ship  geometry,  then  a series  of  six  terms  seems  to  give 
answers  with  satisfactory  accuracy.  , 

Note  that  in  Equations  (B.5)  through  (E.8)  the  coordinate 
variables  ore  normalized  (i.e.,  made  dimensionless).  Fur  example, 
in  Equations  (B.S),  (B.7),  and  (B.8),  values  of  x now  vary  from 
-I  to  +1  instead  of  from  -L/2  to  +L/2.  The  half-thickness 
t(x)  now  varies  from  0 to  1 instead  of  from  0 to  (T/2),  where 
T is  the  maximum  thickness  of  the  strut. 


B15 


! 
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Tlie  final  form  of  the  wave  resistance  integrals  suitable  for 
numerical  computation  may  now  be  developed.  Let  us  first 
de'  ipose  the  domain  of  integration  ,'n  Equation  (4.S)  into 
-v.'  i parts,  one  for  the  stmt  and  one  for  the  main  body,  and 
make  substitutions  from  {B.l'i  and  (B.2).  Next,  in  Equation 
(4.5),  we  integrate  by  parts  with  respect  to  x once,  then  sub- 
sti'.ute  the  resulting  expressions  for  the  P and  Q functions  into 
Equations  (4.2). 


I (2m-  l)(2n-l) 


(2m)(2n) 


(B.14) 


Finally,  with  substitutions  fiom  (B.S)  and  (B.6),  we  may 
write  the  wave  resistance  integrals  in  the  following  form:  , 


^Sm  ‘Sri  ^Smi.  *^Sm  *^Sn  "^Smn  , tB-‘)) 


(B.15) 
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(B.16) 
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Rjjj^=(27rpgAj,T) 

m -•  1 n - J 
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|(2ni  l)(2n  1) 
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, (2m)(2ii) 


(B.I.H 


J2m<“>  = 


(I 

, (O)  = 7 f 

•^r^ 


cos  let  sin  t)  cos  (2mt) dt. 


(B.17) 


sin  (Of  sin  t)  sin  | (2m  l)tl  dt. 


1 

f,  Lj,  and  h^  are  the  maximum  thickness,  length,  and  draft 
of  the  strut,  respectively;  Ap,  1 g,  and  hg  are  the  maximum 
section  area,  length,  and  depth  of  submergence  of  the  axis  of 
the  body.  The  special  functions  appearing  in  the  above  equa- 
tions, and  )2in-l’  functions  of  the  first  kind 

with  integer  orders.  For  further  information  concerning  these 
functions,  one  may  consult,  for  example,  page  79  of  Magnus, 

Oberhettinger,  and  Soni. 

In  the  above  equations,  Rj.  Rg,  and  Rgg  represent  the 
wave  resistance  due  to  one  strut,  one  main  body,  and  the 
interaction  between  strut  and  main  body,  respectively.  Hence, 
the  wave  resistance  of  a SWATH  ship  becomes: 


g*-s 

■>'os  ~ (2(j2) 


2(Rg  + Rg 


(B.IK) 
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ABSTRACT 

This  paper  treais  the  problems  of  synthesizing  and  pre- 
dicting second-order  forces  in  hydrodynamic  systems  excited 
by  stochastic  forcing  functions.  Immediate  applications  are 
to  second-order  forces  on  naval  vessels  operating  in  or  be- 
neath an  irregular  wave  system.  The  concept  of  transfer 
functions  for  nonlinear  hydrodynamic  systems  is  outlined. 

An  analytical  technique  is  developed  for  identifying  the 
transfer  function  from  wave  and  force  time  histories.  The 
relative  merits  of  tl.e  identification  technique  are  discussed, 
and  application  to  digitally  simulated  ship-wave  systems  is 
shown.  The  probability  density  function  for  hydrodynamic 
forces  is  derived  to  second  order  under  the  assumption  that 
tlie  wave  excitation  is  a stationary  Gaussian  stochastic 
process.  Statistical  properties  of  the  resulting  hydrodynamic 
forces  are  given  in  terms  of  physical  characteristics  of  the 
input  wave  field.  The  notions  of  slowly  varying  and 
rapidly  varying  components  of  the  total  second-order  hydro- 
dynamic force  are  introduced  and  the  methodology 
required  for  their  synthesis  and  prediction  is  discussed. 

1.  INTRODUCTION 

Recently,  increased  attention  has  been  focused  on  the 
prediction  of  the  nonlinear  response  of  surface  ships  and 
submerged  vessels  in  waves.  The  present  study  was  unv:er- 
taken  in  an  i '"fort  to  develop  computational  tools  for  the 
analysis  and  prediction  of  nonlinear  ship  response  to  a 
random  or  irregular  wave  system. 

Thr  linear  statistical  theory  of  a ship’s  response 
(motions  or  force)  to  an  irregular  wave  system  is  well  known 
and  has  had  many  applications  to  ship  performance  pre- 
diction and  design.  The  fundamental  assumptions  that  form 
a basis  for  the  use  of  linear  statistical  theory  are  that; 

(1)  the  first-order  free-surfacc  wave  elevation  can  be  modeled 
as  a stationary  normal  (Gaussian)  function  of  time,  and 

(2)  the  ship  response  to  ttie  Gaussian  wave  system  can  be 
modeled  as  a time-invariant  linear  dynamical  system.  These 
two  assumptions  imply  that  the  linear  ship  response  will 
also  be  a Gaussian  random  time  function  which  can  be 
easily  characterized  in  terms  of  its  first  two  moments.  The 
essential  features  of  the  linear  theory  are  summarized  in 
Chapter  2 for  immediate  reference  and  to  motivate  the  sub- 
sequent development. 

Some  ship  responses  are  inherently  nonlinear  and  can- 
not be  adequately  approximated  by  a linear  model.  For  in- 

*Read at  the  Tenth  Naval  HydrodynainlcB 
Symposium,  June  24-28,  1974, 

Cambridge,  Mess.  U.S.A. 


stance,  the  added  resistance  f a sliip  is  related  to  wave 
hei^t  in  a nonlinear  manner  and  has  been  modeled  as  a 
wave-lieiglit-squared  relation.  Also,  tile  rolling  motion  of 
ships  is  strongly  nonlinear  and  has  been  modeled  by  a non- 
linear Duffing’s  equation.  In  general,  information  sufficient 
to  characterize  the  nonlinear  response  cannot  be  obtained 
from  the  linear  theory  concepts  of  covariances  and  energy 
spectra  which  are  computed  in  terms  of  the  first  two 
moments  of  the  response.  Here,  it  becomes  necessary  to 
introduce  higlier-order  moments,  which  implies  higlier-order 
covariances  and  higlier-order  spectra. 

The  objective  of  this  paper  is  to  treat  two  aspects  of 
the  nonlinear  ship  response  problem.  First,  the  problem  of 
characterizing  the  nonlinear  response  in  terms  of  random 
samples  of  excitation  and  response  time  histories  is  con- 
sidered, then  the  probability  structure  of  the  response  is  in- 
vestigated. The  detailed  emphasis  is  on  nonlinearities 
througli  second  order.  This  restriction  keeps  botli  the  ex- 
pgsition  end  the  calculations  within  manageable  bounds. 

The  characterization  problem  entails  the  estimation  of  non- 
linear t.’ansfer  functions,  whose  application  to  ship  problems 
was  outlined  by  Hasselmann  (1966).  His  approach  is 
essentially  that  applied  in  the  present  study.  However  it  is 
sliown  in  Chapter  3 tliat,  by  generalizing  Hasse’mann’s 
Fourier  series  approach  into  a continous  energy  spectrum 
wave  representation,  the  resulting  form  of  the  response  yields 
a simple  and  explicit  physical  interpretation.  The  fourth 
chapter  addresses  the  transfer  fu  ction  estimation  problem. 

It  is  shown  that  a thir'i-ordcr  moment  function,  the  cross-bi- 
covariance,  and  its  Fourier  transform,  the  cross-bi-spectrum, 
can  be  employed  to  obtain  a relation  for  the  second-order 
transfer  function.  An  efficient  algorithm  for  computing  the 
transfer  function  is  described.  Typical  compute  .1  results  are 
shown  in  Section  4.2. 

Finally,  the  probability  structure  of  the  nonlinear 
response  is  considered  in  Chapter  5.  To  the  author’s  know- 
ledge, this  problem  has  not  received  any  attention  in  the  ship 
literature.  Thus,  application  is  made  of  two  approximations 
to  the  probability  density  function,  and  an  approach  is 
described  for  determining  the  exact  probability  density 
function  to  second  order. 

2.  OVERVIEW  OF  LINEAR  STATISTICAL  SHIP 

RESPONSE  THEORY 

The  statistical  theory  of  linear  ship  motions  and  forces  in  a 
seaway  is  well  known  and  has  had  many  applications  to  ship  per^ 
formance  prediction  and  design.  Rudnick  (1951)  mitially 
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NOMENCLATURE 


a(t) 

Co(oj) 

Ci 

E 

E(t) 


Weigliting  function  defined  by 
(5.7) 

Co-spectrum 

Parameter  defined  by  (5,12) 

Expected  value 

Even  part  of  cross-covariance 


f,(co) 


Term  n in  functional  series 

Two-sided  spectral  density  function  for 
process  X 

Two-sided  cross-spectral  density  for 
X and  Y 


,a>j)  Two-sided  cross-bi-speetral  density 
function  between  X and  Y 


g 

H(cu) 

HfcipCOj) 

h 

"a 

Im 

K 

M(t) 

N 


Gravitational  constant 
First-order  (linear)  transfer  function 
Second-order  transfer  function 
First-order  impul.se  response  function 
N t/i-order  impulse  response  function 
Imaginary  part 

Kernel  of  integral  equation  (5.31) 
Time-varying  linear  ship  response 
Total  number  of  terms 


CXt) 

Qu(co) 

Re 

R,(r) 

R,y(7) 


Odd  part  of  cross-covariance 
Quadrature  spectrum 
Real  part 

Covariance  function  for  process  X 

Cros.s-covariance  function  for  processes 
X and  Y 

Cross-covariance  I'unction  for  processes 
X and  Y 


Sx(co) 

Sxy(ru) 


Sxxy<“p‘^2> 


T 

t 

V 

X(t) 

Xj(t) 


x*(t) 

Y(t) 


Y(>>) 


One-sided  spectral  density  function  for 
process  X 

One-sided  cross-spectral  density  for 
processes  X and  Y 

Physically  realizable  cross-bi-spectral 
density  function  defined  by  (4.7) 
Sample  length  or  wave  period 
Time 
Velocity 

Excitation  function 
Independent  Gaussian  variate 

Least  mean  .square  estimator  of  X 
Response  function 

N ih  order  response 


r 

Jk 

6 

'n 

e(co) 

r?(t) 

X 

P 

w 

^co) 

.Wj) 

0„(t) 

CO 

"c 


Giunma  function 

Sampling  interval 

Dirac  delta  function 

Kronecker  delta  function 

Phase  component  of  a Fourier  series 

Random  phase  angle 

First-order  free-surfacc  elevation 

Eigenvalue 

Mean  value 

3.14159  ••• 

Variance 

Phase  of  first-order  system 
Phase  of  seeond-order  system 
Time  domain  eigenfunction 
Frequency  domain  eigenfunction 
Radian  frequency 
Encounter  frequency 


expressed  the  idea  of  modeling  the  sea  surface  as  a stationary 
normal  (Gaussian)  function  of  time  at  a fixed  point.  Birkhoff 
and  Kotig  (1952)  indicated  the  potential  use  of  random 
function  (stochastic  process)  theory  in  modeling  the  sea  as  a 
Gaussian  process,  but  they  expressed  concern  over  the  non- 
linear effects  which  tended  to  distort  the  Gaussian  probability 
distribution  function.  Pierson  (1952)  advocated  the  use  of  the 
Gaussian  wave  surface  moilel  despite  minor  nonlinear  effects 
and  treated  problems  in  the  analysis  of  wave  records  and  the 
propagation  of  waves.  St.  Denis  and  Pierson  (1953)  used 
linear  system  theory  to  model  ship  responses  to  the  Gaussian 
wave  system  and  initiated  a new  era  of  ship-response-to-waves 
research  tliat  is  still  in  progress. 

2.1  Spwification  of  the  Gaussian  Seaway  and 
Ship  Responses 


1910  by  Einstein  in  h,  ■ investigation  of  black-body  radiation. 
Also,  Fourier  series  mouels  with  deterministic  coefficients  but 
uniformly  distributed  phase  angles  have  been  used  to  obtain 
periodic  Gaus.sian  processes.  For  real  valued  processes,  this 
model  takes  the  form 

OO 

T?(t)  = ^ a„  cos  (<u„  t - ej.  (2.1) 

n=  I 

Here  the  arc  related  to  the  period  T of  oscillation  by 


Many  represcntailons  of  stationary  Gaussian  proces.ses  are 
possible  which  probably  accounts  for  the  arious  equations 
for  random  ocean  surfaces  that  may  be  observed  in  the 
literature.  The  earliest  Gaussian  process  representation  was 
tlt'ough  the  use  of  Fourier  series  expansions  with  normally 
dj  labuted  coefficients.  Such  models  were  used  as  early  as 


where  a^^  is  the  deterministic  amplitude  corresponding  to 
and  the  are  independently  and  unifor.mly  distributed  over 
(0,  2rr),  The  Gaussian  character  of  this  model  is  guaranteed  by 
the  central  limit  theorem  provided  certain  general  regularity 
conditions  are  satisfied.  The  theory  of  Fourier  series  random 
processes  is  discussed  in  detail  in  a classic  paper  by  Rice  ( 1 944-  45). 
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Because  of  tlieii  periodic  nature,  Fourier  scries  models  of 
randor.i  processes  may  be  too  restrictive  in  some  instances.  The 
random  phase  model  (Equation  2.1)  may  be  generalized  into 
the  Gaussian  stochastic  integral  representation 


T?(t)  = J cos  (cot  - e(co))  y/ 2 S^Ccj)  dio  . (2.3) 

0 

This  "tochastic  integral  can  be  well  defined  as  the  limit  in  quad- 
ratic ,ican  of  a sequence  of  random  partiai  sums.  Here  the 
uniformly  distributed  phase  angles  on  (0,  2ir)  are  indexed  over 
continuous  frequency,  and  the  amplitudes  are  selected  from  a 
continuous  energy  spectral  density  function,  Sjj(co),  aefined 
over  the  frequency  interval  (0,  «j).  It  should  be  noted  that  this 
model  represents  an  infinite  ensemble  of  sea  surface  time  histories. 
Each  wave  surface  time  history  represents  but  one  realization 
from  this  infinite  collection.  This  model  was  used  implicitly  by 
Rice  (1944)  and  was  formally  introduced  by  Levy  (1948).  The 
model’s  Gaussian  structure  and  related  statistical  properties  were 
recently  derived  by  Neal  and  Hurwitz  (1974).  Tire  model  may 
be  viewed  as  the  real  Gaussian  form  of  the  spectral  repre- 
sentation theorem,  and  it  may  be  written  without  the  square- 
root  symbol  as 


h(t)  = Re 


OO 

J*  o'  dZ(cj), 

— OO 


(2.4) 


M(t)  = J h(r)  r?(t  - t)  dr.  (2.6) 


If  the  linear  system  is  causal,  the  response  at  any  time  t will  be 
unaffected  by  the  excitation  at  any  future  time  t'>t.  In  this 
case  the  linear  system  can  be  written  as 

OO 

M(t)  = j h(r)  t)(t  - r)  dr.  (2.7) 

0 

The  question  of  whether  ship-wave  systems  are  causal  is  unre- 
solv  d in  the  literature  (see,  e.g.,  Ogilvie,  1964,  p,  57),  or 
Dalzell,  1972,  p.  32).  Therefore  (2.6)  will  be  used  in  what 
follows.  Of  course,  if  a causality  assumption  applies,  h(r)  will 
equal  zero  for  r < 0 and  (2.7)  will  be  satisfied  automatically. 
Fo.i  s'K.olicity  we  take  r?(t)  to  be  the  unidirectional  Gaussian 
ws  .ys.r.ii  (2.3);  generalization  to  short-crested  seas  is 
straiglitfoiward  as  indicated  by  St.  Denis  and  Pierson  (1953). 
For  Gaussian  excitation,  (2.6)  must  then  be  interpreted  as  a 
stochastic  integral  and,  assuming  the  existence  of  the  integrals 
involved,  may  be  written  as 


where  Z(oj)  is  a complex  valued  process  with  orthogonal  incre- 
ments. The  model  may  b>  written  equivalently  as 


M(t)  = 


/ 


1i(t)  Re 


7)  - e(w)! 


p(t)  = J cos  (a)t)dLi(co) 

0 

(2.5) 

QO 

+ J"  sin  (cot)dVia>), 

0 


X ^2  S (co)^da?  j cir 


/ 


Re  I H(cj)  e 


il  cot  - e(co)l 


(2.8) 


where  U(w)  and  V(cj)  are  real  processes  with  orthogonal 
Gaussian  increments.  The  form  (2.3)  will  be  used  in  the  sequel 
as  it  admits  a straiglitforward  physicai  interpretation. 

St.  Denis  and  Pierson  (1953)  introduced  the  random  phase 
model  into  the  ship  research  field,  and  they  interpreted  the 
model  as  ihe  time  varying,  unidirectional  wave  surface  elevation 
at  the  origin  of  a statistically  stationary  wave  field.  In  their  now 
classic  paper,  St.  Denis  and  Pierson  also  extended  the  random 
phase  model  to  include  a superposition  of  unidirectional  waves 
in  order  to  model  realistic  short  crested  seas.  Finally,  their 
paper  was  highlighted  by  the  introduction  of  linear  system 
theory  to  model  ship  motions  in  a seaway  as  a linear,  time- 
invariant  dynamical  system. 


X v^2  s”(tj)  du) , 

with 

OO 

H(cj)  = J h(r)  e''“"  dr.  (2.9) 

C» 

H(oj)  is  a complex  valued  function  called  the  frequency  response 
function  or  transfer  function  of  the  linear  system.  The  latter 
term  is  more  commonly  used  in  ship  hydrodynamics.  If  we 
denote 


Let  M(t)  deno  c any  arbitrary  ship  response  at  a point 
fixed  in  some  coordinate  system.  If  the  response  is  related  by  a 
linear,  time-invariant  dynamical  system  to  a wave  system,  t)(t), 
also  fixed  at  some  point  in  the  coordinate  system,  then  the 
relation  can  be  expressed  by 


H(to)  = |H(co)|  e 


i0(to) 


then  (2.6)  takes  the  form 


(2.10) 


M(f)  = 


oo 

J cos  (tot  --  e(to)  + i^(co)) 
0 


It  should  be  noticed  that  the  above  wave  system  is  defined 
at  a fixed  point  in  space.  When  a ship  experiences  forward 
speed  the  wave  process  is  usually  expressed  in  a moving  coordi- 
nate system  relative  to  the  mean  speed,  V,  of  the  ship.  The  fre- 
quency in  the  new  coordinate  .system  is  called  the  encounter 
frequency  (co^)  and  is  relateu  to  the  or^;;iiial  frequency  by 


xy^2lH(co)P  S^(to)  dto. 


V. 


(2. 1 5) 


where  |H(co)|  and  0(co)  are  the  amplitude  and  phase  gain 
functions  of  the  linear  system,  respectively.  In  ship  hydro- 
dynamics the  function  |H(cj)P  is  called  the  response  amplitude 
operator  (RAO).  Equation  (2. 1 1)  demonstrates  the  intimate 
connection  between  the  time-domain  linear  response  and  the 
wave  spectrum  and  transfer  function  which  are  both  frequency- 
domain  functions. 

Because  (2. 1 1)  is  of  the  same  form  as  (2.3),  it  follows  that 
tlie  motion  process  will  also  have  a Gaussian  distribution  for 
each  t.  This  fact  is  extremely  important  for  the  study  of  ship 
performance  in  a seaway.  It  implies  that  the  ship  response  can 
be  statistically  characterized  from  knowledge  of  its  first  two 
statistical  moments,  i.e.,  its  mean  and  variance.  Because  the 
mean  value  of  M(t)  is  zero,  the  variance  of  M(t)  is 


o„2  = K M^(t) 


= J |H(ce)P  S^(cu). 

0 

Thus  the  response  process  will  be  Gaussian,  with  mean  zero  and 
variance  dcicrmined  by  the  sea  spectrum  and  the  response 
amplitude  operator.  The  time  varying  motion  can  be  dctemiined 
from  (2. 1 1)  and  requires  knowledge  of  both  the  amplitude  and 
phase  of  the  ti.n.xfer  function  as  well  as  knowledge  of  the  sea 
spectrum.  The  Gaussian  structure  of  the  linear  ship  motion 
system  also  simplifies  the  statistical  analysis  of  extreme  values 
and  force  or  wave  amplitudes  in  a seaway.  All  of  these 
quantities  can  be  determined  as  functions  of  the  variance  of  the 
response  process  as  treateil,  for  example,  by  l.onquel-Higgins 
(1 95 2)  and  Cartwriglit  and  Longuet-Higgins  (1 956). 

Upon  comparing  the  spectral  representations  (2.3)  and 
(2. 1 1)  for  the  Gaussian  wave  and  response  processes,  and  upon 
recalling  that  S^(co)  is  the  wave  energy  spectrum- (spcctnd 
density  function),  it  follows  from  the  unii|ucness  of  the 
spectral  representation  that  the  motion  spectrum,  S,,,  (co),  must 
be  given  by 


The  frequency  notation,  co,  is  used  throughout  this  paper  with 
the  undemtanding  that  encounter  frequency  will  be  implied 
whenever  the  ship  has  forward  speed. 

2.2  Statistical  Estimation  In  Linear 

Ship  Systems 

Various  theoretical  spectral  forms  are  available  for  modeling 
the  energy  spectrum  of  the  seaway.  However,  these  represent 
idealizations,  such  ,is  the  assumption  of  a fully  developed  sea, 
which  may  not  be  realized  exactly  in  a given  application.  It 
has  therefore  been  necessary  to  seek  more  realistic  wave  speetra 
from  wave  measurements.  The  determination  of  the  spectral 
density  functions  of  a stationary  stochastic  process  from  a 
realization  (time  history)  is  a problem  of  statistical  spectral 
analysis.  This  field  has  developed  a comprehensive  literature 
which  was  pioneered  by  Tukey  (1949)  and  Blackman  and 
Tukey  (1958).  Let  Tj(t)  be  a weakly  stationary  stochastic  pro- 
cess with  zero  mean  value  which  represents  a real  valued  wave  or 
force  system.  Here  the  statinnarity  a.s.sumption  is  used  in  the 
sense  that  the  product  moment 


R^(t)  = E { (t?(t  + t)  - E p(t  + t)) 


* (T)(t)  - E(t))} 


(2.1b) 


is  a function  only  of  t.  R^(t)  is  defined  as  the  covariance 
function  of  the  process.  For  real  processes  the  covariance 
function  is  real  and  symmetric.  If  R^(r)  is  absolutely  inte- 
grable,  then  a continuous  non-negative  spectral  density  function 
f^(co)  exists  and  satisfies 


OO 

R„(r)=  J e"^'"  f^(co)  dec.  (2.17) 

— OO 


OO 

f^(cc)  = ^ J e '“’^R^(r)dT,  (2.18) 

— OO 


S,,,(w)  = lH(tj)l^  S^(co)  (2.13) 


for  each  non-negative  frequency,  w.  Conversely,  if  the  wave 
and  response  spectra  rrc  known,  the  response  amplitude 
operator  can  be  obtained  as 


lH(w)|2 

provided  S^(ui)  0. 


S,(co) 


(2.14) 


These  arc  the  celebrated  Wiener-Khintchine  relations.  In  ship 
applications  it  is  convenient  to  exprc.ss  the  Wiener-Khintchine 
relations  as  real  cosine  transforms.  By  using  the  fact  that  both 
R^(t)  and  f^(oj)  are  even  for  real  processes,  these  relations  may 
be  written  as 


Rr,(z)  = 


J 


COS  (cot)  Sjj(co)  dok), 


(2.19) 


520 


I 


\ 


. I 


d 


oo 

= T I 


cos  (cot)  R^(t)  cIt, 


(2.20) 


where  S,j(co)  is  tlie  physically  realizable  spectral  density 
function  defined  over  non-negative  frecpiencies  by 


S„(co)  = < 


2 f^(co)  if  coe  [0,  oo) 


0 otherwise. 


(2.21) 


Tl'.us,  knowledge  of  the  covariance  function  is  sufficient  to 
determine  the  energy  spectral  density  exactly  by  (2.20).  In 
order  to  determine  the  covariances  from  the  product  moments 
in  (2.16),  the  indicated  averages  are  evaluated  over  the  process 
ensemble.  However,  if  the  process  is  crgodic,  these  mean 
products  can  be  calculated  from  a single  (infinite)  time  history 
as 


R^(t)  = 6im 

I •*  OO 


T 


I 

/ 


7)(t)  t)(t  + |t1)  dr.  (2.22) 


smoothing  the  estimators  using  time  domain  "lag  windows”  or 
frequency  domain  “spectral  windows”  to  reduce  the  variance  of 
the  spectral  estimators.  However,  the  use  of  data  windows  in- 
evitably leads  to  the  introduction  of  bias  so  that  trade-offs  be- 
tween variance  and  bias  become  crucial.  These  methods  have 
been  applied  to  ocean  wave  and  ship  motion  problems  by  many 
investigators,  and  reasonably  good  results  have  been  obtained  for 
wave  and  motion  spectra  and  for  tlie  response  amplitude 
operators  (see  Yamanouchi,  1974  for  a comprehensive  review). 
Alternative  estimation  methods  that  have  not  been  widely 
applied  in  ship  problems  include  prewhitening  (transforming)  the 
data  to  obtain  spectra  that  are  relatively  flat  and  thus  reducing 
the  estimation  bias  (Blackman-Tukey,  1958).  Similar  pro- 
cedures may  be  applied  using  the  autoregressive  spectral  esti- 
mation procedure  as  given  by  Parzen  ( 1 969)  or  Akaike  ( 1 969). 

The  response  amplitude  operator  obtained  from  some 
method  of  spectral  estimation  together  with  the  wave  spectrum 
can  be  used  to  compute  the  motion  variance  from  (2.12)  and 
hence  characterize  in  a probabilistic  fashion  tlie  Gaussian 
response  process.  However,  the  phase  gain  function,  0(co),  must 
be  determined  in  order  to  completely  specify  the  transfer 
function  (2.10).  To  determine  phase  information  from  irregular 
(random)  wave  time  histories,  the  cross-spectrum  must  be  used. 
Consider  the  time  domain  stochastic  relation  between  the 
motion  and  wave  in  (2.6)  and  fonn  the  mean  product 


I' 

r I 


It  is  known  from  stochastic  process  theory  (Doob,  1952, 
p,  494)  that  a Gaussian  process  is  ergodic,  if  its  spectral  distri- 
bution function  is  everywhere  continuous,  or,  equivalently,  if 
the  memory  of  the  process  dies  out  for  arbitrarily  large  time 
lags.  Practically  all  of  the  Gaussian  processes  useful  in  ship 
performance  studies  would  seem  to  have  this  property. 

Since  only  a finite  sample  of  a process  realization  can  be 
observed  in  practice,  the  limiting  operation  in  (2.22)  cannot  be 
performed.  Thu.s  as  a practical  procedure,  a sample  of  length  T 
is  observed  and  the  covariance  function  is  approximated  by  the 
(biased)  estimator 


E ij(t)  M(t  + cr)  = 


I 


1i(t)  E rj(t)  T)(t  + a - T)  dr 


W 

/ 


h(T)  (o;  - t)  dr  (2.25) 


by  (2.16)  and  the  fact  that  the  order  of  expectation  and  inte- 
gration can  be  interchanged  in  the  stochastic  integr.d.  The  mean 
product  is  then  a function  of  a alone  and  we  define 


R,(t) 


/ 


T - ItI 

7)(t)  t)(t  + ItI)  dT, 


(2.23) 


or  by  the  (unbiased)  estimator, 

T-  ItI 

V(t)  P(t  + |t|)  dr.  (2.24) 

0 


1 


R^H,(«)  = E 77(t)  M(t  + a) 


(2.26) 


as  the  cross-covariance  function  between  the  zero  mean 
processes  Tj(t)  and  M(t).  Note  that  the  cross-covariance  function 
is  not  an  even  function  but  satisfies 


R„„(- o)  = R^i^(a).  (2.27) 

If  R^n,(o()  admits  a Fourier  transform,  then  (2.1 1)  can  be 
written  in  the  frequency  domain  as 


Parzen  (1961,  p.  175)  has  shown  that  the  bia.sed  estimator 
(2.23)  generally  has  a smaller  mean  square  error  and  thus  may 
be  preferable  to  the  unbiased  estimator  (2.24).  The  sub- 
stitution of  (2.23)  or  (2.24)  into  (2.20)  yields  an  estimate  of 
the  spectral  density  function.  The  extent  of  error  and  bias 
this  estimating  procedure  may  introduce  into  the  resulting 
spectra,  and  the  means  by  which  these  errors  may  be  reduced, 
arc  topics  that  have  been  studied  intensively  by  researchers 
during  the  past  two  decades.  Extensive  literature  exists 
(Parzen,  1967)  and  several  textbooks  are  currently  available 
(.sec  e.g.  Jenkins-Watts,  1968).  The  basic  approach  involves 


with 


f^„  (cj)  = H(ui)  f^(w),  - oo  < CO  < oo  (2.28) 


uo 

ir  j 


- iu)T 

(t)  e cIt.  (2.29) 


In  practice  (2.28)  is  usually  written  over  non-negative  frequencies 
as 
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H(CJ)  S^(cj), 


(2.30) 


IH(cj)|  = 


(Co^  (w)  + Qu^(uj)) 


(2.37) 


1/2 


where  S^(u>)  is  the  physically  realizable  cross-spectrum  defined 
analogously  to  (2.21)  by 


S,(cu) 


Ww)  = tan  ’ (-  Qu(co)/Co(co)) . 


(2.38) 


2 f;,n,(<o)  if  toe  [0,  oo) 


0 otherwise. 


(2.31) 


Then  if  S (to)  0,  the  complete  transfer  function  is  obtained 
from  (2.30)  as 


H(to)  ^ 


S^(to) 


(2.32) 


In  applications,  it  is  convenient  to  express  (2.31)  as  a one-sided 
Fourier  transform.  Let  us  decompose  R^|,,(r)  in  (2.29)  into 
the  sum  of  an  even  and  odd  function 


As  in  the  case  of  scalar  spectra,  the  cross-spectral  relations 
must  in  practice  be  approximated  from  finite  time  histories  of 
the  input-output  processes;  thus  the  problem  of  obtaining  esti- 
mators in  (2.37)  and  (2.38)  that  have  minimal  variability  and 
bias  remains.  In  fact,  increased  bias  is  introduced  into  the  cross- 
spectrum estimators  due  to  the  phase  differences  between  the  in- 
put and  output  signals.  Pierson  and  Dalzell  ( 1 960)  discovered 
that  improved  cross-spectral  estimators  could  be  obtained  by 
shifting  the  output  signal  relative  to  the  input  such  that  the 
effective  phase  shift  would  be  reduced.  This  procedure  was 
placed  on  a rigorous  statistical  basis  by  Akaike  et  al.  (1964),  and 
a detailed  discussion  of  the  procedure  is  given  by  Yamanouchi 
(1964). 


R^„(r)  = E(r)  0(r) , 
with  E(r)  and  0(t)  defined  by 


(2.33) 


(2.34) 


7 + 


The  above  methods  for  estimating  the  frequency  response  of 
linear  ship-wave  systems  are  essentially  frequency-domain  system 
identification  procedures  in  the  temiinology  of  modem  control 
theory.  System  identification  methods  may  be  developed  either 
in  the  frequency  or  time  domain,  In  the  time  domain  the  im- 
pul.se  response  function  can  be  estimated  directly  from  (2.6)  by 
using  the  sampled-data  representation 


M(t)  = 


= 2’ 


h(kA)  T)(t  - kA)  • A , 


(2.39) 


(2.3S) 


where  A denotes  the  constant  sampling  interval.  Then  the  least 
squares  estimates  of  the  h(kA)  satisfy  the  matrix  equation 


RM„(nA)  = 2’  h(kA) 


nA).  (2.40) 


Then  upon  substituting  (2.34),  (2.35)  into  (2,29)  it  is  seen  that 
(2.31)  may  be  written 


0 

oo 

V J 


E(t)  cos  (wt)  dr 


0(t)  sin  (ccr)  dr  (2.36) 


= Co(u;)  - i Qu(co). 

Co(cj)  and  Qu(w)  are  called  the  cospectrum  and  quadrature- 
spectrum,  respectively.  It  then  follows  from  (2,10),  (2.32),  and 

(2.36)  that  H(cj)  can  be  written  as 


Yamanouchi  (1964)  used  this  metliod  to  obtain  the  impulse 
response  for  ship  roll  motions. 

> 3.  NONLINEAR  HYDRODYNAMIC  FORCES 

Nonlinearities  play  such  a key  role  in  ship  hydrodynamics 
that  a linear  model  of  ship  response  to  waves  may  not  be 
acceptable  in  many  instances.  For  example,  the  rolling  motion 
of  a ship  is  often  modeled  by  a Duffing’s  equation  whose  non- 
linear behavior  has  been  well  studied  in  mechanics.  Maruo  (1957) 
investigated  the  added  resistance  of  a ship  due  to  waves  and 
developed  a theory  in  which  the  mean  added  drag  is  proportional 
to  the  square  of  the  wave  heiglit.  Verhagen  ( 1 970)  conducted 
extensive  model  icsis  on  slow  drift  oscillaiions  of  moored  vessels 
in  irregular  (random)  seas  and  concluded  that  the  long-period 
amplitude  motion  is  proportional  to  the  ratio  of  significant  wave 
height  squared  and  mean  wave  period. 
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Various  analytical  techniques  exist  for  nonlinear  dynamical 
problems.  For  instance,  the  method  of  equivalent  linearization 
and  the  method  of  perturbations  provide  approximate  solutions 
for  simple  types  of  nonlinearities  but  are  not  easiiy  generalized 
to  more  complex  systems.  Yamanouchi  (1964)  applied  the 
perturbation  method  to  ship  rolling  motions,  whereas  Kaplan 
(1966)  and  Va.ssilopoulos  (1970)  studied  tlie  rolling  problem 
using  the  equivalent  linearization  procedure.  When  tlie  non- 
linearity involves  displacement  and  not  velocity  in  the  system 
differential  equation,  solutions  can  be  obtained  via  the  Fokker- 
Planck  equation  provided  tlie  excitation  has  a flat  frequency 
spectrum,  i.e.,  white  noise.  However,  this  assumption  may  be 
too  restrictive  for  practical  ship  problems  which  are  subject  both 
to  non-white  wave  excitation  and  nonlinear  damping  forces. 

The  Volterra  functional  series  approach  to  nonlinear  system 
analysis  is  a very  general  method  that  has  shown  promise  for 
application  to  realistic  ship  problems.  This  metheq  entails  ex- 
pansion of  the  ship  response  in  a functional  Taylor's  series 
relative  to  the  given  wave  or  force  excitation.  The  n ih  term  in 
such  an  expansion  gives  the  response  component  resulting  from 
n th  order  interactions  of  tlie  excitation.  This  makes  the 
method  easily  adaptable  to  the  physical  interpretation  associated 
with  the  usual  perturbation  expansion  solutions  to  ship  hydro- 
dynamics problems.  In  addition,  the  method  admits  an  explicit 
development  of  the  probability  structure  of  nonlinear  ship 
response  in  a seaway.  Hassclmann  (1966)  outlined  the 
functional  series  approach  to  ship  motions  and  showed  that  the 
nonlinear  transfer  functions  were  related  to  higher-order 
moments  of  ship  motions.  Vassilopoulis  (1966)  outlined 
essentially  the  same  approach  and  showed  that  the  formula  due 
to  Maruo  ( 1 957)  for  the  time  averaged  added  drag  on  a ship  in 
waves  could  be  derived  from  nonlinear  system  theory. 

Dalzell  (1974)  formulated  tlie  added  drag  in  waves  problem  as 
a quadratic  functional  series  and  estimated  the  mean  added  drag 
transfer  function  from  irregular  wave  data. 

The  theory  of  luuciional  power  series  models  is  briefly 
summarized  in  ■ ' apter,  and  a detailed  analysis  of  second- 
order  hydr-  ,.•<  . ( .'  Csina  ,ay  is  given.  Computational 

metliods  ' i non  resM  • u..  given  for  the  problems  of 

estimating  i ■ ■ ond-order  transfer  function  from  irregular  wave 
test  data. 


Y(t)  = go  + 


1 


X(t,)  tU, 


+ 


+ 


J 


J 


8n(M,.  • ■ t„)X(t,) 


• • • X(t„)  dt,  • ■ • dt„  + ■ ■ (3.2) 

The  series  will  have  some  radius  of  convergence  within  which  the 
series  will  converge  uniformly.  If  the  series  represents  a causal 
physical  system,  then  the  kernel  functions  satisfy 


go(t,  tj,  • • ■t„)  = 0.  ift.  >t.  (3.3) 


Series  satisfying  this  property  were  studied  by  Volterra  (1930) 
early  in  this  centuiy,  and  series  of  the  form  (3.2)  that  satisfy 
(3.3)  are  called  Volterra  series.  Functional  series  expansions 
have  also  been  studied  by  Frechet  (1910).  Wiener  (194 -I)  used 
an  orthogonal  series  version  of  (3.2)  to  study  the  response  of 
nonlinear  devices  to  Gaussian  noise.  Barrett  ( 1 963)  has  dis- 
cussed application  of  functional  series  to  physical  problems. 


Let  us  assume  that  the  nonlinear  system  is  time  invariant  so 
that  the  kernel  functions  n (3.2)  can  depend  only  on  time 
differences.  Thus, 


Y(t)  = ho  + 


OO 

J h,(t  - tj)  X(tj)  dt,  -t  • • • 

— OO 


+ 


/ 


j h„(t-t,,  • -,t-t„)X(t,) 


3.1  Theory 


■ ■ • X(t„)  dt,  • • • dt„  + • ■ ■ 


(3.4) 


Let  Y(t)  denote  the  nonlinear  response  of  a ship  at  some 
fixed  point  to  an  excitation  (X(OI-oo<t<oo)  . Because  Y(t) 
may  respond  to  the  entire  time  hsitory  of  X(t),  we  call  Y(t)  a 
functional  defined  on  a class  of  excitation  functions  X(t)  and 
we  denote 


•vD). 


(3.1) 


= ho  + 


OO 

J h,(T)  X(t  - t)  dr  + ■ • • 

— OO 


J h„(r,,  --r„)X(t-r,)  .- 


:!  3 


: '.S 


If  F is  a continuous  functional  of  X in  the  function  space  sense, 
then  F can  be  expanded  in  a functional  power  series  such  that 

X(t  - r„)  dT,  • • • dT„  -h  • ■ • (3.5) 


= hp  (a  constant)  (3.7) 


and 


F<">(t,x) 


oo  OO 


= J ■ ■ • I h„(r,,  ■ • ■,r„)X(t  - T,)  • - • 

— OO  — oo 

X(t  - T„)  dr,  • ■ • dij,.  n > 0 (3.8) 


series  can  then  be  used  to  analyze  those  ship  responses  that  are 
proportional  to  either  the  wave  height  or  the  wave  heigltt 
squared.  The  term  Uq  is  a constant  which  denotes  the  d.c.  or 
steady-state  component  of  the  response.  If  h^  and  are 
identically  zero,  the  series  reduces  to  the  time-invariant  linear 
system  (2.6)  witli  a fust-order  impulse  response  function,  h|(r). 
If  hfl  and  hj  arc  identicaily  zero,  the  series  represents  the  pure 
second-Oider  response 


'V(2)(t)  = 


J J 


hj(T,,  Tj)  X(t  - T|)  X(t  - Tj)  dr,  dTj, 


In  general,  tlie  kernels  in  (3.8)  may  not  be  symmetric 
functions  of  thel'  arguments.  However,  since  a permutation  of 
indices  in  any  kernel  only  affects  the  order  in  which  the  inte- 
gration is  carried  out  but  does  not  affect  the  response,  the 
keinels  may  be  symmetrized  by  defining 


(3,11) 

with  the  second-order  impulse  response  hj(r,,  Zj).  Tick  (1961) 
has  called  (3.10)  a time-invariant  quadratic  system  since  it  in- 
cludes both  a first-order  and  second-order  term.  Our  main  em- 
phasis will  be  on  the  second-order  term  (3.11);  however,  results 
will  be  included  for  the  more  general  system  (3.10). 


“'n  (Tp  ^2.  • • • • •- 

t 

(3.9) 

wnere  the  summation  is  over  all  possible  peniiutations  of  sub- 
scripts. Thus,  for  the  purpose  of  analysis,  symmetric  keinels 
may  be  assumeu  without  loss  of  generality.  In  practice, 
symmetry  cannot  be  assumed  a priori,  and  ‘he  opemtion  (3.9) 
may  have  to  be  empl-iyed  if  symmetric  kernels  are  desired. 

Note  also  that  symmetry  of  the  kernel  functions  is  equivalent 
to  symmetry  of  their  Fourier  transforms.  In  application  to 
physical  problems,  the  question  of  convergence  of  the  functional 
power  series  is  not  of  primary  importance.  The  series  is 
truncated  after  n terms  to  yield  a functional  polynomial,  and  it 
is  merely  assumed  that  additional  terms  will  provide  a more 
realistic  model.  Clearly,  the  resulting  response  for  a finite 
number  of  terris  will  be  mathematically  meaningful  if  the  input 
is  bounded  and  each  kernel  used  is  absolutely  integrabte.  How- 
eve  , these  conditions  are  not  sufficient  for  convergence  of  the 
infinite  senes  (3.6),  Here,  in  addition,  it  will  be  necessary  that 
the  contribution  fiom  terms  of  order  n decrease  to  zero  as 

^ OO 


The  excitation  X(t)  in  (5.10)  and  (3.1 1)  may  be  cither 
determ  .listic  or  stochastic.  In  the  latter  case,  the  integrals  are 
to  be  interpreted  as  stocba.'tic  mtegrals  which  have  mean 
square  convergence  properties.  Assume  that  X(t)  is  he 
Gau.«sian  wave  system  (2,3);  then  the  pure  second-order  response 
(3.  II)  becomes 

OO  OO 

Y<J)(t)  = Y Re  J j"  H(u)j  ,Wj)  exp(i(£Oj+tOj)  r 

0 0 

-1  (e(co,)  + e(wj))l 
• y'2  S^(u),)  2 S^(u)2l  dco,  dtUj 

OO  OO 

+ ^ Re  / I H(tjj,-cOj)  exp(i(tU|-cjj)  t 

0 0 

-i  (e(w,)  - efw,))l 


The  continuity  assumption  of  the  functional  .'elalionship 
between  the  e;  ;itarion  and  response  may  a'so  be  important. 
This  assumption  ineans  that  two  hme  histories  of  Uie  excitation 
that  are  arbitrarily  close  together  will  yield  responses  that  arc 
arbitrarily  close  together.  Th  is,  for  example,  systems  contain- 
ing hys  eresis  loops  would  not  admit  this  ty  o of  expansion. 

We  shall  limit  our  analysis  to  include  excitation  effects 
through  second  order.  Thus  (3.6)  is  truncated  at  n = 2 and 
takes  the  form 


S^(Wj)  2 S^fiOj)  d<0|  dwj  , (3.12) 

where  H(cOj,  tOj)  is  the  second-order  transfer  defined  by 

OO  OO 

H(w,,0lIj)=  I j h(T,,T2)e  ‘ dTj  dzj. 

— OO  — OO 

(3.13) 


OO  oo 


Y(t)  = hp -t  J h,(r)X(t  t)  dr  + J J ’'?.(f,>f2^ 


— OO  — oo 


X(t  - Tj)  X(t  - -j)  dr,  dvj, 


(3.10) 


where  X(t)  is  identified  as  the  wave  excitetion.  This  quadratic 


If  the  transfer  function  is  written  in  terms  of  amplitude  ana 
phase  compon  Jilts  as 

I 

Hfcuptjj)  = |H(o.;j,Wj)|  e _ (3,14) 

then  the  second-order  response  may  be  written  as 
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we  obtain 


Y«)(tV 


oo  oo 

J i 

0 0 


COS  «c0j+W2)t-(e(cj|  )+c(cjj)) 


oo  oo 

COV(Y(^'(t),  Y(2>(t+r»  = J J ||H(co,,u;j)|%osl(u), 


+ 0(w,  ,a)j))y^H(w,  S^(w,)  S^(cjj)  dw,  deoj 


OO  OO 

J J 


+ojj)r]  + |H(cj,  ,-Uj)|  cos|(cj, -W2)rl 
S^(coj)  dto,  Qcjj, 


V«i) 

(3.20) 


cos  ((to,  -tjj)t-(t-(tJ,)-  £(603))  (3.15) 


® which  can  be  writtcn  as 

+ ii>(to,,-t02))/H(to,,-tOj)|’  S„(to,)  S„(t02)  dto,  dtoj.  COV(Y<2)(t),  Y‘2)(t  + r))  = R ,j,  (t),  (3.21) 


The  first  term  in  (3.15)  represents  the  contribution  of  sums  of 
wave  frequency  pairs  to  the  second-order  ship  response,  whereas 
tlie  second  term  gives  the  contribution  of  differences  of  wave 
frequency  pairs.  Hasselmann  (1966)  and  Newman  (1974)  both 
considered  discrete  analogues  of  Equation  (3. 1 5),  and  the 
latter  author  defined  tire  second  term  as  the  slowly  varying 
second-order  force.  Continuing  this  analogy,  we  will  refer  to 
the  first  term  in  (3,15)  as  the  rapidly  varying  second-order 
response. 

Using  the  fact  that  the  e(oj)  are  statistically  independent, 
it  is  easy  to  verify  that  the  expected  value  (mean)  of  the  rapidly 
varying  sum  frequency  term  is  zero.  Thus  the  mean  of  the 
second-order  response  is  contributed  by  the  slowly  varying 
difference  frequency  component  which  can  be  computed  from 
(3.15)  or  from  (3.1 1)  together  with  (2.19)  as 

OO 

(iy(2)(t)  = J Re  j H(«,-w) } S,j(cu)  d«.  (3.16) 

0 

If  HftjpWj)  is  symmetric  then  H(w,-w)  will  be  real  and  the 
mean  value  becomes 


since  the  right  side  of  (3.20)  is  independent  of  t.  In  particular, 
the  variance  of  the  second-order  response  is 

OO  OO 

I |lI(co,  .tOj)!^  + |H(w,,-cj2)|^|  S,j(w,) 

0 0 

S^fiOj)  dw,  dcUj'  (3.22) 


The  relations  (3.20)  and  (3.16)  jointly  imply  that  the  second- 
order  force  is  stationary  in  the  statistical  sense.  The  physically 
realizable  spectral  density  function  of  the  second-order 
response  is  the  Fourier  transform  of  Ry  (t)  and  is  computed 
from  (2.18)  and  (2.21)  as  ^ 

OO 

Sy,2,(u))-  J |H(w,,w-a),)|^  S^(|w,|)  S,j(|o!-to,|)  d(J,. 

(3.23) 


EY<2)(t)=  J H(to,-co)  6,,(w)  dto.  (3.17) 

0 

The  fonn  (3.17)  is  independent  of  t and  matches  the  form  used 
by  Maruo  (1957)  and  Gerritsma  et  al.  ( 1961)  to  obtain  the 
mean  added  resistance  in  waves.  The  co\  ariance  of  the  second- 
order  response  is  given  by 

COV  (V”’(t),  Y”’(t+T))  = E |(Y'^’(t+r) 

- EY‘"}t+r))  (Y‘'lt)  - Ey”K))  j.  (3.18) 

Then  using  (3,1 1)  and  the  factorization  relation  for  higherK>rder 
moments  of  Gaussian  processes 


EX(t,)  Xftj)  X(tj)  X(t,,)=  Rxftj-t,) 

X Rxft^-tj)  + Rx(tj-t,)  (3.19) 


3.2  Simulated  Second-Order  Forces 

Digital  simulation  techniques  can  be  used  to  illustrate  typical 
characteris'ics  of  second-order  hydrodynamic  forces  in  a seaway. 
For  convenience,  we  assume  that  the  stationary  seaway  is 
represented  by  the  .iO-knot  Pieison-Moskowitz  (1961)  wave 
energy  spectrum  sliown  in  Figure  1.  Then  a digital 


Figure  1 --  30  Knot  Pierson-Moskowitz  )Vave  Spectrum 
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approximation  to  the  random  phase  model  (2.3)  can  be  used  to 
generate  a Gaussian  wave  surface.  For  this  purpose,  n equally 
spaced  subintervals  of  the  frequency  interval  (0.2,  1.5)  radians 
per  second  are  specified,  and  a wave  frequency  component  is 
randomly  selected  from  each  subinterval  in  order  to  evaluate 
the  Pierson-Moskowitz  amplitudes  S(cO|^).  The  uniformly  dis- 
tributed phase  angles  e((o^)  are  then  computed  as  2irf,j,  where 
the  f|j  are  obfainod  from  a digital  random  number  generator. 
This  wave  generation  technique  avoids  the  use  of  Fourier  series 
models  whose  periods  may  be  too  short.  The  use  of  the  indi- 
cated procedure  can  be  shown  to  increase  the  wave  period 
indefinitely.  The  details  of  the  method  are  given  by  Neal  and 
Hurwitz  ( 1 974).  A segment  of  a typical  wave  time  history 
based  on  the  30-knot  Pierson-Moskowitz  spectrum  is  shown  in 
Figure  2a.  The  curve  shown  is  based  on  a sampling  rate  of  1 
sample  per  second  and  50  randomly  selected  frequency  compo- 
nents. 

Second-order  hydrodynamic  forces  can  be  simulated  from 
(3.15)  provided  the  second-order  transfer  funefion  is  available. 
Since  very  little  is  known  from  hydordynamics  theory  concern- 
ing the  actual  shapes  of  nonlinear  sliip-wave  transfer  functions, 
the  following  transfer  function  form  was  assumed  for  the  simu- 
lation: 


|H(<o,  ,coj)l  = e 

«.61  ||(w, 1-0.55)^  t(|eJj|-U.55)^| 

(3.24) 

0(WpCjj)  =-  ff  ^2 

- 0.9332  - 0.9332  ^ 

- e ' - e ^ 1 

1.(3. 25) 

^(cJp-Wj)  =-  >r  ( 

- 0.9332  - 0.9332  u-} 

- e ‘ + e ‘ 

)(3.2<>) 

This  is  a bell-shaped  curve  centered  at  bi-frequency  (0.55,  0.55). 
The  present  form  was  chosen  partially  for  math  jmatical  con- 
venience. It  does  seem  physically  reasonable  that  the  amplitude 
gain  of  such  a system  should  peak  at  some  point  in  the  bi- 
frequency plane  and  decay  in  regions  far  away  from  the  peak. 
Here  the  peak  is  assumed  to  occur  at  the  bi-frequency  point 
corresponding  . ■ the  single  frequency  peak  of  tiie  wave 
spectrum.  The  phase  gain  function  is  assumed  to  be  represent- 
ative of  a typical  linear  ship-wave  system  in  each  component 
and  to  be  zero  along  the  diagonal  line  co,  =-  cu^.  The  latter 
assumption  assures  that  the  transfer  function  will  be  real  In  the 
portion  of  the  bFfrequency  plane  that  contributes  to  the  mean 
ship  response. 

The  substitution  of  the  assumed  transfer  function  and  the 
Gaussian  wave  system  into  (3. 1 5)  results  in  the  rani Jly  varying 
and  slowly  varying  second-order  response  shown  in  Figures  2b 
and  2c,  respectively.  The  higher  frequency  oscillators  of  the 
rapidly  varying  response  component  in  2b  as  compared  to  the 
lower  frequency  oscillations  of  the  slowly  varying  response  in 
2c  are  noted.  The  rapidly  varying  response  component  is  seen 
to  have  a zero  mean  value,  while  the  slowly  varying  component 
is  non-negative  and  is  asymmetrically  distributed  about  its  mean 
value.  If  the  two  second-order  response  components  shown  in 
Figures  2b  and  2c  are  summed,  the  total  second-order  response, 
Y<^*(t),  shown  in  Figure  2d  is  obtained.  Because  the  transfer 
function  employed  is  non-negative  definite,  the  total  second- 
order  response  is  everywhere  non-negative. 


Figures  3a-3d  sliow  computed  spectral  density  functions 
for  the  four  time  histories  shown  in  Figures  2a-2d.  These 
spectra  were  computed  using  30-minute  segments  of  the  four 
records  and  the  autoregressive  spectral  estimation  technique 
discussed  in  Appendix  a.  Figure  3a  is  an  approximation  to  the 
30-knot  Pierson-Moskowitz  spectrum  which  has  peak  energy  near 
0.55  radians  per  second  and  tape-s  off  to  zero  for  larger  and 
smaller  frequencies.  Figure  3t  shows  the  sum  frequency  effect 
on  the  spectral  density  in  that  the  peak  is  shifted  to  approxi- 
mately twice  the  frequency  of  the  wave  spectrum.  The 
difference  frequency  effect  in  the  slowly  varying  response  compo- 
nent is  shown  in  Figure  3c  where  the  peak  energy  occurs  near 
zero  frequency  and  is  rapidly  attenuated  for  positive  fre- 
quencies. Finally,  the  sp  ctrum  of  the  total  second-order 
response  shows  the  combined  effects  of  the  sum  and  difference 
frequency  contributions,  Here,  peaks  occur  both  near  zero  fre- 
quency and  near  twice  the  peak  frequency  of  the  wave  spectrum. 
Verhagen  (1970)  obtained  qua'itatively  similar  bimodal  spectra 
for  the  slowly  varying  surge  ami  sway  motions  of  moored 
vessels  in  waves;  Figure  “v  is  a spectral  density  of  sway  taken 
from  the  Verhagen  paper.  It  shows  a peak  response  near  zero 
frequency,  respresenting  the  dominating  slowly  varying  response 
and  a minor  peak  at  a higher  frequency  which  can  be  interpreted 
as  a rapidly  varying  or  sum  frequency  effect. 

4.  TRANSFER  FUNCTION  ESTIMATION 

In  the  previous  section  we  have  shown  that  knowledge  of 
the  two-dimensional  transfer  function  is  required  in  order  to  ob- 
tain the  second-order  hydrodynamic  nsponse  of  bodies  in  waves. 
Only  limited  knowledge  of  this  transfer  function  is  available  in 
the  literature.  Lee  (1970)  calculated  the  second-order  transfer 
function  for  forced  oscillations  of  two-dimensional  cylinders 
floating  on  the  free  surface.  However,  results  apparently  are  not 
available  for  the  determination  of  the  general  second-order 
transfer  function  of  an  arbitrary  ship  by  hydiodynaniic  ilieory, 
Recentiy,  Newman  (1974)  suggested  that  the  slowly  varying 
transfer  function,  H(Wjj,-(o^),  might  be  approximated 
throughout  the  bi-frequency  plane  by  its  diagonal  value 
H(w„,-(o^).  This  diagonal  value  may  then  be  obtained  from 
model  experiments  involving  monochromatic  waves.  In  general 
however,  the  error  resulting  from  this  approximation  cannot  be 
rigorously  established.  Further,  the  approximation  applies  only 
to  the  difference  frequency  component  and  does  not  lead  to 
the  identification  of  the  total  second-order  force. 

In  this  chapter,  we  discuss  a known  procedure,  the  cross-bi- 
spectrum analysis  technique,  for  estimating  (identifying)  the 
second-order  transfer  function  from  irregulau  (random)  wave  and 
response  time  records.  Dalzell  (1974)  applied  this  method  to 
estimate  the  mean  added  resistance  in  waves.  The  mean 
response  is  determined  by  the  diagonal  portion,  H(co,-co),  of 
the  second  order  transfer  function  which  is  real  for  symmetric 
systems.  Dalzell  concluded  from  detailed  analysis  of  simulated 
and  experimental  data,  that  the  mean  added  resistance  operator 
could  be  identified  from  irregular  wave  daia  but  that  sample 
lengths  may  have  to  be  10-12  times  longer  than  those  required 
in  linear  seakeeping  problems,  in  order  to  obtain  comparable 
accuracy. 

In  the  present  work,  a prefiltering  or  prewhitening  technique 
is  developed  and  applied  to  the  cross-bi-spectral  estimators  in 
order  to  improve  the  quality  of  estimation  and  possibly  reduce 
the  record  length  required.  The  prefiltering  technique  is 
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combined  with  the  cross-bi-spectnim  analysis  technique  to  form 
an  algorithm  to  compute  transfer  functions  for  the  complete 
second  order  response.  The  method  is  applied  to  time 
histories  of  simulated  wave-force  systems. 

4.1  CroM-Ci-Spectral  Analyili 

Tick  (1%1)  developed  a procedure  for  estimating  the 
second-order  transfer  function  of  a time  invariant  quadratic 
system  under  the  excitation  of  a Gaussian  forcing  function  with 
zero  mean.  Specifically,  he  studied  a system  of  the  form 


, (t)  iKt-r)  dr  + 


* rt(t-T,)  T|(t-Tj)  dr,  dTj, 


oo  oo 

J J 


hj(T,,Tj) 


H(w,  ,(Uj)  = 


2 f^(tU|)  yw,) 


-oo  < CO,  , Wj  < oo 


provided  the  denominator  is  not  zero.  This  is  Tick’s  result.  Be- 
cause of  the  Gaussian  assumption,  the  second-order  transfer 
function  in  (4.51  is  independent  of  the  first-order  transfer 
function.  The  first-order  function  may  be  obtained  exactly  as 
in  tile  linear  case. 

Note  that  (4.5)  is  defined  in  terms  of  the  two-sided  spectral 
density  function,  and  that  all  quantities  in  tlie 

relation  are  defined  over  the  real  frequency  axis.  Because  one- 
sided wave  spectra  are  usually  employed  in  ship  applications, 
(4.5)  may  be  written  as 


which  he  defined  as  a quadratic  system.  He  then  defined  the 
b'ourier  transforms  of  h,  and  h^  jointly  as  the  quadiatic 
system  transfer  function.  The  model  (4.1)  may  be  viewed  as 
the  functional  polynomial  (3.10)  in  which  the  constant  steady- 
state  term  h^  has  been  subtracted  from  the  total , response. 
Then  by  invoking  the  Gaussian  process  propeity  iii9)  and 
using  the  fact  that  central  moments  of  odd  order  a 
Gaussian  process  are  zero,  it  follows  that  a third,  nloment 
function  about  the  mean  is  independent  of  t and 


H(iu,,tOj)= 


yiw.i)  s„(iojji) 


where  S,,(<o)  is  the  one-sided,  physically  realizable  wave 
spectrum  defined  by  (2.21).  Further,  if  we  define 


= E(q(t-T,)  rj(t-rj)(Y(t)  - EYtt))) 


OO  OO 

J I 


Hjtcj,  .(Oj) 


Tick’s  form  of  the  second-order  transfer  function  is  obtained  in 
terms  of  physically  realizable  spectra  as 


l(w,,^3)-  2S„(lw,|)  S„(|a>jl) 


i(o),  r,  + W2Tj) 


dw,  dcjj,  (4.2) 


wliere  f,,(w)  and  Hj(oj,.  vOj)  are  defined  by  (2,18)  and  (3.13), 
respectively.  R,,,y  called  the  cross-bi-covatiance 

function. 

Define  the  Fourier  transform  of  R^,,y  (t,  , Tj)  by 


OO  OO 

I J 


-Kuj.t,  +w,r,)  , 
le  ‘ ' df,  dr.. 


Note  that,  b\'  its  definition,  the  cross-bi-covariance  functioi., 
R,j,.y(t,  ,Tj),  is  a symmetric  function  of  'is  arguments.  Thus, 
its  Fourier  transform,  the  cross-bi-spectrum,  will  ,'dso  be  symme- 
tric ami  the  transfer  function  in  (4.8)  will  necessarily  satisfy 

H(u;j,u>,)  “ H(u),,tUj).  (4.9) 

Therefore,  the  cross-bi-spectrum  analysis  technique  cannot  be 
directly  used  to  obtain  nonsymmetric  transfer  functions  from 
(4.8). 

In  practice  (4.6)  or  (4,8)  becomes  the  basis  for  an  identifi- 
cation procedure  for  tstimuting  symmetric  second-order  transfer 
liinctions.  Samples  of  length  T are  observed  for  the  excitation 
and  .esponse,  and  the  required  spectral  functions  are  then  esti- 
mated as  finite  Fourier  transforms  of  moment  functions. 


Then,  if  the  transform  (4.3)  exists,  we  may  substitute  (4.2)  into 
(4.3)  to  obtain 


(,,„y('^i>“2^  = 2 H(u),,Wj),  t4.4) 


where  .I'^j)  is  defined  as  the  cross-bi-spectrum.  The 

second-oroer  transfer  function  is  obtained  from  (4,4)  as 


To  facilitate  computations,  tue  cross-bi-spectrum  in  (4.6)  or 
(4.8)  m.ny  be  expressed  in  terms  of  one-dimensional  Fourier 
transforms  computed  over  the  interval  (0,«>).  Then,  well 
developed  computation  algorithms  used  for  evaluating  the  one- 
\ariable  Fourier  transform  (2  36''  can  be  adapted  vo  the  calcu- 
lation of  cioss-bi-spectra.  In  (4.3)  let 


G(Tj,w,)=  — 

' IT 


where 


r - ico  t T. 


(4.10) 


GgCrjiCO,)-  ;r  J I 


^7?7?Y  ^^1  >‘^2  ^ ''  *^I)n  Y ^ ^1  '^2 ) 


cos  (cOj  Tj)  cItj  - 


00 

j g,(t2,w,)-k;,;-t2,co,) 

J 

1 2 

0 

00 

iL  f 1 

J 

1 2 ) 

0 

sin  (Wj  Tj)  clTj.  (4.16) 


X cos  (to,  T,)  cIt,  . 


(4.11) 


°°  ( 

G,(T2,tO,)=  ~ j I 


2 


X sin  (to,  T,)  dr,. 


(4.12) 


Then,  he  form  of  cross-bi-spectrum  used  in  (4.8)  may  be 
written  as 


--  j G(Tj,to,)  dTj.  (4.13) 


Then,  by  substituting  (4.10)  into  (4.13),  we  obtain 


Sn»,Y(‘^i>‘^2)  = S„„Y(to,,t02)  + Im  ,tOj), 


where 


Re  S„„Y(to,,tOj)  = 


cos  (tOj  Tj)  dTj 


and 


/ I 

0 

J 1 


(4.14) 


(Tj  ,to,  )+G„  (-rj ,to, ) 


G,(Tj,to,)-G,(-Tj,to,) 


sin  (to,  T,)  dr,  (4.15) 


The  cross-bi-spectrum  is  now  expressed  in  terms  of  one- 
dimensional Fourier  transforms  involving  even  and  odd  compo- 
nents of  the  transform  (4. 1 0).  These  one-dimensional  transforms 
may  be  'omputed  very  efficiently  using  a suitable  algorithm.  In 
present  work,  an  algorithm  given  by  Jenkins  and  Watts  ( 1 968, 
p.  311)  was  adopted.  This  method  which  evaluates  the  trans- 
forms through  the  solution  of  a difference  equation  requires 
only  one  cosine-sine  pair  computation  for  each  transform  value, 
but  requires  an  explicit  calculation  of  the  cross-bi-covariances. 
These  covariances  were  desired  in  order  to  gain  son"ie  insight 
into  their  properties. 

Unfortunately,  moment  functions  and  their  Fourier  trans- 
forms required  for  estimating  the  second-order  transfer  function 
must  be  computed  from  finite  records.  The  estimators  will 
inevitably  be  subject  to  variability  and  bias  errors,  similar  to  the 
situation  that  occurs  in  linear  spectral  analysis.  To  overcome 
this  problem  or,  at  least  to  reduce  its  effect,  a prefiltering  tech- 
nique for  cross-bi-spectmm  estimation  is  developed  in 
Appendix  A. 

The  u.'ciulness  of  prefiltering  or  prewhitening  in  scalar 
spectral  analysis  has  become  well-known  since  its  introduction 
by  Blackman  and  Tukey  (1958).  More  recently,  Tukey  (1967) 
and  Parzrn  ( 1 969)  discu.ssed  the  use  of  autoregressive  model 
fitting  as  a means  of  improving  spectral  estimators,  and  the 
second  author  suggested  that  optimal  bias  and  vaiiance 
reduction  in  cross-spectra  could  also  be  obtained  by  this  method. 
Akaike  ( 1 969)  showed  that  the  autoregressive  spectral  estimates 
may  be  less  variable  than  the  usual  smoothed  covariance  esti- 
mators in  many  instances.  In  Appendix  A,  we  extend  Parzen’s 
autoregressive  cross-spectrum  analysis  technique  to  the  esti- 
mation of  cross-bi-spectra.  The  resulting  estimation  procedure 
may  be  viewed  as  a formal  approach  to  prefiltering  for  cross-bi- 
spectrum  analysis.  Essentially,  the  procedure  entails  the  appli- 
cation of  separate  time-domain  transformations  to  the  exci- 
tation and  response  functions  which  result  in  transformed  scalar 
spectra  that  are  flat  or  nearly  fiat  in  the  frequency  egion  of 
interest.  Cross-bi-spectra  are  obtained  for  the  transformed  time 
histories,  and  the  cross-bi-spectrum  of  the  raw  data  is  obtained 
as  an  inverse  frequency-domain  transformation. 


4.2  Application  to  Simulated  Second- 
Order  Systems 

Simulated  wave  and  second-order  response  time  histories 
were  used  to  evaluate  the  described  transfer  function  estimation 
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procedure.  The  transfer  function  (3.24)-(3.26)  was  used  to 
generate  the  second-order  response  function  from  (3.15),  and  a 
30-knot  Pierson-Moskowitz  spectrum  was  used  to  generate  the 
wave  surface  excitation  as  described  in  Section  3.2.  Three  60- 
minute  segments  of  tlie  wave  and  second-order  response  were 
computed.  Tlie  three  60minute  record  pairs  correspond  to 
additional  and  longer  versions  of  the  time  histories  shown  in 
Figures  2a-2d.  The  autoregressive  fitting  procedure  was 
applied  and  the  transformed  cross-bi-spcctra  were  computed 
using  the  usual  lagged  covariance  approach.  The  final  cress-bi- 
spectra  were  then  obtained  udng  the  inverse  relation  (A.  16). 

Figure  5 sltows  the  probability  density  function  for  the 
wave  surface  computed  from  a typical  30-minute  record.  It  is 
seen  that  the  sample  record  closely  approximates  the  Gaussian 
distribution,  which  is  required  for  use  of  the  cross-bi-spectnim 
approach.  The  estimated  transfer  function  corresponding  to 
Dalzell’s  mean  response  operator  is  shown  in  Figure  6 for  each 
of  the  three  time  history  pairs.  It  is  seen  that  the  results 
oscillate  around  the  true  curve,  but  that  consMcrable  ica.ter 
exists  in  the  individual  estimators.  The.  mean  response  operator 
is  real  in  this  case  since  the  transfer  function  is  symmetric  in 
its  arguments.  Figure  7 shows  the  average  values  of  the  three 
curves  shown  in  Figure  6.  The  averages  approximate  tlie  true 
curve  quite  well  and  show  very  little  effect  of  variability  or 
bias  errors.  Figures  8 and  9 show  the  mean  estimated  ampli- 
tude and  phase  components  respectively,  of  the  transfer  function 
considered  along  the  line  oi,  = 0.55  in  the  bi-frequency  plane. 
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Figure  5 - Sample  Prolability  Densitv 
for  Wave,  30  Minute  Record 


Figure  6 - Computed  Transfer  Function 
for  Mean  Response.  3 Samples 


for  Mean  Response,  Average 
of  Three  Samples 


Figure  8 - Estimated  Amplitude  Gain, 
Average  of  Three  Samples 


Figure  9a  Estimated  Phase  Gain. 
Three  Sample  Average 
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Figiiri;  9b  - EstiinateiJ  Phase  Gain, 

Three  Sample  Ave.age 

Reasonably  good  agreement  is  shown  for  both  the  mean  ampli- 
tudes and  phases.  The  raw  amplitudes  and  phases  for  the  indi- 
vidual runs  are  not  shown,  however,  considerable  run  to  run 
variation  was  also  observed  in  each  of  the  components.  The 
error  in  the  averaged  transfer  function  estimates  for  the  three 
runs  is  of  the  same  order  of  magnitude  as  was  observed  for 
estimates  (not  shown)  of  linear  transfer  functions  based  on  a 
30-minute  time  history.  Thus,  it  would  appear  that  rouglily 
six  times  as  much  data  as  for  linear  spectral  analysis  may  be 
sufficient  to  estimate  the  second  order  transfer  function.  How- 
ever, more  computation  experience  is  required  in  order  to  draw 
strong  conclusions  concerning  the  variability  of  the  autore- 
gressive cross-bi-spectrum  estimates. 

5.  PROBABILITY  STRUCTURE  TO  SECOND 
ORDER  OF  NONLINEAR  SYSTEMS 

The  probabilit>'  structure  of  nonlinear  systems  is  needed  in 
order  to  extend  to  the  nonlinear  domain  the  various  prediction 
techniques  that  arc  widely  used  in  the  theory  ano  practice  ''f 
linear  ship  performance  prediction.  In  this  section,  vo 
approaches  to  the  detennination  of  the  second-order  ship 
response  to  a Gaussian  seaway  are  discussed.  First,  approxi- 
mations to  the  probability  density  function  for  the  second- 
order  response  are  discussed  and  comparison  with  simuhtted 
data  is  shown  Then,  the  exact  form  ol  the  probab  'i.'lv 
density  functic  for  the  general  quadratic  model  (3.10)  is 
derived. 

5.1  ApproximaM  Probability  Density 
Functions 

An  obvious  approximation  to  the  second-order  response 
(3.15)  is  the  Gauss'an  disiributicn  with  its  mean  and  variance 
based  on  the  nonlinear  syste.m,  according  to  Equations  (3. i 6) 
and  (3.22).  This  approximation  was  applied  to  the  60-minute 
samples  of  the  simulated  series  previously  discussed,  and  the 
results  are  shown  in  Figures  10a  througli  lOc.  It  is  readily  seen 
from  these  figures  that  the  rapidly  varying  rcspo.’se  componer  t 
is  fairly  well  represented  by  the  Gausilsn  density  function.  Hew- 
ever,  neirher  the  slowJv  varying  nor  the  total  respiuisc  arc  well 
approximated. 

Alternatively,  an  approximation  based  on  a Type-Ill  distri- 
bution was  suggested  by  Rice  (1944,  p.  92)  for  non-negative 


Figure  10a  --  Gaussian  Approximation  to 
Rapidly  Varying  Response 


I'  igu."’  I Ob  ■ Gaussian  Approximation  to 
Slowly  Varying  Response 
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definite  quadratic  forms  in  Gaussian  variables.  This  density 
function  has  the  fonn 


P(y)  = 


(S.l) 


where  jr  and  are  tlie  mean  and  variance  of  the  nonlinear 
response,  respectively.  P is  the  gamma  function,  and 


5,2  Exact  Probability  Density  Function 

We  shall  consider  the  distribution  of  the  time-invariant  quad- 
ratic system  (3.10)  subject  to  a stationary  Gaussian  forcing 
function,  X(t),  having  zero  mean  value,  covariance  function  Rx(t), 
and  two-sided  spectral  density  function,  f^fcu).  The  probability 
density  function  of  the  second-order  term  (3.1  I)  will  then  be  ob- 
tained as  a special  case  of  the  general  result. 

Wc  rewrite  (3.10)  as 


r = 


f.S.2) 


Y(t)  + Y“’(t)  + Y‘^’(t). 


(5  3) 


This  approximation  was  found  to  better  fit  the  slowly  varying 
and  total  second-order  response  data.  Typical  comparisons  for 
the  slowly-varying  and  total  second-order  response  based  on  a 
60-minute  record  are  shown  in  Figures  1 I and  1 2,  respectively. 


Figure  I I - Type-111  Approximation 
to  Total  Response 


Figure  12  Type-lll  Approximation 
to  Slowly  Varyii'g  Response 


where 


Y‘“’=h 
* **o* 


(5.4) 


Y‘"(t)=  J h;(r)  X(t-r)  dr. 


(5.5) 


and 


oo  oo 


Y*^'(t)  = J J hj(T,  .Tj)  .X(t-r,)  X(t-Tj)  dr,  drj. 


-OO  — oo 


(5.6) 


Y**^*  is  a constant  and  Y®(t)  is  a linear  functional  of  the 
Gaussian  wave  field  and  hence  will  have  a Gaussian  distribution. 
Therefore,  we  expect  the  mqjor  task  associated  with  the  distri- 
bution of  (5.3)  to  be  related  to  the  nonlinear  term,  Y*  (t).  This 
term  is  a continuous  quadratic  fonn  in  Gaussian  variables  which 
has  been  studied,  principally  in  the  communications  field,  by 
several  authors.  The  probability  density  function  of  the  entire 
series  (5.3)  will  be  obtained  by  a method  first  used  by  Kac  and 
Siegert  (1947a,  1947b)  to  study  quadratic  forms  related  to 
noise  in  nonlinear  receivers,  and  which  is  apparently  well-known 
in  the  communications  field.  The  development  given  below 
follows  the  outline  stated  by  Bedrosian  and  Rice  (1971). 

Let  X(t)  be  an  equivalent  filtered  white  noise  process,  or 


X(t)  = 


OO 

j*  a(r)  N(t-r)  dr, 

— OO 


(5.7) 


where  a(t)  is  the  weigliting  function  and  N(t)  is  unit  white  noise 
satisfying 


EN(t)  N(t  - T)  = 6(t),  (5.8) 

6(t)  being  .iie  Dirac  delta  function.  Then  following  Kac  and 
Siegert  (1947b),  we  expand  the  white  noise  process  in  a sto- 
chastic scries  of  orthonormal  functions  as 

OO 

N(t-r)  = ^ X|(t)  0.(T),  (5.9) 


t=l 
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witit  the  normalization 


J «i(t)  «j(t)  = S,j , 


(5.10) 


where  the  X|(t)  are  standardized  Gaussian  variates  Uiat  are 
mutually  independent.  Then,  in  terms  of  tlie  series  expansion, 
tlie  terms  in  (5.3)  become 


y"^)=  X,(t),  (5.11) 


with 


Q = 


OO  OO 

/ 1 

— OO  — c»o 


h,(r)  a(a)  4,.(r  + a)  da  dr,  (5.12) 


and 


(2t  r r 

Y h)=  } X,(t)Xj(t) 


— OO  -~'00 


We  can  now  obtain  the  probability  density  fy(y)  of  Y(t)  as  the 
inverse  Fourier  transform  of  its  characteristic  function.  The 
characteristic  function  is 


K(a,|3)  da  d^,  (5.13) 


F(k)  = E e 


iV(t)K 


OO 

J fyiy)  e dy 


to)  2 

OO  ^ IK(Y  +C,X,(t)  + X,X.  (l)r  (5.19) 

= n E c > > > > 

J-1 


where  we  have  used  the  fact  that  the  Xj(t)  are  mutually  inde- 
pendent. The  Gaussian  density  function  of  X.  is 


fv  (x)  = 

i V'2tt 


~ ~ K‘ 
I 2 

~ e 


(5,20) 


This  fact,  plus  the  identify  (Cramer,  1946,  p.  99) 


J 


Itx  - — hX  ■' 


dX 


_\/2tT  -V 

V h ® 


-t^/2h 


(5.21) 


with 


cn  <w 

K(ad))  = J j"  a(a-T|)  a(d-Tj)  Mtj.Tj)  dT|  dTj. 


— OO  —oo 


(5.14) 


allows  the  characteristic  function  to  be  written  as 


pikY 


(0) 


oo 

£ ^ 


F(k)  = 


,1/2 


J.,  20  2ik  V 

(5,22) 


Then,  since  the  orthonomial  functions  in  (5,10)  have  only 
been  arbitrarily  , specified,  we  now  require  them  to  be  the  eigen- 
functions of  tlie  integral  equation 

OC 

J K(a,d)  0j(|3)  d(3  = Xj  ^>j(a),  (5.15) 

~oo 

From  the  normalization  (5.10),  it  follows  that 
Y^'lt)  = X,  X,(t), 


n (l-2ilcX,) 

i-1  > 

The  probability  density  function  of  Y(t)  then  becomes 


fv(y)  = 


QO 

2n  J 


F(k)  e'"'*'  dy,  (5.23) 


(5.16) 


i-l 


so  that 


with  F obtained  from  (5.22).  In  genera),  this  integral  cannot  be 
obtained  in  closed  form  and  must  therefore  be  compL 
numerically.  The  determination  of  the  parameters  in  (5.22) 
requires  the  solution  of  the  integral  Equation  (5.15),  The  kernel 
K(a,/3)  of  this  equation  depends  on  the  function  a(t)  which  is 
not  uniquely  specified  by  the  relation  (5.7).  its  evaluation  can 
be  avoided  by  defining 


Y(t)  - y'"’  4 i:  C,  X,(t)  + 27  Xj  x^u),(s.n) 


Oo 

1 


a("-t)  ijl  (u)  du. 


(5.24) 


with 


The  integral  equation  can  then  be  written  as 


EX,(t)Xj(t)  = 6jj.  (5.18) 


S34 


I 


oo 

/ 


K(t,u)  \l/^{u)  du  = X„ 


(5,25) 


with 


K(t,u)  = 


OO  OO 

/ / 


a(V”T)  a(v-  t)  h,(r,u)  dv  dr 


J 


h,(r,u)  Rv(t--T)  dr. 


(5.26) 


where  '■  u'  function  of  X and  is  computed 

from  (5.7).  .he  normalization  relation  for  the  eigenfunctions 
in  C5  -f)  is  obtained  from  (5.10)  and  (5.13)  as 


— OO  — OO 


and  the  parameter  C in  (5.i2)  becomes 


C.  = 


(z)  dr. 


(5.27) 


(5.28) 


'1'„(0J) 


= 7^  J 


c \i'„(t)  dt.  (5.29) 


dr  do) 


Then  since  the  kemei  K(t,u)  in  (5,26)  may  be  written  as 

OO  OO 

K(t.u)  ^ J fj(u,)  J hj(r,u)  e'“’** 

— OO  — oo 

we  obtain  from  (5,25) 


(5.30) 


H(w.co')  is  the  transfer  function  of  the  second-order  response 
and  is  defined  by  (3.13).  In  terms  of  the  new  eigenfunctions 
'l'„(cu),  the  orthogonaiity  relation  becomes 


OO  OO 


I J ^^(ojj)  H(-W|  ,-cOj)  dtj|  dcUj 


= K «m„-  (5.33) 


Then,  using  the  symmetry  of  the  spectral  density  function, 
f (oj),  and  (5.31),  the  normalization  may  be  written  as 


J 

■— OO 

Finally,  the  parameter  C in  (5.28)  becomes  simply 


dru,  = (5.34) 


C.  = 


OO 

J H,(oi)vP„ 


(to)  do). 


(5.35) 


The  integral  rquation  (5.25)  may  be  solved  for  eigenvalues 
and  eigenfunctions  subject  to  the  normalization  (5,27),  provided 
the  time  domain  kernels,  h[(r)  and  h2(Tj,Tj)  are  available. 
Because  these  kernels  are  usually  obtained  as  transfer  functions 
in  the  frequency  domain,  it  may  be  convenient  to  obtain  the 
integral  Equation  (5.25)  in  the  frequency  domain.  Let 


OO 

J H(w,-W2)  deuj  = \ 'l'j,(cj),  (5.31) 


The  eigenfunctions  in  the  integral  Equations  (5.15),  (5.25) 
or  (5.31)  arc  needed  only  for  the  purpose  of  evaluating  the 
parameter  wliich  is  obtained  in  terms  of  the  first-order  term 
Y<*l(t)  in  (5.3).  Hence,  determination  of  the  eigenfunctions 
can  be  avoided  if  one  desires  only  tlie  second-order  component 
of  tlie  total  response. 

Methods  for  efficiently  evaluating  both  the  eigenvalues  and 
eigenfunctions  of  the  derived  integral  equations  for  realistic 
kernel  functions  are  currently  under  investigation. 
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which  is  a frequency-domain  integral  equation  with  kernel 
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K(cj,u)')  = f,;(co)  H(cj,-a)’). 


(5.32) 
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APPENDIX  A.  AUT0R:^GRESSIVE  SPECTRAL 
ESTIMATION 


In  this  Appendix,  we  outline  the  autoregressive  series 
approach  to  spectral  analysis  in  three  parts:  first,  it  is  shown 
how  this  method  leads  to  a direct  estimate  of  the  scalar 
spectrum  of  a time  series.  Then,  following  Parzen  ( 1 969)  we 
show  how  the  autoregressive  series  approach  can  be  used  as  a 
formal  approach  to  prefiltering  for  cross-spectral  estimation. 
Finally,  it  is  shown  how  the  prefiltering  technique  can  be  ex- 
tended to  the  estimation  of  cross-bi  spectra. 

A-1.  Scalar  Spectrum  Estimation 

Let  X(t)  be  a real  wide  sense  stationary  process  that 
possesses  both  a covariance  function,  R^fr),  and  a (two-sided) 
spectral  density  function,  fxf^)'  Without  loss  of  generality, 
the  mean  value  EX(t),  may  be  taken  to  be  zero.  Assume  that 
A > 0 and 


(uncorrelated)  sequence,  i.e.,  white  noise.  We  then  compute 
the  spectrum  of  X(t)  in  terms  of  the  white  noise  process,  which 
by  definition  will  have  a constant  (flat)  spectrum. 

It  follows  directly  from  (A.3)  that 

N 

R,(r)  = Rx(t)  ~ i:  [ajA]  Rx(r-jA) 

J-i 

N N 

[ajA]  R^(rfiA)  + 2:  [axAlIajAl 

l“l  j,k-l 

Rx(’--(j-K)A).  (A.6) 


te  {0,  ± A,  ± 2 A,  • ■ I . (A.l) 

Then,  according  to  Masani  (1966,  p.  376),  it  is  sufficient  that 
tlie  spectral  density  function  be  bounded  in  order  that  tlie 
process  admit  a one-sided  moving  average  representation 


00 

X(t)  = (b^Al  e(t-KA),  (A.2) 

K-O 


where  e(t)  is  a sequence  of  mutually  uncorrelated  random 
variables,  i.e.,  white  noise.  Because  linear  combinations  in  the 
set  of  random  variables,  X(t),  arc  equivalent  to  linear  combi- 
nations in  the  set  of  white  noise  variables,  we  can  approximate 
X(t)  arbitrarily  closely  for  large  N by 

N 

X(t)  = [a^Al  X(t-KA)  + eft)  (A.3) 

K-l 


= X*(t)  + eft). 


(A.4) 


where  X*(t)  is  the  least  mean  square  estimator  of  X(t),  given  a 
finite  number  of  its  past  values.  The  argument  leading  to  (A.3) 
can  be  made  precise  by  developing  least  mean  square  theory  in 
a geometric  (Hilbert  space)  setting  as  indicated,  for  example,  by 
Doob  (19S2).  Then  X*(t)  in  (A.4)  becomes  the  projection  of 
X(t)  on  a closed  linear  manifold. 

Note  that  (A.3)  is  an  autoregressive  series  of  finite  order 
and  that 

N 

e(t)  = X(t)  - [axAl  X(t-KA).  (A.5) 

K«i 


Then  assuming  that  the  roots  of  the  exponential  polynomial  in 
(A.6)  do  not  lie  on  the  unit  circle,  it  follows  using  Equations 
(2.18)  and  (2.17)  that 


fx(cj)  = 


-2: 


tajA] 


UJujA) 

e 


- -^  < CO  < 

A 


(A.7) 


The  white  noise  variance  may  be  estimated  in  a least  mean 
square  sense  from 


N 

= Rx(0)  - [aj  A1  Rx(jA).  (A.8) 

J-i 

This  is  the  autoregressive  spectral  estimation  procedure.  It 
gives  a continuous  frequency  representation  of  the  spectrum  and 
avoids  the  use  of  the  usual  spectral  or  lag  windows  associated 
with  spectral  estimatois  of  the  BlackmaibTukey  type.  The  esti- 
mator should  be  bias  free  if  the  process  under  consideration  is  a 
N ih  order  autoregressive  process.  Akaike  (1969)  has  proved 
that  the  estimator  generally  has  smaller  variability  than  the 
classical  estimates. 

Two  important  problems  in  the  application  of  the  auto- 
regressive estimation  procedure  are  the  determination  of  the 
order,  N,  in  (A.3)  and  the  least  squares  estimation  of  the 
coefficients.  Witli  respect  to  the  required  order,  it  was  found 
in  practical  application  to  wave-ship  data  that  good  estimates 
were  obtained  by  choosing  N based  on  the  rate  at  which  the 
covariance  function  of  the  physical  process  died  out.  No 
effort  was  made  to  compare  this  procedure  with  more  rigorous 
selection  procedures.  The  coefficients  in  the  autoregressive 
Equation  (A.3)  are  required  to  satisfy 


It  then  follows  from  the  Hilbert  space  projection  theorem  that  E|X(t)  - X*(t)|^  = MIN,  (A.9) 

X*(t)  is  the  projection  of  X(t)  on  the  subspace  generated  by  its 

finite  past  and  consequently  that  eft)  is  an  orthogonal  which  results  in  the  matrix  equation 
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A.3  Cron-Bi-Spactnim  Etthnation 


Rx(nA)  « i:  (a,Al  Rx(a  -n)A),  n-  0.1,  • • -N. 

1-1 

(A.  10) 

This  equation  may  be  inverted  directly  to  obtain  the 
coefficients.  However,  in  practice  N may  be  quite  large  due  to 
the  long  memory  of  the  process.  In  this  case,  it  may  be  more 
efficient  to  solve  Equation  (A.  10)  recunively  and  obtain  only 
those  terms  that  contribute  signiHcantly  to  the  quality  of  fit  in 
the  relation  (A.7).  For  this  purpose  the  step-wise  regression 
procedure  of  Efroymson  ( 1 960)  was  employed  in  the  present 
study. 

A.2  Croas-Spactrum  Estimation 

Let  X(t),  Y(t)  be  two  processes  tliat  satisfy  the  assumptions 
stated  in  the  previous  section.  Let  X*(t)  and  Y*(t)  be  the 
respective  linear  least  mean  square  estimator  such  that 


By  using  the  same  assumptions  and  procedures  as  that  em- 
ployed for  spectrum  and  cross-spectrum  estimation  above,  it 
follows  that  an  autoregressive  preflltering  approach  to  cross-bi- 
spectium  estimation  is 


< ^1  - ^ (a^Al 

x^l-^  (b^Al 


(A.  16) 


X*(t) 


'27 


X(t-jA) 


(A.  11) 


f,  , • (to,  ,o>, ). 


1-1 


and 


For  the  special  diagonal  case  used  for  mean  ship  response  esti- 
mation, the  transformation  is  real  and  yields 


Ny  / \ 

Y*(t)  = (b^Al  Y(t-KA),  (A.12)  fxxv<«i  -‘^i) 

K-l  \ frl  / K-1 


Then  forming  Uie  diffeiences 

ex(t)»X(t)-X*(t), 


IKAw 


-2 


(A.  13) 


(axA)  e'""  'I  fj^j^j^(to,,-w,).  (a.i7) 


eY(ti  = Y(t)  -Y«(t) 


(A.  14) 


and  computing  cross-spectra  analogously  to  the  scalar  spectrum 
computation,  we  obtain 


The  filtered  cross-spectrum  on  the  right  side  of  (A.  1 5)  must 
then  be  obtained  by  some  method  of  cross-spectrum  estimation. 
The  expression  (A.  1 S)  may  thus  be  viewed  as  a prewhitening 
filter  applied  to  the  original  process  pair. 

Parzen  (1968)  hypothesized  that  this  preflltering  operation 
should  lead  to  reduced  bias  and  variability  in  the  estimated 
cross-spectrum.  Limited  application  of  the  procedure  to  simu- 
lated wave-ship  response  data  in  the  present  study  tended  to 
support  Parzen’s  hypothesis.  Additional  theoretical  investigation 
and  practical  experience  is  required  in  order  to  more  fully 
evaluate  this  estimation  method. 


In  the  results  for  simulated  wave-force  systems  given  in  the 
text  of  this  paper,  cross-bi-spectrum  for  the  filterrd  processes 
were  computed  using  the  usual  Blackman-Tukey  method  with  a 
two-dimensional  banning  window.  Application  of  the  prefil- 
tering  procedure  was  found  to  significantly  reduce  the  esti- 
mation bias  as  compared  to  estimation  based  on  unfiltered  series. 
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ABSTRACT 

A method  Is  presented  for  determining  the 
wave  pattern  produced  by  the  motion  of  a non- 
thln  or  full-bodied  ship.  It  la  based  upon  the 
assumption  that  the  Froude  number  F U^/gL  Is 
small,  where  U Is  the  ship  speed,  L is  the  ship 
length  and  g la  the  acceleration  of  gravity. 

In  this  case  the  wavelength  of  the  resulting 
waves  Is  small  compared  to  L.  Therefore,  Che 
waves  can  be  described  by  a theory  like  geo- 
metrical optics,  In  which  rays,  a phase  func- 
tion and  an  amplitude  function  play  a role. 

The  waves  are  superposed  on  Che  double  body 
flow,  which  Is  the  potential  flow  about  the 
ship  r.nd  Its  Image  In  the  undisturbed  free  sur- 
face. They  are  produced  at  the  bow  and  stern, 
and  travel  outward  and  rearward  from  these 
points  along  curved  tayt,  which  become  itraight 
far  from  the  ship.  In  addition  some  waves  from 
the  bow  travel  along  the  surface  at  the  water- 
line and  leave  It  tangentially  toward  the  rear 
along  similar  rays.  Thus  the  ship  wav*  pattern 
consists  primarily  of  the  waves  from  two  sources, 
one  at  the  bow  and  one  at  the  stern.  The  results 
are  confirmed  by  comparison  with  the  small  F 
asymptotic  evaluation  of  Hlchell's  solution  for 
thin  ships. 


at  apeed  U.  Therefore  the  waves  In  It  must  have 
phase  velocities  of  order  U.  Consequently  their 
wavelengths  are  of  order  U^/g.  This  Is  small 
compared  to  the  ehlp  length  1 elnca  the  ratio 
(1^/gL  la  just  F,  which  wa  asauma  to  be  small. 
Becauaa  tha  wavelangth  la  small  compared  to  L, 
the  wave  motion  can  be  created  by  rny  methods, 
like  those  of  geometrical  optics.  Therefore  wo 
shall  develop  an  appropriate  ray  theory,  s'ld  i se 
It  to  find  the  ship  wave  pattern. 

We  shell  begin  by  considering  the  phase 
funetten  8 of  the  wave  pattern.  In  tanna  of.  s, 
tha  wavefronts  sre  just  Che  curves  s - constant. 
In  section  2 we  shall  derlva  a first  order  par- 
tial dlfferantlal  equation  satisfied  by  s.  lu 
section  3 we  shall  consider  the  aquation  for  s 
in  the  neighborhoods  of  the  bow  and  the  stern. 

In  section  4 we  shall  introduce  rays,  which  sre 
che  characterlntlcs  of  this  equation,  and  aliow 
how  they  can  be  used  to  solve  for  s.  We  have 
used  tkass  not!  .ds  to  illu.,trate  the  reaulta  by 
finding  s foi  a point  shi  / and  for  a Chin  snip. 
We  shall  see  tlmt  the  .-esult  for  a point  ship 
agrees  with  that  of  Kelvin,  and  the  rnault  for  a 
Chiu  ship  agreso  with  Mlohsll's  result  when  his 
result  is  evaluated  ’or  low  Froude  number  [1],  Re- 
sults for  realistic  sbapea  require  similar,  but 
more  complicated,  calcilattons. 


1.  introduction 

Kalvln  Inltlatad  the  theory  of  ship  waves 
by  determining  the  wave  pattern  produced  by  a 
point  disturbance  moving  with  constant  velocity 
along  the  surface  of  water  of  ini  Jnltc  depth. 
Hlchell  advanced  the  theory  by  obtaining  an  ex- 
pression for  the  wave  pactern  produced  by  a thin 
or  slender  ship  moving  with  conatant  velocity. 

No  corresponding  result  (or  ships  which  are  not 
thin  or  slender  has  yet  bsen  found.  The 
present  work  Is  a step  toward  obtaining  such  a 
raault. 

Tha  basis  for  our  theory  Is  the  aai'umptlon 
that  the  ship  action  la  slow,  lu  dimenslcn’ess 
terms  this  mesnu  tliac  the  Froude  number  F » '*/gI. 
is  small,  whore  I’  is  the  ship  opsixi,  L i*  the 
ship  length  an.l  g is  the  acceleration  of  gravlr.y. 
When  F Is  tcro,  the  flow  about  the  ship  lf,^  the 
well-known  douHla  body  flow  wAtii  potenrial  4’. 

This  la  the  povcntlal  flow  about  the  si  .Ip  and  .iv.s 


The  nnxt  step  In  the  d<  velopment  of  the 
theory  is  the  determination  of  tha  amplitude  of 
tha  wave  motion  [2].  By  ushrg  the  appropriate  con- 
sarvaticu  lac  .^ur  vavas  )n  a narrow  tuba  of  rays. 
It  li.  pooalbla  to  calculara  tha  .wiplltude  along  a 
ray  in  toms  of  Its  Inltlsl  value  at  soma  point 
on  the  ray.  The  detarmlnstlon  of  the  Initial 
value  involves  tha  detarvsinatlon  of  tha  flow  In 
.>.:ie  neighborhood  of  waterline  qf  tha  ship, 
from  which  the  rays  orlgiratm.  Tha  flow  in  that 
neighboriiood  ran  be  found  by  boundary  layer 
methodi,  but  it  irm  not  yst  bsen  dene  iit  general.  There- 
for r.  we  ehal..  not  d'^al  with  tlie  amplitude  in 
■tble 


Image  In  the  uvtUsturbed  fr.'S  surfsc*.  Xt  doss 
not  coutaln  any  wave  motion.  Tiiarafoxe  t'«  aosume 
that  for  F mMli,  tl»  flow  consists  of  th*  double 
body  flow  plus  on  oaci.llstory  flt*w  which  reprs-- 
sants  the  wave  mot  loti. 

To  dstsmine  the  oao.lUatcry  flow,  wo  f.lral 
obsarva  thet  the  wave  pattern  moves  with  the  ship 


In  iftlev  to  dat.»!:,-.\tno  cho  phaqo  function  s 
o.f  th*  waves  produesd  by  a ably,  we  shall  first 
darlva  a differential  aqvatlon  for  a..  Tu  io  »» 
u*  recnll  that  In  leap  water  at  tviat,  t.'c.  fro- 
quaucy  w and  the  wave  vector  _k  of  u wave  are 


MS 


related  by  Che  dlBrcrslon  equation  ■ s|k|. 

In  water  noving  with  the  horlaontal  veloclTy 

the  actual  frequency  of  a wave  le  u - V*  • Ic, 
where  u is  the  apparent  frequency.  Upon  using 
this  frequency  Instead  of  bi  In  the  dispersion 
equation,  wa  get  (u  - V*  • k)*  • g|jt|  as  the  dis- 
persion equation  for  waves  In  moving  water. 

Nov  lot  s(x,y,t)  be  Che  phase  function  of  a 
Wbive,  where  x and  y are  coordinates  In  the  un- 
disturbed free  surface  z ~ o.  Then  the  frequency 
is  b)  - - sj.  and  the  wave  vector  is  k • Vs,  where 
V Is  the  horizontal  gradient.  We  now  use  these 
expresclonp  for  u and  k In  the  dispersion  equa- 
tion, and  square  both  sides  to  avoid  writing 
|Va|.  In  this  way  we  obtain 

(a^  + V$  •Vs)"  - g*(Vs)’  . 1. 

This  is  a first  order  partial  differencial  equa- 
tion for  8.  In  It  the  velocity  7$  Is  evaluated 
on  z ■ o from  the  double  body  potential 
'l’(x,y.,z,t)  corresponding  Co  Che  Instantaneous 
position  and  velocity  of  the  ship. 

For  a ship  which  moves  with  constant 
veloclty-U  along  the  x-axls,  It  la  convenient  to 
Introduce  coordlnaCos  fixed  with  respect  to  the 
ship.  In  this  coordinate  systeui  the  flow  Is 
steady,  so  both  4 and  s are  Independent  of  t. 


Than  (1)  becomes 

(V*  . Vs)'  - g*  Vs)='  . 2. 

The  potential  4 Is  the  solution  of  the  following 
problem: 

■ o , z i 0 , 3. 

34/ Jn  " o,  jt  on  B , 4, 

» o , at  z « o,  5. 

♦ Ux  nt  ® . 6. 

In  (4)  B denotes  the  ship  surface. 


Therefore  we  must  make  a more  precise  calcula- 
tion of  c near  these  points  In  order  to  Impose 
the  redistil  condition  near  them,  and  we  shall  now  do  tills. 

3*  Bow  and  Stern  Stagnation  Points 

Let  us  denote  by  2a  the  Interior  angle  made 
by  the  waterline  C at  the  stern.  (See  Fig,  1). 

We  assume  that  C Is  symmetric  about  the  x-axls. 

If  the  hull  Is  vertical  at  the  stern  than  the  be- 
havior of  4 there  Is 

4(r,e,o)  ~ hr''  cos  v0,  v « ii/(Tr-c:).  9. 

Here  r Is  distance  from  the  stern,  6 la  the  angle 
measured  from  Che  x-axls,  and  h Is  a positive 
constant  proportional  to  the  ship  speed  U.  The 
value  or  V is  the  smallest  positive  number  for 
which  4-  - o at  the  hull  0 « IT  - o. 

We  now  use  (9)  In  (2)  to  get 

(vhr'*  ^cos  v08^  + vhr''~^sin  \i0Sg)^ 

- g“(8*  + 10. 

We  shall  seek  s In  the  form 

i - gh“*  r^v(0).  11, 

Substitution  of  (11)  Into  (10)  yields  the  value 
of  and  an  equation  for  w; 


(vp  wcoa  V0  + V WgSln  ve)'  ■ p*w*  + Wg  13. 

If  uh.^  ship  Is  symmetric  about  the  x-oxls  theji  s 
must  be  symmetric  ulso.  This  yields  Che  boundary 
condition 


To  obtain  a boundary  condition  on  a,  we  note 
that  the  horizontal  velocity  of  the  water  due  to 
the  wave  motion  la  proportional  Co  Vs.  If  Che 
ship  la  vertical  at  the  waterline  C,  the  compo- 
nent of  horizontal  velocity  normal  to  C must 
vanish.  This  yields  the  boundary  condition 

3a/3n  ■ o , is  on  C , 7. 


Another  condition  which  a must  sstlsfy  Is 
the  radiation  condition,  which  requires  that  the 
wave  energy  flow  awry  from  the  ship.  Now  the 
wave  energy  propagates  with  the  group  velocity 
Cg  “ (3b)/3k|  , 3(o/3k2)  where  kj  and  k2  are  the  x 
and  y components  of  the  wave  vector  k.  From  the 
flrat  paragraph  of  this  section  we  see  that 


b)  - (gik|)  + V* 
yields  ~ 


• k.  Differentiation  of  bj 


-I=|-+ V4 


2[(Vs)M’/'' 


+ V4. 


8. 


Thus  the  radlstlon  condition  Is  that  c , given 
by  (8) , be  directed  away  from  the  shl^ 

From  (4)  and  (7)  we  see  that  the  normal 
components  of  V4  and  Ve  are  zero  on  C.  Then  (8) 
showa  that  c la  tangent  to  C,  and  therefore 
directed  from  It  provided  that  C Is  convex. 
However,  at  the  bow  and  stern  there  are  stagna- 
tion points  of  the  flow  whore  V4  ” o,  snd  where 
Va  Is  alther  zero  or  Infinite.  At  Chess  points, 
as  (Q)  rhows,  c is  alsc  either  sero  or  lnflni,.e. 


Wq(o)  • o.  14. 

From  (11)  and  (12)  we  see  Mwt  p > o snd  a > o 
at  the  stern  If  a < n/3,  while  U < o and  a “ at 
the  stern  if  a > n/S,  The  func'^ion  w(9)  must 
satisfy  (13)  and  (14) , but  these  equations  do  not 
determine  it  uniquely. 

We  now  use  (9)  snd  (tl)  in  (8)  tc  calculate 
c^.  Wc  find  that  the  radial  component  Is 

^>radl«l  - f 

+ V)  cos  v0)  r“'^^^"°^h.  13. 

By  using  (14)  In  (13)  and  solving  for  w(o) , we 
find  w(o>  " ±(v*ii>~*.  Both  solutions  make  the 
right  side  of  (15)  positive  at  9 • o,  so  this 
condition  does  not  select  a particular  solution. 

At  the  bow  a similar  analysis  can  be  made, 
with  2a'  denoting  the  Interior  angle  Included  by 
C there.  Then  Instead  of  (9)  we  have 

u' 

4(r,0,o)  - h'r  cob  ^'(n-B), 

V*  - n/ (it  - a*)  16. 

Here  r'  Is  distance  from  Che  bow  and  h'  la  a 
negative  constant.  We  again  find  that  s is  of 
the  form  (11)  with  h'  Instead  of  h,  with  w' (6) 
instead  of  w and  with  p'  ■ (il-3G')/(lt-a*).  The 
equation  satisfied  by  w'  Is  similar  to  (13). 
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To  aolve  (2)  for  s we  Introduce  the  char- 
acteristic curves  x(a),y(a)  where  c la  a para- 
meter. We  also  write  ki (o)  - a_[x(o) ,y(o)] , 
ka(o)  ” Sy(x(o)  ,y(o)] , s(a)  « a(x(a)  ,y(<i)  ] and 
we  Introduce  f defined  by 

fCx.y.ki.kz)  - g'(kf  + ki)  - (ki«  + k2«  )\  17. 

X y 

Then  (2)  la  Just 

f(x,y,ki,kj)  - o 18. 

The  characteristic  equations  of  (18)  are 


X ■ 

'k,.  y • 

*k2,  '‘l 

Vj  - -f  8 ••  kif 

y. 

ki 

+ kaf,^  . 

19. 

X ■ 

2g'k,  - 

4*^(k.*x 

+ kj*y)> 

20. 

y - 

2g*ki  - 

44  (k.4 

y X 

+ ka'Jy)* 

21. 

k,  - 4(k>t^^ 

+ ka* 

xy 

)(ki4>. 

ka*y)^ 

22. 

+ kj* 

yy 

)(ki*. 

kay^ 

23. 

s m 

- 2g^(k? 

+ ki). 

24. 

To  find 

a solution  s 

with  the  behavior 

(11) 

near  the  stem,  we  Introduce  rays  x(o,6),  y(a,Q) 
which  start  at  the  stern  In  the  direction  6. 

If  the  stern  la  at  (1,0) , the  Initial  values  of 
X and  y are  x(o,6)  ■ L,yfo.0}  - o and  the 
initial  slope  of  the  ray  is  y(o,9,'/x(o,e)  « 
tan  6.  If  a < if/l,  then  y ">  o and  the  initial 
value  of  s(c,0)  ■ o.  However,  If  a > ir/3  then 
8 a _ w at  the  stern,  so  only  the  asymptotic 
behavior  (11)  can, be  specified.  The  Initial 
values  of  kj  and  k^  can  be  found  by  differen- 
tiating (11),  and  they  are  both  Infinite  at  the 
stern.  Therefore  only  their  behavior  near  the 
stern  can  be  specified, 
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DISCUSSION 


T.F.  OGILVIE 

The  naval  architect  is  likely  to  dismiss  short-wave 
problems  as  uninteresting  because  “short  waves”  implies 
very  low  speed,  and  wave  resistance  is  of  little  interest 
under  such  conditions.  Even  in  problems  involving  am- 
bient waves,  “short  waver”  implies  small  motions  and 
smali  loads  — although  the  latter  is  perhaps  no  longer 
true  in  the  practical  problems  that  involve  the  so-called 
‘ springing”  phenomenon. 

However,  there  still  remain  several  important  reasons 
for  investigating  such  problems.  I shall  mention  only  those 
that  relate  to  the  steady-motion  problem. 

1)  In  most  theoretical  treatments  of  ship  waves,  an 
assumption  is  made,  either  implicitly  or  explicitly,  that  all 
waves  of  interest  have  wavelengths  that  are  comparable  .o 
ship  length.  If  this  assumption  is  not  made,  one  cannot 
use  thin-ship  theory,  for  example,  because  one  can  then 
not  transfer  the  body  boundary  condition  to  the  center- 
plane.  This  does  not  seem  to  be  generally  recognized  by 
people  who  work  extensively  with  the  thin-ship  idealiza- 
tion. One  loses  all  effects  caused  by  hull  diffraction  of 
the  ship-generated  waves  unless  one  considers  that  the 
waves  are  somehow  comparable  in  length  to  ship  beam. 

We  are  now  learning  how  to  include  sucn  things  in 
slender-ship  theory,  but  several  major  questions  remain 
open.  In  any  case,  it  is  clear  that  we  must  consider 
shorter  waves  than  has  been  customary. 

2)  In  towing-tank  practice,  the  low-speed  tests  may 
have  considerable  importance  in  fixing  the  extrapolator 
curves,  since  it  is  assumed  that  w ■ resistance  vanishes 
sufficiently  rapidly  at  low  speeds  that  the  remaining 
measured  drag  represents  only  viscous-related  effects. 
However,  if  wave  resistance  drops  off  in  some  way  that 
is  not  well-understood,  the  wrong  conclusions  may  be 
drawn  about  the  full-scale  significance  of  the  tests. 


3)  Double-body  tests  or  calculations  are  often  used 
as  the  starting  point  for  studies  of  ship-wave  phenomena, 

1 would  guess  that  at  least  80%  of  such  studies  have  been 
fundamentally  wrong,  because  the  investigators  did  not 
understand  that  this  is  a singular  perturbation  problem. 

Professor  Keller’s  approach  may  be  a significant 
advance  toward  resolving  the  third  aspect  mentioned  above. 
In  using  “geometrical  optics”  waves  sui>erposed  on  the 
nonuniform  double-body  flow,  he  obviously  understands 
very  well  the  nature  of  the  singular  perturbation  problem. 
The  same  is  true  for  Professor  Timman  and  Dr.  Hermans, 
as  well  as  for  Dr.  Dagan  and  others. 

But  if  Professor  Keller  believes  that  he  may  be  able 
to  predict  the  waves  in  practical  situat'ons  involving  full- 
bodied  ships,  1 think  that  he  is  mistaken.  In  such  cases, 
the  waves  are  not  nearly  shod,  enough  to  satisfy  the 
conditions  of  his  analysis,  rie  requires  explicitly  only 
that  the  wavelength  should  be  short  compared  with  ship 
length.  However,  in  order  to  use  his  ray  techniques,  one 
must  have  wavelengths  short  compared  with  all  ship 
dimensions,  including  beam,  draft,  radii  of  curvature  near 

the  bow An  exception  to  such  a requirement  can 

be  made  only  under  an  opposite  extreme  condition,  name- 
ly that  the  rays  emanate  from  well-defined  points.  Thus 
it  is  not  surimsing  if  he  can  duplicate  the  waves  from 
KcMn’s  fishline  or  even  from  MichelTs  thin  ship. 

Finally,  I should  add  that  I cannot  see  how  Profes- 
sor Keller  can  predict  the  iwost  important  practical  effect 
of  the  shortness  of  real  sh:  ’aves,  namely,  the  diffrac- 

tion of  bow  waves  by  a v ’ middle-body.  In  Profes- 
sor Ursell’s  paper,  it  is  shown  that  there  is  effectively  a 
“shadow  region’’  a'ong-side  a ship,  the  region  growing 
steadily  toward  the  stem.  What  does  a ray  theory  say 
about  wave  motion  in  a shadow  region? 
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AUTHOR’S  REPLY 


Prof.  Ogilvle's  comments  on  the 
reasons  for  considering  short  wave  prob- 
lems are  very  Illuminating.  I hope  they 
will  stimulate  Interest  In  such  prob- 
lems. He  has  also  expressed  doubts 
about  the  possible  use  of  a geometri- 
cal optics  or  ray  theory  "to  predict 
the  waves  In  practical  situations  In- 
volving full-bodied  ships."  I can  only 
expect  to  remove  those  doubts  by  using 
the  theory  to  make  such  predictions. 


and  comparing  them  with  observations. 
This  Is  what  I hope  to  do.  However, 
there  Is  every  reason  to  expect  that 
the  theory  will  work.  This  Is  because 
of  the  extensive  and  detailed  agree- 
ment of  the  corresponding  "geometrical 
theory  of  diffraction"  with  numerical 
calculations  and  with  observation. 

In  problems  involving  acoustic  waves, 
electromagnetic  waves,  surface  gravity 
waves,  etc. 
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ABSTRACT 

Measurements  of  the  three-dimen- 
sional flow  velocity  components  (u,  v, 
w)  are  carried  out  around  a 2m  Inuid 
Model  M21  where  a specially  developed 
mini  five-hole  pitot  tube  of  6mm  dia- 
meter is  applied  satisfactorily. 

The  velocity  components  are  ana- 
lyzed (u,  V,  w - analysis)  in  a synthet- 
ic co-ordination  with  the  corresponding 
wave  analysis  ( ^-analysis)  which  was 
reported  in  the  Ninth  Symposium  on  the 
Scune  model  (M21)  . 

The  study  indicates  that. 

For  potential  field; 

(1)  The  two  linearized  free  surface 
conditions,  i.e.  the  "atmospheric" 
condition  as  well  as  the  "hinemati- 
cal"  condition,  are  both  valid  ei- 
ther between  C (measured)  and  u (mea- 
sured) or  between  3r,/3t  (measured) 
and  w (measured) . 

(2)  The  behavior  of  the  transverse  com- 
ponent v(i^)  is  the  most  important, 
because  this  component  alone  can 
give  the  unique  informations  for 
sheltering  effects  which  are  not 
included  in  the  wave-analysis, 

(3)  The  results  analyzed  from  u or  w 
are  almost  similar  to  those  already 
obtained  by  wave  analysis. 

For  viscous  field; 

(4)  The  flow  field  analysis  is  useful 
also  for  the  refinement  of  the 
wake-survey  by  enabling  the  quanti- 
tative estimation  of  the  disturb- 
ance velocity  (ui)  which  is  ficti- 
tiously presumed  within  the  wake 
belt. 


NOMENCLATURE 


A*  (e) 


At.  Bt 
Cpo 

Cv 

F,x 

g 


weighed  amplitude  function 

(C«  = 2ti  P'^IA*  (e)/L)  Mo) 

*'  0 

coefficients  of  modified 
Fourier  series  expansion 
Rp</2-pV^L^=  frictional  re- 
sistance coefficient  for 
flat  plate 

Kv/2pV^L^=  viscous  resistance 
coefficient 
Froude  number 
acceleration  of  gravity 


G 


Ho,  H 
K 

Ko 

i 


p 

T 


u,  V,  w 


Ul , Vi , Wi 


U 

* , y . Z 

C 

5,  n,  C 

<Kx,^,z  ) 

w 


Green  function 
double  model  term  of  Green 
function 
total  head 
form  factor 
g/0^  = wave  number 
L/2  = half  length  of  the 
ship 

distribution  function  of 
source  density 
P/Apu“  = non-dimensional 
static  pressure 
t- I = depth  of  source  dis- 
tribution 

components  of  disturbance 
velocity  in  X, u , z di- 
rection 

components  of  disturbance 
velocity  considered  ficti- 
tiously in  the  wake  zone 
velocity  of  uniform  flow 
Cartesian  co-ordinates  for 
flow  field 
wave  elevation 
tan 'M  )(/(*-£)  } 

Cartesian  co-ordinates  for 
source  distribution 
velocity  potential 
wake  zone 


1.  WAVE  ANALYSIS  AND  FLOW  FIELD  ANALYSIS 

In  model  basins  during  these  about 
ten  years  the  two  kinds  of  microscopic 
approaches  i.e.  the  wave  analysis  and 
the  flow  field  analysis  have  been  car- 
ried out  together  with  the  traditional 
macroscopic  resistance  and  propulsion 
tests  which  are  symbo'',ized  as  "the  force 
measurement" . 

Here  the  wave  analysis  is  based  on 
the  scalar  data  of  the  surface  wave 
height  C(x, y } created  by  a travelling 
ship,  while  the  flow  field  analysis  is 
based  on  the  vector  data  of  flow  veloc- 
ity components  which  extend  three 
dimensionally  around  the  ship.  There- 
fore when  the  denseness  of  both  infor- 
mation data  is  compared,  the  flow  field 
analysis  is  evidently  superior  to  the 
wave  analysis.  In  fact  not  a few  prob- 
lems which  could  not  be  cleared  with  the 
wave  analysis  alone  are  expected  to  be 
clarified  with  the  good  co-Oi.dination  of 
this  flow  field  analysis. 
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The  flow  field  surrounding  a ship 
is  divided  into  two  regions.  One  is 
inner  boundary  layer  and  wake  zone  where 
the  flow  is  characterized  by  viscosity. 
The  other  is  out  of  these  zones  where 
the  potential  flow  can  be  assumed.  It 
is  considered  the  wave  analysis  and  the 
flow  field  analysis  should  be  carried 
out  in  both  regions  fundamentally.  How- 
ever in  the  previous  works  there  was  a 
tendency  that  each  analysis  was  perform- 
ed in  each  region  exclusively,  i.e.  the 
wave  avialysis  in  the  potential  zone  and 
the  flow  field  analysis  in  the  wake 
zone . 

In  this  paper  the  flow  field  anal- 
ysis is  tried  in  both  regions  in  the 
sense  juslr  ,:ntioned  above  where  a 2m 
Inuid  Model  M21  is  applied  because  its 
precise  wave  analysis  has  been  already 
completed  not  only  for  the  wave  profile 
along  the  model  bat  also  for  the  whole 
free  wave  pattern  (Ref.  1) . 

Of  course  the  measurements  of  flow 
velocity  components  are  far  elaborate 
than  the  records  of  wave  height.  Espe- 
cially at  small  tanks  including  the  case 
of  the  University  of  Tokyo  the  usable 
model  is  small  and  hence  the  absolute 
value  of  the  testing  speed  is  limited 
low  for  a given  Froude  number  comparing 
with  large  models  at  large  tanks.  It 
requires  not  only  a very  little  and  yet 
high  accurate  five  hole  pitot  tube  but 
also  the  good  cared  test  equipments  and 
circumstances  (for  example  the  cleaning 
of  the  water  in  the  tank  is  essential) . 
Although  their  details  (Ref.  2)  are  not 
shown  in  this  paper  it  may  safely  be  said 
that  the  reliable  measurements  of  ve- 
locity components  by  five  hole  pitot  tube 
are  possible  even  for  a 2m  small  model. 

In  addition  the  accuracy  of  the 
measured  velocity  components  required  is 
different  depending  on  the  type  of  the 
analysis.  In  the  usual  wake  survey  this 
requisition  is  not  so  severe  as  in  the 
analysis  of  the  potential  flow  field, 
because  the  wake  survey  stands  in  many 
cases  to  evaluate  the  viscous  resistance 


Fig . 1 Coordinates  System 


which  is  only  enough  with  the  direct 
summation  of  the  energy  component  as 
shown  in  Eq.  (5) . Meanwhile  in  the 
analysis  of  the  potential  flow  field 
measured  velocity  components  are  used  as 
initial  data  to  analyze  the  equivalent 
source  distributions  by  solving  the 
integral  equations  (A. 2),  (A. 3)  and  (A. 4) 
as  shown  in  the  later  appendix.  Such 
troublesome  analysis  is  awaiting. 


2.  VALIDITY  OF  POTENTIAL  FLOW  ANALYSIS 

A lot  of  new  findings  are  expected 
by  analyzing  the  actual  potential  flow 
field.  However  the  most  important  find- 
ing is  so  far  as  the  authors ' aspect  to 
know  the  real  features  of  actual  flow  and 
wave  field,  and  to  make  clear  the  so- 
called  sheltering  effect  which  arises 
from  the  condition  to  be  imposed  on  the 
initiation  and  the  radiation  of  ship 
waves  in  particular  with  the  surface 
piercing  ship  body.  By  this  reason  the 
analysis  of  the  potential  field  not 
associated  with  the  wave  analysis  seems 
meaningless.  Rather  with  the  good  co- 
ordination of  the  both  new  findings 
which  have  been  never  obtained  before 
are  truly  expected. 

To  this  end  the  following  analyses 
are  considered. 

2.1  Study  on  the  Linearity  of  Free  Sur- 
face Conditions 

Both  the  linearized  dyneimical  and 
kinematical  conditions  at  the  free  sur- 
face are  given  under  the  co-ordinates 
system  shown  in  Pig.  1, 

1.  = _L_  -5L  I 

I Kot  * U li=o 

- JUL 

I U 


If  the  velocity  components  u and  w 
are  measured  just  beneath  the  water  sur- 
face, although  there  remains  a little 
trouble  with  measurements  and  looking 
upon  as  the  data  of  the  free  surface,  it 
is  able  to  compare  the  measured  wave 
height  c with  u(z=0)  and  the  measured 
wave  slope  3c/3x  with  w(z=0)  respective- 
ly. Through  these  comparisons  it  is 
possible  to  study  quantitatively  to  what 
extent  the  linearized  conditions  (1)  and 
(2)  are  valid. 

Also  the  following  is  worth  men- 
tioning. Even  if  the  validity  of  the 
linear  free  surface  conditions  is  found 
in  the  actual  wave  field,  this  does  not 
imply  that  the  linearized  theory  without 
considerations  of  the  sheltering  effect 
can  represent  the  exact  actual  wave 
field,  since  the  sheltering  effect  can 
not  be  attributed  to  the  higher  order 
terms  of  the  free  surface  conditions. 
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2.2  Singularity  Distributions  Equivalent 
to  Flow  Velocity  Components 

Usable  information  data  in  the  flow 
field  analysis  are  quite  ample  comparing 
with  those  in  the  wave  analysis.  For 
example  a set  of  data  of  wave  profile 
along  the  ship  waterline  which  was  used 
in  the  previous  wave  profile  analysis 
is  one  dimensional,  while  in  the  flow 
field  analysis  not  only  the  data  on  it 
but  also  their  variations  with  depth 
just  under  this  line  are  given  as  two 
dimensional  quantities.  Furthermore 
each  has  three  components  (u,  v,  w) 
instead  of  u or  ?.  Thus  prior  to  the 
actual  flow  field  analysis,  how  to  treat 
these  ample  informations  and  utilize 
them  in  a synthetic  analysis  becomes  it- 
self an  important  problem,  because  the 
three  components  u,  v,  w are  no  longer 
independent  with  each  other  if  one  as- 
sumes the  existence  of  the  potential 
flow  in  the  actual  wave  field. 

However  in  the  present  work  where 
the  study  on  this  point  is  inadequate, 
the  velocity  components  u,  v,  w are 
assumed  to  be  independent  for  each  other 
and  the  determination  of  source  dis- 
tributions on  the  centerplane  equivalent 
to  each  velocity  component  is  tried  to 
compare  with  the  result  from  the  wave 
analysis  (in  the  present  work  the  wave 
profile  analysis) . 

2.3  Praftwise  Variation  of  Source  Dis- 
tribution Equivalent  to  Flow  Velocities 

In  the  wave  profile  analysis  just 
referred  above  the  source  distribution 
m(C,C)  equivalent  to  the  wave  profile 
was  assumed  to  be  draftwise  uniform,  md 
only  its  lengthwise  variation  was  ana- 
lyzed corresponding  with  one-dimensional 
data  of  the  wave  profile  c(£).  However 
with  the  application  of  the  flow  field 
analysis  where  the  data  at  different 
depth  are  applicable,  the  reality  of 
this  assumption  can  be  studied. 

2.4  Behavior  of  v(it)  and  Sheltering 
Effect 

iF  the  two  linearized  free  surface 
conditions  (1)  and  (2)  are  found  to  be 

valid  between  the  measured  c,  u and  w 

it  is  proved  practically  by  the  present 
experiment  1 later  on  the  impor- 

tance of  each  of  the  data  u,  v and  w for 
the  potential  flow  analysis  becomes  dif- 
ferent, since  u and  w are  related  with 
C closely,  and  findings  derived  from  the 
analysis  of  u or  w are  guessed  more  or 
less  similar  to  those  of  the  wave  analy- 
sis . 

On  the  contrary  quite  new  findings 
are  indeed  exnected  as  for  the  analysis 
of  V which  have  never  been  obtained  from 
the  customary  wave  analysis.  Thus  the 
measurements  of  v in  wider  range  tlian  in 
the  case  of  u or  w is  particularly  rec- 
ommended. It  might  give  a possibility 
to  grasp  the  fundamentals  of  the  shelter- 
ing effect  and  for  example  to  give  a rea- 
sonable explanation  why  the  measured 


wave  pattern  is  shifted  outward  in  usual 
about  ship's  half  breadth. 

2.5  Wake  Survey  Including  the  Effect  of 
Potential  Flow 

The  wake-survey  is  out  of  the  scope 
of  the  potential  flow  analysis.  Ho>;ever 
if  the  source  distribution  equivalent  to 
the  outer  potential  flow  is  known,  poten- 
tial flow  component  though  fictitious  can 
be  extrapolated  into  the  wake  zone.  Thus 
taking  the  effect  of  potential  flow  com- 
ponent into  account,  refinements  of  the 
wake-survey  may  be  expected. 


3.  EXPERIMENTS 

3.1  Inuid  Model  M21 

Simple  hull  form  such  as  Wigley 
model  is  not  suitable  for  the  present 
analysts  because  it  produces  simple  large 
waves  and  non  linear  effect  happens 
strongly.  Therefore  to  prevent  these 
effects  a complicated  less-wave-hull  M21 
was  selected. 

The  hull  geometry  of  this  model  was 
obtained  by  stream  tracing  of  the  follow- 
ing center  plane  source  distribution 
which  is  uniform  in  draftwise  direction 

m(5)  = 2.174445  - 4.112855^ 

+ 2.25910C'  (3) 

(-1  < 5 5 1,  -0.08  < C < 0) 


Fig.  2 Body  Plan  of  M21 
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Princioal  particulars  are  listed  in 
Table  1 and  its  body  plan  is  shown  in 
Fig.  2.  All  measurements  were  made  at 
F^  = 0.289  according  to  the  optimization 
Froude  number  of  this  model. 

3.2  Method  of  Flow  Measurements 

To  measure  the  flow  velocTties  a 
mini  five  hole  pitot  tube  having  the 
spherical  head  of  6mm  diameter  was  ap- 
plied. The  out-put  was  transformed  by 
force  balanced  pressure  transducers  and 
recorded  both  on  a magnetic  tape  and  vi- 
sigraph.  Prior  to  measurements  special 
cares  were  paid  for  leveling  of  the  rail 
and  cleaning  of  the  tank  water. 

The  equipment  to  calibrate  and 
traverse  the  pitot  tube  is  so  designed 
that  actual  measurements  may  be  followed 
right  away  after  calibration  tests  with- 
out removal  of  any  part  of  this  equip- 
ment. Also  the  setting  of  angle  of  pitot 
tube  is  important  and  free  surface  effect 
specially  acting  on  w should  be  carefully 
calibrated.  Analysis  was  due  to  Pien's 
method  (Ref.  3) . 

3.3  Kinds  of  Experiments 

Considering  each  item  of  the  analy- 
ses quoted  in  the  previous  section,  next 
three  experiments  were  carried  out  in 
these  sequences.  It  should  be  noted  that 
experiment  2 was  planned  additionally 
after  new  findings  were  obtained  from 
experiment  1. 


Experiment  1.  Measurements  of  three 
velocity  components  u,  v,  w in  a 
wallsided  plane  just  outside  the 
boundary  layer  of  the  model. 

Measuring  points  are  shown  in 
Fig.  3 with  circular  inarks  (•), 
which  amount  in  total  25 (x)  x 4(z) 

= 100  points.  Evidently  this  exper- 
iment aims  each  analysis  of  (2.1)  , 
(2.2)  and  (2.3).  Especially  to  com- 
pare with  the  known  results  of  the 
wave  profile  analysis,  the  measuring 
plane  was  located  close  to  the  hull 
as  near  as  possible. 


Table  1 Principal  Particulars  of  M21 


Item 

M21 

L (m) 

2.001 

B (m) 

0.2368 

d (m) 

0,1724 

T (m) 

o 

o 

CD 

V (m’) 

0.0347 

Is  (m“) 

0.6686 

B/L 

0.1184 

d/L 

0.0862 

Fig.  3 Measuring  Points  of  Plow  Velocity 
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Experiment  2 . Measurements  of 
v(^,z)  at  three  different  transverse 
sections. 

As  shown  in  Fig.  3 with  tri- 
angular marks  (a),  x 2{z)  = 

62  points  were  selected  aiming  the 
analysis  of  (2.4) . 

Experiment  3.  Wake  surveys  near 
tm.  stern. 

Wake  surveys  were  tried  at  two 
sections  (x/£  = 1.08,  1.35)  corre- 
sponding to  (2.5). 


4.  ANALYSIS  FOR  EXPERIMENT  1 

4.1  Obtained  Velocity  Components 

Velocity  components  (u,  v,  w)  were 
measured  with  good  accuracy  beyond 
authors'  expectations.  Among  the  data  at 
100  points  which  consist  from  4 immersed 
layers  with  each  25  of  x points,  results 
at  both,  the  least  immersed  layer  z/l  = 
-0.02  and  the  most  immersed  layer  => 
-0.12  are  shown  in  Fig.  4.  Apparently 
each  measured  component  forms  a fair 
smooth  curve. 
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Fig.  4 Measured  Velocity  Components 


4.2  Discussion  about  Linear  Free  Surface 
Conditions 

Making  use  of  u,  w at  least  immer- 
sion z/t  = -0.02  and  measured  wave  height 
5 with  wave  slope  3c/3x  just  on  this  ver- 
tical plane,  the  linearity  of  free  sur- 
face conditions  was  checked  according  to 
the  formulas  (1)  and  (2) • Results  are 
given  in  Fig.  5.  Upper  half  figure  re- 
lates the  formula  (1)  and  lower  half  the 
formula  (2) . 

With  regard  to  the  formula  (1) , the 
measured  wave  elevation  C is  compared 
first  with  the  R.H.S.  of  the  formula  (1) 
(where  u are  data  at  z/.^  = -0.02  not  z = 
0) , and  second  with  the  following  formu- 
la (4)  which  includes  the  squares  of  ve- 
locities in  Bernoulli's  equation. 


Fig.  5 Comparison  of  (u,i;)  and  (w,  3^/3x,  -3u/3x) 
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with  regard  to  the  formula  (2) , not 
only  the  measured  w at  z/^  » -0.02,  but 
also  w at  z/l  = -0.04  are  plotted  for  the 
reference.  These  are  also  to  be  compared 
first  with  the  wave  slope  3^/3ir  derived 
from  the  numerical  differentiation  of 
observed  wave  heights  and  second  with 
3(-u)/3x  U/fi-o-oi  derived  from  the  same 
treatment  to  the  measured  velocity  com- 
ponents . 

Through  these  comparisons  it  is 
found  that  linear  approximations  of  the 
both  formulas  (1)  and  (2)  are  well  estab- 
lished as  a whole  in  the  actual  wave 
field  except  for  the  first  crest  of  bow 
waves.  Improvement  by  non-linear  terms 
seems  little  with  regard  to  the  formula 
(1)  , while  in  the  formula  (2),  3(-u)/3x 
at  forebody  and  3?/3x  at  aftbody  show  the 
better  agreement  with  w both  in  phase  and 
amplitude. 

Two  important  conclusions  are  de- 
rived from  this  analysis. 

First,  the  main  reasons  why  the  pre- 
sent theory  of  wave  making  resistance 
cannot  necessarily  give  the  enough  expla- 
nation to  the  actual  wave  making  phenome- 


Fig.  6 Comparison  of  Measured  and 
Calculated  Velocity  (u) 
(Use  All  Terms) 


non  should  not  be  attributed  at  least  to 
the  linearization  of  free  surface  condi- 
tions . 

Second,  the  importance  of  each  u,  v 
or  w is  not  equal  when  each  of  their 
analysis  is  compared  with  the  wave  anal- 
ysis, because  u and  w are  connected  with 
wave  and  its  slope,  hence  new  findings 
are  expected  from  v which  does  not  appear 
in  the  free  surface  conditions . In  order 
to  make  this  anticipation  more  effective, 
the  measurement  of  v should  be  extended 
to  the  whole  field, 

4.3  Comparison  of  Velocity  Components 
between  Measured  and  Calculated 

About  u and  v the  measured  and  cal- 
culated velocity  components  are  compared 
in  Figs.  6 — 9.  In  calculating  the  velo- 
city component  according  to  the  formulas 
(A. 2)  and  (A. 3) , (a)  the  source  distri- 
bution which  was  used  for  stream  tracing 
on  the  hull  therefore  the  double  model 
source  was  applied,  and  (b)  Green  func- 
tion consisting  from  whole  terms  of  the 
formula  (A, 6)  was  used  for  Figs.  6 and 
7,  while  Fig.  8 is  the  case  where  only 
the  double  model  term  Gi  was  adopted. 

In  Figs.  6 and  7 where  wave  terms 
of  Green  function  are  fully  taken,  both 
u and  V show  fairly  large  discrepancy 
between  measured  and  calculated  which 
suggests  the  evistence  of  the  so-called 
sheltering  effect.  On  the  other  hand 
as  for  V along  the  hull  side  it  is  worth 
mentioning  that  rather  simple  calcula- 
tions of  Fig.  8 based  on  the  double  model 
term  of  Green  function  give  a better  co- 
incidence with  the  measured.  However, 
the  fact  that  this  agreement  is  confined 
to  the  near  field  of  the  hull  side  will 
be  precisely  studied  in  the  following 
section. 

4.4  Source  Distributions  Eguivalant  to 
Flow  Velocities 

As  mentioned  before  three  velocity 
components  (u,  v,  w)  are  no  longer  inde- 
pendent with  each  other  in  the  potential 
flow  field.  However  in  the  present  anal- 
ysis it  was  focused  to  compare  the 


Frg.  7 Comparison  of  Measured  and 
Calculated  Velocity  (v) 
(Use  All  Terms) 


Fig.  8 Comparison  of  Measured  and 
Calculated  Velocity  (v) 
(Use  Double  Model  Term) 
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measured  data  with  «raves  rather  in  the 
primitive  form.  Tnus  the  velocity  com- 
ponents were  taken  independent  each 
other  and  each  of  the  equivalent  sources 
was  analysed  as  the  center  plane  distri- 
bution. The  method  and  formulas  to  ana- 
lyze them  are  summarized  in  the  Appendix. 


(4.4.1)  Equivalent  Sources  to  u and  Their 
Weighed  Amplitude  Functions 

Three  equivalent  sources  to  u are 
presented  in  Fig.  9 with  the  result  of 
wave  profile  analysis  where  their  varia- 
tion in  draftwise  direction  was  assumed 
constant.  Chain  line  is  obtained  from 


all  data  of  four  z/|  layers.  One  dotted 
line  from  the  nearest  layer  to  the  free 
surface  (z/<  =*  -0.02) , and  two  dotted 
line  from  the  deepest  layer  (z/£  = 

-0.12)  . 


Prom  Pig.  9 it  is  found  that  equiva- 
lent sources  to  u show  the  similar  ten- 


dency as  that  of  the  wave  analysis, 
though  some  differences  are  observed  in 
the  fore  part.  Source  distributions 
change  little  with  different  input  data 
of  immersions.  It  suggests  that  pre- 
scribed assumption  of  'draftwise  uniform' 
may  be  approved.  Making  use  of  these 
sources  weighed  2implitude  functions  were 
calculated  and  compared  including  the  re- 
sult of  Newman's  longitudinal  wave  anal- 
ysis (Fig.  10) . All  of  them  show  the 
similar  movements. 


(4.4.2)  Equivalent  Sources  to  v or  w and 
Their  Weighed  Amplitude~Functions 

Equivalent  sources  to  v or  w were 
also  obtained  following  the  case  of  u. 
Although  their  results  are  not  presented 
for  the  brevity,  three  kinds  of  sources 
equivalent  to  each  u,  v and  w look  like 
the  same  at  a glance.  However,  if  their 
weighed  amplitude  functions  are  compared 
with  each  other  as  shown  in  Fig.  11,  one 
of  them  which  has  been  derived  from  v 
shows  a clear  difference  from  the  otiier 


two.  In  other  words  summarizing  the  re- 
sults of  Fig.  10  and  Fig.  11,  four  kinds 
of  data  such  as  u,  w,  wave  profile  along 
the  model  and  another  wave  height  on  a 
longitudinal  cut  line  applied  for 
Newman's  wave  imalysis  give  more  or  less 
the  similar  amplitude  functions,  but  the 
velocity  component  v supplies  a quite 
different  amplitude  function. 


5.  ANALfSIS  FOR  EXPERIMENT  2 

The  particular  behavior  of  v is 
doubtless  one  of  the  most  noticeable 
point  found  out  in  the  emalysis  of  the 
previous  experiment.  Evidently  the  data 
of  V are  different  in  quality  because 
the  term  v does  not  appear  in  the  both 
linearized  free  surface  conditions,  where 
on  the  contrary  u and  w are  closely  re- 
lated with  i;  and  its  derivative. 


Accordingly  tha  more  detailed  in- 
vestigation about  V is  desired  to  learn 
how  the  measured  v behaves  with  increas- 
ing distance  from  ship  aide  and  how  it 
changes  or  accords  with  theoretical  cal- 
culation. Experiment  2 was  thus  moti- 
vated and  objected.  Further  measurements 
of  v were  carried  out  not  confined  to  the 
hull  surface  but  spread  out  widely  in 
direction. 

Measurements  were  made  at  three 
transverse  section,  i.e.  x/|  = -0.45 
where  v is  enough  positive  at  hull  side, 
x/f  - 0.05  where  v is  nearly  0 and  x/ i » 
0.55  where  v is  enough  negative.  They 
are  measured  at  two  immersed  layers  z/£ 

“ -0.04  and  -0.06. 

Results  for  each  depth  are  shown  in 
Figs.  12  and  13  respectively. 

5.1  Comparison  of  v between  Measured  and 
^l(^ulated 

In  each  figure  four  calculated 
lines  are  compared  with  measured  points 
(white  marks) . Again  a)  two  kinds  of 
source  distributions,  original  source 
eq'j.i  valent  to  hull  geometry  and  analyzed 
source  equivalent  to  velocity  component 
V,  with  b)  two  kinds  of  Green  function, 
the  case  that  only  first  term  hence 
double  ^del  term  in  the  right-hand  side 
ol  (a. 6)  Is~ used  and  the  other  case  that 
all  terms  are  used,  make  1 total  four 
calculated  lines.* 

Three  conclusions  are  obtained  from 
Figs.  12  and  13  as  follows: 

1)  Near  the  hull  surface,  or  more 
exactly  saying  in  the  range  from 
hull  side  to  the  outer  point  by 
half  breadth  at  each  ordinate, 
the  calculated  lines  where  double 
model  term  Gj  is  applied  to  the 
double  model  source  as  Green 
function  agree  quite  well  with 
measured. 
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2)  At  far  distance  from  the  hull 
surface,  the  calculated  line 
where  all  terms  of  Green  func- 
tion are  applied  to  the  analyzed 
source,  therefore  the  free  sur- 
face effect  is  taken  in  both 
source  and  Green  function,  shows 
a tendentious  agreement  with 
measured. 

3)  In  the  intermediate  range  of  the 
both,  the  measured  v does  not 
accord  with  any  four  lines.  How- 
ever, it  seems  as  if  the  free 
surface  effect  reveals  Itself 
gradually  outward  on  the  measured 
v velocities  delayed  in  phase 
about  half  breadth  at  each  ordi- 
nate . 

5.2  Ship  Surface  Condition  and  Shelter- 
ing Effect  Revealed  on  v(Measured) 

When  the  general  behavior  of v (meas- 
ured) is  considered  synthesizing  the 
result  of  experiment  2 , one  finds  that 
the  necessary  condition  for  surface 
piercing  ship  body  is  not  enough  with 
such  a usual  ship  surface  condition  that 
normal  velocity  must  be  everywhere  zero 
on  its  surface. 

Because , so  far  as  the  discussion 
is  confined  on  the  ship  surface,  rather 
double  model  approximation  which  gives 
the  rigid. water  surface  shows  the  better 
coincidence  with  measured  v them  that 
including  the  free  surface  effect,  so 
that  the  ship  surface  condition  in  the 
usvi.iL  meaning  seems  sufficiently  satis- 
fied. Problem  lies  not  on  the  hull  sur- 
face but  on  a slightly  outgoing  region. 

Such  phenomenon  seems  quite  special 
and  particularly  worth  noticing  that  it 
has  never  been  experienced  in  the  bound- 
ary value  problem  of  classical  hydro- 
dynamics . 
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Fig.  10  Weighed  Amplitude  Function  (1)  Fig.  11  Weighed  Amplitude  Function  (2) 


* Note  that  analyzed  source  is  Itself  ob- 
tained under  each  Green  function. 

Results  are  shown  in  Fig.  14. 
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Importact  points  are; 

(a)  Wave  motion  is  almost  completely 
suppressed  in  the  nearest  field  to 
the  hull  surface. 

(b)  Wave  component  emerges  gradually 
with  outgoing  from  the  hull  aide. 

(c)  In  this  case  the  phase  delay  exists 
evidently  of  about  half  breadth. 

These  arc  the  real  features  of  the 
sheltering  effect,  different  from  usual 
ship  surface  condition.  Undoubtedly  it 
comes  out  from  free  surface  piercing  by 
the  floating  ship  Itself. 

Therefore  how  and  what  kind  of  the- 
oretical model  is  able  to  represent  this 
particular  flow  is  raised  as  an  Important 
present  task.  An  analogous  model,  for 
example,  may  be  found  in  the  paper  by 
Maruo  and  Uayasakl  (Ref.  4)  in  which  the 
deformation  of  waves  when  waves  propagate 
into  uniform  wake  is  studied.  The  pre- 
sent flow  resembles  to  some  extent  as  if 


the  fluid  interior  to  the  hull  surface 
is  completely  at  rest  (l.e.  in  the  wake, 
U2  « 0)  and  incoming  waves  from  outside 
(i.e.  out  of  the  wake,  0i  ■ U)  is  com- 
pletely dammed  at  hull's  water  line, 
hence  the  rate  of  transmission  is  zero. 
However  according  to  their  conclusions, 
if  the  rate  of  transmission  is  zero,  than 
the  rate  of  reflection  becomes  full  in- 
versely, and  for  this  reason  wave  height 
should  be  doubled  just  the  same  as  the 
perfect  reflection  at  solid  wall.  This 
point  Is  extremely  different,  and  the 
sheltering  affect  seems  to  have  a char- 
acter that  there  is  neither  transmission 
nor  reflection.  It  is  also  Interesting 
to  note  that  the  recent  work  by  Mori 
(Ref.  5)  corresponds  to  the  present  fact 
that  behavior  of  v has  close  relation 
with  the  sheltering  effect. 

Lastly,  though  it  is  a short  com- 
ment as  to  the  double  modal  approximation 
applied  to  the  stream  tracing  of  Inuid 
or  Pienoid,  Wehausen  pointed  out  that  it 
defies  the  effecc  of  wave  term  on  the 
hull  surface  condition  (Ref.  6) . However 
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Fig.  12  Comparison  of  v on  Transverse 
Line  (1) 


Fig.  13  Con?>ari8on  of  v on  Transverse 
Li ne  ( 2 ) 
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the  prea«nt  experiment  showo  clearly  that 
the  matter  is  not  the  dlesatiui'aotion  of 
the  ship  surface  condition  but  problems 
lie  rather  in  other  points. 

5,3  Annlysis  of  v Based  on  rouble  Model 
Approximation 

As  shown  in  Fig.  8 since  the  calcu- 
lated velocity  component  v based  on  ra- 
ther double  model  approxliuation  gives  the 
better  agreement  with  the  measured  near 
the  hull  surface,  tlie  equivalent  source 
to  V was  analysed  using  double  model 
appxoxlnvitlon  Gi  where  the  data  of  expe- 
riment 1 were  actually  adopted.  The 
analysis  of  the  other  equivalent  source 
using  all  terms  of  Green  function  was 
also  tried. 

Results  arc  given  in  Fig.  14  and 
compared  with  tlte  original  source  applied 
for  stream  line  tracing.  The  analysed 
source  by  double  model  approxlotatlon 
coincides  well  with  the  original  source. 
It  seems  that  the  outer  potential  field 
is  little  affected  by  the  inner  boundary 
layer.  However,  seeing  more  in  detail. 


Fig.  14  Source  Distributions  Analysed 
from  V 


Fig.  15  Wahe  Contour  at  -Vf  « 1.08 


tl\e  analysed  source  is  slightly  larger 
at  fore  part  emd  smaller  in  absolute 
value  at  aft  part  than  the  original 
source.  The  transition  point  from  source 
into  sink  is  shifted  24  of  ship  length 
from  the  midship,  it  looks  like  the  ef- 
fect of  boundary  layer.  Using  this 
double  model  sourc  i aoiie  of  the  stream 
lines  at  z " 0 were  traced  for  refer- 
ences. On  the  top  of  Pig.  3,  four  stream 
lines  starting  from  y - 0.0005,  0.05,  0.^. 
and  0.15  respectively  at  >•  -1.0  (P.P, 
section)  are  presented  numbering  from  1 
to  4. 


6 AUALYSIS  or  EXPERIMENT  3 

Following  to  the  potential  flow 
analysis,  measurements  of  velocity  com- 
ponents in  the  wake  tone  were  carried  cut 
aiming  to  study  the  continuation  of  the 
wake  flow  to  the  outer  potential  field 
and  to  avaluata  the  viscous  resistance. 
Two  msasured  sections  were  selected; 

(a)  At  x/f  "1.08  where  the  wave 
height  is  still  large  to  know 
mainly  how  the  wake  flow  extends 
to  the  potentla!'  flew  field. 

(b)  At  x/£  - 1.35  where  the  wave 
height  becomes  suro  appreximata- 
ly  to  make  the  wake  survey  accu- 
rately. 

Flow  velocities  were  measured  at  about 
TO  points  in  aach  survey  plane  by  the 
same  five-hole  pitot  tube. 

Pigs.  15  and  16  present  the  distri- 
bution of  total  head  R and  disturbance 
velocity  u respectively  at  x/f  •*  1.08. 
Beth  contour  curves  look  like  the  frame 
line  of  tlie  model.  From  Fig.  16  it  is 
seen  that  even  out  of  the  wake  u does  not 
dlsapper,  in  another  words,  there  remains 
still  potential  flow  component.  In  Fig. 
17,  u and  p (static  pressure  head)  were 


Fig.  16  Distribution  of  u in  Make 
at  x/£  - 1.08 
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n«ad«d  dlaturbanc*  velocity  (u^,  Vi,  W|) 
waa  evaluated  from  the  outer  potential 
flow  uaing  the  equivalent:  aource  to  u 
(meaaured  in  Experiment  1) . The  meaaur- 
ed  atatlc  preaaure  accorda  well  with  the 
calculated  even  in  the  wake  belt.  Alao 
it  la  clear  that  dlaturbance  velocity  u 
la  gradually  merging  with  the  calculated 
■\  at  out  of  the  wake.  The  aimilar 
resulta  were  obtained  at  x/t  •>  1.35. 

Viscoua  roslatance  waa  estimated  by 
the  following  formula  (Ref.  7) . 


Rv  » |(Ho-H)clS-|ju*<iS4-|j3<^dS  (5, 


Reaulta  are  shown  in  Fig.  18  though  the 
teat  was  made  at  only  one  Froude  number 
F,^  > 0.289.  Viscous  resist ar'ca  co- 
efficients Cv  non-dimenalonallsed  by  t.’ 
are  evaluated, 

Cv  - R - 0.67x10"’  atVi-1.08, 

Cv  - 0.74x10*’  at%“1.35. 


vdtich  accord  well  with  the  analysis  of 
the  resistance  test  result, 

CpoU  + K)  - 0.735  X 10”  . 

Especially  the  evaluation  at  after  sec- 
tion gives  a good  correspondence  to  the 
resistance  teat  result,  on  the  contrary 
the  value  at  fore  section  is  a little 
underestimated.  Despite  the  large  amount 
of  decrease  by  the  second  term  of  Eq. 

(5) , the  contribution  of  the  third  term 
is  quite  small.  Here  the  integration  was 
made  below  z ■ 0.  If  the  integration  is 
extended  to  the  wave  surface,  and  extra- 
polations are  appropriate,  it  might  give 
a more  refined  estimation. 


7.  CONCLUSIONS 

The  final  cc  .elusions  will  be  sum- 
marised as  follows; 

(1)  High  accurate  velocity  components 
which  deserve  the  quantitative 
analysis  of  the  potential  flow  can 
be  measured  by  a mini  five-hole 
spherical  pitot  tube  even  around  a 
L > 2m  small  model. 

(2)  Free  surface  conditions  are  satis- 
factorily linearised  in  the  actual 
free  surface  flow  not  only  between 

u and  C but  also  between  w and  3c/3x 
respectively  around  the  ship  with 
least  wave  resistance. 

(3)  The  flow  field  analysis  based  upon 
u and  w gives  nearly  the  same  re- 
sults as  the  wave  profile  analysis. 

(4)  No  significant  differences  are  ob- 
served with  regard  to  the  draftwise 
variation  of  the  analyzed  source 
distributions  which  are  equivalen*- 
to  the  flow  velocities.  It  implies 
that  the  assumption  of  the  uni- 
formity is  admittable  in  the  draft- 
wise  direction  which  is  actually 
taken  in  the  wave  profile  analysis. 


Cw:  CainMvd  Inm  AnWyx«4SainMnu 
Cwa:  Do  from  WBv* 


Fig.  17  Distribution  of  u and  P in 

Hake 


Fig.  18  Component  of  Viscous  Resistance 
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(5)  The  behavior  of  velocity  component 
V is  complicated.  In  the  vicinity 
of  the  hull  it  shows  rather  good 
accordance  with  double  model  theory. 
At  far  points  it  coincides  well  with 
the  theoretical  value  which  includes 
the  effect  of  wave  terms.  However 
in  the  Intermediate  zone  of  the  both 
it  does  not  accord  with  any  theore- 
tical calculations.  It  suggests 
that  the  further  development  ox’  the 
more  exact  theory  considering  the 
sheltering  affect  is  needed. 

(6)  Wake  survey  is  refined  with  the 
supplementary  analysis  of  the  outer 
potential  flow  field  which  gives 
the  fictitious  disturbance  velocity 
in  tlxe  evaluation  of  the  viscous 
resistance. 


APPENDIX  THEORETICAL  FORMULAS  APPLIED 
TO  THE  FLOW  FIELD  ANALYSIS 

Let  all  quantities  in  the  following 
equations  be  non-dimenslonalized  by 
(«L/2) , half  length  of  the  ship,  and  U, 
tixe  velocity  of  the  uniform  flow.  Then, 
assuming  the  sourcx  strength  m(^,C^  at 
Q(C,0,t)  in  the  centerplane  of  the  ship 
as  the  outcoming  of  the  volume,  the  dis- 
turbance velocity  potential  i|i(x,y,z)  at 
P(x,y,z)  is  given  by, 

-1  -t 

> (a.i) 
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where  t (”T// ) denotes  the  immersion  of 
the  source  plans.  And  each  velocity  com- 
ponent u,  V,  w is  expressed  as; 


’*'=11  = IA.4) 


According  to  the  linearized  theory,  wave 
height  C is  given  by. 


where 


KJ 


ll  - -L- 

U2  “ 


In  all  equations  descrived  ed>ove. 
Green  function  G which  satisfies  the 
linearized  free  surface  conditions  is 
represented  as  follows; 


G 


+ Gz  + Gi 


3 > 


(A. 6) 
(A. 7) 


P _ _ J L_ 

W,  ~ r,  Ti  * 

Gj*=~ • 6 • , 

(A. 8) 

^ e- 

^ * -f  ■’ 

(A. 9) 
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with 


r,  ^ = (x-sP  + (z-C)  ^ , 

r,/  = (x-5)^  + + (z+5)  * , 

■ff  = (x-5)*cos6  + ysinO  ^ 

(S)  = tan {y/ (x-5) } . (A.  10) 


Thus  we  have  the  fundamental  integral 
equations  (A.2)~(A.5)  to  get  singulari- 
ty distribution  which  is  equivalent  to 
each  velocity  component  or  wave  height. 

For  numerical  solution  of  equations 
(A.2)~(A.5),  singularity  distribution 
m(C,C)  was  expressed  by  the  modified 
Fourier  expansions,  assuming  its  draft- 
wise  uniformity: 

n ^ 1 4.  r 

m(5)  = ^{A^cos(tTtiji) 


+ Bi-sin  } 


(A. 11) 


Unknown  coe'' 'icier.ts  Ai  and  Bj  were  de- 
termined by  the  least  square  method. 


eei 


DISCUSSION 


G IS  GADD 

Theae  most  interesting-  experiments 
certainly  demonstrate  in  iig  ^ t'.iat  the  lin-.jar- 
ired  free  surface  condition  is  not  departed 
from  drastically  on  the  averayo.  However  there 
are  considerable  discrepancies  in  some  places 
between  the  measured  w values  and  those  deduced 
from  linearised  theory.  Is  it  certain  that 
such  discrepancies  have  little  effect  on  the 
flow?  In  principle  it  would  be  possible  to 
generate  a flow  similar  to  the  flow  round  the 
ship  by  means  of  a double  model  distribution  of 
Ranldne  (non-wavemaking)  sources  above  and 
below  the  plane  s = o on  the  hull  surface  and 
its  image,  together  vrith  a further  distribution 
of  Rankine  sources,  outside  the  hull  waterline, 
on  the  plane  z = o.  Then  the  local  source 
density  on  z = o would  have  to  be  proportional 
to  u'  . From  fig  5 we  see  that  close  to  the 
hull  the  strengths  of  these  imagined  z = o 
pouroes  could  vary  over  a 2:1  range  in  certain 
regions,  according  as  to  whether  cxpeiumental 
values  or  deduced  values  of  u/  were  used.  Such 
differences  in  source  strength  would  make  a 
very  considerable  difference  to  the  oalovdiated 
flow  over  the  hull. 


K.ff.H.  EGG.'^RS 

The  work  presented  here  must  be 
oonsidered  essential  for  any  effeo'-ive 
assessement  of  current  mathematical 
models  of  ship  wave  flow;  the  research 
should  be  continued  and  extended  under 
international  coordination.  I hone  that 
the  ^'eohnique  of  IiASER  anemometry  may 
Rreatly  decrease  tho:  experimental  effort 
for  measurin(<  flow  velocities  in  the 
future 

If  viscosity  can  be  d isre.‘'arded , 
it  is  customary  to  blame  either  non- 


linearity of  the  wave  oaf-ern  or  inlic  = 
curacies  of  the  hull  sinfi;ularity  sys  + era 
for  lack  of  af^reement  between  theory 
and  experiment.  Tn  my  opinion,  however, 
neither  can  ■^ive  an  explaration  for  the 
unexsoeoted  variation  of  the  sidewise 
velocity  v ns  disTilayed  on  f'.rs.l'’  and 
1 3 . But  is  the  Havelock  Breen's  function 
(A. 6)  really  pertinent  in  the  vicinity 
of  the  shin's  water  line? 

In  any  case  the  sero  '^’roude  number 
a-'proximation  should  be  rejected  here, 
as  it  cannot  be  considered  as  a uniform 
limit.  The  free  surface  here  never  tends 
to  behave  li'xe  a riaid  one  near  the  shin, 
however  small  the  ?'ro-ade  number  may  be'. 

At  least  f-pom  a naner  of  "In  (Tnt. 
Shipb.  ?rogr.  14  (1467)  88-4?)  and  from 
later  invest  Lf;aTions  by  T)a;'an  (JPI'  49 
1471  171 -1 92)  we  should  know  that  in 
the  vicinity  of  the  ship  i nert ia - ( i . e . 
displacement-  ) effects  dominate  over 
those  of  gravity,  hence  a high  Hroude 
number  flow  model  is  a-iprcriace. 

Expanding  (A. 6)  asymptotically  re= 
gardlng  k^  one  may  obtain 

(V-  -1/r^  -f  1/rp-2k^(z+.t  )rp/(  ( z-h-j ) ^ ) t-y^ 

3 /P 

UP  to  terms  of  order  0(k„  ' ) .- 

0 

(this  part  of  fl  is  just  generating  tha't 
part  of  the  wave  elevation  which  is  in= 
dependent  of  Proude  number  'noe  a source 
distribution  depends  strioty  linar  on  Tl)  , 

I sense  that  such  an  approach  might 
help  to  explain  the  Phenomena  observed, 
and  I have  con  es.ionding  computations 
underway .- 
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the  curved  line  near  the  ship,  only  in 
the  region  far  rear  the  ship  they  propa- 
gate straightforward  according  to  the 
linear  theory. 

We  would  like  to  show  two  examples 
calculated  by  Okamura  (Ref.  12) . Fig. 19 
indicates  that  each  elementary  wave 
having  each  angle  of  propagation  corre- 
sponding to  the  uniform  flow,  propagates 
on  a curved  line  always  changing  its 
angle  and  wavelength.  Thus  in  the  non- 
uniform  flow  the  transfer  of  wave  energy 
by  each  elementary  wave  is  not  straight- 
forward from  the  bow. 

As  well  known,  the  measured  wave 
pattern  has , in  general , the  outward  and 
forward  shift  comparing  with  the  evalu- 
ated wave  pattern  by  linear  theory. 
However,  as  shown  in  Fig. 20,  if  we  trace 
the  flow  of  the  elementary  wave  of  6 = 
35°16',  for  example,  which  corresponds  to 
the  cusp  line  in  the  linear  theory,  we 
find  how  it  works  well  on  the  centre  of 
the  measured  crest  and  through  points 
and  moreover  how  the  evaluated  each  crest 
line  directs  well  with  that  of  the  ob- 
served waves. 

Although  our  application  is  few  and 
inadequate  at  present  we  believe  now 
that  main  cause  of  such  particular  out- 
ward shift  of  v is  due  to  the  deformation 
of  the  free  waves  in  the  non-uniform 


flow.  Here  we  woiild  like  to  cease  fur- 
ther discussions  and  follow  the  next 
opportunity  in  the  near  future. 
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Fig. 20  Calculated  Cusp  Line  & the  Measured  Wave  Contour  (KoL-12) 


NOTE  ON  THE  REFRACTION  OF  HEAD  SEAS 
BY  LONG  SHIPS 


F.  U/ue.tl 

Unl\je./ulty  oi  Ua.nc.hnte.K,  England 


1.  Introduction 

In  an  earlier  paper  (Ursell  1968,  hereafter 
referred  to  as  H)  it  was  shown  that  head  seas 
cannot  travel  along  a long  cylindrical  ship 
without  deformation.  The  first  attempt  to  find 
this  deformation  was  made  in  that  paper  where 
the  deformation  along  a thin  wedge-like  ship  of 
great  but  finite  length  was  considered.  It  was 
found  that  the  amplitude  of  the  diffracted  wave 
near  the  wedga  ultimately  increases  like  (Kx)* 
where  x is  the  distance  from  the  bow  along  the 
ship;  this  high  amplitude  is  confined  to  a 
horizontal  layer  near  the  ship  which  increases 
in  width  like  (Kx) i . The  total  wave  amplitude 
is  the  sum  of  the  incident  head  sea  and  the 
diffracted  wave  and  depends  on  their  relative 
phase.  Arguments  can  be  given  which  tend  to 
show  that  Che  relative  phase  in  this  case 
depends  on  the  wave  motion  near  the  bow,  but 
not  on  the  shape  of  the  cross-section  of  the 
wedge, 

A long  ship  of  full  section  was  considered 
by  Faltinsen  (1973)  who  used  matched  asympto'  >c 
expansions  and  slender-body  theory.  He  found 
that  the  diffracted  wave  near  the  ship  is  ulti- 
mately equal  and  opposite  to  the  incident  head 
sea,  in  a layer  increasing  like  (Kx) s , Thus 
the  total  wave  amplitude  near  a ship  of  full 
section  tends  ultimately  to  zero;  we  may  say 
that  the  incident  wave  is  refracted  away  from 
the  ship.  (The  effect  of  forward  speed  was 
also  considered  by  Faltinsen,  but  for  the  sake 
of  simplicity  it  will  not  be  considered  in 
Problems  1 and  2 of  the  present  paper.) 

The  arguments  given  in  these  papers  were 
not  conclusive,  either  for  the  thin  ship  or  for 
the  ship  of  full  section,  but  they  were 
plausible.  The  differences  between  the  results 
in  the  two  cases  remain  to  be  reconciled.  The 
present  note  describes  the  results  of  some 
recent  calculations  which  provide  further 
evidence.  In  these  calculations  the  ship  is 
replaced  by  an  infinitely  long  horizontal 
cylinder  of  constant  cross-section,  on  which  the 
normal  velocity  io  suitably  prescribed.  (The 
same  idea  is  also  used  to  treat  the  refraction 
of  the  steady  Kelvin  pattern  away  from  a long 
ship  moving  with  constant  forward  speed.)  For 
the  sake  of  simplicity  the  cross-section  is 
taken  to  be  a half-immersed  circle  which  could 
be  treated  comparatively  simply,  but  the  work 
can  be  generalized  to  an  arbitrary  constant 
cross-section. 

Th-ree  problems  will  be  considered  to  which 
the  linear  theory  is  applicable.  These  problems 
will  be  described  in  §2.  In  each  case  the 


asymptotic  form  of  the  potential  can  be  found 
(when  X -•■  +“  whila  the  distance  from  the  axis 
is  kept  fixed),  and  this  also  will  be  given  in 
S2.  The  details  of  the  calculation  will  be 
submitted  for  publication  elsewhere,  but  a brief 
outline  is  given  in  §3. 


2.  Statement  of  the  problems 

Let  the  x-axis  be  taken  horizontal  along 
the  axis  of  the  cylinder,  the  y-axis  horizontal 
and  normal  to  the  x-axis,  and  the  z-axis  vertical 
(z  increasing  with  depth) . Also  let  cylindrical 
polar  coordinates  be  defined  by  the  equations 
y “ r sin8,  z • r cos6,  then  on  the  immersed 
part  of  the  cylinder  we  have  r " a, 

- Jit  5 6 S Jr,  - “ < X < “. 


Problem  1.  Zero  forward  speed  is  assumed. 
On  the  semi-infinite  stern  section  of  the 
cylinder  a wave-like  pulsating  normal  velocity 
is  prescribed  while  on  the  semi-infinite  bow 
section  the  normal  velocity  vanishes.  The 
resulting  wave  motion  near  the  stern  section  is 
to  be  found;  ’t  is  reasonable  to  hope  that  this 
motion  will  resemble  the  diffracted  wave  due  to 
head  seas  incident  on  a semi -infinite  ship. 

In  mathematical  terms,  the  velocity  poten- 
tial 4)(x,  y,  z)e  of  this  motion  is  to 

satisfy  the  differential  equation 


(2.1) 


in  the  fluid,  with  the  boundary  conditions 


0 on  z ■ 0,  r > a, 


(2.2) 


(2.3) 


, uc  c “Hz  iKx, 

and  “ - h(x)— (e  e ) on  r - i 

where  K » o^/g.  The  function  h(x)  in  (2.3)  is 
such  that 


0 when  - “ < x f - il, 

h(x)  - 

1 when  £ i X < 

and  h(x)  is  infinitely  differentiable  in  the 
interval  - £ s x f £.  In  the  range  £ S x < " 
the  boundary  condition  ^2.3)  corresponds  to 
head  seas 

, -iat  -Kz  iKx-iat 
®.  e » e e 
inc 

incident  on  a fixed  semi-infinite  cylinder. 
There  is  also  a suitable  radiation  condition  at 
infinity. 
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when  X -f  + « while  y and  z are  kept 
fixed,  it  is  found  that  the  principal  wave  coib- 

Aent  of  the  total  wave  notion  ( + . + <t,)e“iot 

. me  1 

IS 


1 -lis  teiK.y.z)  iKx-iot 

■ 


where  4*  is  the  potential  defined  at  the  end 
of  S3  below.  This  result  is  independent  of  h(x). 


Froblem  2,  Zero  forward  speed  is  again 
assumed.  A pulsating  normal  velocity  is  pres- 
cribed over  a finite  part  of  the  cylinder,  and 
the  wave  notion  near  the  stem  section  is  to  be 
found . 

In  mathematical  terms,  the  velocity  poten- 
tial satisfy  (2.1)  and  (2.2), 

but  the  boundary  condition  on  the  cylinder  is 
now 
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r — “ v(x,  8)  on  r “ a,  -Jr  £ & S Jr,  (2.4) 

O t 


vdiere  v(x,  9)  is  a prescribed  function,  which 
is  even  in  6. 

When  X while  y and  z are  kept 

fixed,  it  is  found  that  the  principal  wave 
component  is 


-lot 


, ikx'iot 
)e 


where  the  constant  A2  depends  on  the  details 
of  the  prescribed  velocity  distribution  v(x,  8), 


Problem  3.  A constant  forward  speed  U in 
the  negative  x-direction  is  assumed,  and  the 
motion  is  steady  relative  to  the  cylinder.  The 
normal  velocity  is  prescribed  over  a finite  part 
of  the  cylinder,  and  the  refraction  of  the 
transverse  waves  of  the  Kelvin  wave  pattern 
along  the  stern  section  is  to  be  found. 

In  mathematical  terms,  the  velocity  poten- 
tial is  Ux  + 0j(x,y,z),  where  03  satisfies 
(2.1),  with  the  boundary  conditions 

(U‘  - g 1^)03  “0  on  z » 0,  r > a,  (2.5) 
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and  T — “ v(x,  6)  on  r ■ a,  -Jir  s 8 S Js,  (2.6) 
d r 


given  here,  the  full  details  will  be  published 
elsewhere.  For  the  sake  of  definitiveness,  let 
us  consider  Problem  2.  The  equation  of  motion 
(2.1)  and  boundary  conditions  (2.2)  and  (2.4) 
have  already  been  given.  There  is  also  the 
ladiation  condition  which  states  that  02 
represents  outward  travelling  waves  at  infinity. 
The  suffix  2 and  the  time-factor  e~tot  will 
henceforth  be  omitted. 

It  is  then  not  difficult  to  see  that  the 
Fourier  transform 

t(k,y,z)  « I 0(x,y,z)e  ^*^*dx 

i .00 

satisfies  the  aifferential  equation 

(■^~j-  + ^—5-  - k^)  t(k,y,z)  " 0 (3.1) 

ay"'  3z“^ 

in  the  fluid,  with  boundary  conditions 

(K  ♦ T— )0  “0  on  z ■ 0,  r > a,  (3.2) 

oZ 

and  1^  “ I v(x,0)e  ^*^*dx  • V(k,0)  on  r»a,(3.3) 


together  with  a radiation  condition.  Thus 
0(k,y,z)  is  the  solution  of  a two-dimensional 
boundary  value  problem  in  wliich  k is  a para- 
meter. The  same  boundary  -value  problem  (with 
{:'|  < K)  also  occurs  in  the  calculation  of  the 
diffraction  of  an  oblique  sea  by  a long  cylinder; 
see  Bolton  and  Ursell  (1973).  It  is  known  that 
the  solution  for  any  real  k can  be  expressed 
as  the  sum  of  a wave-source  potential 


Ik 

1 cosh  p 

1 cosh  v-K 

k|zCOSh 


(with  an  appropriate  path  of  integration  avoid- 
ing the  pole  whc'i  |k|  < K,)  and  of  wave-free 
potentials 


't'2„(|k|.y,z)  - 

K (lk|  r)cos2m0  + K ( |k|  r)cos  (2m-l)  8 
K 2ffl— 1 

K^^_^(|k|r)cos(2m-2)8,  m“  1,2,3,  ...  . 


Thus  t(k,y,z)  « pg  (k)yjj  (|k|  ,y  ,c) 


(3.4) 


where  v(x,  8)  is  a prescribed  function,  which 
is  even  in  8,  (It  will  be  observed  that  (2.5) 
is  -he  usual  free-surface  condition  of  thin- 
ship  theory  but  it  is  not  difficult  to  see  that 
it  applies  equally  to  the  present  problem.) 

When  X -*  + " while  y and  z are  kept 
fixed,  it  is  found  that  the  principal  wave 
component  is 

A3 

” ~T  **(Kg,y,z)  cos(K^x  + Ej), 

° x^ 

where  Kg  » , and  where  the  constants  A, 

and  E3  depend  on  the  details  of  the  prescribed 
velocity  distribution  v(x,  8). 

3.  Outline  of  the  mathematical  method 

The  same  method  of  calculation  is  applicable 
to  all  three  problems.  Only  an  outline  will  be 


The  coefficients  pg (k) , p,  (k)  can  be  found  in 
principle  by  applying  the  boundary  condition  (3.3) 
on  the  semi-circle,  but  they  cannot  be  found 
explicitly,  ft  is  assumed  that  Ka  is  neither 
large  nor  small. 

We  shall  also  need  to  consider  the  corres- 
ponding problem  for  head  seas  (|kl  '•  K)  which 
was  treated  at  length  in  H.  The  equation 

(^  + -^  - K2)0(K,y,z)  - 0 
3x^  3y 

with  the  boundary  conditions  (3.2)  and  (3.3)  can 
then  be  solved  by  means  of  a similar  neries,  but 
there  is  now  no  radiation  condition,  and  the 
source  function  (fgo;  A. 1.1) 

is  unbounded  at  infinity.  ll>e  term  (3.4)  must 
then  be  replaced  by  the  sum  of  the  two  terms 

— K? 

PqO  '*'00  '*■  1^01  ® 
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J. 


^ ii. 

^4 

It 


containing  an  additional  arbitrary  cnnatant  Pqj« 
It  can  then  be  shown  that  there  is  a unique 
potential  4*(K,y,z)  satisfying 

(■—  + ^ - K^)4*(K,y,s)  - 0 

ay  3i 

in  the  fluid,  with  the  boundary  conditions 


3r 

at* 

3z 


- 0 


+ Kt* 


and  the  normalization 


♦*(K,y,z)  - 2TiK|y|e 


r “ a,  “1*  f 0 S lit 


0,  r > a. 


-Kz 


We  observe  that  is  unbounded  as  |y| 

The  potential  '(*(K,y,z)  plays  an  important  part 
in  describing  the  waves  in  our  problem,  in  the 
region  where  |y|  is  not  large  and 

4.  The  form  of  the  potential  for  large  x 

We  have  just  seen  how  the  Fourier  transform 
'((k,y,z)  can  be  determined  in  principle  for  all 
real  k.  The  velocity  potential  is  then  given 
by 


♦(x,y,z) 


^0^ 

2n 


*(k,y,z)e^*‘*dk, 


(4.1) 


and  is  thus  also  determined  in  principle  but 
cannot  easily  be  found  in  practice  because 
t(k,y, z)  is  not  known  explicitly.  We  shall 
however  be  mainly  concerned  with  the  form  of  the 
waves  near  the  stem  section,  i.e,,  the  region 
where  y and  z are  bounded  and  x 
Asymptotic  techniques  are  then  applicable  to 
(4.1).  The  principal  contributions  come  from 
values  of  k at  which  ♦(k,y,z)  or  one  of  its 
derivatives  ceases  to  be  a regular  function  of 
k.  (cf.  Lighthill  1958.)  On  physical  grounds 
we  expect  the  dominant  wave  number  to  be  k ~ K, 
and  it  can  be  shown  that  at  this  wave  number  the 
function  it(k,y,z)  is  indeed  not  regular.  It 
will  be  assumed  that  '((k,y,z)  is  regular  at 
all  other  wave  numbers  except  at  k « O.  (The 
contribution  from  k • 0 is  evidently  not 
wavelike  and  will  not  be  considered  further.) 

The  calculation  of  ■Kk,y,z)  near  k “ K 
involves  a lengthy  and  detailed  consideration  of 
the  coefficients  p„(k),  defined  in  (3.4) 

above,  but  the  result  is  simple  and  is  here 
quoted  without  proof.  Ic  is  found  that,  near 
k - K, 


♦(k,y,z)  " regular  function  of  k 


,2j. 


A. 


* zf'  (^)  (k-K)'4,*(K,y,z) 
-**  smaller  terms 


(4  a 2) 

i 


when  k > K:  when  k K,  the  factor  (k-K) 
must  be  replaced  by  - i(K-k)i.  In  this 
expression  the  function  is  the  potential 

defined  at  the  end  of  §3.  The  multiplier 

is  the  coefficient  of  ^a(^/3r)e  in  the 

expansion  “ 

V(k,  6)  “ I v(x,  0)e  ^*^dx 

3 -Kz\ 

0 \f  3r  ® /r“a 
“ n 1 / 3'*'2m\ 

* 2m  K>  (ka)  \ 3r  A-a  ’ 


and  thus  it  depends  on  the  details  of  the  pres- 
cribed normal  velocity  distribution  v(x,  6), 
see  eqn.  (2.4)  above.  (If  the  actual  value  of 
Tq  is  needed  it  will  be  necessary  to  solve  an 
infinite,  system  of  equations  in  an  infinite 
number  of  unknowns.) 

On  substituting  in  (4.1)  it  is  now  found 
that  the  dominant  wave  component  for  large  x 
and  bounded  y and  z is 

.-I  -Hr  „ ♦*(K.y,z)e^*^ 
4>^(x,y,z)  “ - (2n)  2e  aP^  » 


2 2 

K X 

where  is  defined  at  the  end  of  S3 

above.  The  square-root  behaviour  in  (4.2)  is 
due  to  a square-root  singularity  in  the  expansion 
of  the  source  potential  fQ. 

S.  Discussion  and  Conclusions 

In  this  note  we  have  been  considering  the 
effect  of  a long  cylinder  on  waves  travelling 
in  the  axial  direction.  In  our  first  problem, 
which  correspond  to  head  seas,  the  amplitude 
near  the  stern  section  decayed  like  x~i  whereas 
head  seas  travelling  along  a plane  vertical  wall 
do  not  decay.  (Along  a wedge  they  even  increase.) 
In  our  second  problem  the  waves  were  generated 
by^a  pulsating  normal  velocity  and  decayed  like 

X 2;  the  corresponding  decay  along  a plane  verti- 
cal wall  is  x“5 . In  our  third  problem  a Kelvin 
pattern  was  generated  by  a prescribed  normal 
velocity  travelling  with  constant  velocity  and 
the  transverse  waves  near  the  cylinder  decayed 

like  whereas  the  Kelvin  pattern  near  a 

plane  wall  (or  in  open  water)  decays  like  x*». 

In  each  of  these  three  cases  the  decay  is  more 
rapid  than  near  a plane  wall,  i.e,,  the  wave 
pattern  is  refracted  away  from  the  cylinder. 

The  width  of  the  comparatively  wave-free  zone 
tends  to  as  x tends  to  These  vesultii 

were  obttined  for  a cylinder  of  semi-circular 
cross-section  but  can  be  generalized  to 
arbitrary  (constant)  cross-sections  by  formulat- 
ing the  problems  in  terms  of  integral  equations, 
as  in  H.  The  result  for  our  first  problem  is 
consistent  with  the  results  of  Faltinsen  (1973) 
which,  as  we  now  see,  must  represent  the  asymp- 
totic behavioui  of  the  waves  when  x -*■  “>  in 
directions  close  to  the  sxial  direction. 

We  still  have  to  dis  uss  the  thin-ship 
result  obtained  in  H,  It  has  just  been  noted 
th^t  in  Problem  2 the  amplitude  decays  ?.ike 

x~!  along  a cylinder,  like  x ^ along  a plane 
wall.  It  is  reasonable  to  suppose  that  the  rate 
of  refraction  depends  on  the  wave-length  as  well 
as  on  the  cross-section.  When  Ka  is  large,  it 
may  be  conjectured  that  the  refraction  is  small 
and  only  becomes  effective  at  very  large 
distances;  when  Ka  is  small  or  moderate,  on 
the  other  hand,  the  effect  of  the  curvature  of 
the  crcss-seclion  is  felt  even  in  the  vicinity 
of  the  source.  (Similar  results  would  be 
expected  in  the  other  two  problems.)  It  would 
be  interesting  to  extend  our  calculation  to 
large  and  to  small  values  of  Ka. 

Our  conclusions  in  each  case  depend  on  Che 
analytical  form  of  t(k,y,z)  near  a critical 
wave  nu«d>er,  e.g.  on  eqn.  (4.2)  above.  The 
simplicity  of  that  expression  is  in  contrast 
with  the  involved  method  of  derivation,  and  a 
simpler  derivation  would  be  desitrablc. 
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DISCUSSION 


T.F.  OGJLVIE 

Profeaor  Unell  itirted  out  to  provide  • better  founda- 
tion for  aome  important  reaulti  obtained  by  Fattinson  lever- 
al  years  ago.  He  not  only  did  what  he  aet  out  to  do,  but 
he  has  gone  much  further  and  provided  the  most  nearly 
rigorous  analysis  yet  of  the  way  in  which  a long  ship  hull 
diffiracts  the  waves  generated  by  the  ship  itaelf  in  steady 
forward  motion.  This  is  a phenomenon  that  has  been  ob- 
served frequently  over  the  years;  The  waves  alongside  the 
hull  are  much  smaller  near  the  stem  than  predicted  by 
linear  ideal-fluid  theory.  This  is  sometimes  called  “shelter- 
ing effect”  by  naval  architects. 

Many  years  ago,  there  was  an  idea  that  the  observed 
ati«nuation  of  vraves  near  the  stem  is  an  effect  somehow 
caused  by  the  presence  of  a boundary  layer.  More  recently, 
then  have  been  several  attempts  to  describe  it  as  an  effect 
of  nonlinearity  in  the  thin-ship  model.  Now  Professor 
Ursell  has  shown  that  the  bow-gensrated  waves  decay  as 
x~ 3/s  along  the  length  of  the  parallel  middle  body,  not 
as  in  thin-ship  theory.  And  he  has  done  this  with 
a completely  linear  mathematical  model. 

Two  questions  now  arise:  1)  Does  his  mathematical 
model  agree  quantitatively  with  r^ty?  2)  Does  the 
presence  of  the  boundary  layer  play  any  role  at  all  in  this 
phenomenon? 

With  respect  to  the  first  question,  the  answer  is  affirma- 
tive to  a degree.  Adachi  (Ship  Research  Institute,  Tokyo) 
measured  the  ship-generated  wave  field  near  a very  long, 
slender  model.  His  model  was  a 3.6  m.  "Inuid,”  which  had 
been  cut  in  two,  with  20  m.  of  parallel  middle-body  inserted 
betweeii  the  ends.  Along  a path  I,  as  in  the  figure,  he 
measured  the  amplitude  of  thu  transverse  waves  and  found 
that  they  decayed  approximately  as  this  observa- 

tion seemed  to  be  independent  of  speed.  This  result  does 
not  quite  agree  with  Profeasor  UrseU’s  prediction  (x~^  ®)’ 


but  it  is  much  farther  from  the  thin-ship  prediction 
(x-O*). 

Along  a path  such  as  II,  Adachi  found  that  the  ampli- 
tude of  the  trimsvene  waves  increased  vary  )iearly  linearly 
with  distance  laterally,  and  this  is  Just  what  Professor 
Ursell  predicts. 

Adachi  found  that  the  transverse  waves  were  shifted 
forward  about  70°  with  respect  to  the  thin-ship  prediction. 
It  is  not  obvious  what  Professor  Ursell  predicts  in  this 
aspect,  but  his  result  for  “Problem  2”  suggests  that  he  has 
a 45°  phase  shift,  which  is  not  in  complete  agreement  with 
the  experiments  but  is  much  better  than  thin-ship  theory. 

The  less-tlian-perfect  agreement  between  experiments 
and  theory  may  suggest  an  answer  to  my  second  question, 
concerning  the  effect  of  the  boundary  /ayer.  Conner  that 
the  observed  decay  rate  is  less  than  that  predicted  by  the 
ideal-fluid  theory.  No  one  would  be  surprised  if  the  real- 
fluid  waves  decayed  more  rapidly  than  predicted,  but  to 
have  them  decay  less  rapidly  is  surprising  Indeed!  One 
must  conclude  that  there  is  yet  another  source  of  waves, 
and  it  might  be  the  increasing  effective  body  cross-section 
in  the'  downstream  direction,  caused  by  the  displacement 
thickness  of  the  boundary  layer.  The  underestimate  of 
phase  shift  might  have  a similar  explanation. 

I would  Irke  to  speculate  o le  step  further.  Adachi 
also  made  measiuements  with  his  basic  3.6  m.  “Inuid,"  and 
he  found  that  the  rate  of  decay  uf  wave  amplitude  near 
the  track  was  very  sensitive  to  speed,  somewhat  as  indicated 
for  the  “short  m^el"  in  the  figure.  The  value  of  the  decay 
power  ,vas  close  tc  0.5  for  speeds  at  which  there  was 
maximum  interference  between  bow  and  stem  waves,  i.e., 
when  transverse  waves  were  smallest.  And,  conversely,  the 
decay  was  greatest  when  the  bow/stem  interference  was 
constructive.  This  suggests  that  the  transverse  waves  can 
also  be  diffracted  away  by  a rotational  wake,  as  well  as 
by  a solid  body. 
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ABSTRACT 

MotlvatAd  by  the  Power  Plant  Project  of 
Public  Service  Electric  and  Gee  Coapany  of  New 
Jeraey,  a nuBerlcal  method  ualng  finite  ele- 
ments la  developed  for  computing  waves  c:id  wave 
forces  Inside  an  offshore  harbor  In  communica- 
tion with  the  open  sea.  A mixed  method  Is  used 
whereby  the  far  field  and  the  neighborhood  of 
the  tip  of  a thin  breakwatati  If  any,  are  re- 
preaented  analytically,  and  the  remaining  fluid 
region  Is  treated  by  finite  elestent  approxima- 
tion. A comparison  with  analytic  solutions  to 
problems  of  simple  geometry  Is  used  to  guide 
the  choice  of  the  element  else.  Mean  harbor 
response  and  excltlsg  forces  on  the  platforms 
have  been  calculated  for  the  case  of  uniform 
depth  where  all  solid  objects  are  vertical- 
walled  and  bottom-seated,  and  for  the  case  of 
shallow  water  waves  using  the  approximate  for- 
mulation of  John. 


t 

u,v 

*.y 


uspllLuda  of  exciting  forest 
normalised  exciting  forces 

jf^}  magnitude  of  f^^,  f^,  f^ 

length  of  an  arc  element  on  the 
circle  3A 

horlsontal  dimensions  along  (x,y) 
of  the  platform 

amplitudes  of  exciting  mosmnts 

spatial  factor  of  dynamic  pressure 

radial  coordinate 

radius  of  circles  3A,  3&  and  3S 

time 

tpatlal  factor  of  horlsontal  velo- 
cities 

horizontal  coordinates 


This  method  Is  an  effective  tool  for  dif- 
fraction problems  Involving  complex  geon<«ti.y. 


NOMENCLATURE 


a 


radius  of  a semi-circular  har- 
bor 


A 

A 


Incident  wave  amplitude 
region  under  the  free  surface 

normalized  root  mean  square  of 
harbor  raoponse  or  amplifica- 
tion factor 


B 

F 

f 

aA,  SB,  ao,  aF 
h 


breakwaters  or  solid  bodies 

region  under  the  stationary 
platform 

stationary  functional 

boundaries  of  A,  B,  D,  F 

still  water  depth  under  the 
free  surface 


li 

U 

6 

e 

o 

(U 

t 


vertical  coordinate 

coefficients  of  eigenfunctions 

J.cobl  symbols 

Incident  wave  length 

vector  formed  by  a , 3 
n n 

free  surface  displacement 
angle  variable  In  polar  coordinates 
angle  sustained  by  harbor  entrance 
radian  frequency- 

vector  formed  by  nodal  potentials 
total  unknown  vector 


Superscripts 

( )^  of  the  Incident  wave 

T 

( ) transpose  of 

( )*  of  an  alament 


vertical  clearance  underneath 
Che  plptform 

Integrals 


Bessel  functions  with  u = H 
n n 

wave  number 


(1) 


Subscrlptt- 

I regions  A,  D,  F,  R 

respectively 

n^  unit  normal  tc  the  boundary  of  and 

outward  from  A 


K,  Kj  ...  Kjy  coefficient  tratrlcaa 


( )g  of  the  even  problem  (appendix) 

( }q  of  the  odd  problsm  (appendix) 
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UmtODUCTlON 

Thta  ruaareh  ta  a part  of  tha  atudy  un-' 
dartakon  for  tha  offahora  nuclaar  powar  plant 
projact  Inltlatad  by  tha  Public  Sarvlea  Blac- 
trlc  and  Gaa  Coapany,  Newark,  Now  Jaraay.  To 
raduca  anvironaantal  objactlona.  Public  Sar- 
vloa  Coa^any  plana  to  locate  two  1130  MHa  nu- 
claar power  planta  on  floatins  platforaa  at  a 
alta  3 Bllaa  off  tha  coaat  near  Atlantic  City, 
Tha  floating  platforaa  will  ba  prafabrlcatad 
by  Offahora  Powar  Syataaa,  Jackaonvllla,  Flor- 
ida. The  protecting  braakwatar  ayataa  la 
daalgnad  by  F.R.  Uarria  Conaultlng  Bnglnaara 
of  New  York,  and  conalata  of  a aaal-clrcular 
braakwatar  facing  tha  aaa  ana  a atralght  en- 
cloaura  braakwatar  facing  tha  coaat.  The  local 
depth  la  avaragad  at  40  ft.  Two  opanlnga  are 
daalgnad  ao  that  tha  velocity  of  tha  intake 
water  will  not  axcaad  1 fpa  in  order  to  mlnl- 
alia  flah  trapping.  Fig.  1 


Fig.  1 General  Plan  of  Atlantic  Offshore  Harbor 

Along  with  aavaral  other  rasaarch  groups, 
tha  Oepartaant  of  Civil  Pnglnaarlng  at  M.I.T. 

Is  currently  involved  In  studying  aspects  of 
thencal  diacharga  (under  Professor  D.R.F.  Hsr- 
lanan)  and  wave  protection  problraia.  in  this 
paper,  results  of  aooe  preliminary  theoretical 
studies  are  reportad.  The  primary  objectives 
are  to  study  the  oscillation  In  the  basin  due 
to  incident  waves  and  the  associated  wave  for- 
ces on  the  platforms.  Tha  height  oi  the  break- 
waters Is  104  ft.  , >ind  was  chosen  baaed  on  the 
estimated  storm  waves  of  16  sec.  period  and 
of  40  ft.  wavs  height.  Comprehensive  labora- 
tory teats  modeling  the  larg«  ar^Htuda  mo- 
tions In  the  storm  wave  range  are  now  being 
undertaken  at  the  University  of  Florida  under 
Professor  R.G.  Dean.  Our  effort  alias  at  theo- 
retical predictions  for  inftniteeimal  waves 
but  for  a broad  range  of  wave  periods  ranging 
from  vary  long  tsunaaila  to  short  storm  waves 
so  as  to  provide  more  Information  for  safety 
considerations.  Special  emphasis  Is  on  possi- 
ble resonances  In  the  basin.  As  Is  well  known 
In  harbor  oscillation  studies,  the  cost  of  a 
laboratory,  model  which  must  simulate  an  Infi- 
nite ocean  Increases,  while  that  of  numerical 
modeling  decreases,  with  Increasing  wave 


period.  It  la  therafora  hoped  that  tha  two  ap- 
proaches complemtnt  each  other  and  confirm 
aach  other  la  tha  regions  wbara  both  can  ba  aa- 
ployad. 

In  tha  atom  wava  rangs  a maao  sat-up  of 
23  feat  In  tha  neighborhood  of  tha  site  has 
bean  given  as  a part  of  the  basic  data;  tha  to- 
tal water  depth  la  such  that  tha  ratio  of  2iT 
depth  to  wavalangth,  l.e.,  kh,  la  of  tha  ordar 
unity.  Furtharaora,  tha  clearance  under  tha 
platforsM  and  tha  slope  of  tha  outside  face  of 
tha  braakwatar  requires  a full  thr*a-dlmanslon- 
al  treatment  without  restriction  of  kh,  svan  In 
tha  context  of  linearised  theory.  Uhlla  this 
la  being  pursued,  tha  material  praaantad  herein 
la  based  on  tha  llnaarlsed  long  wava  theory, 
wt Ich  la  a two-dlmanalonal  approximation  and 
has  bean  used  for  ordinary  harbors  with  a 
atralght  coast.  Although  Its  application  to 
tha  complex  geometry  of  tha  platform-harbor 
system  leads  to  inaccuracy.  It  la  hoped  that 
the  results  give  s useful  guide  In  ordar-of- 
magnltude  and  provide  a starting  point  for  tha 
much  more  coatpllcated  threa-dlmanslonal  compu- 
tations to  be  carried  out.  It  Is  also  hoped 
that  our  technique  provides  an  efficient  altar- 
native  to  existing  numerical  methods  for  har- 
bor aualysla  In  particular  [1,  2},  and  diffrac- 
tion studies  in  general. 

The  technique  chosen  lo  tha  finite  ala- 
ment  method  which  la  well  known  in  utructural 
mechanics  and  recently  used  in  essantlally  two- 
dimensional  water  wave  diffraction  problams  by 
Betkhoff  13]  and  Bal  14] . These  problems  In- 
clude linearised  shallow  water  wave  problams, 
two-dimensional  (vertical  and  horlsontal)  prob- 
lems for  arbitrary  depth  or  three-dimensional 
problams  Involving  axial  synmetry.  Since  in 
most  structural  problems  the  physical  region 
Is  of  finite  extent  while  In  water  waves  the 
region  Is  Infinite,  for  the  sake  of  efficiency, 
some  modiflcitlon  of  the  usual  technique  la 
needed  to  localise  the  numerical  computation 
only  In  the  region  of  direct  interest  and  of 
complex  geometry.  For  water  wave  diffraction, 
Berkhoff  applied  the  finite  element  discretisa- 
tion within  a circular  region  enclosing  the 
scattarer,  while  representing  analytically  the 
solution  outside  the  circle  by  a source  dis- 
tribution along  the  circle.  This  idea  of  com- 
bining numerical  and  analytical  means  Is  vary 
similar  to  the  mixed  approach  In  elastic 
crack  problem  [5]  and  la  also  adopted  here  with 
some  Improvement  in  detail.  Related  applica- 
tion to  other  geometries  where  the  analysis  Is, 
or  can  be  reduced  to,  a two-dimensional  one 
involving  a vertical  coordinate,  can  be  found 
In  [6],  Consideration  of  singularity  near  the 
tips  of  thin  breakwaters  and  of  a coastline  Is 
also  included  so  that  the  present  method  Is 
easily  applicable  to  very  general  harbor-coast 
configuration.  Diffractions  of  long  waves  by 
submerged  Islanda,  which  Is  an  Interesting 
problem  because  of  possible  energy  trapping 
[7]  and  radiation  of  waves  by  moving  bodies  In 
shallow  water,  can  also  be  calculated  affec- 
tively by  this  technique. 

In  tha  appendix,  an  analytic  theory  for 
a harbor  bounded  by  a straight  wall  and  a semi- 
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circular  brcakvator  la  glvan  with  a view  to 
providing  a coaparlaon  with  and  a gulda  for 
tha  flnlta  aloMont  onalyals. 

FORHULATIOM 

Tha  following  alnpllfylng  aaauaptlona  ara 

Mda; 

(1)  Irrotatlonal  flow  In  an  Invlacld  lncunp’'on- 
albla  fluid 

(2)  Inflnltaalaal  oaplltuda 

(3)  Slaq>la  hamonlc  notion  with  radian  fra- 
quoncy  u 

(4)  Lateral  boundarlaa  (braokwatera , coaat, 
ate.,)  era  vertical  and  perfectly  reflac- 
tlve 

(5)  Conatant  depth  at  great  dlatoncaa  front  the 
acatterar. 

Due  to  slaple  harmonic  time  dependence, 
the  tlma  factor  e'"^^  Is  aaaumed  for  ell  de- 
pendant variables  and  dlscuaalons  will  be  11- 
mltad  to  tha  spatial  factor  only,  tot  example 
n(x,y)  represents  the  complex  amplitude  of  the 
free  surface  displacement,  l.e. 

-Iwt 

free  surface  dlaplecement  • Re  r)o 

In  the  absence  of  floating  bodies,  the 
boundary  value  problem  can  be  reduced  to  a two- 
dimensional  one  either  for  a shallow  water  of 
variable,  depth  or  for  on  arbitrary  but  con- 
stant depth,  as  sumoarizeu  below. 

Linearized  Long  Wave  Theory  for  Variable  Depth 
Under  the  free  surface  denoted  by  region 
A,  the  fluid  velocity  Is  approximately  hori- 
zontal with  components  u(x,y),  v(x,y) . The 
dynamic  pressure  (total  -f  pgz)  Is  simply 

p " Pgb  (1) 

or 

P^gj^i(*.y.*,t)  - pg(ne  - z)  . (2) 

Introducing  a velocity  potential  if(x,y) 

u,v  - <t>^,  <|i^  (3) 

It  Is  known  that 


and  la  governed  by  the  following  equation 
2 

V*  (hVif)  + — ()i  » 0 x,y  In  A , (5) 

S 

On  a solid  vertical  boundary  3B  extending 
throughout  the  water  depth 

“ 0 x,y  on  3B  (6) 


An  Incident  wave  Is  assumed  to  arrive  from  in- 
finity where  tha  depth  Is  constant,  lu  the  di- 
rection which  makea  an  angle  a with  the  x-axla 
(Fig.  2) . In  polar  coordinates  the  potential 
and  the  free  surface  displacement  are  given  by 


Fig.  2 Definition  Sketch 


, 1 _ __  ^^^o  ikr  cos (6  - a) 

“ " “ U) 


(7. a) 


I Ikr  cos(0  - a) 

n “ a e 


(7.b) 


with 

k - w(gh)"^'^^  . (8) 

The  scattered  wave  if>  - must  behave  as  an 
outgoing  wave  at  infinity,  l.e., 


llm  /r(  - lk)($  - - 0 (9) 

kr-w> 


For  the  purpose  of  predicting  exciting  for- 
ces we  assume  the  platforms  to  be  stationery. 
Because  of  the  gap  under  the  bottom  of  tha 
platforms  the  local  flow  should  be  treated 
three-dlmanslonally.  For  simplicity,  we  Invoke 
the  shallow  water  approximation  due  to  F.  John 
(see  Stoker  [8,  p.  414  ff]  who  studied  a finite 
dock  In  shallow  water.  It  con  be  shown  that 
under  the  fixed  platforms  (denoted  by  tha  re- 
gion F)  the  two-dimensional  velocity  potential 
la  governed  by 

V*(H7i>)  - 0 (x,y)  In  F (10) 

where  H(x,y)  Is  the  vertical  clearance  under 
the  platform.  The  total  pressure  In  the  fluid 
la 


so  that  the  dynamic  pressure,  omitting  the 
time  factor,  la 

p - lujpifi  (12) 

Along  the  edge  of  the  platform  (3F)  we  require 
the  continuity  of  pressure  and  normal  volume 
flux 

l-flp  - (13) 

x,y  on  3F  . 

I!  Ja  ■ H If 

Llrearlied  Theory  for  Conatant  but  Arbitrary 
Pep  th 

'n  order  to  avoid  three-dimensional  ana- 
lyslr  we  treat  the  case  where  all  solid  bodies 
rest  on  the  sea  bottom.  In  case  of  large 
draft  of  the  platf.7tDs,  this  assuaq>tlon  should 
be  -ele'-unt  tor  very  short  v./e?'  (large  kh). 
The  three-dlmeii.'ional  velocity  potential  de- 
fined by 


(15) 


can  be  related  to  the  free  surface  displace- 
ment by 


<t>(xiy.*) 


Ign  cosh  k(i  h) 
u cosh  kh 


(16) 


The  free  surface  displacement  Is  proportional 
to  the  potential  at  the  free  surface 


= <|i(x.y,0)  • ■ ^ n(x,y)  (17) 

which  satisfies  the  Helmholtz  equation 

V^Ti  + k^ri  « <(i  + k^  c(i  • 0.  x,y  in  A 

o 0 ' 

(18) 

with 

w'  ' gk  tanh  kh  . (19) 


Along  solid  lateral  boundaries  3B  we  still 
have 

ar 

■ ShT  " 

At  Infinity  the  radiation  condition,  Eq.  (9) 

Is  also  required.  The  dynamic  pressure  In 
the  fluid  Is 

cosh  k(z  + h) 

P - loip.^  - pgn  — ^--3^^,  . (21) 

Clearly  In  the  case  where  all  solid  bo- 
dies rest  on  the  sea  bottom  and  the  depth  h Is 
constant  throughout,  the  boundary  value  prob- 
lems for  the  long  and  arbitrary  wavelengths 
are  virtually  the  same  (cf  (5)  and  (IS)),  the 
dispersion  relation  (8)  being  a limiting  case 
of  (19). 


THE  VARIATIONAL  PRINCIPLE^ 

In  most  existing  examples  of  finite  ele- 
ment methods,  the  physical  region  Is  bounded. 

In  the  present  case  the  fluid  region  Is  Infin- 
ite and  it  Is  deuirable  to  limit  the  sub-dlvl- 
sion  into  elements  only  In  a finite  region  of 
practical  Interest.  This  Is  possible  If  out- 
side a certain  region  of  la’'ge  radius,  the 
depth  Is  constant  and  there  Is  no  solid  ody 
present,  so  that  the  solution  for  the  r..alated 
waves  can  be  easily  represented  In  analytical 
form.  A variational  principle  will  now  be  de- 
rived which  enables  one  to  localize  the  numeri- 
cal analysis  only  within  this  region.  The  bas- 
ic Idea  is  similar  to  that  used  In  fracture  me- 
chanics involving  cracks,  where  one  treats  the 
neighborhood  of  a singular  point  analytically 
and  the  remaining  region  numerically.  Let  the 
original  domain  A be  divided  Into  A and  R by 
the  circle  3a  as  In  Figure  2.  Along  OA  and 
outside  the  depth  Is  constant.  We  now  assume 
that  th»  fomal  Bolution  for  4i  in  R ie  already 
f >una  whioh  Hatiafiea  Eq,  (5)  with  h ^ oonatant 
■xi:d  the  radiation  condition  along  3R  whioh  ia 
a r:;rale  of  great  radiua  r,^  at  infinity.  This 
solution  still  contains  unknowns  which  must  be 
determluod  by  matching  with  the  potential  In  A 
across  3 A,  l.e., 

^♦>A  ■ >A  ■ ( H"  >R  (“) 

A A 

for  (x,y)  along  3A  where  n^  represents  the  unit 
normal  pointing  outward  from  region  A and 
and  (i^)|i  represent  respectively  the  values  of 
the  potential  in  regions  A snd  R,  etc.  Note 
that  the  radiation  condition  Is  now  Imposed  on 
(i^)p  Instead  of  (i^)a> 

C.  se  o.t  Long  Waves  Over  Variable  Depth 

Tc  fix  the  ideas  we  first  adopt  the  long 
wave  formulation  and  assume  that  all  solid  bo- 
dies rest  on  the  sea  bottom  and  are  referred  to 
collectively  as  B.  Let  us  define  the  function- 
al 

- II  y Ih(V0)^  - ^ 4.^] 

A 


- II  y {h[V(4  - 4^)]^  - ^ (4  - 4'^)^} 

R 


- I h(4  - 4^)^  ( )j^ 

3A 


+ I I ikh(4  - 4>^)^  (23) 

3R 


^Expert  advice  from  Professor  P.  Tong  has  been 
Invaluable  to  the  formulation  here. 
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wiiare  for  brovlcy,  we  onlt  the  symbola  dA  for 
the  area  elenent  In  all  area  Integrals  and  da 
for  the  lini?  eleaent  in  all  line  Integrals. 

Note  that  the  tnlrd  Integral  contains  poten- 
tials from  both  sides  of  the  contour  3A.  We 
shall  now  eatremlze  FW  aioong  all  trial  func- 
tions Taking  the  first  variation  and  apply- 
ing Gauss'  theorem,  we  note  that  a typical  area 
Integral  over  an  area  A*  can  he  written  In  two 
alternate  forms 


- I [<SW  - h< 

3A 

+ I 16(*  - lkh((Ji  - . 

3r 


« II  I - II  hV4i*V6<ti 


A’ 


A’ 


II  (V*(h6'*iV4i)  - fiiJiV- (hV(|>)  ] 

a' 


Using  the  facts  that 

(1)  alohg  3A 

(2)  6+^  - 0 

(3)  £(^  - satisfies  Bqa.  (5)  and  (9) 

e I 

exactly  since  (((i  - already  does 
we  obtain 


r ' 3/h 

6((iV  (hV4i)  + j h ^ 


3n 


(2A.a) 


3A' 


■II 


[V*((JihV«((i)  - ()iV*  (hV64i)  1 


• - II  <KV*hVd4i)  + I ♦h  (24. b) 


3A’ 


where  a' Is  any  fluid  domain  with  3a’ss  Its  boun- 
dary and  n as  Its  outward  unit  normal.  In  Eq. 
(33),  applying  Eq.  (24. a)  to  the  area  Integral 
over  A and  Eq.  (24. b)  to  the  area  Integral  over 
F.  and  noting  chat  6^’*  • 0,  we  have 


6F  - - II  6(JiIV*h74'  ^ ■►I'SWh  1^ 

3A  A A 

+ 1 K*)r  -(♦)*!(»>  |^)r  (25) 

3A  * 

It  follows  therefore  that  for  6F  ■ 0,  Eq.  (5) 
must  be  satisfied  as  the  Euler-Lagrange  aqua- 
tion, and  Eqs.  (6)  and  ( 2Z>  as  the  natural 
boundary  conditions. 


e?  - - II  s<(i[V'(h7<ti)  + ♦] 

A 

<«^>A  (‘>lf:>A 

3At3B  * 

+ II  (♦  - ♦^){7-[h7<5(<ti  - ♦^)]  + ^ 6(*  - <(p^)} 
It 

-I 

3A4-3R 

. I h(  ), 

3A 


The  more  conventional  variational  prlbci- 
ple  would  Involve  only  the  first  area  Integral 
with  A extending  to  Infinity  and  the  laat  line 
integral  with  3r  “ ?A  at  Infinity,  cf.  Eq.  (23) 
Our  functional,  however,  has  the  advantage 
that  after  the  following  transformation,  no  nu- 
merical calculation  Is  needed  beyond  the  circle 
3A.  By  applying  Green's  Identity  to  the  ameond 
Integral  in  (23)  and  using  (9) , the  area  Inte- 
gral over  R becomes 

- (|  7 (h(7(*  - ~ (ip  - pY  } 

R 

-~j  jl(P-  (26) 

3A4-3R 

By  substituting  Into  Eq.  (23)  and  using  the  ra- 
diation condition,  the  functional  may  be  writ- 
ten as 
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^ * ^3  * -^4  -"s  ^ ^6  ^ ^7 

- jj  ~ [h(V<k)2  - ^ 

A 


^ ^ , iB  govcrnad  by  th«  Helaholtz  aquation 

aubjectad  to  the  radiation  condition.  Tha  so- 
lution la 

(|i  - - a H (kr)  + 

o o 

A> 

+ E H (kr)  (a  coe  n6  + 6 ain  n0)  (30) 

ti  n n 


+ 1 [ I (♦  - ♦')  1r -^3 

- I f Jr "4 

3A  * 

- j ‘'^♦^A  ^5 

3A 

♦ I *■"' '« 

3A 

* 1 " ^ 

3A 


(27) 


Since  all  Integrals  are  evaluated  within  or  ar 
longlA,  the  variational  principle  la  a looal- 
ized  one.  He  stress  again  that  Eq.  (2V)  is  ap- 
plicable for  constant  but  arbitrary  kh  when 
u*/g  In  I,  Is  replaced  by  k^h  and  Eq.  (8)  Is 
used  to  relate  them. 

The  analytical  solution  In  the  region  R la 
easily  found.  Let  us  represent  the  Incident 
waves  In  terms  of  partial  wavea 

.1  ^*®o  Ikr  cos(0-a) 

♦ ■ - * 

IgA 

^ I c (1)"  J (kr)  cos  n(0  - o) 

U)  » n n 

n"0 

9> 

" 1 e (1)"  J (kr)  (cos  no* coo  n0 

- n n 

n«0 

+ sin  na'sln  n0)  (28) 


which  Is  valid  for  (r,  0)  In  R,  with  n - 0, 

1,  2,  ....  are  Uankel  functlona  of  the  first 
kind  with  the  usual  superscript  (H‘^’  ) omitted. 

The  coefficients  and  Bn  are  to  be  found. 

Case  of  Stationary  Floating  Platforms 

Within  the  context  of  the  llnearlted  shal- 
low water  approximation,  the  modification  la 
simply  to  redefine  the  functional  by  adding 

j||H(V,),)^  (31) 

F 

to  the  right-hand  side. of  Eqs.  (22)  and  (27) 
and  Imposing  Eq.  (13)  as  the  eesential  boundary 
condition.  In  proving  the  variational  principle 
we  find  that  Eq.  (10)  Is  the  Euler-Lagrangs 
equation  In  F while  Eq.  (14)  appears  as  the 
uatiLml  boundary  condition. 

In  order  to  ext.dnd  the  applicability  of 
the  method  to  other  diffraction  problems,  we 
add  tha  following  two  cases. 

Case  of  Thin  Tips 

In  many  harbor  problams,  the  thickness  of 
a breakwater  Is  often  much  smaller  than  the  do- 
minant wave  length  of  Intersat.  A simplifica- 
tion which  Is  often  convenient  for  analytical 
purposes  Is  to  ignore  the  thickness  of  the 
breakwater  altogether.  In  a numerical  approach 
however,  such  an  assumption  leads  to  Inconveni- 
ences since  tha  neighborhood  of  a sharp  edge  Is 
a singular  region  where  fast  variations  occur; 
special  attention  Is  required.  In  applying  the 
finite  element  method  to  crack  problems  In 
plane  elasticity,  Tong,  Fisn  and  Lasry  [S] 
dealt  with  the  singular  behaviour  near  the  edge 
of  a crack.  Their  Idea  is  simply  to  exclude  a 
small  neighborhood  encircling  the  si.  larlty 
from  finite  elemer-c  considerations,  within  the 
neighborhood,  an  analytical  representation  (In- 
volving unknown  coefficients)  Is  sought  which 
accounts  for  the  singular  behaviour  correctly. 
The  local  analytical  solution  Is  required  to 
match  with  the  finite  element  solution  from  the 
outside  at  certain  points  on  the  common  border. 
In  this  way  all  the  unknowns  are  found.  The 
principle  is  therefore  very  slsdlar  to  the  ex- 
clusion of  the  region  at  infinity  where  the  ra- 
diation condition  must  be  satisfied. 


where  Is  the  Jacobi  symbol 

e - 1;  e -2,  n - 1,  2,  3 (29) 

o n 

The  scattered  wave  potential  which  is  the  total 
potential  less  the  Incident  wave  potential. 


Consider  the  neighborhood  of  s tip  denoted 
by  D,  which  Is  enclosed  by  the  circle  3D  of 
radius  r^  centered  at  the  tip.  The  region  A 
Includes  all  the  water  space  within  3 A exclu- 
ding D.  Within  D,  the  depth  will  be  approxi- 
mated by  a constant  and  the  breakwater  by  a thin 
Btraight  line.  The  potential  must  then  satisfy 
the  Helmholtz  equation  and  3i|)  /3n  - 0 on  3B. 
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In  •dditlon  <P  Bust  b«  aatchad  with 
that  " * 

(*)^  - w)d  ““*  < U;;  Jd  " ^ 

on  3D  (32) 

Tha  approprlata  functional  la  obtalnad  by 
adding  the  tam 

- IJ  i - r ♦'»  - 1 >'<«A  < U;  >» 

D 3D  (33) 

to  the  right-hand  aide  of  Bq.  (23).  The  flrat 
tern  can  alao  be  changed  to  a line  Integral  by 
using  the  argument  leading  to  Eq.  (26),  with 
the  reault  that  to  the  right-hand  alda  of  Eq. 
(27)  we  muat  now  add 

■^8  -^9  ■ 1 2 ^D  ^8 

3D 

■ I ^ ^9 

3D 

If  Chare  arc  aeveral  tips,  Int  grala  almllar  to 
and  muat  be  added  for  each  tip. 

The  analytical  aolutlon  within  0 la  found 
In  teraa  of  local  polar  coordlnataa  as  shown  In 
Fig.  3. 


/ 


\ 


breakwater 


Fig.  3 Neighborhood  of  the  Tip  of  a Thin 
Breakwater 


(♦)„  - Z Y 2 "® 

n“0 


(35) 


■ kr  •*n-l/2^'‘'^  “ '^n-3/2^'‘'^ 
n - 0,  1,  2,  3 (37) 

As  will  be  borne  out  by  nuaarlcal  avldanca,  for 
sufflclantly  small  kr  only  a few  tarns  In  Bq. 
(35)  ara  needed.  Note  that  gives  the  cor- 
rect singularity  In  velocity,  nanaly 

as  r - 0 (38) 

Case  of  a Stralaht  Coast 


a 


Fig.  4 Harbor  with  a Straight  Coast 

Referring  to  Fig.  4,  we  draw  a aeal-clrcla 
3A  sufficiently  large  so  that  tha  depth  la  con- 
stant beyond.  The  same  variational  principle 
applies  as  In  tha  case  without  a coast.  If  the 
analytical  solution  outside  3a  1'\  R Is  modified 
Co  satisfy  the  boundary  condltlc  on  the  coast. 
For  this  purpose  must  be  Intav.  rated  as  the 

SUB  of  the  Incident  wave  and  the  reflected 
wave  due  to  the  straight  coast,  l.e. 

.1  Ikr  coB(0-a)  . Ikr  cos(0+a) 

0“e  +e 


0 < r < tjj,  0 < 6 < 2ir 


where.  • n-0,  1,  2,  ...  are  to  be  found. 

It  should  be  remarked  that  for  odd  n,  J„^2  may 
be  expressed  In  elementary  functions,  e.g. 

Jj^/lCkr)  - / sin  kr  (36) 


-lie  l"  J (kr)  cos  na  cos  n6  (39) 
fv  n n 
n"0 

The  scattered  wave  ((^)_  - ({i^  Is  easily  ob- 
tained as 

(4>)o  - - £ a H (kr)  cos  n6  (40) 

e n u t 
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It  nay  ba  ramarkad  that  tha  praaant  ■odlfl- 
catlon  la  particularly  usaful  for  a harbor  with 
protrudlne  or  datachad  braakwatarOi  for  ona  can 
slnply  take  tha  aanl-clrcle  3A  larga  anough  to 
Include  all  of  theni 

DISCRETE  APPROXIMATION 

We  llluatrate  the  analyala  for  Bq.  (7.7)  on- 
ly, l.e. , a harbor  In  tha  open  aea  without 
aharp  tlpa  and  platforms.  Tha  prlnclp'la  la  to 
Introduca  dlscrata  finite  alamants  In  A and  a- 
long  3A.  Within  aach  alamant  tha  potential  is 
axprasaad  In  tarns  of  its  unknown  nodal  values 
at  certain  dlacrete  nodal  points.  The  Inte- 
grals In  the  functional  Eq.  (27)  become  aumaut- 
tlons  Involving  matrlcaa.  On  the  other  hand, 
the  coafficlanta  and  for  the  radiated 
wave  potential  are  also  to  be  datarulnad  (cf. 

Eq.  20).  Thus  the  functional  containa  Inte- 
grals both  bilinear  (J,  , I3,  I4)  and  linear 
(If  I I*)  le  lha  unknowns  with  tha  Inhomoganaoua 
(forcing)  terms  arialng  from  If  and  Upon 
axtremlalng  F,  Ij , balng  a constant,  drops  out 
and  a matrix  aquation  Is  obtained  which  Is 
solved  numerically  for  all  the  unknowns. 

We  first  evaluate  the  integrals  in  Eq.  (27). 


Line  Integrals 

Using  Eq.  (30),  the  line  integral  along 
tha  circle  »k  of  raolus  r^  can  be  evaluated  by 
using  the  orthogonality  of  trigonometric  func- 
tions 


5 r.  kh{2a^  U H'  + Z H H'(a^  +■  0^)) 
2 A 000  non  n 


H - (kr .) , H' 
n n A n 


(41) 

(42) 


For  coaiputatlonal  purposes  we  truncate  the  In- 
finite series  at  the  term  n <•  S.  Define  the 
column  vector  Ji  whose  transpose  Is  the  follow- 
ing row  vector  which  has  M ■ 2S  + 1 components 

iL  ^ ^“o’  ®1’  ®1‘  ®2’  “s’ 

and  as  the  diagonal  matrix  of  M components: 

*iii  “ 'r  “1  "1 

(M.M)  Hg  Hg  J 

We  may  rewrite  Eq.  (41)  In  u.-flx  tons 

•^3  ■ I hii 

which  Is  bilinear  In  the  unknown  p. 

Similarly,  the  line  Integral  I Is  obtained 
as  ^ 


(44) 

(45) 


with  balng  a (IxM)  row  vao  >r. 

iJvi  " ^’"a  **  ‘ I 

•^o  -^n  K •’n  K 

(47) 

For  I4.  and  wa  divide  the  circle  3A  into 
small  and  equal  segments  by  P nodal  points  (sae 
Fig.  5)  and  denote  tha  nodal  potential  values 
as  a row  vector; 

*2,  ...  ♦p)  (48) 


Fig.  S Typical  Boundary  and  Interior  Elsmants 


The  length  of  each  segment  is 

L - (49) 

Taking  L to  be  vary  small,  for  each  line  ala- 
ment  we  approximate  (()i)^  by  the  average  of  ^ at 
two  end  nodes,  replace  the  Integration  range  by 
L and  the  value  of  8 in  (4>  - i)/*)^  (cf.  Eq.  (30)) 
by  Its  value  at  the  mld-polnt  of  tha  alamant, 

6* , thus  ws  have 

X 


+ I H' (a  cos  n8*  + 8 sin  n8*)]  (50) 

n “ n >■ 


This  con  ba  written  In  matrix  form  as 

1 -T  ITI- 

^4  “ 2 1 ^IV  ii.  2 
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where  le  the  rectai>«uler  matrix  : 


2U  ...  H'(coa  n0p  + coa  n3,)  H'(aln  n6p  + aln  n0.) 

o nr  1 a * X 

^**1  •••  H'(coa  n0,  + coa  n0.)  H'(aln  nb,  + aln  n0.) 

0 n 1 2 n 1 2 


Kiv 


I Lkh  • 


(P«M) 


2H' 

o 


H^(coa  n0p_j^  + coa  n0p)  "®P-1 


(52) 


In  which  n - 1,  2,  ...  S,  and  0,  , 0^,  ....  are 

the  valuea  of  0*  for  the  flrat,  aecondi  .... 
llnu  element  reapectlvaly . 

Similarly,  the  Integral  la 

p 

i - - I i Lkhti  CO.I0*  - a)e^“^  co8(0*-a)j. 

••1  ^ 


with 

n • • • . e • 

“l  * *2  ^3  - *3  ^2'  h ■ ^2  • ^3 

Cl  - X*  - X*  (55J 

A*  “ area  of  alament  e 


!♦*  + ■ Qy  $ 


(53) 


where  la  a row  '/actor  (Ixp) 

- A khi,{(qp  + q^),  (qjL  + q2^ 


with 


qj  ? i coa(0j  - a) 


(54) 

(55) 


Finite  Element  Approximation  for  the  Area 
Intearal 

Thia  part  Ja  quite  atandard  and  detailed 
deacrlptlon  la  available  in  text  booka  [9]. 
Briefly,  we  divide  the  watijr  area  A into  a net- 
work of  elementa.  Within  Che  element,  <{:  la 

approximated  by  a linear  combination  of  the  in- 
terpolation functlona  N,*,  i - 1,  2,  3,  ...  with 
coefficients  being  the  nodal  valuea  i|>*  at  the 
nodal  polnta  1.  We  adopt  the  almple  three-node 
triangular  element  so  that 

♦"(xiy)  • £*  (56) 

(iTj)  <3«|) 

where 

<.£)-  ('t'®.  ) (57) 

with  the  aubacrlpta  referring  to  the  nodes,  and 
N®  - (N®,  N®,  N*) 

N®(x.y)  - (a^  + j^x  + c^y)/2A®;  i - 1,  2,  3 

(501 


(60) 


Other  coafficlanta  a^,  aj,  b^,  bj,  c,,  c«  muy 
be  obtained  by  permutation  1 2 3 1.  Sub- 

stituting into  wa  obtain 

Xl  - S (♦®)^  K®  (61) 


where  the  sunatlon  is  performed  over  all  ala- 
menta  in  A and 


I II  h®(VN®-VN* 
A® 

l.J  - 1.  2. 


ii!—  N® 

gh®  ^ 


)] 


(62) 


In  general  the  depth  h can  be  a function  of  x,y 
within  the  element;  we  approximate  it,  however, 
by  a conatant  h*.  Carrying  out  the  different- 
iation and  the  integration  the  following  re- 
sult is  obtained  for  (see  [9]) 


If*  *1 
*■1 

— 4A 


(63) 


with 


K-i-b^  + cJ-f  (A®)«L 

gh 


(64) 


If®  i»®  » Ik  V j.  ^ /a®\2  W 

‘'ij  "jl  ®1®J  - 3 

i y 1 


(65) 
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In  f^eiiaral  Kj  1*  band«d  and  ayvMtrlc  whara 
tha  band  wlilth  dapanda  on  tha  nuabarlnc  of  no- 
dal points. 

AasaablaB.a  of  Matrlcaa 

Suonarlslng  all  tha  tntagrals  in  tha  func- 
tional *a  obtain 

F{«}  - I E ($*)'^  2 *^*11 


IT  T T 

+ i (f  Kjv  H + y hv 


■¥  constant 


+ 9v^  9vi  H 
(66) 

whnra  Kj,  K*^  ara  ayoaiatrlc  and  0^,  Q^,  ara 
diagon^  aiatrlcas.  Wa  daflna  a global  nodal 
potantlal  vactor  which  la  tha  union  of  all 
, and  assenbla  tha  Mtrlcaa  K*  to  a slngla 
matrix  ao  that  tha  E tara  abova  may  be  writ- 
ten as  — 


2 ^1  ^ 

(IXE)  (EXE)  (EXI) 


(67) 


whers  E la  tha  total  nuabar  of  nodal  points. 

It  should  be  noted  that  tha  union  of  all  boun- 
dary nodal  potantlala  ^ is  a subset  of  <).  Let 
ua  now  assign  to  ^ the^last  P positions  in  the 
global  vector  array  Next  we  daflna  the  to- 
tal unknown  vector  i)<*^y 

(i:n)  ^ ^ E 1 1 

with 

N “ £ + M (68) 

being  the  total  number  of  unknowns.  It  la 
clear  that  Eq.  (66)  can  be  written  as 

+ constant  (69) 

where  the  total  matrix  K is 


IL” 

(NXN) 


- E h-M 


k"' 

I 


I 


^ 1‘^IV 


•SlI 


P 

4 

I 

M 

I 

JL 


(70) 


which  is  eyrmatrio  and  the  total  forcing  vac- 
tor  Q is 


T 

Q - { 


9 ’ 3v  ' ?vi  ^ 

(IXN)  Ix(E-P)  (IxP)  (IXM) 

with  the  first  E-P  components  being  zero. 


(71) 


Finally  tha  statlonarity  of  F laplias  that 


i£_ 


K 1(1 


1 - 1,  2,  ...  N 


(72) 


(73) 


This  la  a sat  of  N linaar  algabvalc  aquations 
for  N unknowns  which  can  ba  solvad  by  tbs  Caus- 
alan  alimlnatlon  nathod.  It  may  bs  ramarkad 
that  in  structural  mechanics , jC  is  called  tha 
atlffnass  matrix  and  Q tha  load  vactor. 

Tha  potantlal  at  all  nodal  points  is  thus 
datarmlned. 

CCMPUTATICWAL  ASPECTS 

Tha  aytaaatric  complsx  coafflciank  mctrlx  K 
is  in  ganaral  larga,  sparsa,  and  bandsd.  In 
computer  programlngt  its  mambars  ara  atorsd  in 
a packad  form  of  a ractangular  Nx  (aami-band 
width)  array.  By  aaalgnlng  tha  last  P positions 
of  tha  vactor  ^ to  tha  boundary  nodal  potantlal 
vactor  tha  Vsml-band  width  of  K ^ is  approx- 
Imataly  aqual  to  P.  Tha  PXM  matrix  K,y  is  full; 
hanca  the  saml-band  width  of  tha  NXM  matrix  K 
la  P^.  Tha  atorags  raqulrad  is  roughly 


storaga  - Nx(P  + H) 


(74) 


To  aolvs  tha  corraspondlng  bandad  aystam 
of  aquations  by  Gaussian  alimlnatlon . tha  naed- 
ad  numbat  of  oparatlons  is  roughly 


oparations  - ^ N(P  + M)^ 


(75) 


Further  aconcmy  can  ba  achlavad  by  partitioning 
tha  matrix  X as  follows , Lat  ua  anlarga  tha 
dimansions  of  and  Q„  by  adding  zero  members 
so  that  “■ 


~T 

-IV  “ ^ 


5 9v  ■ ^9  Sv^ 

(IxE) 


0 >4 

MxE  MX (E-P)  MxP 

We  may  than  writs  Eq.  (70)  as 
-IV  b ” ?V 

5iv  ? ^III  9 " Svi 

Solving  p in  tarns  of  from  (78)  we  hava 

9 “ %i  - 4 $> 

which  can  ba  substituted  into  (77)  to  give 


(76) 

(77) 

(78) 


Since  is  diagonal,  Kjjj  1 
symmetric  matrix.  The  semi-band  width  of  - 

-IV  -III  -IV  approximately  eqv 

Now  the  storaga  and  operation  for  Gaua 
Imlnatlon  procedure  are 

storage  ' M + Mxp  + ExP 

- Nxp,  for  P » 1 
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(79) 

1 ' 

(80) 

’ * ''1 

ExE 

il'l 

5i- 

; IN 

0 P. 

« ! i*i 

1 ■' 

al- 

; 

which  li  than  Bq.  (74)  by  (N>M).  Tha  mm- 

bar  of  oparatlona  In  tha  Gauaalan  allnlnatlon 
procadura  la 

oparatlona  ■■  ^ (for  Bq.  (79)) 

+ |kp^  (lor  Bq,  (80))  (82) 

which  la  laaa  than  Bq.  (74)  by  tha  anount 

T t(IS  + H)PM  + M(B(P  + M)  + M^)}  . (83) 


Per  a glvan  total  araa  within  3A  tha  nua- 
bar  of  unknowna  (cf.jji  ) ahould  ba  graatar  for 
(1)  ahortar  wavalangtK,  l.a,  aakallar  ka  whara  a 
la  tha  dlaanalon  of  tha  acattarar  and/or  (11) 
ahortar  ainlmoi  dlaanalon  of  tha  phyaical  boun- 
dary. To  get  an  Idaa  of  tha  foraar,  wo  uaod  aa 
a taat,  tha  diffraction  by  a vertical  circular 
cylinder  of  radlua  a.  In  thra  caaa  the  exact 
aolutlon  la  wall  known: 


Ti  " a £ e (1)  coa  n6  (J  (kr)  - 
“n-O  ” 

J„(ka)  H (kr) 

- — H^kar  - ^ 

Wo  uaad  throe  concentric  circlaa  r/a  • 1, 
1.2,  1,4  and  dlvldad  tha  araa  batwoan  than  Into 
alaaMnta.  No  advantaga  la  taken  of  tha  circu- 
lar gaoMtry.  By  coaparlng  raaulta  of  tha  fi- 
nite alenant  n.'Chod  with  Bq,  (84)  It  waa  found 
that  10  nodaa  in  a wave  length  waro  uaually  ad- 
equate, t.c. 

l*/\  < 0.1  or  k 1*  < 2w/10  « 0.628  (85) 


where  I la  tha  maxlmuB  dlaanalon  of  an  eleaent 
and  X the  Incident  wave  length.  For  thla  par- 
ticular problaa  it  la  of  courae  poaalbla  to 
uae  only  one  ring  r/a  “ 1,  l.e.  line  elenanta 
without  any  araa  alaaonta.  A typical  coeiparl- 
aon  la  ahovn  In  Tabla  1 and  Figure  6. 


Coaparlaon  of  Analytical  and  Numerical 
raaulta  for  a vertical  circular  cylin- 
der. ka  ■ 2,  kL  < 0.63.  ...  by  finite 

alaaonta;  , — , , analytical 


Tha  nuaber  of  unknown  coaCflclanta  needed 
In  the  aerlea  axpanaion  M,  alao  dapanda  on  tha 
value  of  ka  and  la  found  by  gradually  incraaa- 
Ing  M until  tha  outcome  la  Inaanaltlve  to  it. 

NIMBRICAL  RBSULTS 

To  doMnatrata  the  application  to  oacllla- 
tiona  In  a harbor  with  thin  breakwaters  we 


Table  1 Coaparlaon  on  a/*.  Between  Analytical  and  Finita  Blament  Calculatlona  for  a Vartlcal 
Circular  Cylinder!  Angle  of  Incidence  a - w (wave  incident  from  right),  ka  - 2 


1.85853  1.80783  1.56278  1.29659  0.99435  0.42008  0.73185 

1.85536  1.80289  1.55831  1.28780  0.98071  0.41399  0.71600 


-2.15222  -1,91016  -1.19936  [ -0.05608  1.01750  2.70732  -2.51741 


1.72446  1.71092  1.53601  1.30972 


1.72398 


1.71121 


1.54090 


1.21427 


1.02111 

1.01923 


0.43010  0.74438 


0.43037 


-2.18380  I -1.93511 


1.20573  I -0.02799  I 1.07772  I 2.77618 


0.73966 


2.43708 


In  each  apace  above,  the  flrat  row  la  tha  analytic  result  and  the  eecond  row  la  tha  finite  elaoant 
rasuit.  Pheaa  la  In  radians  between  - n,  it. 


i ) 1 ^ 


ftrat  promt  th«  cm*  of  a •ml-clroular  har- 
bor alont  a atralght  coaat  (or  a vary  long  ^ o i /■> 

atrrlght  braakwatar),  aa  ahown  In  Fig.  7.  Ac-  X ••  I tdr  I dO  |nr]^'^ 

curat*  analyticrl  aolutlon  la  poaaibl*  and  la  ''  ^ 

given  In  th*  0 0 


Fig.  7 Daflnltlona  for  an  Idaalliad  Sanl- 
Clrcular  Harbor 


Appendix.  Only  one  finite  eleaent  network  le 
uaed  as  It  shown  In  fig.  8,  where  the  criterion 
Eq.  (83)  Is  satisfied  for  0 < ka  < 3.3.  Note 
In  particular  th*  circles  near  the  harbor  en- 
trancaa.  As  a aeMure  of  th*  global  raeponse 
In  th*  harbor  wo  define  an  astpllflcatlon  factor 
as  th*  noraallied  root  Man  squar*  of  the  dls- 
placemant  within  Che  harbor: 


where  2a,  Is  th*  atandlng  wav*  aaplltuda  at  the 
coaat  without  the  harbor.  Flgur*  9 shows  th* 
coaparlson  between  th*  analytical  and  finite 
eleeient  rMults.  It  can  be  saan  that  nottcaable 
deviation  occurs  only  beyond  th*  Intended  rrnge 
of  ka 


0 I Z 3 4 0 6 


k 0 


Fig.  9 Comparison  betwaan  Analytical  and  Mu- 
nerlcal  Results  for  Idealized  Seal- 

Circular  Harbor.  analytical  > 

X X finite  e’ement 

A • normalized  .(MS  harbor  response 

ms 


Fig.  8 Network  of  Finite  Elements  for  Idealized  Semi-Circular  Harbor 


Nimrloal  wtp^rlwic#  Itam  thM«  two  _ 

„iaa  la  chMi  uood  M • guldo  to  troot  tho  Atl«n- 

oif.ho“  TMoT.  iSr  .iwpllclty.  .11 

lationa  .o  f.r  .t.  doo.  tor  * coMtMit  dopth  ot 

h - *7  ft.  which  1.  tho  doolgn  dopth  within  tho 

baslu.  In  addition,  tho  aloplng  outor 

tho  broakwatoro  ara  toplacod  by  vortical 

(tho  inaldo  face  bolng  already 

that  Uo  thlcknoa.  corroapon^  w 

mld-d.pt.>,  (aoo  Fig.  1 Idaahod  lino)).  Throa 

cut*  h*v»  calcul«t«di 

Harbor  without  platform 
Harbor  with  platform,  aoatad  on  tha 
tea  bottom 

Harbor  with  platform,  with  a cloaranco 
of  H - 12  ft. 

in  th.  fltat  two  C..O.  tho 

tlon  la,  of  couraa,  aaact.  In  tho  laat  caaa 

tha  long  wava  approximation  la  uaod. 


(1) 

(ID 

(ill) 


For  all  throa  caaoa,  wa  uao  ona  finite  al- 
amant  natwork  for  0 < ka  < 2.5  whora  a lo  tha 
radlua  of  tho  o^-clrcular  broakwator,  taken 
to  bo  888  ft.,  and  a finer  natwork  for 
1.6  < ka  < 6 80  that  Iq.  (88)  la  aatlaflod.  Ra- 
oulta  in  Ih.  overlapping  region  1.6  ^ 

provide  a chock  for  convorganco.  A typical 
nita  .lament  natwork  la  shown  in  Fig.  10. 

in  principle,  tho  right  angle  oornorioS 
tha  platforms  should  further  bo  treated  as  sin- 
gular regions  aa  before.  Thla,  howavor,  has 
not  yet  bean  dona. 

For  each  caaa  tha  velocity  potential  at 

ava.7 

fnimd  Hare  wa  define , a, mean  aapitftcation 
factor  A by  avoraging  *1  over  lha  free  surface 
th.  Lrtor^V  '^ich  lies  batwaan  th.  two 


Fig.  10 


Network  of  Finite  Elements  for  Atl»»tic  Offshore  Harbor,  for  0 < ka  < 2.5. 


( 
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Un«t  flush  with  ths  sndv  of  ths  straight  cais- 
son of  ths  sncloaura  brsakwsteri 


^ - f a:(|  I'll 


whara  tha  nomsllsatlon  factor  la  only  a (vs. 
2a^  In  Kq.  (86).  This  Is  plotted  In  Fig.®  11. 


0 1.0  2 0 3.0  4.0  9.0  6.0 

ko 

Fig.  11  Mean  Harbor  Rssponsa 

For  csss  (111)  wa  hava  also  calculated  tha 
exciting  wave  forcas  on  the  platforas  by  Inte- 
grating Che  dynonlc  pressure  ovcv  ths  bodioB, 
l.a. 

i ■ (?^,  Fy.  F^)  - - II  p S d^  (es.a) 

M « (Mj^.  My,  M^)  .-||  (r  - p S d/  (88.b) 

a/ 

whara  denotes  tha  wetted  area  of  s [-letform, 

? tha  unit  normal  outward  from  the  body,  and 
r^  ths  position  of  the  moment  center.  In  the 
present  uhsllov  water  approximation,  the  dyna- 
mic prassure  Is  independent  of  depth.  As  tha 
platforms  era  rectangular  In  shape,  the  forces 
:'.ra  simply 

^ ^X  *^**0  0*-2  " ~ P«  ® I ''I  »)  ‘>y 


fy  = *y(P8“o  “ - P8S  D I n cos(n,y)  dx 

9F  (89. b) 

F,  = (fj  pga^  “ Pg  II  n dx  dy  (89. c) 


whara  are  ths  horlsontal  dlmaaslons  and 

D ••  h - U the  draft  of  a platform,  and  f , f , 
f^  the  normalised  forces  raapactlvaly-  * ^ 

For  brevity,  only  soma  ssapla  results  lor  oasa 
(111)  are  showi.  In  Figures  12-14,  all  with 
tha  Incident  angle  a • n (from  x - ) . It 

can  ba  saan  that  In  tha  region  1.6  < .'ta  < 2.3, 
agreement  between  tha  results  from  the  two  fin- 
ite almsant  SMshas  (..,  coarse  mash;  and  x x 
flna  mesh)  Is  bsttsr  for  snallar  Its.  To  achieve 
atm  batter  sgrsssMnt,  It  may  ba  necessary  to 
use  finer  mashes  along  the  breakwaters  and  treat 
tha  comers  of  tha  platforms  by  tha  mixed  method. 

Kalsveut  computational  information  Is  aum- 
nerlaed  In  Tsbla  2.  It  should  be  pointed  out 
that  for  the  circular  cylinder,  the  band  width 
can  be  further  raducad  from  72  to  36  by  proper 
numbering  of  nodes.  Tha  technique  of  packed 
storage  (cf.  Sqs.  79,  80)  was  applied  only  to 
tha  Atlantic  Offshore  Harbor.  It  can  ba  seen 
that  In  tha  same  wave  number  rnnga,  0 < ka  < 2.5/ 
lass  band-width,  storage  space  and  CPU  time  ere 
needed  for  tha  Offshore  Harbor  despite  the 
greeter  number  of  nodes  due  to  the  mors  compli- 
cated geometry. 


J ! l-i 

i - I 


Fig.  12  Exciting  Forte jf^|on  Platform  II 


h ! U 
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Table  2 Coaputatlonal  Information 


Total 

E 

Coefficient 

Bandwidth 

Core 

CPU  on  K!65 

Case 

ka 

no,  of 

Nodal 

unknowns ,( l/t } 

Storage 

(min.)  for 

elenencs 

unknowns 

for  R 

for  D 

fixed  ka 

circular 
cylinder 
(Fig.  6) 

2.0 

72 

72 

21 

72 



106K 

0.113 

Fig.  7 

0 - 3.5 

258 

179 

12 

59 

[- 

194K 

0.241 

0 ..  2.5 

359 

249 

23 

— 

41 

liOK 

0.206 

Fig.  1 

0 ..  6 

1013 

635 

41 

82 

518K 

1.84 

687 
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It  Is  Intereitlng  to  remork  on  tue  physical 
situation  aasoclatsd  vlth  tha  first  fav  reaon'' 
ant  paafcs  In  the  Atlantic  Offshova  Ua''')OV.  Re- 
ferring to  Fig.  11,  four  peaks  clearly  appear 
at  ka  ■ 0.7,  2.4,  2.6  and  3.95.  By  e;ramlnlng 
tha  Instantaneous  fret  surface  over  a period, 
we  have  found  that  the  first  (ka  0.7)  corres- 
ponds to  the  Heliaholts  mode  in  which  the  free 
surface  rises  and  falls  more  or  less  In  unison, 
hence  f Is  large  but  f and  f are  small.  For 
higher  ‘ peaks,  waves  ifislde  ^the  basin  are 
partially  standing  with  the  Instantaneous  nodal 
lines  yawing  about.  Tha  magnitudes  of  tho  wave 
forces  are  associated  with  the  free  surface 
variation  at  the  time  when  the  maximum  ampli- 
tude la  the  greatest.  In  particular  for  ka 
2.4,  the  free  surface  tilts  about  tho  y-axls, 
hence  f > f . For  ka  - 2.6,  It  tilts  shout 
an  axis*  ^parallel  to  the  y-«uls,  hence 
f > f . For  ka  - 3.95,  It  has  a ridge  (or 
^ troSgh)  near  the  y-axls  and  Is  nearly  180* 
out  of  phase  with  the  two  comers  In  the  direc- 
tions 9 " n/4  and  3f/4,  hence  f Is  very  large 
compared  to  f^.  * 

Finally,  while  a fully  three-dimensional 
theory  Is  being  pursued,  the  results  by  the 
two-dlnenslonal  long  irave  theory  may  be  modi- 
fied to  give  rough  estimates  for  the  short  wave 
range.  It  Is  evident  from  Eqs.  (12)  and  (21) 
that,  when  tha  water  depth  is  everywhere  con- 
stant, and  all  the  solid  walls  extend  vertical- 
ly throughout  the  water  depth,  we  have 


IPI 


kh 


olp] 


kh«0 


a « 


cosh  k(t  + hi 
cosh  kh 


(90.a,b) 


where  I ]j,  stands  for  the  value  for  arbitrary 
kh  and  [ stands  for  the  value  by 

long  wave  approxXmition.  Thus  tha  factor  c ac- 
counts for  the  vertical  variation  of  pressure. 
For  a vertical  cylinder  whose  bottom  la  slightly 
above  the  sea  bed,  l.e.  H « h,  Eq.  (90)  should 
be  approximately  valid.  We  therefore  expect  to 
obtain  Improved  results  from  the  long  wave  the- 
ory by  multiplying  the  pressure  corresponding 
to  the  latter  by  the  correction  factor  taking 
the  local  value  of  h (and  k)  If  It  is  variable. 
Accordingly  the  vertical  force  Is  simply 


TF  1 ■ rv  ] cosh  kH 

^ s-'kh  ^'z-‘kh=0  cooh  kh 


(91) 


while  the  horizontal  force  Is 


fp 

X 

fi' 

X 

0 

at 

[ coalLkiz  + ,h] 

J d cosh  kh 

F 

y 

kh 

F 

yj 

kh“0 

1 slnh  kh  - slnh  kH 
kd  cosh  kh 


kh“0 


(92) 


with  d “ h - H being  the  draft,  por  present 
range  (0  < ka  < 6)  the  values  of  kh  are  small 


(<  0.318)  and  tha  corrected  forces  are  hardly 
distinguishable  from  tha  values  shown  In  Fig- 
ures 12,  13  and  14.  Nevertheless,  for  higher 
values  of  ka,  this  correction  may  well  be  nec- 
essary and  satis faotony , as  is  evidenced  by  Ap- 
pendix II. 

CONCLUDING  REMARKS 

In  this  paper,  an  effective  finite  element 
method  Is  applied  to  two-dimensional  diffraction 
of  watar  waves.  Aside  from  the  usual  merits  of 
this  method,  an  additional  eiflclency  Is  gained 
by  mixing  analytical  and  numerical  procedures. 
This  Idea,  which  resembles  that  of  Mots  [10] 
for  singularities  In  relaxation  methods,  aassn- 
tlally  regards  an  -naiytical  region  as  one  sin- 
gle alrmant  with  many  unknown  coefficients.  In 
practice,  one  trades  many  nodal  unknowns  for 
(usually)  fewer  oocffioient  unknowns.  Tha  stra- 
tegy Is  particularly  suvantageous  in  dealing 
with  the  radiation  condition  where  e vary  much 
larger  area  (hence  large  number  of  eleztants 
and  larger  band  width  uf  K)  would  otherwise  be 
Involved.  Further  generalization  of  this  Idea 
Is  possible.  F''r  example,  consider  u harbor 
with  a very  large  ..rea  of  which  a considerable 
part  Is  uniform  in  depth.  One  -may  exclude  the 
largest  possible  circle  (or  a rectangle)  within 
this  part  from  subdivision  Into  finite  elements 
and  save  computation  stovage  and  operations. 

It  Is  worthwhile  to  point  out  the  computa- 
tional difference  between  water  wave  problems 
Involving  (x,z)  and  those  Involving  (x,y)  co- 
ordinates. Although  both  are  two-dimensional 
problems,  the  first  one  (x,z)  usually  requires 
less  band  width  In  K than  the  second  (x,y). 

This  Is  becavise  In  the  first,  the  most  economi- 
cal numbering  of  nodes  is  to  proceed  by  marking 
off  nodes  on  a vertical  line  first,  thau  moving 
horizontally  to  the  second  vertical  line,  etc. 
The  band-width  Is  controlled  by  the  maximum 
number  of  nodes  on  a vertical  line  which  Is 
usually  not  large.  However,  In  tha  second,  oi 
should  mark  off  the  nodes  along  one  radius, 
then  the  next  radius,  etc.,  and  the  band-wilth 
is  controlled  by  the  number  of  nodes  on  the 
outermost  circle,  which  Is  usually  large. 

It  is  evident  that  In  dealing  with  practi- 
cal problems,  the  ultimate  problem  la  the  solu- 
tion of  a large  system  of  algebraic  equations. 
Therefore,  efforto  to  render  the  coef clar". 
matrix  symmetric  (which  la  achieved  uc. s by  a 
suitable  variational  nrlnciple) , to  store  the 
coefficients  In  properly  packed  form,  and  to 
use  external  storage  on  discs  or  capes,  etc., 
are  Important. 

Finally,  it  appears  that  tha  finite  element 
method  can  be  applied  to  many  other  two-dimen- 
sional diffraction  problems  of  tech  ileal  or 
scientific  interest  (e.g.  tidal  diffraction  by 
topography) . 
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stant.  This  approximates  the  situation  where 
the  straight  breakwater  Is  very  long.  The  In- 
cident wave  has  the  amplitude  so  and  the  angle 
of  Incidence  a(see  Fig.  7).  The  spatial  part 
of  the  corresponding  displacement  Is 


ikr  cos(0-a) 

' a«e 

“ a,  Ee  1 ""j  (kr)  cos  m(0  - a) 
n ID 


(93) 


where  E = ?.  The  reflected  wave  from  the 
m 1^0 

straight  wall  Is 

„I  Ikr  cos(0+a) 

n “12"  o«e 

■ a„  Ee  l°’j  (kr)  cos  m(0  + a) 

m “ ” (94) 


Clearly,  by  symmetry  one  may  replace  the 
straight  wall  and  the  seml-clrcular  basin  by  a 
circular  harbor  with  two  openings  centered  at 
the  ends  of  a diameter  and  two  symmetrically 

Incident  waves  n^, 


nj  + ^2 


(95) 


as  depicted  at  the  top  of  Fig.  15. 

In  view  of  the  fact  that  the  harbor  configu- 
ration is  symmetric  with  respect  to  the  v-axls, 
we  split  the  spatial  part  of  the  Incident  waves 
into  two  parts:  namely,  even  part 

Hg  and  odd  part  nj, 

- Hg  + Hq  (96) 


as  shown  in  Figure  15,  where 

I ^ , ikr  cos(0-a)  ikr  cos(0+h) 

"e  ” 2 ® 

^ glkr  cos  (0- (ti -a) ) ^ cos  (0-('7+a) ) j 

“ 2ao  ? G l*°cos  no  cos  m0  J (kr)  (97) 
V.,  “ m 


and 


_I  a»  f ikr  cos(6-ci)  . ikr  cos(6+tt) 

Hq  - [e  + e 

^ikr  cos  (0-(TT-ci) ) _ glkr  cos  ( 0- (v+a)  ) ^ 


APPENDIX  1 ANALYTIC  THEORY  OF  A SEMI-CIRCUL.AR 
HARBOR 


2ao 


Odd 


F 1 cos  mo  cos  m0  J (kr) 

ID  ID 


(98) 


Description  of  the  Problem 

Ue  consider  a simple  harbor  with  a straight 
side  or  a breakwater  and  a thin  breakwater  In 
the  form  of  an  arc  of  radius  a centered  at  the 
point  0 c,.'  the  straight  side.  All  walls  are 
assumed  to  be  vertical  and  the  depth  is  con- 


wlth  X - Z Z - Z .The 
Ev  mp0,2,4...’  Odd  m-1,3,5... 

sums  In  (97)  and  (98)  are  of  the  same  form  ex- 
cept the  summation  Indices  are  even  and  odd  In- 
tegers respectively. 
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In  sumHiry  <_-'j  shall  first  treat  tK-  har- 
bor probleas  separ' "ely^  each  Is  circular  vlth 
two  identical  open:  ,(s  about  6 > 0 and  ir,  but 
under  attack  by  different  incident  waves 
and  Hq.  The  decoDposltlon  is  displayed  in  Fig. 
15.  Through  this  treatment,  a certain  symme- 
try is  achieved  and  one  need  only  concentrate  on 
one  half  of  the  circular  harbor,  ;ay  -11/2  < 6 < 
Till,  hence  only  one  opening.  The  results  are 
then  added  to  obtain  the  solution  to  the  ori- 
ginal semi-circular  harbor  with  two  openings 
and  one  incident  wave 


Fig.  15  Decomposition  of  Diffraction  Problem 


The  Even  Problem 

First  we  shall  deal  with  the  even  problem 
which  haa  the  incident  wave  rig.  Due  to  the 

presence  of  circular-shaped  breakwaters , the 
surface  displacement  in  the  open  sea  can  be 


represented  by 


n-  + 


+ n 


R 

E 


> 2a  £ e l"*  cos  ma  cos  m6[J  (kr) 
° Ev  ® “ 


J’(ka) 

■ ^ B^coame 

flDi  Ev 


H (kr) 

B 

k U'(ka) 
n 


(99) 

In  Eq.  (99)  above,  the  first  term  in  the  brack- 
et is  the  incident  waves  (97),  the  second  term 
represents  the  wave  scattered  from  the  circle 
of  radius  a without  opening.  The  last  term 
represents  the  additional  radiated  wave  due  to 
the  presence  of  the  openings.  The  coefficients 
B are  to  be  determined.  The  response  within 
the  harbor  basin  can  be  expreased  by 

'^E  ■ ^ ®m  'k'j’Cka)  • ' 5 “ 

Ev  B 


We  note  that  (99)  and  (100)  satisfy  Che  govern- 
ing Helmholtz  equat ion  and  are  symmetric  about 
the  y-sxls  as  well  as  the  x-axis.  Eqs.  (99) 
and  (100)  also  satisfy  the  continuity  of  radial 
velocity  at  r • a 


at  r - a 


(101) 


However,  the  fluid  velocity  at  the  opening  is 
still  unknown. 


The  solution  to  be  obtained  is  based  on  a 
matching  of  fluid  velocity  (or  9ri/3r)  and  dis- 
placement T)  at  the  harbor  opening  in  both  o en 
sea  and  harbor  basin.  We  denote 

3rip  3rip 

aP  (6)  - 3^  (6)  - Fg(6)  at  r - a.  le|  < 6 


(102) 

where  Bg(6)  Is  an  unknown  function  and  is  pro- 
portional to  the  radial  velocity  at  the  open- 
ing. 6 is  the  angle  sustained  by  the  harbor 
opening.  By  the  symmetry  of  the  problem,  the 
following  properties  exist 

(tt  - 6)  - ■—  (-9)  - (0)  at  r • a 

(103) 

i.e.,  the  fluid  velocity  is  symmetrical  about 
both  X-  and  y-exes.  Hence,  it  is  sufficient 
to  consider  half  the  basin,  say,|6|  < Till  , 
which  Involves  only  one  opening.  ~ 


For  Eqs.  (99)  and  (100)  we  have 


Sr 


3r 


r B coa  mfl 
m~E  ® 


(104) 
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By  naklng  use  of  the  orthogonality  of  coo  m6 
lu  I-TT,  it]  and  the  boundary  condition  that 
3rig/3r  • 0 on  the  wall,  Eqs.  (102)  and  (103), 

the  Fourier  coefficients  con  be  expressed  as 


e 


e f 

B - -S  de*  cos  n0'  F_(0') 

n n I L 


(105) 


-6 


Therefore  (99)  and  (100)  become 


ri^  <•  2a  Eel"*  cos  ma  cos  m9(J  (kr) 
^ ° n-E  “ “ 
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■I'(ka)  e a 
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a < r 


(106) 


< r m 

Tig  - E j 


ffl“E 
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r > a 


(107) 


Now  matching  rip  » at  the  harbor  opening 

-0^  < 6 < 04 

m 

2a  E e 1 cos  wa  cos  m0[J  (ka)  - tt,  >v  H (ka)] 
o p„  m on  m 
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/ e H (ka) 
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(108) 
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where  a Hronsklan  Identity  has  been  used. 
Eq.  (109)  can  be  written  In  the  form  of  an 
Integral  equation 


I d0'  Fg(0')  Gg(e,  0')  (110) 


-0 


where  the  kernel  <>2(9,  9')  Is 


Gp(e,0’)  - — ^ E --  “ 


/eru  w J'(ka)  H'(ke) 
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*co8  m6  cos  md* 


(Ul) 


and  Ala  £ 1 


It  Is  also  worth  pointing  out  that  the 
even  problem  can  be  applied  to  the  case  where 
the  harbor  is  a 90“  sector  formed  by  a circu- 
lar arc  breakwater  and  two  straight  coast  lines 
intersecting  at  a right  angle. 

Since  G (9,  9')  Is  a symmetric  function 
of  0 and  e ' , the  integral  equation  (110)  Is 
equivalent  to  the  stationarlty  of  the  following 
functional  (see  [11]) 

F{Fg)  - 


I d0  00’  Fg(6)  Fg(0’)  G(6,  e’) 


-6 


j I de  Fg(6)  Hg(0)  (113) 


Instead  of  solving  the  integral  equation 
we  employ  the  stationarlty  of  ftF^}  to  opti- 
mize the  choice  of  an  approximate''  solution, 
assumed  to  be  of  the  form 


Fg(6)  - fg  f(e) 


(llA) 


where  f„  is  a multiplicative  parameter  end  f(0) 
£> 

orescrlbed.  Substituting  (llA)  into  (113)  and 

e 


Invoking  dy/df  “ 0 we  obtain 
E 


M 

-9 


d0f(9)  Hg(0) 


E 0 


II 


d9  de'  f(0)  f(9’)  G„(e,e')  (ii5) 

C 


-0 


One  reasonable  choice  for  f(9)  is  that 
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f(8) 


(116) 


3n: 


3^  (6)  - af  (6)  - Po(e)  -t  r - .,161  < 6^ 

(122) 


which  was  first  suggested  by  Rayleigh  for  the 
acoustical  Uelmholtz-resonator  problem,  and 
would  be  realized  In  a two-dimensional  poten- 
tial flow  through  an  opening  In  a plane  barrier. 


By  making  use  of  the  Identity 
0 


COS  m 


A 


d6  « J (me  ) 
o o 


we  have 
2a 


-«E=lj  de  f(0)  H^(0) 

-0 

O 

2a  J (6  ) 

o 21  V,  .m  o o 

^ — tel  cos  ma  7777; — r 

a ka  „ m H'  (,ka) 

C.V  m 


(117) 


(118) 


3r 


(0)  - 3;^  (-0)  - - ^ (TT  - 0)  at  r - a 

(123) 

Carrying  out  all  the  steps,  the  results  are  of 
the  same  form  as  the  even  problem  If  the  sub- 
script E Is  replaced  by  "0"  (odd) , l.e. 


ou  „ J (®0  ) 

“ Ttir*  2 e 1 cos  aa  „°  ;t 
° ’■‘‘“odd  “ 


21 


J^(m0  ) 
o o 


0 m J'(ka)  H'(k.O 

(iTka)  Odd  m m 


2a  N„  J (me  ) 

^ J (kr)  cos  ra6 

/ijj  kaj'(ka)  m' 

0 Odd  m 


r < 


(124) 

(125) 

(126) 


Summarizing,  the  total  harbor  respom  a Is 


N may  be  Interpreted  as  a m asure  of  excita- 
tion to  the  harbor  basin  due  to  the  piston  ac- 
tion at  the  openings,  since  H_(0)  Is  proper- 

Cl 

tlonal  to  the  pressure  due  to  the  waves  out- 
side In  the  absence  of  openings.  Furthermore 


If 


de  d6'  f(6)  f(e')  Gg(e.e') 


21 


. . ,2  ^ m J'(ka)  H'(ka) 

(irka)  Ev  m m 

(119) 

where  Is  related  to  the  complex  Impedence 

of  the  harbor  basin.  It  Includes  the  effect 

of  radiation  damping. 
we  have 


In  terms  of  N_  and  D_ 

El  Cl 


2a  N 


Fe(6) 


E 


^ Ti/ - 6^ 


(120) 


Hence  the  harbor  response  of  the  even  problem 
^ 2a  N_  e J (me  ) 

-kL-^kl)- 

E Ev  m 

r < a (121) 

The  Odd  Problem  and  the  Combined  Problem 
J.  The  odd  problem  having  the  Incident  waves 
Hq  can  be  solved  by  using  the  same  procedures 

as  the  even  problem.  Since  In  the  odd  problem 
the  velocity  distribution  is  symmetric  with  re- 
spect to  the  x-axls  and  antisymmetric  with  re- 
spect to  the  y-axls , (102)  and  (103)  should  be 
replaced  by 


< < , < 

n + Hq 


2a  e J (6  ) 

■ oid  Wa>(L) 

0 m 

2a  e J (m  0 ) 

+ ■ g I d"  tTVu  '?•  J (kr)  co.5  me 

...  kaJ  (ka)  m' 


Odd 


m 


" J (kr) 

=2a  Z A -7—7; — r cos  me 
o * m J (ka) 
m"0  m 


(127) 


where  we  define 


If  ID  ••  even 


J (m  e ) J (ka) 
ID  o o_  


Tika 


J' (ka) 
m 


if  m " odd 

(128) 


A may  be  defined  as  the  amplification  factor 
for  the  mode  whose  angular  pattern  is  propor- 
tional to  cos  me. 

As  an  overall  measure  of  the  response  of 
the  harbor  basin  to  an  Incident  wave,  the  mean- 
square  elevation  which  la  defined  by  averaging 
over  the  entire  basin,  l.e. 

271  a 


(2a  A )2  = 

0 rms  2 

TTa 


J JO  < <* 

rdrdS  n q 


0 0 


16a‘ 


(ka)  m“0 


* 

A A 
m m 


, E (m  + 2n  + 1)J^,„ . , (ka) 

e J^ka)  n-0  (129) 
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where  the  asterisk  means  complex  conjugate. 

The  following  Identity  has  been  used  In  reach- 
ing (129) 


(t)  dc  - 2 Z 
k-0 


(130) 


Eq.  (129)  Is  used  for  computations.  In- 
stead of  the  variational  approximation  we  have 
also  used  the  more  elaborate  Gaierkln  method 
of  solving  the  Integral  equation  (110)  by  re- 
presenting Fg(6)  as  a series  of  orthonormal 

terms.  Spotty  calculations  show  that  Eq.  (129) 
la  sufficiently  accurate  for  the  range  of  para- 
meters studied  here. 


16,  17  and  18  with  the  moment  axis  at  the  bot- 
tom of  the  dock  c - H.  For  comparison,  the  ex- 
act results,  taken  from  [13),  are  plotted  In 
solid  lines.  It  Is  seen  that  deviation  betvTeen 
the  two  theories  Is  large  for  short  waves  (small 
ka) . After  correcting  for  the  vertical  '•''arla- 
tlon  in  accordance  with  Eqs..(91)  and  ( /2) , 
the  normalized  forces  are  shown  In  short  dashes. 
The  corresponding  corrected  moment  is  given  by 


, ~ .J1  .2  d h + H - 2c  .-1  , , . 

f”y^kh  " K)  7 T« 1 


sinh  kH  . cosh  kH  , 

k(h  - c)  tann  kh  + k(c  - H)  •—  .-vv  + 1 


J.V  cosh  kli 
y cosh  kh 


APPENDIX  II  COMPARISON  OF  WAVE  FORCES  ACCORDING 
TO  CORRECTED  LONG  WAVE  THE0R7  AND  EXACT  THEORY 
FOR  A CIRCULAR  DOCK 

For  a dock  of  circular  cross  section  In  our 
unbounded  ocean  of  constant  depth  h,  the  wave 
forces  have  been  calculated  for  arbitrary  kh  by 
Black,  Mel  and  Bray  [12]  and  by  Garrett  [13]. 

In  a recent  paper  on  elliptical  docks,  Chen  and 
Mel  [14]  applied  the  long  wave  approximation 
similar  to  the  one  used  herein,  and  gave  as  a 
special  case  the  forces  and  moment  on  a circular 
dock  when  a plane  Incident  wave  attacks  from 
X - - The  cylinder  has  a radius  a and  draft 
d and  the  clearance  beneath  is  H ■ h - d.  The 
forces  are 


(134) 


and  Is  plotted  In  short  dashes  In  Fig.  18  for 
c » H.  The  improvement  brought  about  by  the 
heuristic  correction  Is  in  general  remarkable. 
As  the  three-dimensional  effects  due  to  the 
edges  of  the  dock  should  diminish  with  decreas- 
ing h/a  it  is  reasonable  to  expect  still  better 
agreement  for  larger  radius  a.  Using  the  same 
approximation  for  more  general  shape,  we  be- 
lieve that  good  results  can  be  obtained  If  the 
least  principal  dimension  of  the  body  Is  not 
much  smaller  than  the  water  depth. 


i^x^kh.o  ■ I H ^ - 

ka  Hi  <ka)  • r H.  (ka) 

1 n 1 

(131) 

^*'z^kh=0  " ^^*®o  ^ Ttka  h:  (ka) 

^ (132) 

The  moment  about  the  axis  parallel  to  the  y-axls 
and  passing  through  the  point  x - 0,  y • 0, 
z “ - h d-  c is 


IM  ■=  + m'^ 

y kh=0  y ^ y 


(133. a) 


where  Is  due  to  the  horizontal  pressure  on 
the  side  and  M^'^is  due  to  the  vertical  pressure 
on  the  bottom  ^ of  the  dock 

“ [pga  IT  a] 
y o ■* 


{ _d  h + H - 2c 


4/ti 


° 2®  ka  Hi (ka)  - r H (ka) 

1 hi 


} 


V [pga^  Tia  ] 


Tf[ka  Hj^(ka)  - ^ H^(ka)] 


(133. b) 
(133. c) 


Fig.  16  Normalized  horizontal  force  on  a cir- 
cular dock  f “ F (pga  iTa2)-l  exact  [13.1, 

long  w5ve  theo?y, corrected 

long  wave  theory. 


The  norma'' Ized  F , F and  M according  to  Eqs. 

X z y, 

(131-133)  are  plotted  In  long  dashes  in  Figures 
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Fig.  17  Normalized  vertical  force  on  a circu- 


lar dock  f^  - F^(pga^iia2)-1. exact  [13], 

long  wave  theory, corrected  long 

wave  theory 


Fig.  18  Normalized  moment  on  a circular  dock 
» M^(pga^  Tta^)"^  exact  [13], 

long  wave  theory,  corrected  long 

wave  theory. 


DISCUSSION 


R.  T.  HO  AND  H.  BOMZE 

The  writers  would  like  to  submit  a short  note  about  an 
alternative  approach  for  solving  the  basin  oscillation  prob- 
lem for  an  offshore  harbor,  nam'dy,  the  Green’s-function 
integral  equation  method  — well  known  to  naval  architects 
— which  distributes  source  functions  with  unknown  strength 
along  all  solid  boundaries  where  the  boundary  conditions 
are  not  satisfied  by  the  chosen  Green’s  function.  For  the 
two-dimensional  case  in  particular,  this  approach  is  essen- 
tially an  extension  of  Lee  and  Raichlen’s(^)  method  with 
the  difference  that  both  the  diffracted  wave  field  outside 
the  breakwater  and  the  radiating  wave  field  through  the 
basin  openings  are  solved  together. 

Preliminary  results  for  the  case  of  circular  harbor  with 
incident  waves  normal  to  the  basin  entrance,  shown  in  Fig- 
ure 1,  are  in  reasonably  good  agreement  with  the  analytical 
solution  by  Chen  & Mei.'^)  Further  results  for  the  off- 
shore basin  ate  being  generated  and  will  be  published  in  the 
near  future.  This  provides  an  alternative  approach  to  the 


problem  and  a check  to  both  methods  as  well. 

TTiis  work  has  been  sponsored  by  Public  Service  Elec- 
tric and  Gas  Company  of  New  Jersey  in  connection  with 
locating  floating  nuclear  power  plants  in  a breakwater  en- 
closure approximately  three  miles  offshore  Little  Egg  Inlet, 
New  Jersey. 


(1)  Paper  presented  by  H.S.  Chen  & C.C.  Mei  in  the  tenth 
symposium  on  naval  hydrodynamics,  M.I.T.,  June  24- 
28,  1974. 

(2)  Frederic  R.  Harris,  Inc.,  Great  Neck,  New  York. 

(3)  Lee,  J.J.  and  Raichlen,  F.,  "Oscillations  in  Harbors 
With  Connected  Basins”,  ASCE,  J.  Waterways,  Har- 
bors and  Coastal  Engineering,  No.  WW3,  August  1972. 
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ABSTRACT 

Free  gravity  waves  In  deep  water 
can  be  Induced  to  break  in  a laboratory 
channel  either  by  decelerating  the  wave- 
maker,  or  by  use  of  the  Fresnel  envelope 
at  an  advancing  wave  front.  The  period 
of  breaking  is  then  twice  that  of  the 
waves.  Quasi-steady  breakers  can  be 
produced  by  the  reflection  of  a bow-wave 
from  the  side  of  a ship  towing  tank. 
Measurements  of  the  mean  flow  field  and 
the  turbulence  show  a downwards  transfer 
of  momentum  in  the  upper  part  of  the 
wave.  A theoretical  model  of  a spilling 
breaker  has  been  proposed  which  accounts 
quantitatively  for  some  features  of  the 
whitecap.  Some  intermlttency  is  observ- 
ed, which  is  connected  with  the  rounding 
of  the  wave  crest  due  to  loss  of  energy. 

INTRODUCTION 


It  is  therefore  appropriate  to  con- 
sider possible  methods  for  studying  ex- 
perimentally tlie  breaking  of  waves  in 
deep  water.  In  the  present  paper  we 
shall  describe  several  such  methods. 

In  addition  we  shall  discuss  a sim- 
ple model  of  spilling  breakers,  which 
promises  to  explain  some  of  the  observed 
features  of  thess  mixed  laminar  and  tur- 
bulent flows . 

WAVES  IN  A LONG  CHANNEL 

Given  a rectangular  channel,  deep 
compared  to  the  wavelength  to  be  studied, 
in  which  there  is  a wavemaker  a.  one  end 
and  a wave  absorber  (perhaps  in  the  form 
of  a shoaling  beach)  at  the  other  (see 
Figure  l).  How  is  one  to  induce  wave 
breaking  at  some  intermediate  point  along 
the  tank? 


1 

I 

I 

I 

I 
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Breaking  waves  are  of  importance  to 
ship  hydrodynamics  for  several  reasons. 
The  breaking  of  the  bow  wave  near  the 
hull  can  contribute  appreciably  to  the 
ship's  wave  resistance  Calcula- 

tions of  wave  resistance  based  on  the 
amplitude  of  the  Kelvin  wave  pattern 
must  also  take  account  of  energy  lost 
in  breaking.  Not  least,  the  impact  of 
heavy  seas  against  the  hull  or  super- 
structure may  cause  considerable  damage. 

Oceanographers  have  additional 
reasons  for  being  interested  in  breaking 
waves.  Breaking  is  important  in  the 
energy  budget  of  wind-generated  waves , 
and  in  the  transfer  of  momentum  from 
waves  to  surface  currents.  It  also 
generates  turbulence  which  mixes  the 
upper  layers  of  the  ocean  and  influences 
the  transfers  of  heat  and  momentum  be- 
tween the  ocean  and  atmosphere. 

In  tryiii,^  to  understand  the  highly 
nonlinear  phenomenon  of  a breaking,  we 
encounter  the  difficulty  that  as  yet 
there  exists  no  satisfactory  theory  for 
any  of  the  various  kinds  of  breaking 
wave.  Moreover,  such  experimental  work 
has  been  done,  has  usually  been  con- 
cerned with  waves  in  shallow  water, 
where  the  bottom  plays  an  essential 
role . 


Fig.  1 Schematic  drawing  of  a rectan- 
gular wave  channel,  with  wavemaker  at  one 
end. 

If  one  Increases  the  amplitude  of 
the  wavemaker,  keeping  tho  radian  fre- 
quency constant,  then  two  drawbacks 
appear.  In  the  first  place  one  may  get 
cross-waves,  of  frequency  ^ CT  . Assum- 
ing these  to  be  eliminated^y  technical 
devices  such  parallel  baffles , one 
finds,  secondly,  that  with  a steady  train 
of  waves  the  amplitude  tends  to  decay 
with  distance  from  the  wavemaker  owing  to 
the  progressive  loss  of  energy  with  hori- 
zontal distance  X . Hence  the  waves 
will  break,  in  deep  water,  only  very 
close  to  the  wavemaker,  where  they  are 
possibly  distorted  by  local  "transients" 
due  to  the  wavemaker  itself. 

To  avoid  this  difficulty  we  may  make 
use  of  the  dispersive  properties  of  deep- 
water waves , as  follows . 
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Method  1 ; Storm-bulldinK.  For 
small-amplitude  waves  In  deep  water  wo 
know  that  the  group-velocity  (the  pi'o- 
pagatlon  velocity  for  the  wave  energy) 

Is  given  by 


• 4 c *»  S~  { 1 ) 

(where  C is  the  phase  velocity).  The 
longer  waves  (with  lower  o'  ) are  there- 
fore progagated  faster  than  the  shorter 
wcvea  (with  higher  ) . Suppose  that 

at  time  , the  wave  maker  generates  a 

train  of  waves  of  frequency  0|  ■ and 
that  at  time  tj  this  is  followed  by  a 
train  of  waves  of  frequency  > 0| 

(see  Figure  2). 


Fig.  2 Propagation  diagram  fcr  two 
groups  of  waves  of  differei.t  frequeicy. 


then  the  wave  energy  will  tend  to  con- 
verge in  the  neighbourhood  of  a single 
point  oe  I building  up  a "storm"  in 
which  breaking  waves  can  occur.  A deep- 
water breaking  wave  produced  in  this 
manner  is  shown  in  Figure  3 . 


Fig.  3 A breaking  wave  in  relatively 
deep  water  produced  in  a channel  15m 
long  and  50  cm  deep,  at  a point  7 m from 
the  wavemaker,  by  decelerating  tiio  wave- 
maker.  (Method  l). 


(The  author  suggested  this  method  to 
Dr.  N.  Hogben  in  1959  at  the  time  of  the 
installation  of  the  wavemaker  in  the  -J- 
mile  channel  at  The  National  Physical 
Laboratory.  It  has  been  used  for  build- 
ing wave  spectra,  but  apparently  not  for 
studying  the  process  of  wave  breaking). 


Method  2 : Travelling  wave  fronts. 

A second  technique  depends  on  the  finite 
bandwidth  of  frequencies  associated  with 
the  sudden  starting  or  stopping  of  the 
wavemaker . 

Suppose  that  at  time  the  wave- 

maker  is  switched  on  suddenly  with  con- 
stant amplitude  (r  and  frequency  cf  . 

A train  o'  waves  is  propagated  down  the 
tank,  the  front  moving  with  approximately 
the  group-velocity  Q/Her  . According  to 
linear  theory  the  elevation  of  the  free 
surface  at  position  Oc  and  time  t can 
be  shown  to  be  given  by 


The  second  train  of  wavo.s  wi.,1  overtake 
the  first  at  time  t and  av  a distance 
.y-  from  the  wavemaker,  ,;ivea  by 


at  _ if. . 

b-lr,  ■ A<r,  ' t- 

Eliminating  t"  we  have 


(2) 


-3-  . 


(3) 


(the  real  part  being  mderstood)  where 

is  a constant  depending  on  the  form 
of  the  waven:  iker . For  a wedge  of  ^epth 
and  angle  ^ we  have 

C =»  ^ (r  (i  - 1^  . (6) 

•J*  is  a dimensionless  time  variable: 


Clearly  if  the  frequency  O'  is  varied 
continuously  so  that 


(4) 


^ V*-- 
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wUich  «qual8  zero  at  tie  front  itself j 
and  F(x)  describes  the  wave  envelope , 
in  fact 


F(r)  . ^ + 


(8) 


(see  for  example  (^)).  This  function  is 
related  to  the  Fresnel  integral  ( . A 
compressed  sketch  of  the  s irfac*'  eleva- 
tion C is  shown  in  Figure  J*  . 


Fitl 


Figure  6 shows  five  records  taken 
at  the  same  point,  with  different  wave 
amplitudes.  As  the  amplitude  is  in- 
creased, so  the  arrival  of  the  wave 
front  is  advanced.  The  bottom  record, 
with  the  largest  amplitude  shows  a sharp- 
pointed  cisst  topical  of  a wave  of  maxl- 
RAim  amplitude  , 

A film  record  of  the  advancing  wave 
train  showo  the  occurrence  of  breaking 
waves  at  the  head  of  the  wave  train, 1 
Very  striking  is  the  fact  that  the  break- 
ers occur  once  every  two  wave  cycles. 

This  is  due  to  the  relative  motion  of  the 
waves  and  their  envelope.  The  waves  tend 
to  break  when  a crest  passes  the  position 
of  a maximum  in  the  wave  envelope.  But 
the  speed  of  a crest  relative  to  the  en- 
velope is  only  ij*  C (since  the  envelope 
Itself  travels  with  velocity  ).  If 

denotes  the  wavelength,  then  the 
time  interval  between  the  occurrence  of 
two  successive  breakers  is 

. « jiT  (9 

c > 


Fig.  k Sketch  of  the  surface 
elevation  at  a fixed  point  9C  as  a 
function  of  the  time  t • (Method  2). 

It  can  bo  seen  that  the  envelope  function 
F(r)  ut  first  Increases  exponentially, 
reaches  the  value  -J  at  VO  , then 
overshoots  its  final  amplitude  by  about 
19?^  before  finally  settling  down  to  its 
final  amplitude  / as  x oo  . This 
suggests  that  it  may  be  possible  for  the 
waves  to  attain  their  breaking  amplitude 
close  to  the  wave  front,  while  not  break- 
ing, and  so  losing  energy,  in  the  steady 
wave  train  behind. 

Figures  5 and  6 show  an  experimental 
verification  of  this  Idea,  which  the 
author  carried  out  in  a tank  330  ft  long, 
and  6 ft  wide,  at  the  Hydraulics  Research 
Station,  Wallingford.  The  plotted  points 
show  the  amplitude  of  successive  waves  in 
a record  of  surface  elevation  taken  at  a 
fixed  point  160  ft  from  the  waveniaker. 

The  solid  curve  is  the  theoretical  ampli- 
tude as  given  by  the  envelope  function 
F (XJ  . The  observed  wave  amplitude 
fellows  the  theoretical  curve  fairly 
well,  especially  ahead  of  the  front, 
where  the  waves  are  low.  The  maximum 
’.fave  amplitude  is  slightly  larger  than 
predicted,  and  occurs  a little  sooner. 
This  is  probably  a nonlinear  effect. 
According  to  Vhitham's  theory  of  non- 
linear wave  propagation  (_^)  the  group 
velocity  (defined  as  energy  flux  divided 
by  energy  density)  is  an  Increasing  func- 
tion of  the  wave  amplitude.  The  order  of 
magnitude  of  the  discrepancy  between  ob- 
served and  theoretical  group  velocities 
in  Figure  5 is  which  is  of  the  same 

order  as  would  be  expected  on  the  basis 
of  nonlinear  theory. 


that  is  to  say  two  wave  periods. 

It  may  be  mentioned  ths ' the  same 
difference  between  phase  and  roup  velo- 
city is  responsible  for  thv  eap-frogging 
effect  noticed  in  wbitecaps  in  deep  water 
(6).  It  was  observed  from  the  air  that 
whitecaps  tend  to  occur  in  sequences, 
each  whitecan  being  sxirceeded  by  the  next 
further  downwind,  at  an  interval  of  about 
two  wave  periods. 

WAVES  FROM  A MOVING  SHIP 

The  time -dependence  inherent  in  a 
breaking  wave  may  be  partly  eliminated 
by  studying  the  pattern  of  waves  gener- 
ated by  a body  in  steady  motion  through 
the  water.  If  measuring  instruments  are 
attached  to  the  moving  body,  the  waves 
are  then  practically  "reduced  to  rest". 
Some  fluctuations  of  course  remain  owing 
to  turbulence  and  possible  instabilities 
in  the  flow. 

With  this  idea  in  mind,  the  present 
author  and  Dr.  M.  Donelar  (j)  experi- 
mented with  tbe  production  of  breakers 
in  tbe  wave  pattern  following  a small 
motor  launch.  The  venture  was  only  part- 
ly successful  until  we  noticed  that  the 
wave  amplitude  was  greatly  enhanced  when 
the  launch  was  set  on  a course  parallel 
to  an  embankment  or  jetty  (see  F.igure  7). 
Evidently  this  was  due  to  the  reflection 
of  the  waves  from  the  embankment  or,  to 
put  it  another  way,  to  the  presence  of  an 
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Pig. 5 Comparison  of  the  observed  wave  amplitude  (plotted  points)  at  a point 
160  ft  from  the  wuvetnaker,  as  a function  of  the  nondimensional  time  X . The 
solid  curve  represents  the  envelope  function  FM  of  equation  (?).  Wave  frequency 
<r  a S'-S'i  rad/soc. 
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Fig.  6 Records  of  the  wave  amplitude  at  a fixed  point  JC  ■ 1 60  f t , for  waves 

of  the  same  frequency  but  different  amplitude,  showing  effects  of  nonlinearity. 
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Fig.  7 Bow-wave  fr'.'m  a moving  launch  breaking  against  an  embankment. 


image  ship  moving  parallel  to  the  first 
The  wave  pattern  due  to  the  image  ship 
then  reinforced  the  first  so  that  the 
wave  amplitude  near  the  embankment  was 
easily  Increased  beyond  the  breaking 
point.  Moreover  the  wave  crests  became 
alm^-it  normal  to  the  embankment,  making 
the  flow  nearly  two-dimensional. 


For  practical  reasons,  the  experi- 
ment was  transferred  to  the  No.  2 towing 
tank  at  the  National  Physical  Laboratory, 
where  moreover  rhe  experiment  could  be 
repeated  under  controlled  conditions. 
Figure  8 shows  the  bow-wave  produced  by 
a model  ship  towed  at  a speed  of  2 m/s 
parallel  to  the  wall,  and  at  a distance 


Fig.  8 Ti.  bow  wave  produced  by  a model  ship  towed  at  a speed  of  2.0  m/s  in 
the  No.  2 towing  tank  at  the  National  Physical  Laboratory,  Teddington. 


j 


j 


i 


i 

I 

i 

I 

I 

I 


I 

1. 


601 


Fig.  9 Velocity  measurements  in  the  experiments  of  Figure  8.  (a)  mean  velocity 

field,  after  subtraction  of  the  carriage  velocity.  (b)  r .m.s , levels  of  tjjrbulence : 
the  horizontal  and  vertical  arms  of  the  crosses  represent  (.  U** J add  { vr  * * ) 
respectively.  (c)  the  "shear"  component  of  the  turbulence:  wCTr . A vector  point- 

ing to  the  right  indicates  a downward  transfer  of  9C -momentum , 
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Figure  10  shows  a 


of  1 ni  from  it.  The  velocity  field  was 
measured  with  an  electromagnetic  flow- 
meter capable  of  recording  two  compon- 
ents of  flow,  in  this  case  the  vertical 
component  and  the  horiaontal  component 
in  the  direction  of  the  motion  of  the 
carriage.  The  response  time  of  the 
flowmeter  was  of  order  0,05  sec  so  that 
fluctuations  with  frequency  less  than 
about  20  c/s  were  measui'able.  By  sub- 
tracting out  the  constant  velocity  of 
the  carriage  it  was  possible  to  con- 
struct a picture  of  the  mean  velocity 
field  relative  to  a stationary 

observer  and  the  fluctuating  components 
(u'  , , Because  of  cavitation  round 

the  instrument  and  its  support,  it  was 
not  possible  to  measure  the  velocity 
very  close  to  the  free  surface. 

The  mean  velocity  field  is  shown 
in  Figure  9a,  Evidently  this  resembles 
the  particle  velocity  field  in  a non- 
breaking, irrotational  wave,  that  is  to 
say  upwards  on  the  forward  face  and 
downwards  at  the  rear.  These  velocities 
are  of  course  much  less  than  the  steady 
carriage  velc^ity,  also  shown  rn  Figure 
9a. 

In  Figure  9t>  can  be  seen  the  r.m.s. 
levels  of  turbulence  in  the  hoiizontal 
and  vertical  directions;  the  crosses 
represent  (.U  ^ and  Clearly 

the  highest  levels  of  turbulence  begin 
on  the  forward  face  of  the  wave  just 
below  the  mean  level,  where  in  fact  he 
toe  of  the  whitecap  is  found.  The  tur- 
bulence is  then  swept  back,  with  the 
mean  current  (in  the  steady  flow  refer- 
red to  axes  moving  with  the  wave)  to- 
wards the  rear  of  the  wave.  Further  to 
the  rear  the  turbulence  starts  to  decay 
and  also  spreads  downwards. 

Figure  9°  shows  the  turbulent 
momentum  flux  (u'w'  ) . Conventionally 

ttie  arrows  are  drawn  in  the  positive 
9e  -direction  when  the  flux  of  OC  -momentum 
is  downwards . It  can  be  seen  that  in 
the  upper  part  of  the  wave,  beneath  the 
crest,  the  flux  is  strongly  downwards, 
but  below  the  level  of  the  troughs  the 
flux  is,  unexpectedly,  in  tlie  reverse 
diiection,  though  weaker.  This  suggests 
the  in'esonce  of  a Jet-like  current 
directed  towards  the  rear,  at  the  level 
where  tlie  momentum  transfer  changes  sign. 
Such  a current  may  be  associated  with 
the  injection  of  air  near  the  too  of  the 
while  cap.  On  the  other  hand,  in  the 
wave  trough  at  least,  the  ver_tical 
gradient  of  the  steady  flow  (Jl  is 
negative,  even  in  an  irrotational  wave, 
so  that  if  turbulence  c ists,  a negative 
value  of  is  not  un,  easonab  Le  . 

spilling  BRF, AKERS 

To  study  the  flow  close  to  the  free 
surf;ico,  photographic  methods  are  clearly 
the  most  useful.  For  this  purpose  a side 


window  is  essential. 


Fig.  10  A sequence  showing  the 
development  of  a spilling  breaker  (afte 
Kjeidsen  and  Olsen  1971 ). 
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sequence  of  pictures  of  breaking  waves 
in  shallow  water,  taken  from  a recent 
film  by  Kjeldsen  and  Olsen  (8^.  The 
waves  are  travelling  from  right  to  left 
in  gradually  shoaling  water,  and  the 
breakers  are  of  the  spilling  type , in 
which  the  motion  is  quasi-steady  and 
the  whitecap  spreads  rather  slowly  down 
the  forward  face  of  the  wave . 

A theoretical  model  of  spilling 
breakers  has  recently  been  suggested  by 
Longue t -Higgins  and  Turner  (l973).  In 
this  the  bi'eaker  is  regarded  as  a tur- 
bulent gravity  current  riding  down  the 
forward  slope  of  the  wave,  and  retaining 
its  identity  because  it  is  lighter  than 
the  water  below  owing  to  the  trapping  of 
air  bubbles  ( Figure  1iy  It  is  asstuned 


Fig.  11  Model  of  a spilling  breaker. 

that  across  the  lowei'  boundary  of  the 
gravity  current  entrainment  of  heavier 
fluid  takes  place  , at  a rate  governed 
by  the  overall  Richardson  number.  The 
entrainment  of  asa  has  the  effect  of 
increasing  the  v o lume  of  the  whitecap 
and  helping  to  produce  an  accelerating 
flow,  while  the  entrainment  of  momentum 
gxves  rise  to  a drag  which  reduces  the 
downhill  acceleration. 


Tne  equations  for  the  conservation 
of  mass  and  momentum  cun  be  shown  to  be 
satisfied  by  a "similarity  solution", 
in  which  the  thickness  of  the  whitecap 
is  proportional  to  the  distance  J from 
the  crest  of  the  wave.  The  down  slope 
velocity  is  proportional  to  . (in 

Ehilerian  coordinates  the  velocity  is 
steady;  in  Lagrangian  coordinates  each 
particle  undergoes  an  acceleration 
parallel  to  the  free  surface).  Since 
the  velocity  in  a Stokes  120°  angle  is 
also  proportional  to  this  Implies 

that  such  a flow  can  start  from  a small 
disturbance  with  zerc  flux,  and  p.Topagate 
with  c.jr.stant  acceleration. 

Solutions  of  this  kind  are  possible 
only  when  the  slope  and  density  differ- 
ence are  sufficiently  large;  otherwise 
the  upwards  drag  dominates  and  a self- 
sustaining  flow  cannot  form.  For  a 
slope  of  30°  near  the  crest  of  the  break- 
ing wave,  a density  difference  greater 
than  8^  is  required  to  sustain  a steady 
motion,  at  which  point  the  downslope 
velocity  is  12%  of  the  opposing  velocity 
at  the  wave  surface.  Density  differences 
at  least  of  this  order  have  been  observed 
in  hydraulic  jumps  (9). 

The  detailed  examination  of  a film 
.sequence  of  breaking  waves  has  shown  a 
very  interesting  characteristic  of  the 
whitecaps,  namely  their  intermittent 
behaviour.  Figure  12  ( 1 O)  shows  the 
length  of  whitecap  plotted  as  a function 
of  time,  as  given  by  the  frame  number  in 
the  film  record  of  Kjeldsen  and  Olsen. 
What  evidently  happens  is  that  from  time 
to  time  the  wave  crest  becomes  rounded 
and  part  of  the  whitecap  is  swept  over 
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Fig.  12  Measurements  of  the  length  of  whitecap  in  a spilling  breaker,  plotted 
against  frame  number,  showing  intermittency  (from  Longue t -Higgins  and  Turner.  1974). 
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the  crest,  eventually  dissolving  on  the 
rear  of  the  wave.  This  rounding  of  the 
whitecap  can  be  attributed  to  a loss  of 
wave  energy  resulting  from  the  work  done 
by  the  wave  in  supporting  the  whitecap 
on  its  forward  face  (see  Section  8 of 
reference  (j_0) ) . 

The  form  of  spilling  breakers  on 
very  gently  shelving  beaches  with 
gradients  of  0.02  or  less  is  known  to 
resemble  quite  closely  that  of  .“olitary 
waves  (see  ( 1_^)  ) . It  is  therefore 
relevant  to  a discussion  of  this 
phenomenon  that  the  solitary  wave  of 
maximum  amplitude  (with  a crest  angle 
of  120°)  has  recently  been  found  not 
to  be  the  most,  energetic  , for  a given 
undisturbed  water  depth  ( 1 2 ) . B'igure 
13  shows  the  calculated  energy  and 


Fig.  13  The  dimensionless  energy 
£ and  momentum  JT  of  a solitary 
wave  , as  a function  of  the  wave  amplitude 
6 a Ok.  / , where  l>\  is  the  un- 

disturbed depth  (from  Longuet-Higgins  and 
Fenton  1 974) . 

momentum,  as  a function  cf  wave  height. 

It  appears  then  that  a wave  on  reaching 
the  maximum  energy  will  gain  further 
height  only  by  losing  some  energy,  per- 
haps by  breaking  or  by  instabilities  on 
the  forward  face.  When  finally  the  wave 
attains  its  greatest  height,  any  further 
loss  of  energy  causes  it  to  jump  back  to 
a point  lower  down  on  the  energy  curve , 
possibly  to  a point  where  the  wave  momen- 
tum is  the  same  both  befor"i  and  after  the 
jump  (as  indicated  by  the  arrows  to  the 
left  in  Figure  13).  Thus  a non-linear 
pr>  perty  of  surface  waves  may  help  to 
produce  the  observed  int ermitteney . 
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Two  numerical  methods  for  solving  boundary-value  problems  related  to  potential  flows 
with  a free  surface  are  Introduced  In  thrs  paper.  Only  forced  motion  and  diffraction 
problems  are  considered  here,  although  these  schemes  are  equally  applicable  to  any  first 
order  tlme-harmonlc  problem  of  similar  nature. 

The  first  method,  termed  finite-element  variational  method,  applies  the  conventional 
variational  form  for  this  type  of  boundary  value  problems.  A modified  variational  method 
utilizing  eigenfunctions  expansions  Is  also  described.  This  latter  scheme  proves  to  be 
much  more  efficient. 

The  second  method,  termed  fundame-.tal-singularity  distribution  method,  works  with  the 
fluid  boundary  only.  Green's  theorem  Is  applied  using  merely  the  source  function  for 
an  unbounded  fluid.  This  results  in  an  Integral  equation  with  the  unknown  function 
being  the  potential  along  the  entire  fluid  boundary.  An  alternative  scheme  to  deal  with 
the  cace  of  an  Infinitely  deep  fluid  is  also  presented . 

Both  methods  place  no  restrictions  o..  the  geometry  of  the  body  nor  the  bottom  topography 
and  are  valid  for  either  two-  or  three-dimensional  problems.  Test  results  obtained  by 
the  present  methods  for  the  case  of  a heaving  circular  cylinder  in  water  of  finite  or 
infinite  depth  agree  well  with  those  obtained  by  others,  except  for  the  behavior  of  the 
added-masa  coefficient  at  low  frequency  In  water  of  finite  depth.  For  three-dimensional 
problems,  test  computations  for  a sphere  in  heave  and  sway  motion  by  both  methods  agree 
well  with  others.  Results  obtained  by  the  second  method  for  an  ellipsoid  also  agree 
very  well  with  existing  results. 


1.  INTRODUCTION 

Small  oscillatory  motions  of  an 
inviscid,  incompressible  fluid  with  a 
free  surface  are  described  by  a bound- 
ary-value problem  governed  by  Laplace's 
equation  with  a mixed  boundary  condi- 
tion on  the  free  surface,  a homogeneous 
Neumann  condition  on  the  bottom  of  the 
fluid,  and  appropriate  radiation  condi- 
tions at  infinity.  Forced-motion  or 
diffraction  problems  of  a floating  or 
submerged  body  require  an  additional 
boundary  condition  on  the  body  surface 
as  well,  generally  stating  that  the 
normal  velocity  of  the  body  and  fluid 
are  equal . 

An  exhaustive  list  of  literature 
on  this  subject  may  be  found  in  Wehausen 
(1972).  Here  it  suffices  to  say  that, 
in  the  past,  problems  of  this  type  were 
generally  solved  by  distributing  sources 
(and/or  dipoles)  on  the  body  boundary 
and  using  Gj-een's  theorem  to  obtain 
integral  equation  for  the  strength  of 
these  boundary  singularities  o’-,  alter- 
natively, by  using  sources  and  higher 
order  mulipole  expansions  at  an  inter- 
ior point  within  the  body,  the  strengths 
of  these  singularities  being  determined 
so  as  to  satisfy  the  body  boundary  con- 
dition. In  all  cases  it  is  conventional 


to  utilize  the  singularities  which  are 
solutions  of  the  boundary-value  problem 
stated  above,  except  the  body  boundary 
condition  which  is  invoked  separately 
to  determine  the  singularity  distribution. 
For  two-  and  three-dimensional  motions 
with  a fluid  of  infinite  depth,  or  of 
finite  but  constant  depth,  the  required 
singularities  are  well  known,  although 
of  rather  complicated  analytical  form, 
so  that  the  approach  described  above 
corresponds  to  solving  a Fredholm  inte- 
gral equation  over  the  body  surface, 
with  a rather  complicated  kernel  func- 
tion. 

In  this  paper  two  numerically  ori- 
ented as  well  as  more  versatile  methods 
are  introduced  as  alternative  approaches 
to  the  solution  of  the  problem.  The 
first  alternative  is  based  on  a varia- 
tional principle  which  is  utilized  to 
determine  the  velocity  potential  through- 
out the  fluid  domain.  In  this  procedure 
(Hai,  1972),  radiation  condition  is 

first  applied  at  a finite  distance.  By 
subdividing  the  fluid  domain  into  a num- 
ber of  finite  elements,  we  may  approxi- 
mate the  potential  within  each  element 
by  a set  of  polynomial  trial  functions. 
Thus,  in  effect,  an  integral  equation 
over  the  body  boundary  with  a compli- 
cated kernel  is  replaced  by  a system  of 
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equations  over  a much  larger  fluid  do- 
main, but  a much  simpler  kernel.  This 
approach,  which  is  described  in  more 
detail  by  Bai  (1972)  for  two-dimensional 
and  axi-symmetric  three-dimensional 
problems  and  also  by  Bai  (1375)  for 
diffraction  problems  of  oblique  waves 
by  an  infinite  cylinder,  will  be  des- 
cribed Very  briefly  here  for  complete- 
ness. We  present,  in  more  detail  in- 
stead, a modified  scheme  which  makes  use 
of  certain  analytic  solutions  in  the 
outer  flow  field.  In  this  modified 
variational -approach,  the  radiation  con- 
dition is  replaced  by  appropriate  junc- 
ture conditions.  Two  new  functionals 
are  obtained  and  shown  to  be  much  more 
efficient  for  numerical  computations. 
With  this  modification  the  fluid  domain 
to  be  dealt  with  using  finite-element 
method  reduces  to  a much  smaller  one 
than  that  without  the  modification. 
Application  of  this  modified  variational 
method  to  the  diffraction  problem  of  a 
two-dimensional  (and  axi-symmetric- 
three-dimensional)  bottomless  oil 
reservoir  tank  will  be  reported  in  a 
separate  paper  in  the  near  future. 

The  other  alternative  method  of 
solution  that  we  will  be  discussing  is 
an  integral  aquation  method  (Yeung, 
1973).  Here,  Green's  second  identity 
is  applied  to  the  unknown  potential 
using  merely  the  source  function  for  an 
unbounded  fluid.  The  fluid  domain  is 
truncated  by  a radiation  boundary  taken 
at  a finite  distance  as  mentioned  ear- 
lier. For  the  problem  at  hand,  the 
normal  derivative  of  the  potential  along 
the  boundary  is  either  known  or  expres- 
sible in  terms  of  the  potential  itself 
since  the  boundary  condition  is  of 
either  a Neumann  or  Mixed  type.  The  net 
result  is  that  one  gets  an  integral 
equation  for  the  potential  along  the  en- 
tire fluid  boundary,  but  with  a rela- 
tively simple  kernel.  It  is  of  interest 
to  point  out  that  if  a certain  part  of 
the  boundary  had  a Dirichlet  type  condi- 
tion, the  normal  velocity  could  then  be 
retfarded  as  unknown  along  this  part  of 
th<i  boundary  and  then  one  would  proceed 
along  the  same  line  as  before.  The 
integral  equation  is  solved  by  the 
method  of  discretization.  It  is  evident 
here  that  a compromise  is  made:  we 

have  traded  away  the  much  more  compli- 
cated Green  function  in  return  for  a 
larger  boundary  and  also  traded  away  a 
much  larger  domain  of  the  straight- 
forward variational  approach  (not  the 
modified  variational  method  mentioned 
earlier)  in  return  for  non-polynomial 
and  singular  kernel  functions  as  well 
as  a full  coefficient  matrix.  This 
approach  stands  somewhat  in  betw’een  the 
conventional  Green's  function  method  and 
the  variational  method  without  modifi- 
cation. 

Previous  studies  of  the  variational 
method  applied  to  water-wav'e  problems 
have  been  made,  besides  by  the  first 


author,  by  Berkhoff  (1972),  by  coupling 
the  variational  method  and  source  dis- 
tribution along  the  outer  boundary,  for 
the  problem  of  refraction  and  diffrac- 
tion of  the  water  waves , in  the  scope 
of  the  shallow  water  theory.  Several 
other  references  along  this  approach 
are  given  in  Section  3. 

Previous  studies  of  the  method  of 
fundamental  sources  and  dipole  distri- 
butions have  been  done  by  Hess  and 
Smith  (1967)  for  an  unbounded  fluid,  in 
which  the  fundamental  source  is  just  the 
Green  function  of  the  problem.  This 
particular  case  actually  belongs  to  the 
category  of  the  method  of  Green ' s func- 
tions. There  exist  no  previous  studies 
on  water-wave  problems  in  an  infinite 
domain  using  the  method  of  fundamental 
sources  and  dipole  distributions. 

Since  both  methods  described  are 
fairly  new,  we  concentrate  in  this  paper 
on  establishing  their  validity  by  pre- 
senting test  results  for  both  two-  and 
three-dimensional  problems  and  by  com- 
paring them  with  those  obtained  by  other 
authors . 

2.  MATHEMATICAL  FORMULATION 

We  consider  here  the  wave-body 
interaction  of  a three-  (or  two)  dim- 
ensional body  floating  or  submerged  in 
the  free  surface  of  a fluid  (Fig.  2.1). 
Such  interaction  may  occur  either  as  a 
forced  oscillation  problem  or  as  a dif- 
fraction problem.  In  the  former  case, 
wave  motion  is  generated  by  some  pre- 
scribed motion  of  the  body;  in  the  lat- 
ter, the  body  is  held  fixed  but  subject 
to  the  excitation  of  an  incoming  wave 
system.  It  is  well  known  that  mathe- 
matically, these  two  problems  are  es- 
sentially identical,  the  only  differ- 
ence being  that  the  boundary  condition 
on  the  body  takes  on  different  func- 
tional specifications. 

We  assume  that  the  body  has  no  for- 
ward velocity,  the  fluid  is  incompres- 
sible and  inviscid,  and  the  flow  irrota-- 
tional.  No  assumptions  on  the  geometry 
of  the  body  and  the  bottom  are  necessary. 
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Fig.  2.1 


Coordinate  System. 


2 . 1 Governing  Equations 

We  choose  the  coordinate  system 

Oxyz  (not  shown)  to  be  mounted  on  the 
body  which,  if  in  motion,  obcillates 
harmonically  about  an  inertial  system 
Oxyz,  with  the  y-axis  pointing  ver- 
tically upwards  and  the  Oxy-plane  being 
the  undisturbed  water  surface.  The  two 
systems  coincide  when  the  body  is  at 
rest.  At  the  onset,  we  assume  the 
motion  is  small , so  that  the  boundary 
conditions  on  the  body  can  be  satisfied 
at  its  equilibrium  postion  instead  of 
its  instantaneous  position.  With  such 
an  assumption  we  can  henceforth  dispense 
with  the  Oxyz  system  and  seek  the  sol- 
ution of  the  boundary  value  problem 
posed  below  in  a domain  of  definition 
which  does  not  change  with  time.  For 
the  diffraction  case,  the  body  is  held 
fixed  and  we  need,  of  course,  only  one 
set  of  coordinate  systcam. 

Let  4(x,y,z,t)  be  the  velocity  po- 
tential describing  the  flow  field.  The 
continuity  equation  requires  ^ to  sat- 
isfy Laplace's  equation.  Let  a be  the 
angular  frequency  of  the  time-harmonic 
solution,  then  introducing  the  usual 
time  and  spatial  decompostion,  we  have: 

'l'(x.y.z.t)  - /fe  j^<ti  (x,y  , z)  , 


m - 1,  . . ,7 


where 


is  the  complex-valued  spatial  potential, 
and  the  complex  time-harmonic 

motion  amplitude  of  the  body  corres- 
ponding to  the  m-th  mode,  i.e. 


a (t)  - Re 


1 2 


] . 


where  the  body  motion  amplitude. 

For  m “ 7,  the  diffraction  problem  cor- 
responding to  an  incoming  wave  system 
of  unity  amplitude,  one  simply  sets 
ai-0  and  az’=Ho  in  (2.3).  The  poten- 
tial functions  4i(x,y.s!)  must  satisfy; 


where  v-c^/g,  g being  the  acceleration 
of  gravity,  Sf  is  the  undisturbed  free 
surface,  y-0,  outside  of  the  body,  Sg 
the  Ixjttom  surface,  and  So  the  wetted 
surface  of  the  body  at  its  equilibrium 
position.  f(s),  the  only  non-homogen- 
eous  boundary  condition,  depends  on  the 
mode  index  m . For  m - 1 , 2 , . . , 6 , corre- 
sponding to  the  sway,  heave,  surge, 
pitch,  yaw  and  roll  modes  of  motion 
respectively,  f(s)  is  given  by 

f («')  - n^.  , 


(n^.n^.Ug)  - (r-r^)xii 


where  n is  the  unit  inward  normal_^of  the 
body  with  components  (nx  , ng  , tig ) , to  the 
location  of  the  center  of  rotation,  and 


(x,y  ,z) 


For  m - 7 , 


where  ij)j  is  the  spatial  potential  asso- 
ciated with  the  incoming  wave  system. 

Finally,  in  order  to  have  an  unique 
solution  for  the  problem,  we  must  impose 
a radiation  condition  at  infinity,  which 
states  that  the  forced  waves  or  diffracted 
waves  must  be  outgoing.  To  derive  this 
condition,  we  let  R be  the  radial  hori- 
zontal distrnce,  i.e. 

R - (x^+z')>/^  , 

and  0 be  the  polar  angle  in  the  (x,z) 
-plane.  Let  also  the  bottom  geometry, 

y - h(x,z)  ” h(R,6) 

be  a constant  beyond  some  minimal  value 
of  R.  Then  a set  of  elementary  solutions 
satisfying  Laplace's  equation,  the  free 
surface  and  bottom  conditions  can  be 
obtained  by  the  method  of  separation  of 
variables  (see  Wehausen,  1960,  pp.  472- 
475) . With  little  difficulty,  it  may  be 
shown  that  only  the  following  combina- 
tions in  the  set  will  give  a solution 


ir  . 3^  . 

lax^  3y^  ^ 

3^  \ 

■^2  1 <l>  <X,  y , z)  “ 0 

(2.4) 

corresponding  to  waves  propagating  out- 
wards to  infinity: 

the  fluid. 

4i(x,y,z)  “ cosh  m^(y+h) 

<(ly  - V((l 

- 0 . 

(2.5a) 

R) • cos(n0+6)  ,(2.8) 

n 0 

♦n  1 

- 0 , 

(2.5b) 

where  is  the  Hajikel  function  of  the 

first  kind  and  of  order  n.  mo , a sep- 
aration constant,  is  the  root  of  the 
following  equation: 

K 1 ■ 

< 

1 

OB 

(2.5c) 

fflotanh  rngh  " a^/g  . (2.9) 

(2.16) 


The  function  Hn  VoR)  has  an  asymptotic 
expansion  of  the  following  form  for 
large  values  of  R (Tlatson,  1966,  p.  212), 

"^’<-=10  - J)] 


(2.10) 


Using  (2.1),  one  can  see  that 
$(x,y,z,t)  fle[<|i  (x,y  , z) 


''j  cosh  tOgCy+h) 


f— 

\TTin  R/ 


.Re 


5xp  i{(moR-at)  - ir}jf(6)  (2.11) 


p(x,y,z,t)  - -p*^  - Pgy 

P being  the  density  of  the  fluid.  Of 
primary  interest  is  the  hydrodynamic 
component,  which  comes  from  the  -p# 
term.  Introducing  the  notation  ^ 

(F^.F^.F^)  - (Mj.M2.M3)  . 

we  may  write  the  hydrodynamic  forces  and 
moments  for  the  case  of  forced  motion  as 
follows : 

■ (2.17) 

Here,  repeated  indices  are  summed  from 
1 to  6.  and  are  the  added-mass 

and  damping  coefficients  respectively. 
They  are  defined  by  the  integrals: 


does  represent  an  outgoing  wave-system. 

A few  a''qebraic  steps  then  yield  the  fol- 
lowing iformation  on  the  behavior  of  i)i: 

II  - (||  + i-mo).j)  + 0(R-'/")  (2.12) 


y . .+!• 

a 


(2.18) 


Equation  (2.12)  is  the  radiation  condi- 
tion we  shall  use.  It  is  based  on  the 
assumption  that  the  'local  disturbance', 
which  is  the  difference  between  the 
total  potential  and  the  propagating-wave 
potential,  dies  out  fast  enough  to  be 
negligible  at  the  place  where  (2.12)  is 
applied.  Condition  (2.12)  is  consistent 
with  the  cla'-sical  form: 


R-<- 


:(||  - imo^) 


0 . 


given,  for  , lance,  by  John  (1950, 
p.  54)  . 

For  the  case  of  a two-dimensional 
problem,  the  radiation  conditions  re- 
duce to : 

||(x^iy)  “ ’ (2.13a) 

||(Xj.,y)  = -img((),  , (2.13b) 

R 

where  ooi  ®o  the  wave  numbers  cor- 
responding to  fluid  depths  on  the  right 
and  left  sides  of  the  body  respectively. 


2.2  Forces,  Moments  and  Wave-Heights 

The  linearized  forces  and 
about  0 acting  on  the  body  are 

moments 
given  by: 

. j 

(2.14) 

«jW  ■ J 

[j  p(rxn)^.ds 
S 0 

, (2.15) 

where  ds  is  an  infinitesimal  surface 
element  and  the  pressure  p can  be  ob- 
tained from  the  linearized  version  of 
Bernoulli's  equation: 


which  depend  on  the  body  and  bottom  geo- 
metry as  well  as  the  angular  frequency 
a.  The  diffraction  forces  may  be  ob- 
tained by  solving  the  boundary  value 
problem  of  ij)(^)  defined  in  §2.1  and  by 
using  (2.14)  and  (2.15),  or,  alterna- 
tively, by  the  application  of  Haskind's 
relation  (see  Newman  (1962)]  utilizing 
the  solutions  of  the  forced  motions.  In 
the  latter  case  the  forces  are  given 
simply  by 

Fj.  . -iap  .dS  . (2.19) 

Finally,  the  free-surface  elevation 
Y(x,z.t)  can  be  obtained  from  the  dy- 
namic boundary  condition  used  in  arriv- 
ing at  (2.5a),  and  is  given  by 

Y(x,z,t)  - -g"' 4’j.  (x.o  ,z  , t) 

= o*/g  «e  [i)' (x.o  ,z)a  (t)].(2. 20) 

Whence,  by  (2.3)  one  can  define  a spatial 
free-surface  function  Y(w)(r,z)  corres- 
ponding to  the  m-th  mode  as: 


Y^^^x.z) 

- Vljl  (x  , 0 

. z)  • 

r \/’i) , • (m) 

[“1  +iaz 

With 

(2, 

.21) 

Y(x,z  ,t) 

-=  Re  j^Y  (x 

, z)e 

-iatl 

J • (2. 

,22) 

3.  SOLUTION  BY  THE  VARIATIONAL  METHOD 

We  present  in  this  section  a method 
of  solution  based  on  the  variational 
formulation  common  in  many  other  fields 
of  engineering  mechanics.  In  §3.1  the 
application  of  the  classical  variational 
method  is  described  very  briefly  sin^e 


I 
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one  can  find  more  details  in  Bal  (1972, 
1975).  In  §3.2  a modification  to  this 
method  is  made  in  order  to  use  two  dif- 
ferent classes  of  trial  functions: 
polynomial  trial  functions,  and  a set  of 
eigenfunctions.  In  §3.3,  the  two  classes 
of  trial  functions  (also  known  as  inter- 
polation functions)  are  discussed  in 
greater  detai'.  and  the  admissibility  of 
the  polynomial  trial  functions  is  con- 
sidered. Throughout  this  section,  the 
superscript  m the  potential  defined  in 
§2  is  omitted  with  the  understanding 
that  $ will  always  depend  on  m. 

3 . 1 Classical  Variational  Method 

Lot  us  consider  a well-posed  bound- 
ary value  problem  described  for  a com- 
plex-valued function  4i(x,y)  as 

V*<Kx.y)  -0  In  f?  (3.1) 

with  the  mixed-type  boundary  condition 
on  the  boundary  S . 


+ a((i  ” 6 on  S (3.2) 


where  a(S)  and  6(S)  are  known  complex 
functions.  In  the  theory  of  the  calcu- 
lus of  variations,  we  can  solve  an  al- 
ternative problem,  one  that  requires 
the  determination  of  a function  if  wlvich 
makes  the  associated  functional  station- 
ary, instead  of  solving  directly  the 
above  partial  differential  equation  with 
the  given  boundary  condition.  In  order 
to  ccnstruoL  the  associated  functional 
for  the  above  problem,  we  introduce  a 
complex  variation  6<f(x,y)  and  integrate 
(3.1)  in  the  domain  fl  and  (3.2)  on  the 
boundary  S after  multiplying  both  equa- 
tions by  iSf.  Then  we  obtain 


- V^ffiifdxdy  T j (<f  taif-B)  difds 

Jo  J « “ 


0.  (3.3) 


as  mentioned  earlier. 

Consider  now  the  two-dimensional 
problem  of  forced  motion  or  diffraction 
as  formulated  in  S2.  The  boundary  con- 
ditions given  by  (2.5)  and  (2.13)  cor- 
respond merely  to  certain  specific 
choices  of  values  of  a(s)  and  B(S)  in 
(3.2).  Let  S be  S .ySfuSsuSpuSs  as  shown 
in  Fig.  3.1.  Then  the  functional 
associated  with  the  problems  at  hand  is 
simply: 


F{4>}  ” Vif  • Vifdxdy 


ds 


(3.7) 

(s)ifd8 


In  the  case  of  the  three-dimensions  the 
analogous  functional  is: 


F{if) 


— • Vif  • Vifdxdydi  - 


^^dS  + ijj 


f^dS 


S 

£ 


If  “dS 
F 

(3.8) 
(S)ifdS  , 


where  the  radiation  boundary  ^r  is  chosen 
to  be  a vertical  circular  cylinder  of 
sufficiently  large  radius,  R,  which  in- 
cludes the  body  and  the  variation  of  the 
bottom  topography. 

When  we  have  an  axi-symmetric  body 
in  three  dimensions,  it  is  convenient  to 
express  the  potential  defined  in  (2.1) 
in  polar  coordinates  as 

*(R,6»y»t)  « i?c[if(R,y)  cos(n0+6)d(t)j  . 

(3.9) 

Then  the  Laplace  aquation  (2.4)  reduces 

t K^yy  - 0.  (3.10) 


If  we  make  use  of  Green's  theorem,  which 
holds  also  for  complex  functions,  in  the 
first  integral  in  (3.3)  and  of  the  re- 
lation V6if=6V(f,  the  left-hand  side  of 
(3.3)  becomes 


• ; 


VifVfiifdxdy  + 


(aif- 

s 


B)  6<fds 


(3.4) 


6 1 Vif-Vifdxdy  + (j-aif^-B'f)<i8  . 

I J B J s 


Now  we  shall  define  the  associated  func- 
tional F for  the  above  problem,  (3.1) 
and  (3.2)  as 

FW)  2 II  |-V(f.7(fdxey  + I (|.aif»-B<f)d8 
Then  by  (3.3)  we  have 

6F{if}  - 0. 


(3.5) 

(3.6) 


It  is  understood  in  (3.10)  that  a proper 
value  of  n is  taken  for  the  individual 
problem;  for  example,  n«0  for  the  case 
of  heave  motion  and  n-1  for  the  case  of 
surge  and  pitch  motions.  In  diffraction 
problems,  the  incident  wave  potential  ifj 
can  be  written  as 

_ (3.11) 

o coshm^h 


Since  (3.6)  is  equivalent  to  (3.1)  and  Fig.  3.1  Configuration  of  Boundary 

(3.2),  we  will  take  this  alternative  Geometry. 
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where  A ia  the  amplitude  of  the  incident 
wave.  For  a body  geometry  with  an  axl- 
symmetry,  it  is  convenient  ijto  ^press 
■xp(ln  x)  in  the  above  equation  in  terms 
of  Besiel  functions : 


exp(lm^x)  « Z e^i  (t«^R)  cos  (aO ) , 
n“0 


e “1  for  n“o 

n 

e - 2 for  n>l. 


(3.12) 


Then  the  body  boundary  condition  (2.17) 
can  be  expressed  as  a sum  of  all  the 
values  of  n by  substituting  (3.12)  into 
(3.11).  The  diffraction  problem  of  an 
axi-symmetric  body  in  three  dimensions 
therefore  reduces  to  the  two-dimensional 
problem  given  by  (3.10)  which  we  have  to 
solve  for  all  n (n«o,l,..,,  «) . In  prac- 
tice, only  a finite  number  of  terms  is 
necessary.  In  a procedure  similar  to  that 
in  obtaining  (3.7)  , we  may  find  that  the 
associated  functional  for  this  problem 
is 

F{^)  - II  i-R-  (4>^  + 4>y)  dRdy 

- if/*'  - ^f/*' 


<)i‘  ds 


- I R£  (ii)<ti  ds  , 
J S 

° (3.13) 


where  Er  is  reduced  to  a line  boundary 
due  to  the  axi- symmetry . 

In  Uie  method  described  above  and 
the  method  of  fundamental  source  and 
dipole  distribution  to  be  described  in 
§4,  the  construction  of  the  'numerical 
radiation  boundary' , which  reduces  the 
exact  problem  defined  in  the  infinite 
domai.'.  to  an  approximating  problem  in  a 
finite  domain,  is  very  important.  In 
order to  truncate  the  original  infinite 
boundary  into  a finite  domain j one  should 
examine  the  behavior  of  the  local  distur- 
bance, for  example,  how  fast  it  decays 
along  the  free  surface.  The  decaying 
behavior  of  the  local  disturbance  of 
each  problem  is  a function  of  the  wave 
frequenvy,  the  characteristic  length  of 
the  body  and  the  fluid  depth.  A more 
detail  discussion  on  this  can  be  found 
in  Bai  (1972)  and  Yeung  (1973) . 

3 . 2 A Modified  Variational  Method 

The  main  disadvantage  of  the  vari- 
ational method  discussed  in  §3.1,  for 
our  problem,  ia  that  the  finite  domain 
obtained  by  truncating  the  original 
infinite  domain  is  still  too  large  for 
solving  the  problem  economically.  For 
example,  as  shown  in  Fig. 3.1,  the  radi- 
ation boundaries  have  to  be  located  at  a 
couple  of  wave  lengths  away  from  the  body. 
As  a consequence,  there  is  still  a.  sub- 
stantial amount  of  fluid  region  to  deal 


with.  In  order  to  overcome  this  disad- 
vantage, a modification  is  made  to  fur- 
ther reduce  the  fluid  domain  by  utilizing 
)cnown  analytic  solutions  in  certain  sub- 
domain which  will  be  defined  later. 

For  simplicity,  we  shall  consider 
in  detail  only  the  problem  shown  in  Fig. 
3.2. 
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Fig.  3.2  Inner  and  Outer  Regions  of  the 
Modified  Variational  Method. 

Let  us  draw  an  imaginary  line  J ( or  a 
vertical  circular  cylinder  in  three  di- 
mensions ) which  separ^ltes  the  fluid  into 
a region  i?j^of  irregular  bottom  and  the 
body  and  a region  ^2^^  uniform  depth  as 
shown  in  Fig.  3.2.  'Then  the  original 
fluid  domain  R is  divided  into  two  sub- 
domains,  i.6.,J?i  and  Rg  with  the  common 
interface  boundary  J.  The  boundary  of  v 


interface  boundary  J.  The  boundary  of  y 
the  subregion  Is  denoted 

and  the  boundary  of  is 

denoted  S2  - 7 u 

ijii  and  412  denote  the  potentials  in  these 
regions,  respectively,  then  we  have 


(3.14) 


V*4i 

- 0 

in 

-1  • 

4i  - 

v4j^  • ( 

) on 

®F1, 

*ln 

- V 

n 

on 

*ln 

- 0 

on 

®S1, 

7*42 

- 0 

In 

«2  . 

*2y- 

v42  - 

0 on 

Sp2’ 

*2n 

- 0 

on 

®02’ 

(3-15) 


lim  (42, 42)"*^ 

X— ^ CO  * ^ 

In  addition,  we  have 


*in  "'*^0  ^°th  On  J, 


(3.16) 


where  the  normal  vector  is  taken  outwards 
from  the  fluid  domain,  for  instance. 


By  the  juncture  conditions  (3.16),  the 
potentials  4j^and  42  huve  unique 


■olutiona. 

L«t  ua  assume  that  the  most  general 
solutions  of  (3.15)  are  )(nown  and  that 
<)i2(x,y)  can  be  expressed  in  terms  of 
them  with  coefficients  to  be  determined 
later. 

Ha  shall  skip  the  procedures  of  the 
construction  of  the  associated  function- 
als for  the  above  problem  and  simply 
present  the  results  below: 

<til*  ds 

^n'i'l  ds  +f  ds,  (3.17) 

F2  {ifi  >'{'2  J dxdy-j|  (|ij*d8 

«1 


Then  setting  either 

fiFlUi.*2>  " 0. 

or 


(3.18) 

(3.19*) 

(3.19b) 


is  the  same  as  solving  Equations  (3.14), 
(3.15)  and  (3.16).  To  see  this>  wo  note 
that 


FI 


(6j^  •‘t'2^"j 

[|  dxdy  + 

(j,,)66j^  da  +J 

[ (4x„-V„)Hi  ds  +1 
Oq  ' 

♦2n^-^*l"'*2n- 

■2(<t'2'5*2n'^'''2n'^'*'2^^'^ 

1 dxdy+l 

<t'x)d'('2  da  +J 

PI 


(3.21) 

By  making  use  of  Green ' s theorem  to 
the  functions  412  and  6(fi2in  the  region  R , 
we  obtain  ^ 


II  [6V'^-^’*<«♦2)Jdxdy  - 


(♦2„fi*2-S«^2n) 


(3.22) 


From  the  assumptions  we  stated  on  the 
function  i)>2'  Equation  (3.22)  reduces  to 


I. 


2*'*’2n^  d-i  » 0. 


(3.23) 


If  we  use  the  relation  (3.23)  in  (3.20) 
and  (3.21) r we  obtain 


(3.24) 


ds 


6F2-jj  -V*4'ifi'('idxdy  +j  (4>2^-V(Ji2)5i). 

1 Fl 

+ f i'*'inH2„)«4'2  dc  ‘ 0*  (3.25) 

. J 

Since  the  variations  64>x  > ^'t’2  • ®'t’2n 

(3.24)  and  (3.25)  are  arbitrary,  wo  ob- 
tain Equations  (3.14)  and  (3.16).  Due  to 
the  assumption  on  the  function  4 2 stated 
earlier,  i>x  ^ud  4>2  obtained  from  the 
above  functional  method  are  the  solutions 
of  the  equations  (3.14),  (3.15)  and  (3.16) 
(note  that  this  solution  satisfies  the 
exaat  radiation  condition) . The  Integral 
expressions  of  the  functionals  involve 
only  with  the  sub-region  Hx  which  we 
shall  call  'the  locali&ed-f inite-element 
region' . 

As  shown  above,  the  new  functionals 
Fi  and  Fi  ware  obtained  by  making  a modi- 
fication to  the  functional  F in  (3.7)  in 
§3.1.  Similarly,  the  analogous  functionals 
Fj  and  F«  for  three-dimenaionc 1 problems 
in  general  can  be  obtained  almgly  by  re- 
placing the  radiation  boundary  integrals 
in  (3.8)  by 


11, 


<n-2*2>^n 


(3.26a) 


for  Fi , or  by 

II  [(♦2-'^l>*ln+5^2*2n3  (3.26b) 
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for  Fj . For  the  «p«cial  case  of  axi- 
•yimnatric  geometry,  Fj  and  Fj  can  be 
obtained  by  replacing  the  radiation-boun- 
dary Integrals  In  (3.13)  by 


(3.27a) 

for  Fj , or  by 

J^R[(*2-h^nn^5*2*2n]  <“ 

for  Fi.  Here  obviously  In  (3.8)  or 
(3.13)  Is  to  be  replaced  hy  and  412 
Is  understood  to  be  the  most  general  solu- 
tion In  the  outer  region  ft, . 

It  Is  ol  Interest  to  note  that  the 
stationary  value  of  both  functionals  in 
two  or  three  dimensions  are: 


Fl  (♦2>'<'2^' 


F2  (<ti]^.'t'2) 


da 


■ V <ti 


-if  V„4i  da  . 
So 


(3.28) 

(3.29) 


if  (fij  ')>2  exacc  solutions. 

This  stationary  value  is  simply  (-l/2p) 
times  the  added-mass  and  damping  co- 
efficients integrals  defined  In  (2.18). 

If  the  most  general  solution  for  ^2 
in  the  sub-domain  ^?2C°ntains  a constant) 
the  functional  Fj  defined  in  (3.17)  can 
not  be  used  since  its  first  derivative 
is  identically  aero  (see  the  last  integral 
in  (3.24)) and  we  have 


fiOC/dn)  = 0.  (3.30) 

Tlierefore  the  functional  F2  defined  in 
(3.18)  should  be  used  in  this  case. 
Fortunately  in  our  problem  we  do  not 
have  a constant  in  the  general  solution 
for  (^2  in  f?2  if 

Two  limiting  cases  should  be  noted: 
Let  us  assume  that  the  roost  general  solu- 
tion for  <(,2  in  (3.15)  can  be  expressed 
as  a series'^of  eigenfunctions  as  given  in 
(3.36)  and  (3.37).  If  the  localized- 
f inite-element  region  ^^2  i®  ta)cen  very 
large,  xn  other  words,  if  the  boundary 
is  taken  at  a large  distance  from  the 
body  ( and  the  irregular  bottom  topo- 
praphy)  , then  412  can  be  represented  very 
well  just  by  one  term  in  the  series  [ the 
first  term  in  (3.36)3-  In  such  case,  the 
present  functional  method  reduces  to  that 
treated  in  the  previous  sub-section.  In 
the  opposite  limit,  if  a wave-maker  pro- 
blem is  considered  with  a uniform  depth, 
then  the  localized-f inite-element  region 

can  be  taken  as  zero  and  as  a conse- 
quence, we  have  only  the  boundary  J, 

Then  both  functionals  and  F2  reduce  to 

Fl{'^2^‘^jt't'2l“-i|^4'2  + 2ii  (3.31) 


(1971) , who  used  the  source  distributions 
to  represent  4>2. 

From  these  two  limiting  cases  one 
can  readily  see  that  the  functionals 
defined  in  (3.17)  and  (3.18)  ate  a much 
more  general  formulation  compared  with 
(3.7)  or  (3.31)  : For  example,  if  one 
takas  the  localized-f inite-element  region 
to  be  small,  then  as  a consequence,  the 
domain  of  the  area  integrals  in  the  func- 
tionals will  also  be  small,  while  on  the 
other  hand,  one  has  to  take  manv  terms 
(eigenfunctions)  to  represent  4>2  in  the 
computation  for  the  approximate  solu- 
tions, and  vice  versa. 

The  method  of  eigenfunction  expanr- 
Sion  in  both  inner  and  outer  regions  has 
been  used  by  Black  a:.d  Mei  (1970)  in  con- 
junction with  the  Schwinger-type  varia- 
tional form.  Applications  were  made  to 
several  vertical-walled  bodies  in  two  and 
three  dimensions,  lashikl  and  Hwang 
(1973)  considered  the  axl-symmetric 
three-dlmanslonal  body  in  water  of  finite 
depth  and  ci^mputatlon  was  made  based  on 
the  functioi'al  (3.31),  by  utilizing  eigen- 
functions in  the  both  regions.  Chen  and 
Mei*  (1974)  also  considered  a diffraction 
and  radiation  problem  within  the  scope 
of  the  shallow-water  theory  by  a similar 
approach  to  ours. 

3.3  Construction  of  Trial  Functions  and 
Approximate  Solutions 

We  shall  describe  briefly  here  the 
numerical  procedure  by  which  the  function- 
al form  (3.19a)  can  be  reduced  .-.nto  an 
operational  form  for  finding  the  approx- 
imate solutions,  in  conjunction  with  the 
functional  defined  (3.17).  The  other 
functionals  discussed  earlier  can  be 
treated  in  a similar  way.  There  are  two 
important  steps  in  this  procedure.  The 
first  step  is  to  discretize  the  fluid 
domain  in  region  fl^into  a number  of  fin- 
ite elements,  within  each  one  of  which 
4ii  is  approximated  by  a polynomial  trial 
function.  The  second  step  is  to  repre- 
sent the  solution  of  412  by  a finite  nv\m- 
ber  of  the  eigenfunctions  in  Hi , where 
the  most  general  solution  (i.e.,  infin- 
ite series  of  the  eigenfunctions)  of  412 
is  known.  Once  these  two  approximations 
are  made,  the  rest  of  the  numerical  pro- 
cedure is  rather  straightforward. 

Before  we  discuss  the  construction 
of  the  trial  functions  we  shall  discuss 
the  admissibility  of  the  trial  functions 
in  the  region  fly.  As  mentioned  earlier, 
because  of  the  equivalance  of  differen- 
tial equations  and  variational  problems 
either  can  be  the  basis  of  various  com- 
putational schemes.  One  significant 
difference  between  the  functicnal  method 
and  the  differential  equation  is  the  fact 
that  the  expressions  for  the  associated 
functionals  involve  no  second  derivatives, 
because  integration  by  parts  have  been 


which  was  obtained  earlier  by  Bessho 
(1970)  , and  was  basis  of  the  numerical 
computations  by  Sao,  Maeda  and  Hwang 


*The  first  author  owes  thanks  to  Professor 
C.  C.  Mei  for  his  valuable  coimnents  in  the 
way  of  developing  this  localized-f inite- 
elcanent  method. 
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used  tu  construct  these  functionals 
(more  specifically,  jen's  thaoram  Is 
used  here) . These  functionals  will  be 
well  defined  if  the  integrals  in  the  do- 
main and  on  its  boundary  (only  and 
are  involved)  are  finite  in  value. 
Therefore  the  class  of  the  admissible 
functions  in  the  problem  to  find  the 
stationary  point  is  enlarged  to  a space 
bigger  than  tho  one  for  the  original 
differential  equations.  We  now  have  the 
advantage,  while  searching  for  the  sta- 
tionary point  of  the  functional,  of 
being  able  to  try  functions  which  were 
outside  of  the  original  class  of  admis- 
sible function  space.  In  practice,  this 
means  that  we  can  now  try  continous 
functions  whose  first  derivatives  are 
only  piecewise  continuous,  that  is,  the 
first  derivatives  can  have  finite  dis- 
continuities at  the  juncture  points  be- 
tween adjacent  elements.  It  is  very 
easy  to  construct  functions  which  satis- 
fy the  above  requirements  and  we  shall 
discuss  this  point  in  this  section. 

Let  the  region  fij,  occupied  by  fluid, 
up  to  the  boundary  J,  be  subdivided  by 
lines  into  a (not  necessarily  rectang- 
ular) grid  system.  Each  connected  piece 
within  the  subdivision  will  be  called  an 
'element*.  Let  us  introduce  a set  of 
trial  functions  NJ  (x,y), 
associated  with  each  element  and  of  such 
a character  that  'i'i(x,yj  can  be  approx- 
imated as  a sum  of  these  functions,  each 
multiplied  by  the  value  of  i(ij^  at,  say,  a 
node  of  the  grid  associated  with  the 
element  (itx.;  the  i-th  node)  . How- 
ever, these 'values  of  need  not  be 
nodal  values  of  (t>x  but  may  be  other  val- 
ues (parameters)  characterizing  <|ii  in 
the  element,  for  our  numerical  scheme 
requires  finding  the  stationary  point  of 
a functional  which  is  represented  in  in- 
tegral form  rather  than  finding  directly 
the  values  of  the  function  itself.  Let 
us  write  the  set  of  trial  functions  as 
a row  vector 


sentation  (3.34)  as  follows; 

♦l  ■ I 

e-1 

N 

■ .1  ♦it  "i 


(3.35) 


where  E is  the  total  number  of  elements 
and  E is  the  total  number  of  nodes  in 
the  entire  fluid. 

In  our  numerical  computations,  an 
eight-node  quadrilateral  element  was  used 
in  the  finite-element  discretization. 

The  trial  functions  for  an  eight-node 
square  element  are  constructed  in  Appen- 
dix A.  A.  vary  extensive  and  detailed 
exposition  about  this  procedure  can  be 
found  in  Zien)ciewlcz  (1971)  . 

There  are  several  choices  for  the 
trial  functions  for  (|i2(x,y)  in  the  sub- 
region  which  satisfy  condition  (3.15). 
A sot  of  properly  chosen  eigenfunctions 
will  be  used  in  the  following  procedure 
even  though  some  other  representation 
for  the  admissible  trial  functions  can 
be  employed  as  mentioned  earlier. 

Let  us  represent  the  function 
412  4.n  terms  of  the  eigenfunctions 

')'v(x,y)  (i-o,..,W-J)  with  unknown  coef- 
ficients to  be  determined 

as  part  of  the  solution  later: 

M-1 

■t'2(*.y)  - I 4*21  4’t(x.y)  . (3.36) 

i“0 

tt7(*,y)  “ mo(y+h)/co*h  moh  • 

4’j(x.y)  “ e mi(y+h)  , (3.37) 


® m^_j(y+h) 


where 


m(jtanh  moh  ” — 


[N]"  » [N^  N«, 


-N®] 


(3.32) 


m^tan  reih 


(3.38) 


and  the  set  of  nodal  values  as  a column 
vector 


In  three  dimensions  42(R>®>y) 
represented  by 


>12.- 


I’m 


(3.33) 


K-1  L-1 

4>2(’^.e.y)  - I I 

k-o  l“0 


in  an  n-node  element.  The  superscript 
a in  the  above  equations  means  that 
these  values  are  considered  in  an  indi- 
vidual element.  We  may  then  approximate 
4ij^  in  each  element  by  tho  sum: 

4’i  ■ [»]‘'t4>i}‘'  . (3.34) 

When  we  further  define  the  trial  func- 
tions [n]*^  to  be  identically  zero  out- 
side the  associated  element,  then  we  can 
represent  the  approximate  solution  in 
the  entire  fluid  by  a sum  of  the  repre- 


where 

co»h(m^R)  cos(l0+6)  , 

“ K^(OjR)  cos  mj(y+h)  cos(I6+6>  , 

; (3.40) 

4ij,^  ■ (mj^R)  cos  mj,(y+h)  coa(19+6)  > 

(fe>7)  . 

Here,  4>fcZ  are  unknown  constants  and  Kj 
is  the  modified  Bessel  function  of  the 


second  kind. 

Once  we  set  up  all  the  trial  func- 
tions, polynomial  trial  fvutctlons  for 
the  function  itiiCa.y)  in  /?i  and  the  ei- 
genfunction trial  functions  for  <^^(x,y) 
in  Rx  [actually,  in  (3.17)  computation 
of  i|>2(x*y)  occurs  only  along  the  inter- 
face boundary  we  can  find  the  sta- 
tionary point  of  the  functional  F,  {1)11,1)2) 
numerically  by  the  following  equations t 


0f,{i)i,')2> 

a*u  ■ ° 

3Fi  {1)1, i);} 


{-1,..,N,  (3.41a) 


..  0 i-  0^.  . ,M-1.  (3.41b) 


Substituting  (3.35)  and  (3.36)  into 
(3.41) , we  obtain: 

3F.  ff  3<)lx 

Wi7  ■ 

[t  3)1  f 3)2 


3) 


3F 


3) 


L - f r.i 

2i 

‘] 


dS 


(3.42a) 


3)2 


/A  


) 


‘1  3)^i 


(3.42b) 


When  we  maXe  use  of  the  relations 
r3N,  3N, 


1 1 /A 

" ■ ^_3x  *3x  ■ • • •]  ''*’1 


3) 

3x 

3 3^,  3N. 

- 3T 


3), 


3) 


- Nv 


(3.43) 


^ - ia^.)^fx.y)  . 


3), 


3) 


U 


i-ll 


then  (3. 12)  reduces  to  the  following  set 
of  (W+/f)  algebraic  equations: 


(3.44) 


where 


*11  *12 

>1' 

'^1 

*21  *2  2_ 

*11  " 

t 

*22  " 

(3.45) 


'12 


'21 


, , <3.45) 

" {f^  > > 

«2 

- (0)  . 

The  elements  of  the  above  matrix  are  de- 
fined as  follows: 

a . . ~ 

J), 

- 

1 (3.46) 

u ■ 

The  problem  has  now  been  reduced  to 
the  set  of  algebraic  equations  (3.44). 

The  coefficient  matrix  is  symmetric  com- 
plex, as  one  see  readily  from  the  expres- 
sions in  (3.46),  and  is  banded  if  the 
nodes  are  numbered  in  proper  sequence. 

The  actual  numerical  computations  of  the 
Integrals  in  (3.42)  for  general  eight- 
node  quadrilateral  uiements  are  made  by 
Gaussian  numerical  quadrature  after  a 
coordinate  transformation  into  a square. 

There  exist  rlgc^rous  mathematical 
treatments  on  the  convergence  and  error 
estimates  of  a convex  functional  which 
is  positive  definite,  but  the  conver- 
gence proof  for  the  complex  functional 
f{)}  in  (3.5)  is  more  difficult.  It  is 
beyond  the  scope  of  the  present  paper  to 
give  a rigorous  mathematical  proof  for 
convergence  in  the  case  of  this  parti- 
cular functional  F{)}.  One  can  find  it 
in  Strang  and  Fix  (1973) . 

A typical  subdivision  of  meshes  to 
solve,  by  the  localised-f inite-element- 
method,  a forced  motion  problem  of  a 
rectangular  cylinder  (half-beam/draft  • 
1.0)  in  water  of  finite  depth  (h/half- 
beam  ••  2.0)  is  shov/n  by  the  solid  lines 
in  Fig.  3.3,  and  this  subdivision  was 


Fig.  3.3  A Typic.nl  Subdivision  of 
Mashes  in  the  Fluid. 
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used  for  all  the  freqi'ency  ranges  0.0025 
<va<6  where  the  computations  were  made. 

As  a comparison,  another  typical  subdi- 
vision of  meshes  to  solve  the  same  prob- 
lem, by  the  variational  method  without 
the  modification,  is  also  shown  in  the 
extra  region  as  dotted  linos  in  Fig.  3.3 
for  the  case  Va-1. 

4.  SOLUTION  BY  THE  METHOD  OF  FUNDA- 
MENTAL SOURCE  AND  NORMAL-DIPOLE 
DISTRIBUTION 

An  alternative  oproach  to  solving 
the  boundary  value  problenis  formulated 
earlier  is  by  the  method  of  integral 
equation.  This  permits  us  to  deal  cnly 
with  the  fluid  boundaries.  Hore  we 
avoid  working  with  the  complicated  kei - 
1 ;1  associated  with  the  usual  wave  source 
by  introducing  merely  the  fundamental 
source  function,  1/r,  or  log  1/r  in  the 
case  of  two  dimensions . Thiti  novel  ap- 
proach to  free-surface  flow  problems  is 
made  possible  hare  by:  (l'\  that  the 

normal  derivative  of  is  either  known 
or  expressible  in  terms  of  ifi  itself  [see 
Eqn.  (2.5)],  and;  (2)  that  the  originally 
external  boundary  value  problems  can  be 
converted  to  internal  ones  by  the  appli- 
cation of  the  radiation  condition  at  a 
finite  distance. 

4 . 1 Application  of  Green's  Theorem 

We  illustrate  the  basic  idea  behind 
the  method  by  cons 'dering  first  the  two- 
dimensional  problem.  Referring  to  Fig. 
3.1,  we  let  P be  a field  point  inside 
the  fluid.  We  assume  that  4'  is  a con- 
tinuous function  everywhere  in  the  fluid 
and  apply  Green's  second  identity  to  the 
functions  4i  and  log  1/r,  in  a fluid  do- 
main enclosed  by  the  boundary  S defined 
by  i)  ^uSpuSgpSpuS^ . This  results  in  the 
following  expression  of  i(P)  in  terms 
of  its  boundary  values  and  its  normal 
derivative  on  the  boundarv ; 


derivative  boundary  condition  does  not 
contradict  our  original  assumption  on 
the  continuity  of  ^ . 

Next  we  make  use  of  the  boundary 
conditions  (2.5)  and  (2.15)  to  rewrite 
(4.1)  in  terms  of  only.  Then,  let- 

ting the  observation  point  V approach  S , 
we  obtain  the  following  integral  equation 
for  tj)  / on  S : 


(P)  - I (Q)|^log  r ds(Q) 


+ f r - vlog  r]ds 

^ Sp 

+ I l^log  r ds 

+ f ^ ~ inolog  r]ds 

+ j r - iniolog  r]dE 


f r m J 

■ s 


(s)log  r ds  , P€S 


(4.2) 


Solution  cf  this  integral  equation  yields 
the  value  of  4’^'”'  along  S without  further 
calculations.  The  kernel  here  consists 
of  a linear  combination  of  the  fairly 

simple  functions,  log  r and  ^log  r. 

an 

Evidently,  the  approach  here  can  be 
extended  to  the  more  trivial  case  of  a 
fluid  domain  of  finite  extent,  for  ex- 
ample, a canal  or  a basin.  The  radia- 
tion condition  is  simply  replaced  by 
4>n“0  and  no  outgoing  waves  occur.  For 
this  case,  Chang  (19‘’2)  started  with  an 
unknown  distribution,  o(n),  of  log  (1/r) 
along  the  hour  "'ary  of  the  fluid,  and  had 
shown  rigorously  that  the  resulting  in- 
tegral equation  for  o(s)  has  a unique 
solution  if  the  forcing  frequency  does 
not  coincide  with  the  natural  frequen- 
cies of  the  basin. 


2t(4> (P) 


loj  (1/r)  ds(Q) 


3n 


[log  (l/r)]ds(Q)  (4.1) 


Where 


5,ri  being  variables  of  integration  on  S. 
In  order  that  we  may  apply  the  radiation 
conditions  (2.15),  as  in  the  case  of  the 
variational  method,  Sp  and  Si  should  be 
located  where  the  potential  is  essen- 
tially that  of  propagating  waves.  We 
observe  that  (4.1)  consists  of  a simple 
distribution  of  strength  4in  and  a dou- 
ble distribution  of  strength  4i  • The 
'itential  contributed  by  the  first  dis- 
''ution  is  continuous  througliout  tipace, 
and  and  is  continuous  on  S itself 

if  is  pieoewiae  continuous  (Kellogg, 

1929)  . Hence,  a discontinuous  normal- 


4.2  Discretization  of  the  Integral  Equa- 
tion ' 

By  the  method  of  discretization, 
the  integral  equation  (4.2)  for  ifil’™/  can 
be  reduced  to  a set  of  linear  algebraic 
equations  v;ith  the  unknowns  being  the 
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values  of  the  potential, 


i“l , . . ,N.]. 


at  a discrete  set  of  control  points  a- 
long  the  boundary.  Using  the  notation 
defined  in  Fig.  4.1,  Eqn.  (4.2)  can  be 
written  in  the  following  discretized 


1 

7 [-tt(5  . . + C . . 

■ «•:  • 
i = 1.2,. . 

(4.3) 

,Nt 

where 

6.  . is  the  Kronecker  delta. 

ro . • . 

for  ■ • '^S 

; 

J-N^+1,. . 

> . 

C . . 

Q . .-VP  . , , 

for 

,N^  ; 

i=N^+l... 

.N.J,  , 

! R \ 

Q . |p  . . , 

Vo/ 

Ns 

for  = 

•N3  ' 

and 

J=N^+1... 

(4.4) 

K.  = I 
^ i = l ^ 

(x  . , y .)  P . . . 

o’  r 1-3 

(4.5) 

Here,  we  have  used  a constant  distribu- 
tion (or  interpolation)  function  for  <(i 
betw.  an  each  pair  of  consecutive  grid 
points.  The  kernel  integrals  or  influ- 
ence coefficients,  ?ij,  and  are  de- 
fined by  liiie  integrals  over  a small 
segment  .S,-  ar.  fc.ilcws: 


'C  + 1 ■ 


P . 


^0 


+ q(m).p  (-5.,n.;-£^^,n.^p 


5>o 

(4.7) 


q(m) -Q^^.  (-5^.  , 5>o 

H R 

where  Pvj  and  Qij  are  defined  by  Eqns. 
(4.6a)  and  (4.6b).  Here,  q(m)  takes  on 
the  value  of  1 or  -1  according  to  the 
relation: 

d^”^(-x,y)  = q (m)  4>  (x,y)  . 


With  such  a modification,  it  is  then  on- 
ly necessary  to  solve  for  on  the 

right  side  of  the  fluid. 

4 .3  The  Infinite-depth  Case 

The  technique  discussed  earlier  ap- 
pears to  be  impracitcal  if  we  war.  ; to 
consider  the  case  of  an  infinitely  deep 
fluid,  especially  when  the  wave  length 
is  long.  This  difficulty  may  be  circum- 
vented by  noting  that  for  an  infinitely 
deep  fluid,  the  third  integral  in  (4.2) 
can  be  discarded,  and  that  for  the  bound- 
ary integrals  associated  with  S/f,  for 
instance  we  may  replace  the  unknown 
function  4)(5/?,n)  by  <}>  (5/j  ,0)  eVn  , ij)(5fl,D) 
being  unknown.  In  other  words,  an  expo- 
nentially decaying  distribution  is  as- 
sumed. Note  that  this  assumed  behavior 
of  ij>  at  ifi  is  valid  to  the  same  extent 
that  the  radiation  condition  is  valid. 

The  resulting  integrals  associated  with 
S/f  now  become: 


j log[(x  ,-5)  'y  , -n)  ^ ds  , (4.6a) 

' S ^ ^ 


(4.6b) 


I 1(>  (5^,P)  [|:^log  r ivlog  r]  ds 

i)>  (5^,0)|  [-li-log  r - ivlog  r]  dn 

— oo 

[F^(v,5^,x,y)-iG^(v,5^,x,y)] 


and  can  be  evaluated  analytically.  It 
should  be  pointed  out  that  the  matrix 
Stj+C-ij  J is  neither  symmetric  nor 
dia.  jnalli  dominant.  The  matr.ix  is,  how- 
ever, predominantly  real,  except  for  col- 
umns asyo.eiated  with  control  points  on 
S,7  and  S£,  the  radiation  boundaries. 
Evidently,  a unique  solution  for 
exists  if  the  determinant  of  the  matrix 
does  not  vanish. 

If  the  geometry  of  both  body  and 
bottom  is  symmetric  with  respect  to  x-0, 
and  if  xc"0,  4i^”*^(x,y)  will  be  an  even 
functio.i  of  X,  for  m=2,  and  an  odd  .^unc- 
tion of  X for  m-1  o.”  6.  Such  syimaetry 
(or  anl i- symmetry)  allows  us  to  deal 
with,  say,  just  the  right  side  of  the 
fluid..  More  specifically,  the  influence 
coefficients  and  Qij  may  be  inter- 

preted as  the  sum  of  two  integrals: 


(4.8) 

R R 

Again,  the  integrals  F and  G may  be 
evaluated  rather  expediently  [see  Yeung 
(1973) ] , 

Similar  considerations  may  be  ap- 
plied to  the  finite-depth  case  : Using 

a cosh  nio  (y+h) /co.sh  mph  distribution 
function  instead  of  e^Y,  we  can  reduce  a 
sequence  of  unknown  on  or  Si  to  a 
single  unknown,  4i(£/f,0)  or  on 

the  free-surface.  It  is  worthwhile  to 
point  out  that  one  further  simplification 
occurs  if  the  fluid  is  of  constant  depth. 
By  distributing  a positive  image  system 
about  the  line  y--h,  we  can  eliminate  the 
sequence  of  unknowns  on  the  bottom  sur- 
face. Xn  other  words: 
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? . . 


+ P,/[C.,-(2h+n.);5.,j.-(2h+n.,p] 
T 


the  body.  J2(>0),  in  general,  takes  a 
value  of  2n  if  P is  on  a planar  surface, 
but  otherwise  is  the  solid  angle  inside 
the  fluid  in  the  neighborhood  of  point  P 
if  P happens  to  be  a vertex  point. 
f(”')(s)  and  mo  given  by  (2.6)  and 

(2.9),  respectively.  Note  that  we  have 
made  use  of  the  distribution  function: 

(f.(m)(R,y,e)  = (R,O,0)e^y , y<0(4.i0) 


T X 

where  P-iJ  and  Ciij  are  expressions  re- 
sulted from  evaluating  (4.6a)  and  (4.6b) 
analytically.  Combined  with  the 
cosh  mo(y+h)  distribution  on  S/(  and 
as  discussed  earlier,  it  will  only  be 
necessary  to  solve  for  on  So^Sp. 

4 . 4 The  Three-dimensional  Problem 

It  is  rather  straight  forward  to 
extend  the  above  scheme  to  three-dimen- 
sional bodies,  at  least  in  principle, 
although  the  complexity  of  the  computer 
program  increases  manifold.  Here,  due 
to  practical  limitations,  we  consider 
only  body  shape  with  two  planes  of  sym- 
metry (symmetry  about  the  0::y  and  Oyz 
planes)  in  infinitely  deep  water.  The 
radiation  condition  (2.12)  is  now  appro- 
priate. Applying  Green's  theorem  in 
three-dimension  and  making  use  of  the 
boundary  conditions  (2.5),  we  may  write: 

n<ti^'"^(P)  + II  (Q)|^(|-)dS(Q) 

So 

+ II  [|^(7)  - v(i)]ds(Q) 

+ f|  <ti^'"U.O.e)e^'l[|^(i)  + (^j^-imo)7]Rci0d„ 

= I f £ (a)7-dS  , P€S  (4.9) 

Where  Ir  corresponds  to  the  surface  of 
a vertical  cylinder  of  radius  R enclosing 


and  as  a result  we  are  required  to  deter- 
mine 4 of  Eun.  (4.9)  on  the  body  and 
free  surface  Sp  only. 

To  solve  Eqn.  (4.9)  numerically,  we 
will  discretize  the  integral  equation  as 
follows.  The  surface  SoySy  is  first  sub- 
divided by  a grid  system  as  shown  in 
Fig.  4.2:  the  body  by  transverse  sec- 

tions and  waterline  sections  as  commonly 
used  by  naval  architects,  the  free  sur- 
face by  quasi-radial  lines  and  circumfer- 
ential lines.  To  each  grid  point  we  as- 
sign an  index  f , [^i“l , . . .NT]  and 
thus  denotes  the  potential  of  the  m-th 
mode  at  grid  point  i.  For  simplicity  of 
notation,  we  discard  the  superscript  (m) 
in  this  section  with  the  understanding 
that  i()  obviously  depends  on  m.  Each 
surface  element  can  be  characterized  by 
the  double  indices  (.k,j)  corresponding 
to  the  sector  number  and  the  element 
count  from  the  keel  upwards,  respectively 
We  have  chosen  to  use  triangular  ele- 
ments v.'ith  linear  distributions  to  ap- 
proximate the  potential.  This  type  of 
element  has  the  advantage  that  when 
joined  edge  to  edge,  the  elements  form 
a closed  surface  and  the  potential  a- 
oross  these  edges  is  continuous.  On  Er, 
we  shall  use  a special  element,  one 
which  is  infinite  in  length  and  has  an 
exponential-decay,  ng  distribution  in  the 
vertical  direction,  but  a linear  distri- 
bution in  the  horizontal  direction. 

Let  S)(j  be  the  surface  area  of  the 
{k,j)  element,  N (?c)  be  the  number  of  el- 
ements in  the  J;-th  sector,  and  M be  the 
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ill  I 


number  of  sectors  in  one  quadrant  of  the 
x-z  plane,  then 


+ + 

' ' S « ‘ ' S Et  ' ' I 


I ,I  I ( )ds 

k=J  o-i  Sfcj-  (4.11) 


(k.Hp+l) 


The  integrands  of  these  integrals  depend 
evidently  on  whether  j corresponds  to  an 
element  lying  on  So,Sf,  or  Sr,  Also, 
since  we  are  only  integrating  one  qua- 
drant in  the  x-z  plane,  mirror  images  of 
the  integrals  over  Sfej  in  the  other  three 
quadrants  must  be  accounted  for.  Note 
that  will  assume  either  an  odd  or 

even  behavior  about  the  Oxy  and  Oyz 
planes  depending  on  the  mode  that  is 
under  consideration. 

If  Hq (k)  denotes  the  index  of  the 
last  element  lying  on  Sq  in  the  fe-th 
sector,  and  Kp(k)  denotes  the  corres- 
ponding index  of  the  element  lying  on 
Sp,  then  Eqn.  (4.9)  may  be  written  as; 


M No(k) 

■ I I 

k=i  a=i 


f(s)7  dS 


M Nf(*:) 

+ I I 

k=l  ,/=No+l 


M Nf+1  - .. 

+ I I '^r 

k=2  j=Nf+lL  ‘ ^kc 

- ff, 

°kj 

Now  the  function  within  each  patch  is 
approximated  by  some  convenient  distri- 
bution function  J (linear,  in  the  pre- 
sent case),  as  follows: 


= [g  (5,n,c),g  ,g  ] 


= 5=5(5. n).  (4.13) 

The  integers  Bi's  evidently  depend  on 
(kiO)  and  is  a vector  of  three  com- 
ponents. Combining  (4.12)  and  (4.13), 
we  obtain: 

M Hoik) 

“*">  \h  ih 


M NpCfe)  .j. 

+ I I (Q-vP)  -Ig 
k^l  i=l 


kj  ^&(k.j) 


M No(fc)^ 

jlj  ^kj'H(k,j ) , 


(4.14) 


where  P and  Q are  source  and  normal-di- 
pole distribution  integrals  over  element 
and  are  defined  as  follows: 

P ■=  I (g,  .g  .g,)l/r  dS,  (4.15) 


It  should  be  emphasized  that  (4.15)  and 
(4.16)  actually  represent  four  different 
integrals,  one  in  each  quadrant,  taking 
into  account  the  oddness  and  evenness  of 
the  function  ifCx.y,)  [see  Ref.  (31)]. 

For  this  method  to  be  successful,  we 
must  bo  abl'’>  to  evaluate  these  integra- 
tions fai’  • axpedigntly,  preferably 
analytica  y.  The  Q integral,  corres- 
ponding essentially  to  the  negative  of 
the  normal  velocity  induced  by  a linear 
distribution  of  sources  over  a general 
triangular  planar  element,  has  been  con- 
sidered by  Webster  (1974)  . Appendix  B 
provides  the  details  concerning  the 
evaluation  of  the  P integral.  Certain 
aspects  related  to  the  numerical  in- 
stability of  the  final  expression  are 
also  discussed.  For  the  evaluation  of 
integrals  over  Sr,  we  refer  the  reader 
to  Reference  (31). 

So  far,  we  have  left  the  observation 
point  P in  Eqn.  (4.14)  undecided.  If  we 
choose  P to  be  the  grid  points,  then 
fliji  (P).»n7;(fii  , (i»l,..,Nx).  and  we  have  a 
system  of  linear  equations  with  an  equal 
number  of  unknowns  and  equations.  In 
practice,  it  is  numerically  more  stable 
to  evaluate  the  coefficients  given  in 
(4.15)  and  (4.16)  at  a small  distance 
from  the  vertex  (or  corner)  of  the  ele- 
ment rather  than  right  at  the  vertex. 
Equation  (4.14)  is  the  three-dimensional 
analog  of  (4.3)  for  two-dimensional 
problems.  Again,  elements  of  the  matrix 
are  predominantly  real  except  for  col- 
umns associated  with  the  last  free-surface 
variable  on  each  radial  line.  This  ad- 
vantage is  fully  exploited  in  storing  as 
well  as  in  solving  the  matrix. 

5.  RESULTS  AND  DISCUSSIONS 

Eacause  of  the  relative  newness  of 
the  present  two  methods  of  solution,  we 
concentrate  on  validating  our  approaches 
by  comparing  our  results  with  existing 
solutions  obtained  by  other  authors. 

Also,  since  our  methods  of  solutions  do 
not  depend  on  any  particular  choice  of 
body  geometry,  mathematically  simple 
shapes,  such  as  a circular  cylinder  or  a 
sphere,  are  in  fact,  as  general  as  any 


other  shapes  to  our  methods.  We  h 
gin  in  S 5 . 1 with  some  standard  aUded- 
masE  and  deimping  coefficients  computa- 
tions for  circular  and  rectangular  cyl- 
inders. Next,  diffraction  and  pressure 
distribution  problems  in  two  dimensions 
are  considered.  Finally,  teat  computa- 
tions in  three  dimensions  are  presented 
for  comparison  with  existing  solutions. 

5.1  Force  Coefficients  of  Cylinder  in 
Finite  or  Infinite  Deptn 

As  a test  case,  the  two  numerical 
methods  discussed  in  this  paper  (13.1 
and  §4.1)  were  first  applied  to  solve 
the  classic  problem  of  a semi-submerged 
circular  cylinder  heaving  in  a deep 
fluid,  a problem  which  was  first  solved 
by  Ursell  (1949).  Fig.  5.1  shows  a com- 
parison of  the  values  of  potentials  on 
the  cylinder's  surface  for  the  case  Keva 
".9,  a being  the  radius  of  the  cylinder. 
Here  the  dotted  circle  corresponds  to 
values  of  if  that  are  identically  zero; 
the  radial  distance  from  the  reference 
circle  renresents  the  value  of  (fii  or  (J)2. 
The  comparison  is  made  with  results  ob- 
tained using  the  Green-function  integral- 
equation  method  (h““) . Our  results  are 
based  on  a h/a  ratio  of  5.0,  which  cor- 
responds to  a depth-to-wavelength  ratio 
of  0.72  at  this  frequency.  The  fluid 
could  be  considered  as  infinitely  deep 
in  such  a case.  It  can  be  seen  that  the 
agreement  is  very  good . 

Fig.  5.2  shows  the  added-mass  coef- 
ficient for  the  same  cylinder  over  a 


range  of  frequency  for  two  depths,  h/a«» 
and  h/a-2.0.  Results  obtained  by  the 
second  method  using  the  infinite-depth 
formulation  described  in  §4.3  is  shown 
here  to  be  compared  with  the  dash-dot 
line,  which  is  obtained  from  Kim's  (1969) 
worlt  using  Ursell 's  multipole  expansion 
method.  Results  obtained  by  the  varia- 
tional method  is  based  on  the  formula- 
tion given  in  §3.2.  The  agreement,  as 
can  be  seen,  is  good.  Similar  agreement, 
though  not  shown,  also  applies  to  the 
case  of  damping  coefficients. 

Added-mass  and  damping  coefficients 
for  cylinders  in  water  of  finite  depth 
have  been  computed  in  the  past  by  Yu  and 
Ursell  (1961) , Lebreton  and  Margnac 
(1966) , and  C.  H.  Kim  (1969) . Yu  and 
Kim  both  used  the  multipole  expansion 
method  whereas  Lebreton  and  Margnac  used 
the  Green' s-function  integral-equation 
method.  In  cases  where  common  results 
are  available  for  comparison,  agreement 
has  been  poor  especially  in  the  low 
frequency  range . We  furnish  here  some 
fresh  calculations  using  the  two  new 
methods  and  hope  to  be  able  to  shed  some 
light  on  the  subject.  Figs.  5.2  and  5.3 
contain,  for  h/a»2.0,  curves  of  added- 
mass  coefficients  and  amplitude  ratio 
based  on  a number  of  past  works  together 
with  results  by  the  present  methods. 

Our  results  for  the  added-mass  coeffi- 
cients do  not  agree  with  those  by  Yu  and 
Ursell  (1961) , or  by  Kim  (1969) . Our 
calculations  seem  to  indicate  that  this 
coefficient  approaches  a constant  value 
as  the  frequency  parameter  K-*-0 , whereas 
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Fig.  S.2  Added-Mass  Coefficient  of  a 
Circular  Cylinder  in  Heave. 


those  of  other  authors  tend  to  infinity 
in  the  limit.  Note  that,  however,  the 
agreement  on  the  damping  coefficient  (or 
the  cunplitude  ratio)  for  all  authors  are 
excellent. 

The  present  findings  of  the  low- 
frequency  behavior  of  the  heave  added- 
mass  do  not  contradict  those  obtained  by 
Lebreton  and  Margnac  (1966) , who  have 
computed  iija  and  ^22  for  rectangular 
sections  in  various  depths.  We  repro- 
duce here  in  Pigs.  5.4  and  5.5  results 
by  Lebreton  and  Margnac,  as  well  as 
those  by  C.  H.  Kim  from  their  publica- 
tions. Strictly  speaking,  Kim's  section, 
corresponding  to  his  values  of  H=1  and 
6-1,  is  not  absolutely  rectangular.  We 
see,  however,  for  the  added-mass  curve, 


Fig.  5.3  Amplitude  Ratio  of  a Circular 
Cylinder  ..n  Heave. 


oscillation  similar  to  the  case  of  a 
circular  cylinder  occurs  at  the  low-fre- 
quency end  whereas  our  results,  by  both 
methods,  agree  well  with  Lebreton  and 
Margnac . 

In  performing  these  computations  at 
low  frequency,  it  was  found  that  numer- 
ical instability  occurs  in  the  funda- 
mental singularity  distribution  method 
when  K<.02.  For  such  low  values  of  v, 
it  is  suspected  that  the  smallness  of 
the  ratio  in  Eqn.  (4.4)  when 

combined  with  round-off  error  in  solving 
the  large  matrix  makes  the  tree-surface 
condition  numerically  undetectable. 

Also,  added-mass  coefficients  computed 
by  the  localized  finite-element  method 
increase  abruptly  as  K approaches  zero 


va  -a 

Fig.  5.4  Addad-Mass  Coefficient  of  a Fig.  5.5  Damping  Coefficient  of  a Rect- 

Rectangular  Cylinder  in  Heave.  angular  Cylinder  in  Heave. 
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Table  1.  i^>proxiinate  Carfutational  Cbsts  for  Various  Methods  on  IBM  Oarputer. 


Various  Numerical  Methods 

Approx.  CPU  Time 
in  Seconds 

Approx.  Total  Cost 

Finite-Element  Variational  Method  (F.E.M.) 

(h-») 

29 

$13.38 

Finite-Element  Variational  Method  (F.E.M.) 

(hf») 

13.3 

$ 3.68 

Localized  Finite-Element  Method  (L. F.E.M.) 

2.6 

$ 0.51 

Fund.  Singularity  Dlat.  Method  (h^") 

14,0 

$ 1.85 

Fund.  Singularity  Dist.  Method  (h»>) 

6.5 

$ 0.88 

Green-Function  Integral-Eqn.  Method  (h”“) 

2.7 

$ 0.41 

in  the  interval  of  0<K<.001.  It  is  pos- 
sible that  this  behavior  is  also  caused 
by  numerical  instability. 

It  is  of  interest  to  compare  the 
computation  costs  for  various  methods 
involved.  We  tabulate  in  Table  1 the 
approximate  CPU  execution  time  as  well 
as  the  total  dollar  cost  required  for  a 
typical  case  of  computation  of  a single 
frequency,  all  based  on  the  MIT  IBM-370 
machine.  The  total  cost  is  given  here 
because  in  some  of  the  methods,  exten- 
sive use  of  peripheral  devices  leads  to 
additional  charges.  It  should  be 
pointed  out  that  the  Green -function  in- 
tegral-equation method  for  the  case  of 
finite  depth  will  require  at  least  three 
times  as  much  computation  time  as  the 
case  of  infinite  depth.  Figures  given 
for  the  fundamental-singularity  distri- 
bution method  are  based  on  double-pre- 
cision arithmetic.  If  the  number  of 
unknowns  is  less  than  100,  single  pre- 
cision will  be  sufficient,  which  leads 
to  a 50%  reduction  in  CPU  time. 


Table  2.  Ccrputation  Time  and  Oonvergence  of 
the  localized  I inite-Element  Method. 


M 

N 

U22 

^2  2 

C.P.U. 
in  secs* 

1 

93 

0.6279 

0.4580 

2.42 

5 

97 

0.6298 

0.4140 

2.47 

10 

102 

0.6065 

0.4074 

2.63 

20 

112 

0.6060 

0 . 4000 

2.78 

30 

122 

0.5985 

0.4068 

2.80 

F.E.M. 

492 

0.5990 

0.4048 

28.96 

Porter 

(1960) 

0.60 

0.40 

M - Number  of  Eigenfunctions  taken. 

N - Number  of  Complex  Algebraic  Equations 


A more  detailed  comparison  of  the 
computational  effxciency  of  the  classi- 
cal variational  method  versus  the  modi- 
fied method  is  given  in  Table  2.  The 
computations  are  carried  out  for  a cir-- 
cular  cylinder  in  heave  motion  in  water 
of  infinite  depth  and  K-1.0.  Also  shown 
are  the  convergence  characteristics  of 
the  localized  finite-element  method  as  a 
function  of  the  number  of  eigenfunctions 
taken. 

5 • 2 Diffraction  and  Pressure-Distribu- 
tion Problems  in  Two  dimensions 

The  variational  method  described  in 
§3.1  has  been  applied  to  a variety  of 
dif fracv.ion  problems:  a submerged  cir- 

cular cyl.'.nder  in  water  of  infinite 
depth;  a rectangular  cylinder  on  the 
free  surface  or  on  the  bottom  in  water 
of  finite  depth;  a triangular  and  a sin- 
usoidally shaped  obstruction  on  the  bot- 
tom in  water  of  finite  depth;  and  two 
Vertical  flat  plates  piercing  the  free 
surface  in  water  of  finite  depth.  How- 
ever, we  present  here  only  results  of 
the  diffraction  problem  for  a sinusoidal 
hump  on  the  bottom;  one  can  find  other 
results  in  Bai  (1972) . 

The  geometry  of  the  obstruction  is 
shown  in  Fig.  5.6.  The  incident  wave 


Fig.  5.6  Configuration  of  a Sinusoidal 
Hump  on  the  Bottom. 

amplitude  defined  in  Eqn.  (3.11) 
was  chosen  to  be  unity.  Referring  to 
Eqn.  (2.21)  the  complex  wave  function 
y(^)(x)  of  the  diffracted  waves  can  be 
written  as: 
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i 

; 


Fig.  5.8  Maximum  Wave  Amplitudes  of  the  Diffracted  Waves  and  the  Total  Waves. 


■i 


(x)  - Yj  (r^  ••  iYj.  (5.1) 

Figs.  5.6  and  5.7  the  r ;c.l  and 

imaginary  components  of  yC'^Mx'  and 
|y(”)|/  respectively.  For  x<<0,  1y'')| 
as  shown  Is  simply  the  reflection  coef- 
ficient/ Cr.  Also  plotted  in  Fig.  5.7/ 
is  the  total  wave  amplitude/  'it-  which 
is  the  sum  of  the  incident  wav(  i the 
diffracted  waves.  The  transmi coef- 
ficient Cj  is  therefore  given 
for  x>>0. 

It  is  straightforward  to  extent  our 
methods  to  problems  with  a pressure  dis- 
tribution on  the  free  surface.  In  the 
absence  of  any  physical  body/  Eqn.  (2.5c) 
can  be  discarded  and  if  a denotes  the 


half-length  of  the  distribution  Equation 
(2.5a)  becomes: 

rap(x)/pg  , |x|<a, 

(5.2) 

Where  p(x)  is  the  pressure  distribution 
function;  presently,  we  will  choose  it 
to  be  a constant.  In  terms  of  the  usual 
Green-function,  G,  the  solution  for  i)>  is 
simply; 

(Kx,y)  " cf  G(x,y:6.0)d$ , c“Cp/pg,  (5.3) 

J —A 


Laltone  (1960,  p.  483).  In  Fig.  5.9 
we  compare  results  obtained  by 
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’Ml 


(5.3) 

1 

and 

li 

S26 


0.2 


!«•  0,0 


-0.2 


-0,4 


-0.61 — 
0.0 


m «-t/2 
o 


K : Localized  F.E.M. 
a : Fund.  Sing.  Diet.  M.| 


2.0  4.0  6.0 

m :< 
o 

Fig.  5.9  Potentials  on  the  Free  Surface  due  to  an  oscillating  Pressure  Distribution. 


both  new  methods  with  those  compuced  us- 
ing (5.3).  As  indicated  by  Stoker 
(1957) , there  exists  a set  of  values  of 
a such  that  when  moa-nir,  n being  an  in- 
teger, there  are  no  outgoing  waves.  Our 
results  agree  well  with  this  phenomenon. 

5.3  Three-Dimensional  Bodies 

Past  investigations  in  hydrodyn^^nic 
forces  acting  on  threp-dimensional  bodies 
have  been  quite  restricted  in  scope, 
mostly  confined  to  mathematically  well- 
defined  shapes.  Lebreton  and  Margnac 
(1968) , however,  have  completed  some  cal- 
culations for  two  barge  shapes  using  the 
Green-function  integral-equation  method. 

The  computer  program  using  the  vari- 
ational methods  given  in  §3.1  & §3.2  can 
deal  with  any  ax i- symmetric  body  with 
axi-symmotric  or  non-axi-symmetric  fluid 
motion.  The  computer  program  for  three- 
dimensional  bodies  using  the  fundamental- 
singularities  distribution  method  (§4.4) 
was  developed  to  handle  all  six  degrees 
of  motion  for  bodies  with  center  plane 
and  midship  s;  nmetry.  Also,  the  capa- 
bility of  calculating  diffraction  forces 
in  oblique  waves  can  be  easily  incorpor- 
ated since  this  would  only  involve  eval- 
uating the  integral  (2.19).  In  another 
paper  [Bai  (1975)]  the  quasl-thre  ' dim- 
ensional problem  cf  the  diffraction  of 
oblique  waves  by  an  infinitely  long  cyl- 
inder was  solved  by  the  finite-element 
method  and  comparisons  with  other  authors 
were  made. 

We  present  here  soma  test  computa- 
tions for  three-dimensional  bodies  and 
compare  them  with  existing  results.  A 
sphere  has  been  chosen  since  results  are 
available  from  a number  of  sources 
[Havelock  (1955) , Hang  (1966) , and  W.  D. 
Kim  (1965)1.  The  heaving  motion  case, 
in  particular,  provides  an  excellent 
check  on  the  computer  program  using  the 
singularity-distribution  method,  for 
here  the  sphere  is  treat  . merely  as  a 


Table  3.  (Xnparison  of  Results  by  Varicus 

Methods  for  a Sphere  and  an  Ellipeoid. 


Body 

K-Va 

Mode 

iT.. 

Method 

0.4 

Heave 

1.350 

0.713 

Wang.S. 

1.357 

0.719 

B(L. F.E.M.) 

1.183 

0.663 

Y 

1.318 

0.710 

Y(  M-9  ) 

Surge 

1.28 

0.106 

Klm,W.D. 

1.280 

0.115 

B(L. F.E.M.) 

l.2o;< 

0.100 

Y(Surge) 

1.17 

0.099 

Y(Sway) 

0.5 

Heave 

1.226 

0.709 

Wang,S. 

1.232 

0.726 

B(L. F.E.M.) 

Sphere 

1.131 

0.681 

Y 

Surge 

1.33 

0.207 

Kim.W.D. 

1.388 

0.205 

B(L. F.E.M.) 

1.244 

0.196 

V (Surge) 

1.218 

0.195 

Y (Sway) 

1.0 

Heave 

0.897 

0.519 

Wang,S. 

0.856 

0.514 

B(F.E.M.) 

0.896 

0.526 

B(L. F.E.M.) 

0.837 

0.530 

Y 

Surge 

1.21 

0.71 

Klm,H.D. 

1.190 

0.71 

B(L. F.E.M.) 

1.11 

0.648 

Y 

1.0 

Heaw 

0.172 

0.115 

Kim.W.D. 

0.164 

0.109 

Y 

1 

Surge 

0.0137 

0.0024 

Kim.W.D. 

0.0132 

0.0024 

Y 

Ellip- 

Pitch 

0.029 

0.0047 

Kim.W.D. 

sold 

0.0265 

0.0043 

Y 

Sway 

0.137 

0.0114 

Y 

)30dy  with  two  planes  of  symmetry.  Table 
3 tabulates  the  computed  results  for 
the  purpose  of  comparison.  Here,  'B' 


627 


signifies  values  obtained  by  the  finite- 
element  method,  which  assumes  axi-sym- 
metry;  'Y'  indicates  the  values  obtained 
by  the  fundamental-singularity  distribu- 
tion method,  which  used,  in  the  present 
case,  only  4 sectors  per  quadrant  to  re- 
present the  body.  Such  representation 
is,  of  course,  crude,  but  serves  the 
purpose  of  testing  the  program  of  the 
second  method.  However,  one  test  compu- 
tation using  9 sectors  was  made  for 
K-0.4  to  check  the  convergence  of  the 
result.  "a"  here  denotes  the  radius  of 
the  sphere.  Results  for  a 1: 1/4; 1/4  el- 
lipsoid at  one  frequency  is  also  given 
and  compared  with  W.  D.  Kim  (1966) . Here, 
a is  the  half-length  of  the  ellipsoid. 

The  agreement  is  generally  very  good. 

The  localized  finite-element  method 
has  also  been  applied  to  compute  the 
sway  added-mass  and  damping  coefficients 
of  a vertical  circular  cylinder  in  water 
of  finite  depth.  Here  h/a"6  and  a/b"2.0, 
a and  b being  the  radius  and  the  draft 
of  the  cylinder,  respectively.  As  men- 
tioned in  53.2,  this  problem  was  con- 
jidered  earlier  by  Isshlki  and  Hwang 
(1973).  In  our  computations,  thirty 
terms  in  the  k-series  and  one  term  in 
the  Z-series  (Z-1  only)  of  Eqn.  (3.39) 
we.-e  taker.  Our  results  are  shown  and 
compared  with  the  results  obtained  by 


Fig.  5.10  Sway  Added-Mass  and  Damping 
Coefficients  of  a Circular 
Dock . 

Isshiki  and  Hwang  (1973)  in  Pig.  5.10. 
Agreement  is  not  good  in  certain  range 
of  va.  In  view  of  the  good  agreement 
between  our  results  and  those  computed 
by  many  others  for  other  configurations, 
and  in  view  of  the  number  of  eigenfunc- 
tions taken  in  the  computation,  (lashiki 
and  Hwang  had  taken  only  seven  terms)  we 
are  Inclined  to  favor  our  results  in 
this  particular  case. 

More  refined  computations  were  car- 
ried out  at  three  frequencies  for  an 
1:1/8: 1/8  ellipsoid  using  the  fundanen- 


tal-singularity  distribution  computer 
program.  The  body  was  defined  by  off- 
sets given  at  eight  station.s  with  seven 
points  per  station.  The  blunt  end  of 
the  body,  of  cour'^e,  could  not  be  per- 
fectly rspresented.  Solutions  were  ob- 
tained for  all  six  modes  of  motion.  The 
roll  motion  gives  vanishingly  small  re- 
sults since  this  is  a body  of  revolution. 
Results  for  the  other  five  modes  are 
shown  in  Table  4 and  compared  with  Kim's 
whenever  available.  The  agreement  is 
very  good.  In  the  present  program,  if 
one  makes  use  of  the  same  grid  geometry 
per  three  frequencies,  the  average  CPU 
time  on  a CDC6400  machine  is  approxi- 
mately 130  soos/mode/frequency . 


Table  4.  Alded-Mass  and  Demplng  Cbefficients  of 
a l;y:-j-  Ellipeoid  at  three  Frequencies. 


K-va 

Mode 

hi 

deave 

.00815 

(.00796)* 

.0106 

(.0093) 

0.15 

Surge 

.00104 

(.00099) 

0. 

(0.0) 

Pitch 

.00996 

(.0100) 

0. 

(0.0) 

Sway 

.0346 

0. 

Yaw 

.00615 

0. 

Heave 

.0629 

(.0637) 

.0392 

(.0400) 

Surge 

.00121 

(.00125) 

.000168 

(.00018) 

1.0 

Pitch 

.0115 

(.0120) 

.00139 

(.00141) 

Sway 

.0361 

.000935 

Yaw 

.00614 

0. 

Heu/i 

.0415 

(.0407) 

.0420 

(.0433) 

Surge 

.00114 

(.00118) 

.000579 

(.00064) 

2.0 

Pitch 

.0110 

(.0116) 

.00476 

(.00513) 

Sway 

.0412 

.00652 

Yaw 



.00589 

.000211 

All  nuiabera  In  paienthesls  are  based  on  W.  D. 
Kim's  (1966)  paper. 


6.  REMARKS  AND  CONCLUSIONS 

In  this  paper,  we  have  presented 
two  numerical-oriented  methods  of  solu- 
tion that  are  applicable  to  a variety  of 
time-harmonic  free-surface  flow  problems 
and  have  investigated  the  validity  of 
these  methods  by  applying  them  to  a num- 
ber of  test  problems  with  relatively 
simple  geometry.  In  every  case,  we 
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obtained  very  aatjafactory  agreen<ent. 

The  obvious  advantage  of  the  new 
methods  is  that  they  are  capable  of 
dealing  with  arbitrary  boundary-geometry. 
Another  advantage  is  that  they  do  not 
suffer  from  a phenomenon  known  as  John's 
frequencies  (John,  1950) , in  the  neigh- 
borhood of  which,  Prank  (1967)  and 
others  have  found  that  the  traditional 
Green ' s-tunction  integral-equation 
method  yields  inaccurate  results.  Of 
all  the  methods  available  in  the  past, 
the  Green ' s-f unction  method  is  the  most 
versatile.  It  can  be  applied  to  prob- 
lems with  varying  bottom  topography, 
provided,  for  the  case  of  two  dimen- 
sions, that  the  depths  on  the  right  and 
left  sides  are  the  same.  The  more  gen- 
eral situatior  of  unequal  depths,  of 
course,  offers  little  conceptual  dif- 
ficulty to  the  methods  described  herein. 
As  for  simple  bottom  geometry  in  two 
dimensions,  it  appears  that,  from  the 
viewpoint  of  computational  efficiency, 
the  Green' s-f unction  method  is  unsurpas- 
sable in  fluid  of  infinite  depth,  where- 
as the  localized  finite-element  method 
and  the  fundamental-singularity  distri- 
bution method  are  highly  competitive 
with  the  Green' 8-function  method  for  the 
case  of  finite  depth. 

Among  the  methods  introduc  i,  the 
f undamental  s ingular ity-d istr iuation 
method,  in  general,  is  superior  to  the 
classical  variational  method  described 
in  §3.1.  On  the  other  hand,  since  the 
latter  method  involves  only  a banded  ma- 
trix and  the  former  a full  matrix,  the 
variational  approach  can  be  more  effi- 
cient if  the  bottom  topography  is  highly 
complicated  and  if  the  fluid  domain  is 
small.  Of  all  approaches,  the  localized 
finite-element  method,  which  preserves 
the  versatility  of  the  finite-element 
formulation  in  the  inner  flow  field  and 
concomitantly  eliminates  excessive  com- 
putations ii  the  outer  flow  field,  is 
the  nvost  efficient.  It  would  be  worth- 
while to  examine  whether  or  not  ar  equal- 
ly beneficial  modification  can  be  ap- 
plied to  the  fundamental-singularity  , 
distribution  method,  which  currently  ap- 
pears to  be  efficient  mostly  in  the  in- 
termediate frequency-range. 

For  the  localized  f inite-elemo.it 
method,  it  should  be  pointed  out  that  in 
§3.3  we  have  taken  a set  of  eigenfunc- 
tions to  represent  the  solution  in  the 
outer  flow-field.  However,  we  could 
have  used,  ...istead,  the  Green  function 
for  the  problem.  In  such  a case,  the 
interface  boundary  'J'  can  be  any  arbi- 
trary contour  enclosing  the  body  rather 
than  a vertical  line. 

For  three-dimensional  problemr , the 
current  computer  program  using  the  sin- 
gularity-distribution method  can  accomo- 
date any  body- shape  that  has  two  planes 
of  symmetry.  It  is  possible  to  relax 
this  restriction  to  the  case  of  one 
plane  of  symmetry.  This  would  result  in 
a linear  increase  of  matrix  generation 


costs  and  a cubic  increase  of  matrix  so- 
lution time.  It  would  be  interesting  to 
compare  the  computational  efficiency  be- 
tween this  method  and  the  Green 's-f unc- 
tion method  in  three  dimensions.  The 
major  obstacle  in  applying  the  latter 
method  had  been  the  development  of  ef- 
ficient means  of  evaluation  of  integrals 
of  the  complicated  kernel  function  over 
some  small  element  (Hess  and  Wilcox, 

1969) , but  was  apparently  first  overcome 
by  Lebreton  and  Margnac  (1968)  although 
no  specific  details  were  given  of  its 
treatment  therein. 

Work  on  extension  of  the  localized 
finite-element  method  to  the  case  of 
general  three-dimensional  bodies  is  pre- 
sently under  progress. 
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APPENDIX  A 

Interpolation  Functions  for 
an  Eight-Node  Square  Element 

Although  in  our  actual  computations 
an  eigl.t-node  quadrilateral  element  was 
used,  we  shall  give  for  the  purpose  of 
illustration  the  example  of  an  eight- 
node  square  element.  Let  us  consider  a 
square  element  with  one  nods  at  each  vor- 
tex and  one  node  at  the  mid-point  of 
each  side,  as  shown  in  Fig.  a*!- 


Fig.  A.l  An  Eight-node  "quare  Element. 


w 


IK 


‘J'(x,y) 


\ (i-1.8) 


(A.  2) 


yyj 


whera  (s  ;yj)  la  tha  ooordlnata  of  the 
i-th  ’'From  fA.l)  and  (A. 2)  we  ob- 
tain: 
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Where 
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APPENDIX  ^ 

The  Potential  and  Normal  Derivative 
Inteq^le  oi  a Trlangwiar  Patoh  Elewent 

We  would  like  to  evaluate  the  po- 
tential integral  1/  and  the  nomal- 
derivative  integral  j over  a V.riangular 
patch  (see  Fig.  B.l)  as  defined  below: 
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♦(e.n) 


1/r 

— 

3n  V' 
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r - [(x-£)*+(y-C)’+(i-i:)*]^: 


(B.l) 
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where  (x,y,s)  are  coordinates  o£  an  ob- 
servation point  in  tfn  aoordina*:a  tya- 


The  aoordinates  of  each  node  and 
nodal  numbers  are  shown  also  In  Fig.  A.l. 
If  ■ a want  to  interpolate  a function 
^(x.y.  in  this  element  and  if  the  func- 
tion iKx,y)  is  known  at  the  eight  nodes / 
We  3an  assume  that  the  function  ^(x.y) 
can  be  expressed  as 

♦(x.y)  " Cj+C^x+Cjy+C^x'+Cjy* 

+CjXy+Cj,x’y+CgXy*  (A.l) 

where  C,-  (:'>1,..,8)  are  the  coefficients 
to  be  determined.  These  eight  coeffi- 
cients can  he  determined  if  we  use  the 
eight  conditions: 


tarn  of  the  element,  (C.n)  are  variables 
of  integration,  and  s,  the  surface  ele- 
ment. is  in  the  plane  C^O.  We  assume 
that  i^(C.n)  is  a linear  function  of 
(?.n)5 

♦(i.n)  - a + 85  + yn  . (b.2) 

The  J-integral  has  been  successfully 
performed  by  Webster  (1974)  and  only  the 
results  will  be  reproduced  here.  We 
will,  however,  evaluate  the  l-integral 
here  following  essentially  tha  same  no- 
tation and  analysis. 


In  Egn.  (B.2) 
a > (di^^-tti^^)/  (d-a)  , 
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(♦^-4',)/ (d-a)  , 


Y • [itijjCd-al-diti^+a^j]/ [b(d-a)]  , 

where  (fib.  and  j>d  are  potentials  at 
points  A.  B.  and  S.  rsspectivsly . The 
distribution  functions  g discussed  in 
Eqn.  (4.12)  are  simply  the  coefficianto 
of  i^d  and  4b  when  (a,8.Y)  are  sub- 
stituted into  (B.2).  If  we  regard  4(5>h) 
as  the  density  of  a distribution,  I and 
J ara  respectively  tha  potential  and  the 
negative  of  the  normal  velocity  induced 
by  a simple  layer  of  density  4(5>n) 
varying  linearly  over  a triangular  patch. 
Wo  want  to  express  both  I and  J aei  a 
linear  combination  of  <t>ar  4d.  and  4b  > 
the  coefficients  in  front  of  them  cor- 
respond to  the  Pt  and  <H,  i-1,2.3,  de- 
fined Ir  Eqns.  (4.15)  and  (4. IS)  (of 
course,  without  the  image  elements!). 

Exact  Solution 

Consider  the  potential  integral, 
l(4«.4d«4ib^ ' we  write: 
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Va  Introduce  the  following  notations, 
which  will  facilitate  evaluating  these 
integrals : 
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The  Integral  1 i can  be  integrated 
analytically,  and  after  a substantial  a- 
lAount  of  algebraic  manipulations,  one  may 
obtain  the  following  result: 
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Where 
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Efforts  required  for  the  evaluation 
of  I]  and  1$  are  leas  strenuous.  The 
results  are: 
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Next,  we  abbreviate  the  logarithmic  terms 
as  follows: 
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The  expressions  for  li,  la,  and  Ij  are 
now  substituted  into  (B.3).  After  using 
the  definitions  of  a,  B,  and  y group- 
ing terms  according  to  , and  , we 

obtain  the  following  final  expression  for 
the  integral  I: 
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In  writing  down  (B.IO) , we  have  used  the 
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identities  Idb=-Idb  ^ab="Iab-  The 

expressions  in  the  curly  brackets  are  the 
quantities  Pi,  Pz,  and  Pj  defined  in  ")qn. 
(4.15).  Note  that  the  contribution  due 
to  the  arc  tangent  terra,  T,  vanishes  when 
the  observation  point  is  in  the  sarae 
plane  as  the  patch. 

For  tha  normal-derivative  integral, 
J,  the  corresponding  expression  is: 

b(a-d)  ®*^db  ■ <^*^ad] 

♦ r ^ 


- -yT  + — ‘ 
_ c 


I,.  - — -I,,  + Zl  . 

AD  e db  ad 


(B.ll) 

Here,  omission  of  tha  sign  superscript  in 
igb'  ^db'  implies  the  "plus"  case. 

The  log  tarms  xn  this  expression  vanish  . 
when  z=0;  what  is  left  than  is  just  the 
T term,  which  contributes  the  well-known 
±2^  factor  , depending  on  whether 
or  0"  inside  the  patch.  To  see  this 
point,  we  recall  the  following  facts: 


ar^-(x-a)p^ 


(y-b) [a  (y-b)+bx]  + a z ^ 


yEa(y-b)+bx]  + az^ 


(y-b)  [d  (y-b)+bx]  + dz’ 


dr^-(x-d)p^  - y[d  (y-b)  (bx]  + dz'’ 


(B.12) 


where  one  can  easily  recognize  that 
[a(y-b)+bx]<0  corresponds  to  a region 
below  a line  joining  points  A and  B, 
[d(y-b)+bx)>0  correspond.^  to  a region 
above  a line  joining  D end  b.  As  z ap- 
proaches zero,  the  denominator  of  the 
arc  tangent  terras  in  Fqn.  (B.5)  vanishes, 
each  providing  a value  of  tt/2  but 
with  different  signs,  depending  on 
which  region  (x,y)  is  in.  Full  cancel- 
lation occurs  unless  the  three  inequali- 
ties 0<y<b,  [a(y-b) fbx)<0  and  [d(y-b) 
+bx]>0  are  satisfied,  i.e.,  when  (x,y) 
lie.s  inside  the  patch,  in  which  case, 
the  four  terms  combine  to  give  a value 
of  -sgn(z).2ir  for  T. 

We  also  want  to  remark  that  the  log 
terms  are  numerically  unstable  if  the 
observation  point  (x,y,z)  lies  on  the 
"inappropriate"  side  of  the  extension 
of  the  edges  of  the  elemant.  To  illus- 
trate this  point,  take,  lor  example? 
if  x>a>d,  and  y,  z are  both,  very  small, 
the  argument  of  the  log  function  becomes 


sign  is  used  because  the  value  of  (y^  + z'^) 
is  simply  'lost'  when  added  to  a large 
value  of  (x-a) . The  difficulty  may  be 
resolved  if  we  replace  lad  with  (-lad)  • 
On  the  other  hand,  this  does  not  solve 
the  problem  completely,  if  d<x<a  when 
(y,z)  are  both  small.  It  was  found  that 
replacing  the  top  and  bottom  ts-ms  sep- 
arately by 


(x-a)  = y(y^+z^) / Ix-a]  , 
(x-d)  = |-(y^  + z“)  / I X -d  I , 


(B.13) 


whenever  each  by  itself  is  small,  is  a 
more  versatile  solution.  Similar  ob- 
servations apply  to  Idb  lab  also. 

Discrete- sources  Approximation 

For  A large  distance  from  the  patch, 
it  will  be  more  economical  to  represent 
the  potential  integral,  I,  and  normal- 
derivative  integral,  J,  by  di;:crete 
sources.  This  can  be  done  by  expanding 
the  function  1/r  in  a Taylor  series 
about  (C,n).  Some  fairly  straight-for- 
ward calculations  then  yield: 


f ['fa—  + 


+ 'fb— ] (B.14) 


^oi  ■ + (y-ii)*  + (z-c.^)^|*^S 

vrhere  are  the  coordinates  of 

the  centroid  of  the  t-th  right  pyramid 
projected  on  the  plane  of  the  patch. 

The  i-th  pyramid  has  an  apex  of  unit 
height  located  at  the  i-th  vertex.  The 
expression  corresponding  to  J is: 


fn  (x-£  ) + + n (,i-C^)-i 


rn^ (x-S  ) + n (y-n  ) 


+ n (z-C  ) -| 
z 3 . 
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where  (n... , ny , n^)  are  components  of  the 
outward  normal  of  the  triangle.  In  these 
expressions,  A is  the  area  of  the  tri- 
angle. 


■a  " 


(x-a) 


where  an  "="  sign,  instead  of  an 

*See,  for  example,  Kellogg  (1929) , p,  167- 
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DISCUSSION 


NILS  SALVESEN 


The  authors  should  be  congratulated  for 
their  [<loneerIng  work.  They  are  the  first  to 
apply  the  f Ini te- olement  method  and  the  funda- 
mental singularity  method  to  free-surface 
problems  where  the  free  surface  extends  to 
Infinity.  They  have  shown  that  for  the  two- 
dimensional  problems  of  a cylinder  oscillating 
In  the  free  surface,  their  numerical  methods 
give  results  which  agree  well  with  results 
obtained  by  conventional  analytical  methods, 
for  the  Infinite-depth  case,  they  have  found 
that  their  methods  are  considerably  slower 
than  the  Green's  function  method,  while  It 
Is  extremely  Interesting  to  note  that  for 
the  finite-depth  case,  their  computer  time 
seems  to  be  about  the  same  as  for  the  Green's 
function  method. 

The  great  significance  of  this  work  Is 
noi  that  they  just  have  developed  another 
method  for  solving  two-dimensional  linearized 
free-surface  problems.  For  such  problems,  we 
already  have  workable  computational  tools 
which  are  well-established.  The  real  Import- 
ance of  their  contribution  Is  that  they  have 
developed  new  numerical  methods  which  clearly 
have  the  potentials  to  solve  a large  class 
of  free-surface  problems  which  we  have  not 
been  able  to  solve  with  out  conventional 
analytical  methods.  They  have  already  demon- 
strated that  their  singularity  method  suc- 
cessfully can  predict  the  added  mass  and 
damping  for  three-dimensional  bodies  with  any 
general  shape  and  bottom  configuration.  This 
Is  quite  an  accomplishment  considering  that  we 
have  not  been  able  to  solve  any  three-dimen- 
sional body  wave  problems  for  general  body 
shaped  with  the  conventional  analytlca' 
methods . 

It  seems  to  me  that  the  ntxjst  sionlflcant 
application  of  tnelr  methods  may  be  In  solving 
nonlinear  body-wave  problems.  Both  methods 
can  easily  be  used  witn  a perturbation  scheme 
to  obtain  higher-order  solutions  and  due  to 
their  very  general  formulation.  It  should  take 
approximately  the  same  computer  time  to 
obtain  second-  and  third-order  solutions  as 
the  I I nearsol  ut  Ion ; whl'.e  using  the  Green's 
functioi  approach.  It  takes  up  to  ten  times 
as  much  time  to  compute  the  second-order 
solutions  as  the  linearized  solutions. 

On  the  other  hand,  it  senms  that  the 
extension  of  their  method  to  the  case  of 
creating  the  complete  nonlinear  free-surface 
condition  is  far  from  trivial.  Therefore,  I 
would  very  much  like  to  hear  the  authors' 
view  cn  the  potential  use  of  their  methods 
to  nonlinear  ship-wave  problems  In  general. 


H.  JK.EIL 

Firrt  I want  ‘o  conpatulate  the  authors  on  their 
success  in  developing  methods  for  calculating  hydrody- 


namic forces  on  two-dimerisional  as  well  as  three-dimensional 
bodies  in  shallow  water, 

I would  like  to  comment  on  the  results  for  the  two- 
dir'ensional  case  given  in  the  paper.  In  (1)  I extended 
Grim’s  multipole  exparsions  to  finite  waterdepths  and 
showed  thit  for  a_iy  prismatic  body  with  Lewis-form  sec- 
tion heaving  in  shidlow  water  the  added  mass  remains 
finite  as  fieo,uency  tends  to  zero.  As  to  the  circular  cylinder 
the  results  of  the  authors  are  in  full  agreement  with  my  own, 
(Fig.  1) 

The  fact  that  the  added  mass  remains  finite  is  shown 
also  by  Ursell  (2). 

Asking  for  a physical  interpretauon  of  this  result,  the 
cause  has  to  be  sought  in  the  fact  that  at  zero  frequency 
the  cutgoing  wave  in  deep  water  travels  with  infinite  veloc- 
ity, while  in  shallow  water  wave  velocity  cannot  exceed  the 
limiting  critical  value. 

In  the  case  of  the  rectangular  cylinder  there  exists  a 
difference  of  about  8 percent  which  may  be  cause  by  the 
fact  that  the  equivalent  Lewis-form  is  a bit  different  from 
a rectangular  section.  (Fig.  2). 


The  results  given  by  Yu-Ursell  and  C.H.  Kim  are  not 
quite  correct  due  to  an  error  'n  the  numberical  evaluation 
oi  the  integral  Oi(v)  in  the  papers  cited. 


Fiq  1 


(1)  Keil,  H.:  Gif'  hydrodynamischen  Krafte  liei  der 

periodischen  Bewegung  zweidimensionaler 
Korper  an  der  Oberflat  he  flacher  Gewasscr. 
Institut  fur  Schiffbau  Hamburg  Rep.  305, 
Febv.  T974, 


(2)  Ursell,  F.;  Note  on  the  Virtuell  Mass  and  Damping 
Coefficients  in  Water  of  Finite  Depth 
University  Manchester,  Dept.  Mathematics, 
May  1974. 
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Y.K.  CHUNG,  H.  BOMZE  and  M.  COLEMAN 

Considering  that  the  Frank's  program  (Ref.  1)  for 
deep  water  is  simple  to  use  and  requires  little  computer 
time,  the  authors  have  recently  extended  Frank’s  program 
to  shallow  water.  The  extension  has  been  accomplished  by 
replacing  the  deep  water  Green’s  function  in  Frank’s  formu- 
lation by  the  shallow  water  function.  Results  of  the  shallow 


water  integral  equation  method  are  compared  with  other 
methods  (Ref.  2,  3)  on  Figures  1,  2,  3 and  4.  In  general, 
the  program  has  a tendency  to  give  slightly  higher  values 
than  others.  This  is  also  indicated  in  the  Table  for  a 
bulbous  bow  case  as  given  by  Yeung. 

Figure  3 was  supplies  to  the  authors  by  C.H.  Kim. 
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Table 


7iddod-Mass  and  Damning  Coefficients 
for  a Bulbous  Section  in  Heave,  by 
Three  Kethods 


B(13) 


Y(21) 


b(28) 


B(13)  I Y(21) 


mm 


Notes 


B,  Y,  L represent  f inito-eleir.ent  method,  present 
method,'  and  Frank's  rr.eth.od,  respectively. 

Parenthetical  numbers  indicate  the  niunbcr  of  points 
used  to  represent  the  body.  Quadratic  elem.er.t  v/as 
used  in  finite-element  method;  the  ethers,  constant 
potentials  assumed  within  each  segment. 
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Oscillating  bod)'  by  Ponald  C.  Yeung  September  1975, 


-CIRCLE  IM  KlAVE  FIGURE 


IGURE  2 


REFERENCES 


Watijr  of  Finite  Depth",  Journal  of  Ship  Reaearch, 
June  1969. 


1.  Frank,  W.,  “Oaciilation  of  Cylinders  in  or  below  the 

Flee  Surface  of  Deep  Water",  Naval  Research 
Center  Report  No,  2376 

2.  Kira,  Cheung  H.,  “Hydrodynamic  Forces  and  Moments 

for  Heaving,  Swaying  and  Rolling  Cylinder  on 


3.  Yeung,  Ronald  W.C.,  “A  Singularity-Distribution  Method 
for  Free-Surface  Flow  Problems  with  an  Oscillating 
Body",  Ph.D  Dissertation,  University  of  California, 
Berkeley,  California,  September  1973. 


.A- 


F.  UKSEU, 


I 

I 

I 


The  computations  by  Bai  and  Yeung  for  the 
semi-circle  disagree  with  earlier  computations 
which  moreover  differ  among  themselves.  The 
disagreement  is  moat  striking  in  the  long-wave 
region  (wave-length  >>  depth)  where  they  find 
that  the  virtual-mass  coefficient  remains  finite 
as  the  wave-length  tends  to  infinity,  whereas  it 
becomes  infinite  in  the  computations  of  Yu  and 
Ursell  (1961;  this  paper  will  hereafter  be 
referred  to  as  Y)  and  in  other  later  compvita- 
tions.  It  has  been  known  for  some  time  that  the 
virtual-mass  coefficients  given  in  Y contain 
errors;  thus  Rhodes-Robinson  found  in  his 
analytical  treatment  of  the  short-wave  limit 
that  at  high  frequencies  his  results  were  in 
agreement  with  unpublished  computations  by 
W.U,  Porter  but  not  with  those  in  Y. 

I have  made  a theoretical  calculation 
dealing  with  the  question  whether  the  virtual- 
mass  coefficient  remains  finite  or  becomes 
infinite  as  the  wave-length  tends  to  infinity, 
i.e.  as  the  frequency  tends  to  zero.  This  can 
be  settled  by  analytical  methods,  and  it  is 
found  that  the  virtual-mass  coefficient  does 
Indeed  remain  finite,  whereas  for  infinite 
depth  it  becomes  infinite.  As  in  Y,  a half- 
immersed  circular  cylinder  was  treated,  and  the 
potential  was  expanded  in  terms  of  a complete 
set  of  harmonic  functions.  (In  the  case  of 
infinite  depth  this  becomes  the  well-known 
expansion  in  terms  of  a wave  source  and  wave- 
free  potentials.)  The  behaviour  of  these 
harmonic  functions  was  investigated  in  the  limit 
as  the  frequency  tends  to  0.  It  was  found  that 
one  of  these  tends  to  infinity  while  the  others 
tend  to  finite  limits.  (The  coefficients  in  the 
expansion  also  tend  to  finite  limits.)  The  most 
important  step  in  the  invec  tigation  was  the 
determination  of  the  finite  limits  where  they 
exist.  The  principal  result  was  as  follows; 

Let  I denote  the  amplitude  of  oscillation, 
a the  radius  of  the  cylinder,  and  a the 
angular  frequency,  and  let  <^(a  sin9,  a cos6)> 
denote  the  value  of  the  potential  on  the  circle. 
It  is  found  that  for  both  finite  and  infinite 
depth  the  quotient  <(^>/faa  becomes  infinite  as 
the  wave-length  tends  to  infinity,  but  that  for 
finite  depth  it  is  ultimately  in  phase  with  the 
velocity  of  the  cylinder,  whereas  for  infinite 
depth  it  is  ultimately  in  qtuidrature.  The 
virtual-mass  coefficient  for  finite  depth  tends 
to  a finite  limit,  whereas  for  Infinite  depth  it 
tends  to  infinity. 

The  virtual-mass  coefficient  involves  the 
harmonic  function  fi(x,  y)  which  is  a solution 
of  the  limiting  boundary-value  problem.  This 


function  satisfies 


“ COS0  on  the  circle, 


on  the  bottom. 


but  is  satisfies  the  limiting  boundary  condition 


3y 


“ 0 on  the  free  surface 


instead  of  the  usual  free-surface  condition.  Vie 
not  that  if  y)  is  any  solution  of  this 

problem  then  + (an  arbitrary  constant)  is 
another  solution.  The  theoretical  calculation 
shows  that  the  particular  solution  B(x,  y) 
which  we  require  is  uniquely  defined.  Vie  may 
describe  B(x,  y)  as  being  that  solution  of  the 
limiting  boundary  value  problem  which  satisfies 
fi(x,  y)  - |x|/h  -*•  0 as  |x|  It  is  found 

that  the  virtual-svjss  coefficient  tends  to  the 
finite  limit 


It 

--  (S(a  sine,  a cose)  - §-)cose  d6, 
^ Jo  " 


where  h is  the  depth  of  fluid.  Note  that  this 
expression  involves  the  combination  6(x,  y1  - i. 
It  would  be  interesting  to  make  a numerical  " 
comparison  of  this  result  with  the  computations 
of  Bai  and  Yeung. 

The  limiting  behaviour  of  the  amplitude 
ratio  can  be  found  fairly  easily  and  agrees  with 
the  computations  of  Bai  and  Yeung  both  for  the 
semi-circle  and  the  rectangle.  At  present  all 
these  results  should  be  regarded  as  provisional, 
but  I trust  that  analytical  calculations  of  this 
kind,  for  both  low  and  high  frequencies  will 
provide  useful  checks  on  computations. 


C.  J.  GARRISON 


The  authors  have  presented  two  new  methods 
for  the  solution  of  harmonic  free  surf&ce  flow 
probleos.  Although  the  methods  appear  to  be 
considerably  more  cumbersome  in  application 
them  the  Green's  function  method  using  wave- 
type  sources,  they  have  the  advantage  of  being 
applicable  to  cases  involving  irregular  bottom 
topography  and,  in  addition,  do  not  break  down 
at  certain  "John's  frequencies". 

The  authors  compare  their  three-diawn- 
sional  results  obtained  by  the  localized  finite 
element  method  with  the  results  of  Isshlkl  and 
Hwang  (1913)  for  the  case  of  a vertical  circu- 
lar cyll.ider  floating  at  a draft  of  one-half 
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tho  radius  in  water  of  6.0  radii  depth.  Iho 
writer  has  also  presented  calculations 
(Garrison  1975)  using  the  Green's  function 
n«Bthod  (Garrison  1974)  for  the  added  mass  and 
damping  coefficients  for  this  configuration. 
111036  results  are  plotted  on  the  author's  Fig. 
5.10  which  is  reproduced  as  Fig.  1 herein.  The 
agreement  appears  to  be  reasonable  and  the  ap- 
proximately 3.0  percent  difference  is  no  doubt 
within  the  ei^iected  accuracy  of  either  the 
authors'  or  the  writer's  method. 


Fig.  1 Sway  Added-Masa  and  Damping 

Coefficients  of  a Circular  Uoc)t. 

The  present  paper  as  well  as  several 
previous  paparr  have  pointed  out  discrepancies 
between  the  results  of  various  authors.  In 
this  connection  I believe  it  is  Important  that 
more  consideration  be  given  to  the  validation 
of  numerical  results  by  comparison  with  asymp- 
totic, analytical  results  where  they  exist  and, 
particularly,  to  ma)cing  self-c)iecks  and  balances. 
For  example,  recogniiing  that  the  damping  co- 
efficient may  l3e  calculated  by  two  different 
methods  supplies  one  such  self-check.  The 
obvious  method  of  evaluating  this  parameter  is 
to  carry  out  an  integration  of  the  pressure 
over  the  Imniersed  surface,  thereby  utilizing 
the  near  field  solution.  In  view  of  energy 
considerations,  the  damping  coefficient  may 
also  be  expressed  in  terms  of  the  wave  gen- 
erated at  a large  distance  from  the  body  and 
compared  with  that  obtained  from  the  pressure 
distributor.  Accordingly,  for  the  two-dimen- 
sional case. 


Nil 


2ah  + alnh(2ah) 
2 slnh^(ah) 


(1) 


where  A^  denotes  the  dimensionless  amplitude  at 
infinity  and  N,  denotes  the  damping  coefficient. 
In  the  case  of  Q\ree-dimensional  bodies  this 
result  becomes 


„ . .t.anhlahl  T 24h_l 

2 ^ 8lnh(2ah)J 

. [ I ♦10^.9.0)P  d6 

Jo  o2  S'* 

where  the  integration  is  to  be  carried  out 
around  a large  circle  of  radius  r.  In  the  case 
of  the  Green's  function  method  the  limit  for 
r -*■  " may  be  taken  analytically,  the  equation 
resulting  < rom  which  is  given  by  Garrison 
(1974).  In  application  of  Eq.  (2)  to  the 
present  finite  element  method,  r and  would 
)ae  evaluated  at  the  edge  of  the  truncated 
region. 

Similar  results  comnonly  known  as  Haskind's 
relations  which  involve  wave  force  coefficients 
can  also  be  applied  as  a self-check  on  numerical 
results.  For  tho  two-dimensional  case  this 
takes  the  form 


1.  A(  8inh(2ah)  + 2ah 
2 a sinh(ah)  cosh(ahT 


(3) 


where  denotes  the  i-th  component  of  the  wave 
force  (or  moment)  coefficient  associated  with 
wave  action  on  tlie  fixeu  cylinder  and  Aj^  denotes 
the  dimensionless  wave  amplitude  at  a large  dis- 
tance from  the  cylinder  caused  by  the  i-th  com- 
ponent oscillation  of  the  cylinder  in  otherwise 
still  water.  The  three-dimensional  counterpart 
of  Bq.  (3)  is  given  by 


„ + h 1 / 

i ooih^ah  2a  j ' 


* o's^xj  I I (4) 

where  i^j(r,ir,0)  denotes  the  velocity  potential 
evaluated  at  6 ^ tt  at  some  large  value  of  r. 

The  subscript  j ••  1,2  and  6 denote  the  surge, 
heave,  and  pitch  modes  of  oscillation,  lespec- 
tivrly.  In  addition,  the  derivation  of  Eq.  (4) 
requirer  midplane  synmetry  of  the  body.  In  the 
case  of  the  Green's  function  method.  Garrison 
(1974)  gives  the  appropriate  form  of  Bq.  (4) 
involving  a surface  Integration  of  the  source 
strength  since  the  limit  for  r “ is  taken 
analytically. 

Tho  wave  force  coefficients  given  by  Eqs. 

(3-4)  depend  on  the  solution  to  the  radiation 
problem.  They  may  also  be  obtained  by  a straight- 
forward integration  of  the  pressure  obtained 
from  a solution  of  the  diffraction  problem  and 
a coaparlson  of  the  results  makes  a good  indica- 
tor of  the  validity  of  the  solutions. 

Clearly,  this  is  a necessary  condition  for 
a valid  solution  even  though  it  cannot  be 
shown  to  be  mathematically  sufficient.  In 
practice  the  writer  has  found  this  method 
of  checking  the  validity  of  the  results  to  be 
very  useful. 
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Garriaon,  C.J. , "Hydrodynaniics  of  Large  Objects 
in  the  Sea,  Part  I-Hydrodynamic  Analyaia", 

Journal  of  Hydronautics , Vol.  8,  No.  1,  Jan. 

1974 , pp  5-12. 

Garrison,  C.J. , "Hydrodynamics  of  Large  Objects 
in  the  Sea,  Part  II-Motion  of  Free-Floating 
Bodies",  1975  (to  be  published) 

Nomenclature 

a - characteristic  body  dimension 
- amp.  of  wave  at  infinity/xj  a 
a - 2Tra/L 

C - max.  wave  force  (or  moment)/  pga’  (or 

^ pgS") 

g » acceleration_of  gravity 

h ■ water  depth/a 

L ” wave  length 

N^^  - damping  coef.  (linear  danfiing/poa*) , 

(angular  damping/pefa®) 
r ■=  radius/a 

T * period 

X°  = amp.  of  body  notion  (linear  disp./a), 
(angular  disp. , rad. ) 
p - density 

0 » 2t/T 

())  = velocity  potential 

D.C.  TOLEFSON 

Thu  dUcussion  concerns  the  eigenfunction  expansion 
(3.36)  associated  with  the  outer”  region  Ra  in  ?ig.  3.2. 
Noticing  that  each  term  of  the  expansion  with  the  exception 
of  the  first  U oscillatory  with  respect  to  the  vert.icsi  coor- 
dinate y,  it  is  apparent  that  the  number  of  terms  retained 
in  the  expansion  should  bear  some  relationship  to  the 
grading  or  fineness  of  the  eiement  spacing  along  the  J 
iMundary.  Perhaps  a reasonable  estimate  of  this  relationship 
can  be  made  if  one  applies  the  nrlr.-of-thumb  that  a mini- 
mum of  ten  elements  of  the  isonarametric  type  (with 
three  i.  des  along  an  edge)  is  generally  requir^  per  wave- 
length on  the  tree-surface. 

The  authors'  example  of  a circular  cylinder  heaving  on 
the  free-surface  offers  the  opportunity  to  make  some  rough 
calculations  in  thU  regard.  First,  the  data  from  section  5.1 
of  the  paper,  namely  h/a  - 6.0  and  K « o*  a/g  - 1.0  yields 
the  following  values  of  m^  (see  3.38)  if  a,  the  radius  of  the 
cylinder,  U taken  to  be  unity: 

m,  - .388,  mj  - 1.11,  m3  - 1.78,  etc. 

From  these  values  \l/2<  *n<l  'l>3  are  determineu  to  have 
“wavelengths”  of  16.2,  6.66,  and  3.53  units,  etc.  while  the 
depth,  corresponding  to  unit  radius  of  the  cylinder,  is  five 
units.  Thus,  corresponding  to  each  of  these  “wavelengtlis” 
one  would  expect,  if  the  rule-of-thumb  has  any  merit,  that 
the  number  of  elements  (of  the  type  mentioned  previously) 
along  the  J boundary  should  be  approximately  three,  nine, 
fourteen,  etc.  As  best  as  can  be  ascertained  fiom  information 
in  the  paper  (Fig.  3.3  and  Table  2)  about  six  elements  were 
actually  used,  which  would  imply  that  inclusion  of  any 
eigenfunctions  beyond,  say,  in  (3.3fi)  would  be  redun- 
dant. The  writer  would  bo  intereeted  in  the  authors’  com- 
ments on  this  point  and  also  what  the  authors  might  recom- 


mend with  regard  to  an  alternate  choice  for  the  trial  functions 
in  Rg. 


E.O.  TUCK 

My  discussion  centers  upon  the  auchors’  Table  1.,  which 
inoicates  some  aspects  of  the  comparison  between  various 
methods  on  a basis  of  their  cost,  or  computer  time  taken.  In 
the  first  place  I should  like  to  commend  the  authors  for  their 
attempt  to  provide  this  very  difficult  type  of  comparison. 
Economy  in  computing  is  not  always  taken  seriously  enough. 
As  relative  computing  co : ts  decrease,  an  argument  sometimes 
heard  is  that  efficiency  is  less  important  than  case  of  program- 
ming. However,  the  kind  of  program  being  dlKUssed  here  is 
seldom  an  end  in  itself,  and  is  often  used  o'yer  and  over  u 
a sub-unit  in  a major  program  such  as  a strip-theory  program 
for  ship  motions. 

Efficiency  comparisons  such  as  this  are  notorlouslv  hard 
to  make.  To  what  extent  can  one  divorce  a ueir.od,  fiom 
a particulnr  programmer's  realization  of  it?  Also,  usually 
time  increases  as  accuracy  improves,  so  that  one  must  be 
very  careful  to  compare  only  programs  which  do  achieve 
the  same  accuracy  But  then  how  does  one  measure 
accuracy? 

It  seems  to  me  a fascinating  paradox  that  it  is  precisely 
in  thu  particular  area  of  use  of  the  computer,  where  the 
efficiency  and  power  of  the  mai'  ine  are  being  stretcl.jd  to 
its  limits,  that  maximum  demands  are  also  l>eing  made  upon 
the  intuition  of  the  human  programmer.  In  ail  of  the 
methods  used  or  discussed  by  the  authors  the  progrommer 
must  make  largely-subjective  pre-computation  decisions 
(e.g.  choice  of  his  finite  element  masli,  or  of  an  appropri- 
ate accur-cy  of  evaluation  of  Green’s  function  integrals) 
which  vitally  affect  i';ie  efficiency  0/  the  computation,  as 
measured  by  acciuacy /second  of  C.P.U.  time. 

This  is  however  an  area  where  the  principle  of  maxi- 
mum ease  of  programming  and  of  data  preparation  is  worth 
some  weight,  as  agaiiut  efficiency.  To  a certain  extent  the 
“best'  method  will  always  be  that  which  appeals  most  to 
the  person  programming  it,  and  hance  that  which  gives  him 
the  greatest  chance  of  writing  a successful  program,  urespec- 
tive  of  efficiency.  There  is  no  less  efficient  program  than 
one  which  doesn’t  work  at  all. 

To  a limited  extent  1 believe  '’hat  computation  obeys 
the  principle  of  the  cussednees  of  nature,  he.  that  you  cant 
win.  This  means  that,  all  els?  being  equal  (which  it  never 
is),  all  retionJ  numerical  methods  should  be  as  good  as 
each  other.  As  an  example,  invenon  of  dense  NzN  matrices 
(as  result  from  boundary  methods)  takes  times  like  N^, 
whereas  much  more  efficient  proced  ues  ■‘re  available  for 

S matrices  (is  result  ttom  finltt  -element  methods).  A 
!m  which  requires  N houndsrv  elements  will  probably 
require  Interior  nodes  to  achieve  the  same  accuracy,  and 
hence  tlie  spone  matrix  will  be  N*  x N^.  Thus  the  times 
taken  can  eesUy  end  up  comparable,  e.g.  in  tlie  present 
example  if  the  spaiae  matrix  routine  takes  timet  like 

Another  mystic  principle  of  computing  is  that  of  sp<«ad- 
ing  the  required  computing  effort  uniformly  throughout  a 
computation.  For  the  reason  I personally  favor  the  “Green’s- 
function-lntegral-equation’'  method,  in  which  the  moat 
con  plicated  Green’s  function  which  can  reasonably  be  cal- 
culated is  used.  The  use  of  such  a Green’s  function,  e,s'. 
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the  Havelock  louioe  potential  in  wate^wave  problemt,  re- 
roovM  certain  boundaiiiw  (e.g.  the  Dree  turfhce)  from  the 
ilomaln  ot  unknowns  in  the  Integral  equation,  and  hence 
enables  us  to  work  with  a matrix  of  smaliei  order  N.  There 
is  thus  a trade-off  between  the  greater  labor  of  evaluating 
the  integrals  in  the  Oreen’s  function,  and  the  lesser  effort 
required  to  invert  a smaller  matrix.  It  seems  to  me  that 
every  problem  has  an  intrinsic  amcunt  of  difficulty  and 
that  it  is  an  illusion  to  think  that  use  of  a simpler  Green's 
function  removes  this  difficulty  ■ it  simply  shifts  it  else- 
where. I should  guess  that  any  computing  problem  involv- 
ing invetsion  of  a dense  matrix  is  optimised  by  making  the 


time  taken  to  invert  the  matrix  about  equal  to  that  required 
to  evaluate  its  elements. 


The  above  remarks  reflect  a certain  personal  philosophy 
of  computing,  at  least  for  problems  of  the  nature  of  those 
treated  in  this  paper.  I consider  that  in  some  ways  the  re- 
sults of  the  present  paper  support  this  philosophy,  e.g.  in 
indicating  that  the  dreen's-function-integral-equation  method 
is  apparently  beet,  at  the  presnet  time,  even  if  only  by  a 
small  margin.  I commend  the  authors  for  a very  interesting 
contribution. 


AUTHOR'S  REPLY 


First  of  all,  we  would  like  to 
thank  all  the  discussers  for  their  com- 
ments on  our  paper. 

Dr.  Salvesen's  observation  that 
both  methods  can  be  easily  extended  to 
solve  second-order  problems  is  quite 
correct.  If  a perturbation  scheme  is 
used,  only  minor  modifications  in  our 
formulation  are  necessary.  However,  if 
the  exact  frae-surfaoe  condition  is  di- 
rectly employed,  for  the  finite  element 
method  for  example,  a system  of  non- 
linear algebraic  equations  will  result 
since  the  position  of  the  free  surface 
is  not  known  initially.  Conceptually, 
v.hese  equations  may  be  solved  by  some 
iterative  scheme,  although  the  process 
may  bo  quite  time-consuming.  We  welcome 
this  question  and  believe  it  is  an  in- 
teresting problem  for  investigation. 

We  thank  Dr.  Keil  and  Dr.  Chung 
(et.  al)  for  presenting  results  of 
their  recent  computations  for  the  added- 
mass  and  damping  coefficients  of  a cyl- 
inder in  water  of  finite  depth.  It  ia 
particularly  gratifying  to  see  results  of 
Dr.  Keil's  Pig.  1 agree  well  with  ours. 
Discrepancies  of  results  between  his  and 
ours  in  Pig.  2 can  rightfully  be  attrib- 
uted to  the  fact  tha'  the  shape  of  the 
equivalent  Lewis  form  is  not  absolutely 
rectangular  and  that,  as  pointed  out  by 
Lebreton  li  Margnac  (196ft)  , the  solution 
of  the  potential  ia  quite  sensitive  to 
the  sharpness  of  the  corners.  Chung's 
computations  using  the  Green's  function 
method  (Fig.  4)  are  consistent  with  ours 
given  in  Fig.  5.4.  That  his  results  are 
generally  higher  in  Figs.  1 through  3 ia 
most  likely  caused  by  the  fact  that  the 
number  of  points  taken  on  the  body  are 
fewer  than  those  used  by  other  authors. 
Hence  the  comparison  quoted  in  Table  A 
is  irrelevant  in  the  present  context. 

We  presume  that  Dr.  Chung  had  used  the 
Green  function  for  water  of  finite  depth 
as  Lebreton  S Margnac  did  in  1966,  since 
a "shallow-water  Green  function"  will 
involve  the  additional  assumption  that 
the  water-depth  to  wave-length  ratio  is 
small.  In  summary,  concerning  the  low- 
frequency  behavior  of  the  added-mass 
coefficient  of  a cylinder  in  water  of 
finite  depth,  we  find  that  these  recent 
computations  by  the  discussers  confirm 
our  findings  presented  in  §5.1  of  this 
paper . 


the  case  of  a general  three-dimensional 
body  oscillating  in  water  with  an  asymp- 
totic depth  h,  the  damping  coefficient 
as  shown  in  Wehausen  (1970),  is  re- 
lated to  the  asymptotic  wave  amplitude 
by 
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where  are  the  complex  amplitude  of 

the  k-th  and  l-th  modes  of  motion,  and 


“ t«nh(n^h)  + m^h  (l-t«nh^  (m^h)  ] . 

(C.2) 

It  can  be  seen  that  D(iHoh)  approaches 
2moh  as  h-*^  0 and  approaches  1 as 
For  the  present  methods  of  solution,  the 
quantities  y(^)  and  y(*')  were  available 
easily  without  additional  computations, 
hence  provisions  have  been  made  in  the 
computer  programs  to  compare  and  cross 
check  the  value  of  as  obtained  by 
(2.18)  vs.  that  by  (C.l).  For  the  case 
of  a cylinder  oscillating  in  water  with 
depths  hfl  and  h^  on  tha  right  and  left, 
respectii'ely , the  following  relation  can 
be  shown  to  be  valid  [Yeung  (1973)  1 : 


(C.3) 


Turning  now  to  Dr.  Tolefson's  ques- 
tion on  the  fineness  of  finite  element 
mesh  near  the  boundary  J,  we  would  like 
to  add  that  the  potential  which  is  a 
linear  combination  of  the  eigenfunctions, 
is  not  highly  oscillatory  although  each 
individual  eignefunction  itself  is. 
Therefore,  integration  of  the  coupling 
term  along  J can  be  approximated  by 
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where  is  the  element  boundary  along  .1, 
and  the  integral  on  the  right  caji  be 
evaluated  analytically.  Hence,  no  refin- 
ment  in  mesh  size  is  necessary  even  when 
is  large. 


Professor  Ursell's  explanation  of 
the  limiting  behavior  of  this  coefficient 
from  the  view  point  of  finding  the  solu- 
tion of  the  limiting  boundary  value  prob- 
lem is  very  enlightening  and  much  appre- 
ciated. 

We  concur  with  Dr.  Garrison's  com- 
ment that  for  extensive  numerical  calcu- 
lations such  as  ours,  consistency  checks 
should  be  performed.  For  example,  in 


Finally,  concerning  the  remark  by 
Dr.  Tuck  on  Table  1,  we  would  like  to 
emphasize  that  the  purpose  of  this  paper 
is  to  present  new  alternatives  for  solv- 
ing free-surface  flow  problems  that  have 
complicated  boundary-geometry.  It  should 
be  quite  obvious  that  efficiency  of  each 
type  of  method  will  depend  on  the  pro- 
greunmer  and  his  motivation.  Th\'s,  Table 
1 should  be  regarded  only  as  a qualita- 
tive rather  than  an  aboslute  comparison. 
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Dr.  Salvesen's  observation  that 
both  methods  can  be  easily  extended  to 
solve  second-order  problems  is  quite 
correct.  If  a perturbation  scheme  is 
used,  only  minor  modifications  in  our 
formulation  are  necessary.  However,  if 
the  exact  free-surface  condition  is  di- 
rectly employed,  for  the  finite  element 
method  for  example,  a system  of  non- 
linear algebraic  equacions  will  result 
since  the  position  of  the  free  surface 
is  not  known  initially.  Conceptually, 
these  equations  may  be  solved  by  some 
iterative  scheme,  although  the  process 
may  be  quite  time-consuniing . We  welcome 
this  question  and  believe  it  is  an  in- 
teresting problem  fo."  investigation. 
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their  recent  computations  for  the  added- 
mass  and  damping  coefficients  of  a cyl- 
inder in  water  of  finite  depth.  It  is 
particularly  gratifying  to  see  results  of 
Dr.  Keil's  Fig.  1 agree  well  with  ours. 
Discrepancies  of  results  between  his  and 
ours  in  Fig.  2 can  rightfully  be  attx'ih- 
vited  to  the  fact  that  the  shape  of  the 
equivalent  Lewis  form  is  not  absolutely 
rectangular  and  that,  as  pointed  out  by 
Lebreton  & Margnac  (1966) , the  solution 
of  the  potential  is  quite  sensitive  to 
the  sharpness  of  the  corners.  Chung's 
computations  using  the  Gree.,  s function 
method  (Fig.  4)  are  consistent  with  ours 
given  in  Fig.  5.4.  That  his  results  are 
generally  higher  in  Pigs.  1 through  3 is 
most  likely  caused  by  the  fact  that  tl.o 
number  of  points  taken  on  the  body  are 
fewer  than  those  used  by  other  authors. 
Hence  the  comparison  quoted  in  Table  A 
is  irrelevant  in  the  present  context. 

We  presume  that  Dr.  Chung  had  used  the 
Green  function  for  wate.  of  finite  depth 
as  Lebreton  S Margnac  did  j.n  1966,  since 
a "shallow-water  Green  function"  will 
involve  the  add.itional  assumption  that 
the  water-depth  to  wave-length  ratio  Is 
small.  In  su..imary,  concerning  the  low- 
frequency  behavior  of  the  addod-mass 
coefficient  of  a cylinder  in  water  of 
finite  depth,  we  find  that  thes.'  recent 
computations  by  the  discussers  confirm 
our  findings  presented  in  §5.1  of  this 
paper . 


the  case  of  a general  three-dimensional 
body  oscillating  in  water  with  an  asymp- 
totic depth  h,  the  damping  coefficient 

as  shown  in  Wehauson  (1970),  is  re- 
lated to  the  asymptotic  wave  amplitude 
by 
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where  are  the  complex  amplitude  of 

the  k-th  and  2-th  modes  of  motion,  and 


D(m^h)  = tanh(m^h)  + [ 1- 1 anh ’ (m^jh ) ] . 
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It  can  be  seen  that  D(mQh)  approaches 
2moh  as  h-^  0 and  approaches  1 as  h*". 
For  the  present  methods  of  solution,  the 
quantities  y(^)  and  y(*')  were  a’failable 
easily  without  additional  computations, 
hence  provisions  have  been  made  i.u  the 
computer  programs  to  compare  and  cross 
check  the  value  of  as  obtained  by 

(2.18)  vs.  that  by  (C.l).  For  the  case 
of  a cylinder  oscillating  in  water  with 
depths  and  hj  on  the  right  and  left, 
respectively,  the  following  relation  can 
be  shown  to  be  valid  [Yeung  (1973) ] : 
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Turning  now  to  Dr.  Tolefson's  ques- 
tion on  the  fineness  O'"  finite  element 
mesh  near  the  boundary  . we  would  like 
to  add  that  the  poten  ...  ij/  which  is  a 
linear  combination  of  the  eigenfunctions, 
is  not  highly  oscillatory  although  each 
individual  eignefunction  itself  is. 
Therefore,  integration  of  the  coupling 
term  along  .T  can  be  approximated  by 
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where  is  the  element  boundary  along  J, 
and  the  integral  on  the  right  can  be 
evaluated  analytically.  Hence,  no  refine 
ment  in  mesh  size  is  necessary  even  when 
is  large. 


Professor  Ursell's  explanation  of 
the  .'imit.lng  behavior  of  this  coefficient 
from  the  view  point  of  finding  the  solu- 
tion of  the  limiting  boundary  value  prob- 
lem is  very  enlightening  and  much  appre- 
ciated. 

We  concur  with  Dr.  Garrison's  com- 
ment that  for  extensive  numerical  calcu- 
lations such  as  ours,  consistency  checks 
should  be  performed.  For  example,  in 


Finally,  concerning  the  remark  by 
Dr.  Tuck  on  Table  1,  we  would  like  to 
emphasize  that  the  purpose  of  this  paper 
is  to  present  new  alternatives  for  solv- 
ing free-surfare  flow  problems  that  have 
complicated  boundary-geometry.  It  should 
quite  obvious  that  efficiency  of  each 
type  of  method  will  depend  on  the  pro- 
grammer and  his  motivation.  Thus,  Table 
1 should  be  regarded  only  as  a qualita- 
tive rather  than  an  aboslute  comparison. 
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I As  has  been  stated  in  our  conclu- 

t sion,  the  Green-f unction-integral-equa- 

tion method,  because  of  its  compactness, 

’ generally  tends  to  be  superior  to  others, 

but  not  in  every  case.  For  instance, 
the  Green  function  method,  or  other 
existing  methods,  for  that  matter,  fails 
if  one  is  faced  with  the  two-dimensional 
problem  ol  a cylinder  in  water  v/ith  dif- 
ferent depths  on  the  left  and  the  right. 

Vie  disagree  with  Dr.  Tuck's  state- 
ment that  all  else  being  equal,  any  ra- 
tional numerical  metliod  should  be  as 
good  as  another.  Take,  for  instance, 
the  example  used  by  Dr.  Tuck:  the  fi- 

nite-element method  with  the  sparse  ma- 
trix routine  will  be  comparable  to  the 
singularity-distribution  method  if  it 
takes  steps  for  solution  of  the 

soarse  matrix.  However,  in  reality,  tlie 
‘ sparse  matrix  will  have  a bandwidch  of 

I approximately  N.  Furthermore,  it  is 

, well  known  that  the  number  of  operation 

i stev  s required  for  solving  a banded  ma- 

I trix  is  prrportional  to  N^*M,  where  M is 


i 

i 


1 

I 


the  dimension  of  matrix.  Therefore,  so- 
lution of  the  "sparse"  matrix  will  re- 
quire, for  this  particular  exai.iple,  n' 
steps,  in  contrast  co  steps  for  a 
dense  matrix  of  dimension  N.  This  ex- 
plains why  the  finite  element  variation- 
al method  is  considerably  slower  than 
the  localized  finite  element  merhod  and 
the  fundamental  singularity  distribution 
method . 


In  conclusion,  we  would  like  to  add 
that  it  has  been  proven  worthwhile  to 
investigate  into  new  methods , even  though 
they  may  at  most  be  of  comparable  effi- 
ciency to  existing  ones.  The  reason  is 
that  there  is  no  such  thing  as  a super 
method;  some  methods  may  be  more  versa- 
tile than  others  while  some,  may  suffer 
inherent  disadvantages  of  some  kind,  and 
others  do  nov . New  approaches  for  solv- 
ing problems  very  often  uncover  old  mis- 
takes which  may  .not  be  apparent  in  the 
absence  of  any  new  means  of  computation 
or  analytical  predictions. 


NUMERICAL  SOLUTIONS  OF  TWO-DIMENSIONAL 
NONLINEAR  WAVE  PROBLEMS 

C.  H.  vonKe.^czek  N,  Sa-Cvaen 
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ABSTRACT 

The  nonlinear  free-surface  effects  on  the 
two-dimensional  potential  flow  past  a disturb- 
ance is  examined  by  a direct  numerical  proce- 
dure and  a perturbation  technique.  The  numer- 
ical procedure  used  to  solve  the  complete 
nonlinear  problem  is  an  iterative  one  in  which 
the  Laplace  equation  is  solved  by  finite  differ- 
ences in  a field  bounded  by  an  assumed  free- 
surface  shape  which  is  systematically  corrected 
until  it  satisfies  the  nonlinear  free-surface 
boundary  condition.  Wave  resistances  and  free- 
surface  profiles  are  computed  using  first-  and 
second-order  perturbation  solutions.  These  are 
compared  to  the  results  obtained  from  the  direct 
numerical  solution  of  the  nonlinear  problem. 

1.  INTRODUCTION 

The  main  objective  of  this  work  is  to 
determine  whether  the  nonlinear  body-wave 
problem  can  be  solved  directly  by  use  of  numer- 
ical methods.  Numerical  nietliods  have  previously 
been  applied  to  solve  the  problem  of  free-running 
waves  and  also  to  the  linear  waves  generated  by 
disturbances;  however,  there  presently  exist  no 
numerical  solutions  to  the  nonlinear  waves  gener- 
ated by  a disturbance.  This  investigation  is 
restricted  to  two-dimensional  problems. 

The  two-dimensional  nonlinear  wave  problem 
of  the  steady  flow  pa.st  a disturbance  has  pre- 
viously been  solved  only  approximately.  The 
approximation  requires  that  wave  height  be  small 
compared  to  wave  length.  The  problem  can  then 
be  linearized  and  solutions  readily  obtained. 
Higher-order  improvements  of  the  linearized 
solutions  may  then  be  obtained  in  the  context 
of  the  method  of  perturbation  series  expansions. 

A fairly  complete  account  of  the  method  as 
applied  to  the  two-dimensional  free-surface 
problem  is  given  by  Salvesen  (1969).  The  basic 
requirement  in  this  type  of  procedure  is  that 
the  body  or  other  obstruction  in  the  flow  be  a 
"small  disturber"  in  a certain  sense.  In  prob- 
lems where  the  disturber  is  not  small  perturba- 
tion methods  may  not  suffice.  Th:  lOnlinearities 
at  the  free  surface  may  be  severe  and  other 
methods  may  have  to  be  developed  to  cope  with 
such  problems.  One  possibility  for  solving  non- 
linear free-surface  problems  is  direct  numerical 
solution.  It  is  in  this  area  that  the  present 
work  makes  an  initial  attempt. 


There  are  primarily  two  approaches  to  the 
nonlinear  body-wave  problem.  One  is  a time- 
dependent  initial-value  problem  approach  and  the 
other  is  direct  solution  of  the  steady-state 
problem.  In  the  time-dependent  problem  the 
steady  state  is  obtained  approximately  by  con- 
sidering a large  interval  of  time  from  the 
initial  instant. 

The  advantage  of  the  time-dependent  problem 
is  that  the  extrapolation  of  the  free-surface 
shape  from  one  time  step  to  the  next  is  carried 
out  naturally  by  numerically  solving  the  differ- 
ential equation  that  represents  the  dynamic 
boundary  condition  at  the  free  surface.  No 
guesswork  or  trial  and  error  procedure  is  re- 
quired to  find  the  free-surface  shape.  However, 
some  disadvantages  of  the  time-dependent  problem 
approach  are  that  rapid  numerical  methods  may  be 
prone  to  numerical  instability  and  lifting 
cylinders  leave  behind  a trailing  vortex  sheet 
during  the  transient  part  of  the  motion.  The 
location  of  the  trailing  vortex  sheet  is  not 
known  a priori  and  thus  it  constitutes  a second 
free  surface  which  must  be  found  in  the  course 
of  the  solution  of  the  problem. 

The  main  difficulty  in  the  stea.dy-state 
problem  is  that  the  free-surface  shape  is  not 
known  in  advance  and  it  must  be  determined  as 
part  of  the  solution  of  the  problem.  Thus  most 
numerical  procedures  for  solving  this  problem 
will  entail  some  kind  of  iteration  procedure  in 
which  a trial  free  surfac"  is  assumed  and  then 
systematically  modified  until  the  correct  free- 
surface  shape,  i.e.,  the  one  that  satisfies  the 
free-surface  boundary  condition,  is  obtained. 

In  this  paper  a numerical  method  is  describ- 
ed which  solves  two-dimensional,  steady-state, 
nonlinear  body-wave  problem^.  A procedure  for 
generating  the  free  surface  in  a systematic  way 
is  presented.  Each  time  the  free  surface  is 
modified  in  the  procedure  the  linear  two- 
dimensional  potential  problem  in  a well  defined 
j egion  must  be  solved.  This  step  can  be  carried 
out  by  several  standard  techniques  such  as 
source-sink  distiibutions  (integral  equation 
methods),  finite  element  methods  c,  finite 
difference  methods.  The  last  of  these  is  used 
in  the  present  method  simply  because  it  is  very 
easy  to  program  and  is  very  reliable. 

The  numerical  method  described  in  this 
paper,  particularly  the  systematic  generation  of 
the  free  surface,  was  developed  by 
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Prof.  Allan  J.  Malvick*  during  the  years  1962- 
1964  while  at  the  University  of  Notre  Dame. 
Malvick  used  this  method  to  generate  progressive 
waves  on  a stream  of  uniform  depth,  but  did  not 
carry  his  investigation  to  completion  and  did 
not  publish  the  method  or  any  of  his  results. 
Subsequently  von  Kerezek  (196S)  modified 
Malvick' s program  (but  not  his  method  for  gener- 
ating the  free  surface)  and  made  some  preliminary 
investigations  of  the  flow  past  a vortex-like 
disturbance.  This  investigation  was  not  carried 
very  far,  but  did  indicate  that  the  numerical 
method  held  some  promise  for  investigating  the 
nonlinear  problem  because  agreement  with  linear 
theory,  for  small  disturbances,  was  obtained. 

In  the  present  paper,  we  describe  our 
attempt  to  investigate  this  numerical  method 
more  completely.  Our  aim  is  to  make  systematic 
comparisons  between  analytical  perturbation 
theory  results  of  first  and  second  order  with 
Malvick' s numerical  method.  For  this  two 
specific  cases  are  chosen.  The  first  is  that 
of  the  flow  past  a line  vortex  and  the  second 
is  the  flow  disturbed  by  a finite-length  pres- 
sure distribution  on  Che  free  surface.  The 
degree  of  nonlinearity  in  the  free  surface  flow 
is  controlled  by  the  strength  of  the  circulation 
induced  by  the  vortex  or  by  the  amplitude  of  the 
pressure  disturbances  at  the  free  surface. 

Since  the  flow  field  must  be  finite  in  the 
numerical  problem  only  finite  depth  streams  are 
considered.  However,  in  order  to  facilitate 
the  comparison  of  numerical  results  with  pertur- 
bation theory  results  for  infinite  depth,  the 
nuiiierical  results  correspond  to  deep  water, 
i.e.,  stieam  depth  is  at  least  one  half  the 
wavelength  of  the  v;aves  following  the 
disturbance. 


The  present  two-dimensional  problem  serves 
as  a convenient  test  case  for  direct  numerical 
solution  because  much  is  known  about  it  from 
perturbation  solutions  and  experiment  (Salvesen 
1966) . Although  the  numerical  method  is  prob- 
ably not  suitable  for  three-dimensional  prob- 
lems, it  is  useful  for  gaining  experience  in 
numerically  solving  nonlinear  wave  problems. 
However,  some  of  the  results  might  be  directly 
useful,  in  a restricted  sense,  in  some  realistic 
problems.  For  example,  the  local  flow  under  an 
air  cushion  vehicle  with  rigid  side  walls  may 
be  analyzed  by  the  two-dimensional  methods 
presented  here. 

2.  EXACT  MATHEMATICAL  FORMULATION 

The  following  two  classes  of  two- 
dimensional  problems  are  treated:  (i)  an 

infinitely  long  cylinder  (or  a line  singularity 
distribution  with  uniform  strength)  which  is 
moving  at  constant  velocity  U in  a direction 
perpendicular  to  its  axis  and  at  a fixed  dis- 
tance below  the  undisturbed  free  surface,  and 
(ii)  an  infinitely  wide  pressure  distribution 
on  the  free  surface  which  is  moving  at  constant 
velocity  U and  has  finite  length  in  .he  direc- 
tion of  motion.  The  problem  is  to  determine  the 
surface  waves  and  the  wave  resistance,  as  well 
as  to  obtain  a description  of  the  total  flow 
field. 

The  flow  is  steady  in  a coordinate  system 
moving  with  the  cylinder  or  the  pressure  dis- 
turbance. A two-dimensional  coordinate  system 
is  used  with  the  y-axis  pointing  upwards,  and 
the  x-axis  located  in  the  undisturbed  free 
surface  with  x positive  in  the  direction  of 
motion.  It  is  assumed  that  the  fluid  is  in- 
viscid,  incompressible  and  without  surface  ten- 
sion, and  that  the  flow  is  irrotational. 


‘Presently  at  the  Civil  Engineering  Depart- 
ment, University  of  Arizona. 


NOMENCLATURE 

(Additional  nomenclature  are  defined  as  they  appear  in  the  text) 


D ■ Depth  of  water 

E.  = Error  in  free-surfacc  condition 
1 

? = Force  on  vortex 

1 = Complex  function  defined  by  (4.15) 
N = Maximum  value  of  j 
R = Wave  resistance 
U = Uniform  stream  velocity 
\'pg  = Free-surface  velocity 

a,  b = X and  y location  of  vortex 
c = Location  of  vortex,  complex 
f = Function  defined  by  (4.7) 
g = Gravitational  acceleration 
i,  j = X and  y indices  for  nodes 
t,  3^  = Unit  vector  ^n  x-  and  y-direction 


Eh  = Extrapolation  length 
p = Pressure 

u^^^  = Perturbation  velocity  defined  by  (4.3) 

X,  y = Two-dimensional  coordinate  system 
S’  = Stream  function  defined  by  (3.1) 
a = First-order  wave  amplitude  far  downstream 
n - Free-surface  elevation 
0 = Angle  defined  in  (3.15) 

X = Wave  length 
p = Mass  density  of  water 
T = Circulation  strength 
iji  = Stream  function 
i)i'  = Stream  function  defined  by  (3.1) 
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Formulating  these  two-dimensional,  steady- 
state,  potentiel-flow  problems  in  terms  of  the 
stream  function  ij)(x,  y) , one  has  that  i(i  must  be 
a solution  of  the  Laplace  equation 

* 'I'yy  = 0,  (2.1) 

and  satisfy  the  following  boundary  conditions. 

On  the  unknown  free  surface,  y = nCx)  two  condi- 
tions are  to  be  satisfied:  (1)  The  kinematic 

condition  states  that  any  particle  which  is  on 
the  surface  remains  there,  thus  at  the  free  sur- 
face the  stream  function  must  be  a constant, 
here  set  equal  to  zero 

i|i  ' 0 on  y = n(x).  (2.2) 

(2)  The  dynamic  condition  requires  that  the 
pressure  above  the  free  surface  is  everywhere 
constant  (also  set  equal  to  zero)  except  over 
a specified  region  where  an  external  pressure 
disturbance,  p(x)  may  be  applied;  hence,  by 
the  Bernoulli  equation  it  follows  that 

+ gy  + = i on  y = n(x)  , 

(2.3) 

where  g is  the  gravitational  acceleration. 

Far  upstream  the  flow  is  uniform  with  no 
waves  and  hence 

lim  i<  X V:J;  = - U 1 ( '.4) 

X^-f® 

where  i Is  the  unit  vector  in  the  x-direction, 
k « 1 X j , and  j is  the  unit  vector  in  the 
y-direction.  Far  downstream  it  is  assuiued  that 
there  is  a train  of  periodic  outgoing  waves 
with  unknown  wave  length,  X;  hence 

<('(x,  y)  = t(x  + X,  y)  as  X - ®. 

(2.5) 

In  the  case  of  infinite  depth 

lim  ti  X V:|j  = - U 1,  (2.6) 

y->_O0 

and  for  finite  uniform  depth  the  bottom  condi- 
tion is 

i))  = UDaty=-D,  (2.7) 

For  finite  depth  it  is  also  necessary  to  specify 
that  the  Froude  number  with  respect  to  depth  is 
less  than  unity,  Fr  = U//gS^  < 1.0,  so  that  it 
can  be  assumed  that  no  waves  exist  upstream  of 
the  disturbance. 

The  two  separate  classes  of  problems  which 
are  treated  here,  the  submerged  cylinder  case 
and  the  free-surface  pressure  case,  must  both 
satisfy  the  above  stated  conditions.  For  the 
cylinder  case  an  additional  condition  must  be 
satisfied  on  the  cylinder  surface; 

* constant,  (2.8) 


where  the  constant  is  determined  by  specifying 
the  circulation  around  the  cylinder.  Fo"  the 
pressure  case  one  has  that  the  pressure  dis- 
turbance is  given  by  some  function  p = p(x)  on 
n = n(x) . This  completes  the  exact  mathematical 
formulation  of  the  specified  two-dimensional 
potential-flow  problems. 

The  main  objective  of  this  work  is  to 
explore  the  intrinsic  difficulty  of  solving 
nonlinear  free-surface  problems  by  a direct 
numerical  method  so  that  complications  posed  by 
an  actual  submerged  body  are  disposed  of  by 
considering  only  simple  disturbances.  Two 
specific  problems  are  solved  here;  (i)  a sub- 
merged vortex  with  constant  strength  in  a uni- 
form stream  and  (ii)  a sinusoidal  pressure 
disturbance  applied  to  the  free  surface  of  a 
uniform  stream.  The  exact  mathematical  formula- 
tion for  these  potential  flow  problems  are  given 
by  equations  (2.1)  through  (2.7).  In  the  next 
section  Laplace's  equation  and  the  exact  bound- 
ary conditions  for  these  problems  are  replaced 
by  their  finite  difference  approximations  and 
then  direct  numerical  solutions  of  the  problems 
are  obtained.  In  Section  4 of  the  paper  the 
exact  problem  is  reformulated  in  terms  of  a 
perturbation  scheme  and  the  first-  and  second- 
order  solutions  are  derived. 

3.  FINITE  DIFFERENCE  hlETHOD 

In  this  Section,  the  exact  potential  prob- 
lems as  stated  in  the  previous  Section,  are 
replaced  by  their  finite  difference  approxima- 
tions and  then  direct  numerical  solutions  of  the 
nonlinear  problems  are  obtained. 

It  is  most  convenient  for  numerical  purposes 
to  divide  the  stream- function  into  two  parts 

iJ'(x,  y)  = Tlx,  y)  ♦ i|j'(x,  y)  (3.1) 

where  T(x,  y)  is  the  stream  function  for  a two- 
dimensional  singularity  in  a stationary  infinite 
fluid  domain.  Thus  for  a vortex  at  (a,  b)  with 
circulation  t,  T is  given  by 

f(x,  y)  = 27  (/(X  - a)^  + (y  - b)^  ) 

(3.2) 

When  considering  the  problem  of  a pressure 
distribution  on  the  free  surface  as  the  sole 
disturbance  f is  identically  zero  and  i(j'  = ip. 

The  boundary  value  problem  to  be  solved  for 
i|i'  is  then  obtained  from  (2.1)  through  (2.7), 
where  i()'  satisfies  the  field  equation, 

= 0 (3.. 3) 

in  the  entire  field,  and  the  boundary  conditions 
'P'  (x,  n)  = - T(x,  n)  (3.4) 
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Figure  1.  Finite  Difference  Grid 


+ 7ij)'  • Vf  + gn  + = 

(3.5) 

on  the  free  surface  y = n(x), 

Limit  ^xVi(;'=-ut-lcxVS'  (3.6) 

X * oo 


The  value  of  the  stream  function  t()'  at 

each  node  (x. , y.)  is  designated  as  i()' . . that 
t 1 t , 3 

is 

y.)  = <p'.  ..  (3.8) 

X J X , J 

The  boundary  value  problem  (3.3)  to  (3.7)  is 
then  replaced  by  a standard  finite-difference 
problem.  Laplace's  equation  (3.3)  is  replaced 
by  the  finite-difference  equations  (Forsythe 
and  Wasow,  1960) 


and 


1)1'  = U D - y(x,  -D)  at  y = -D.  (3.7) 

Only  finite  depth  cases  are  considered  in  the 
numerical  problem. 


r 


l.j 


i (ij'' . . + it'  . , . ♦ il)'  . , , 

4 1+1,3  ^ 1-1,1  ^ ',1  + 1 


+y'i,3.,)  (3.9) 

when  node  (i,  3)  is  a regular  star,  and  by 


3.1  Numerical  Formulation 

The  problem  is  formulated  numerically  by 
first  overlaying  the  entire  flow  field  with  a 
uniform  grid  (or  mesh)  as  shown  in  Figure  1. 

The  intersections  of  the  horizontal  and  vertical 
lines  of  this  grid  are  called  the  nodes.  The 
stream- function  1)/'  (x,  y)  is  to  be  determined  at 
each  node  of  the  grid.  These  nodes  are  labeled 
by  pairs  of  indices  i,  j referring  to  their 
coordinate  values  (x^,  y^).  The  nodes  are 

numbered  so  that  the  bottom  corresponds  to  nodes 
(i,  1)  with  i increasing  downstream.  Some  dis- 
tance upstream  of  the  origin  of  the  coordinate 
system  is  the  vertical  line  of  nodes  labeled 
(1,  3)  with  j increasing  from  bottom  to  top. 

The  selection  of  the  upstream  location  of  the 
nodal  line  (1,  3)  is  discussed  later.  The 
intersection  of  the  free  surface  and  vertical 
lines  of  the  grid  are  boundary  nodes  which  must 
be  determined  in  the  problem.  The  first  interi- 
or node  below  the  free  surface  on  a vertical 
line  of  the  grid  is  usually  (for  a wavy  free 
surface)  connected  by  unequal  length  grid-line 
segments  to  its  four  neighbors.  Such  a node 
and  its  connecting  line  segments  is  referred  to 
as  an  "irregular  star."  All  nodes  except  those 
immediately  adjacent  to  the  free  surface  belong 
to  "regular  stars." 


^ i,j  (y6  + ag) 


'Yip'.  . , + . . 

i.J-J  _ i.J+^ 

(Y  +^Tr? 


♦ ail' . , . 

x-1,3  ^ 1+1,3 

(a  + feioT' 


(3.10) 


when  (i,  j)  is  an  irregular  star  with  grid-line 
segments  of  lengths  a,  B,  Y and  6 respectively 
as  shown  in  Figure  2. 


The  kinematic  boundary  condition  (3.4)  at 
tho  free  surface  is  replaced  by 


^in  ^/(x^  - 7)'^  + (n.  - b)2  j 


(3.11) 
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Figure  2.  An  Irregular  Star 
and  at  the  bottom  by 


- D)  = 5 U D 


- (/(X.  - a)^  ♦ (-  D - b)^)  . 

(3.12) 

The  dynamic  boundary  condition  (2.3)-  at  the 
free  surface  is  calculated  by  using  a direct 
finite-difference  approximation  for  the  velocity, 
Vpg  , at  the  free  surface,  given  by 


The  velocity  Vpg  is  given  by 


(3.13) 


1/  = (]<  X Vi|/) , 

FS. 


(3.14) 


Since  the  velocity  is  tangential  to  the 

FSi 

free  surface,  it  is  seen  from  (3.14)  that  only 
the  gradient  of  in  the  direction  normal  to 
the  free  surface  must  be  determined.  With 
reference  to  Figure  3,  it  is  easy  to  see  that 


(V«, 


i,n 


(-L- 

Icos  e 


'Vi,n 


(3.15) 


where  9 is  the  angle  between  the  vertical  and 
the  unit  normal  to  the  free  surface.  The  total 
stream  function,  i)i,  used  in  formulas  (3.14)  at(d 
(3.15),  is  easily  obtained  at  each  node  using 
formulas  (3.1),  once  i|)'  is  known  there. 


Figure  3.  The  Free  Surface  and  Its  Normal 


The  y-derivative  of  ip,  at  the  free  surface, 
is  obtained  numerically  using  the  five  point 
l.agrange  differentiation  formula  (Abramowitz  and 
Stegun,  Chapter  25,  1964) 

/|i\  = (Y  ^ h)(Y  ♦ 2h)(v  .a  ,3h) 

V^/i,n  6Yh* 


. liY  * 2>>MY  * Sh)  . 

2h^  (Y  + h) 

2h^  CY  + 2h) 

> liiq.  2h;i 

6h^  CY  + 3h) 

(3.16) 

Since 
one  has 


cos  6^  = 


(3.18) 


Formula  (3.18)  is  evaluated  by  approximating 

j by  the  5 point  finite  difference 
' ' i 

formula  (Abramowitz  and  Stegun,  Chapter  25, 
1964) 


(ax)^  “ 3 ^'^i+1  ' '^i-1^  ■ U ^’^i+2  ■ ^i-2^‘ 

(3.19) 


In  a finite  difference  calculation  the 
infinite  field  of  problems  (3.3)  to  (3.7)  must 
be  truncated  to  a finite  field.  The  condition 
(3.6)  for  the  far  upstream  flow  is  applied  in  an 
approximate  manner  at  i » 1 which  is  chosen  far 
enough  upstream  where  the  disturbance  is  not 

felt.  An  upstream  distance  of  about  2t.  /l^Tg 
(a  wave  length  in  linear  theory  with  infinite 
depth)  was  found  to  bo  more  than  adequate  in 
all  cases.  At  i ■ 1,  the  flow  is  assumed  to  be 
parallel  with  uniform  velocity  - U I.  Hence  at 
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i ■ 1,  the  free  surface  is  assumed  to  be  hori- 
zontal with  n • 0.  In  the  cases  of  the  sub- 
merged vortex  and  surface  pressure  disturbance, 

the  i(i'  . . are  respectively  given  by 

z , 3 


- -2^  in  - a)^  . (y.  - b)^  ) 

(3.20) 

and 


relaxation  cycle  is  carried  out  sequentially 
along  vertical  grid  lines. 

The  remaining,  and  central  problem  of  the 
numerical  method,  is  the  generation  of  the  free 
surface  shape.  The  basic  idea  behind  Malvick's 
method  for  systematically  guessing  a part  of  the 
free  surface  is  that  any  perturbation  of  the 
free  surface  shape  at  a point  results  in  a 
limited  and  monotonically  decaying  effect  in 
front  of  the  perturbation.  Behind  the  perturba- 
tion it  is  expected  that  the  effect  is  propagated 
downstream_as  waves  with  wave  length  nearly  equal 

to  2it 


In  the  numerical  problem,  the  truncation 
of  the  field  at  a finite  distance  downstream 
requires  that  a boundary  condition  be  specified 
on  the  last  column  of  grid  points.  Since  the 
form  of  the  downstream  wave  train  is  unknown  in 
the  nonlinear  problem,  an  artificial  boundary 
condition  is  imposed.  The  effect  of  .;his  condi- 
tion is  then  checked  a posteriori  by  simply 
locating  the  downstream  boundary  at  various 
distances  behind  the  disturbance  and  checking 
the  solutions  to  see  whether  the  effect  of  the 
downstream  boundary  js  localized.  The  following 
downstream  boundary  condition  is  applied  at 
j * N,  where  N is  such  that  there  will  be  on  the 
order  of  five  or  six  waves  between  the  disturb- 
ance and  the  downstream  end  of  the  field: 


N.j 


N-3,j 


3(iJ)' 


N-l,j 


'*"n-2,3^- 


(3.21) 


This  is  simply  the  Lagrange  three-point  inter- 
polation formula  (Abramowitz  and  Stegun, 

Chapter  2S,  1964)  used  to  extrapolate  the  value 
i)i'  . from  the  three  previous  values  of  i|i'  at 
n j 3 

the  same  level  j.  This  simple  closure  condition 
appears  to  work  quite  well  in  all  of  the  calcu- 
lations. Its  erroneous  effect  (i.e.,  ij;'  . does 

u*3 

not  satisfy  the  field  equation  3.3)  only  seems 
to  significantly  affect  the  flow  field  over  a 
distance  of  about  1/4  of  a wavelength  upstream. 


3.2  Numerical  Solution 


If  the  free  surface  is  knoun,  then  equa- 
tions 3.9  (or  3.10),  3.11,  3.12,  3.20,  and  3.21 
suffice  to  determine  the  field  quantity  . , 

z*3 

at  every  interior  point  of  the  grid.  The  solu- 
tion method  is  that  of  standard  overrelaxation 
(Forsythe  and  Wasow,  1960)  with  an  overrelaxation 
constant  of  4/3,  which  yields  the  convenient 
recurrence  formula  (at  regular  stars  only) 


1^ 

3 


♦ 


, (n) 

1-1. j 


♦ 


(n-l) 

i.M 


- 1(1 

^ 1+1,3  ^ 


1.3  J 


(3.22) 


where  the  superscript  n refers  to  the  latest 
value  of  the  quantity  in  the  present  relaxation 
cycle  and  n-l  refers  to  the  value  of  the  quantity 
from  the  previous  relaxation  cycle.  Each 


Let  the  error  in  the  free  surface  pressure 
condition  (3.13)  at  any  station  i,  be  defined 
as 


^i  “ *^i  * p * [l  "2  ‘ 

(3.23) 

where  is  computed  using  formulae  (3.14- 

3.19).  Let  E be  the  maximum  error  allowed  at 
the  free  surface.  One  may  approximate  the 
initial  free  surface  by  the  linear-theory  free- 
surface  elevation  or  something  of  similar  char- 
acter or  simply  as  the  undisturbed  plane.  In 
any  case  far  enough  upstream  the  free  surface 
elevation  is  • 0 and  |Ej^|  < E for  i ■ 1,  2 

and  3.  Suppose  that  for  the  assumed  free  sur- 
face, the  error  [E^l  > E occurs  for  the  first 

time  at  i ■ i*,  whereas  |E^|  < E for  all  i < i*. 

Then  the  free  surface  elevation  at  i*  + 1 is 
medified  by  an  amount  (the  amount  is 

explained  below).  This  modification  of  the 
free  surface  elevation  is  smoothed  into  the 
existing  free  surface  a distance  of  about  one 
half  a wave  length  dczimstrccmi  of  i*  + 1.  The 
free  surface  upstream  of  i*  ♦ 1 remains  fixed. 
With  the  new  free  surface,  Laplace's  Equation 
(finite  difference  formulae  3.9  and  3.10)  is 
solved  subject  to  the  boundary  conditions  3.11, 
3.12,  3.20  and  3.21.  Then  E^„  is  recalculated 

(using  formulae  3.3.4-3.19  and  3.23).  If  the 
current  Ej*  does  not  satisfy  |Ej^, | < E,  then  a 

new  value  of  is  interpolated  or  extrapo- 

lated using  the  previous  two  pairs  of  values  of 
(Ej^*,  Aii^^^j).  On  the  first  calculatim  of 

' 0.  The  second  time,  • O.lh 

(where  h is  the  basic  mesh  spacing;  is  chosen. 
Once  the  value  of  is  found  such  that 

|E^,|  < E,  the  process  proceeds  to  the  next 

station.  It  is  to  be  noted  that  the  modifica- 
tion of  the  free  surface  elevation  at  station 
i*  ♦ 1 , which  reduces  the  error  in  the  free 
surface  condition  (3.5)  at  i*  to  within  specified 
tolerai.ee,  has  the  effect  of  destroying  the 
satisfaction  of  the  free  surface  condition  (3.5) 
further  upstream,  particularly  at  stations 
i*  - 1 and  i*  - 2.  A complete  pass  over  the 
entire  length  of  the  field  reduces  |E^|  below  E 

at  each  free  surface  node  at  least  teiqporarily. 


/ 


i 


') 

i 
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Repeated  Iterations  over  the  field,  correcting 
the  free  surface  at  each  station,  eventually 
brings  |e^|  < E at  every  station  except  at 

N - 1 and  N,  which  are  Ignored. 


where 


The  process  of  smoothing  the  free  surface 
modification  at  1*  1 into  the  remaining  free 

surface  is  carried  out  using  an  Interpolation 
polynomial.  The  procedure  has  two  forms.  The 
first  is  the  pvtdtoHon  phase  and  is  used  i'.i 
the  initial  pass  when  the  initial  free  surface 
is  assumed  to  be  a plane.  After  the  initial 
prediction  phase  or  if  the  first  guess  for  the 
free  surface  is  the  linear  free  surface  or 
any  other  good  guess  of  a similar  character,  a 
free  surface  ooPfeotion  procedure  is  used  only. 
The  two  procedures  are  similar  and  are  explained 
as  follows; 


In  the  prediction  pass,  the  values 


^i*-l*  '^i* 

height,  slope  and  curvature  of  the  free  surface 
at  station  1*  + 1.  These  quantities  plus  zero 
height  and  slope  (to  conform  to  the  existing 
plane  free  surface)  at  a distance  th  (called  the 
extpopolaticn  length)  downstream  of  station 
i*  + 1 determines  an  interpolation  polynomial 
of  fourth  degree.  This  interpolation  polynomial 
peplaoea  the  existing  free  surface  n between 
stations  i*  ♦ 1 and  i*  ♦ 1 + i (t  is  taken  to  be 
an  integer  so  that  th  is  about  one  half  the 
wave  length  of  linear  theory) . The  formula  for 
this  free  surface  prediction  polynomial  is 
(where  s e [0,  1],  s « 0 ^x  » *^*+1 


s • 1 »^x 


“ *i*+l*l'’ 


n(s)  - n(Xj.^^)  ♦ 


n'  Cx^.^j)s  + J Ti"(x^.^^)s^ 


1 

(«>)^ 


[‘*h(xj^,^j)  + 3n  ■(Xi.,i)lh 


The  sequence  of  sketches  in  Figure  4 illus- 
trates the  ppediotian  process.  In  this  figure 
the  dotted  line  is  the  free  surface  which  is 
being  replaced  by  the  prediction  polynomial 
between  station  i*  + 1 and  i*  + 1 + t.  The 
solid  line  is  the  prediction  polynomial  (3.24). 
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u 

♦ n"(x^.^j)(ih)’]s^ 

* * 2ri'(Xj^*^j)th 


— Prediction  Polynomial  Interpolation 

— — — — • Existing  Free  Surface 

Figure  4.  Free-Surface  Prediction 
Starting  at  i*  « 3 


♦ 7n"(Xi.^l)(4h)^]s^. 

(3.24) 

The  derivatives  of  n(x)  in  foraaila  (3.24)  are 
evaluated  using  the  finite  dlfferrnce 
approximations 

n'(Xi.^i)  ' ^ [Hn(x^.^j)  - i8n(x^.) 

* 9n(Xi._p  - 2n(Xj,_2)] 

(3.25) 

h**(Xj^*^j)  4 ^^*i*+l)  * ~ 2ti(x^„) 


When  the  prediction  pass  is  completed  or  if 
a good  approximation  of  the  free  surface  is  used 
at  the  outset,  then  only  free-surface  aorreotions 
are  made.  The  correction  polynomial  is  again 
formula  (3.24),  but  now  the  derivatives  of  n 
appearing  in  the  polynosiial  are  simply  taken  as 

n'  * 7 

(3.26) 

n"(Xi.^i)  - 

and  the  resulting  polynomial  (3.24)  is  addad  to 
the  0mi»Hng  ftee  eurfooe.  One  step  in  the 
correction  process  is  shown  in  Figure  5. 
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and  hence,  in  the  cue  of  the  suburged  singu- 
larity, It  eust  be  astuaed,  in  order  to  have 
"small"  free-surface  dlsturtances,  that  the 
submergence  is  "large."  "Large"  here  means 
that  if,  for  exasg)le,  the  submerged  singularity 
is  a doublet,  the  submergence  oust  be  "large" 
relative  to  the  radius  cf  the  cylinder  generated 
by  such  a doublet  in  a uniform  stream  without  a 
free  surface. 


Figure  5.  Free-Surface  Correction 

The  free-surface  correction  passes  are 
repeated  until  |E^|  < E at  every  station  i. 

This  may  Involve  up  to  ten  or  more  passes . 

It  was  found  that  the  process  is  most 
efficiently  carried  out  over  small  sections  of 
the  field  of  about  one  to  two  wave  lengths. 

That  is,  the  free  surface  is  predicted  and 
corrected  in  a section  of  about  two  wavelengths 
until  |E^|  < E for  all  i in  thie  aaation.  Then 

the  process  is  continued  in  the  next  section 
(of  th  - same  length)  downstream,  but  ovarlapping 
the  previous  section  by  about  half  a wavelength. 

When  the  process  is  completed  over  the 
entire  finite  difference  field,  the  problem 
is  essentially  completed.  If  the  d-isturbance 
is  a submerged  singularity,  such  a;  a vortex, 
the  force  on  it  can  be  found  by  using  Lagally's 
theorem.  The  force  on  the  vortex  is  given  by 

? - p T It  X (3.27) 

where 


r'j''then«ore,  It  is  assumed  that  the  stream 
function,  i|i(x,  y)  has  the  following  expansion 
in  terms  of  a perturbation  parameter  e: 

'('{*»  y)  ■ - Uy  + + ... 

(4.1) 

where  is  of  0(t;").  It  should  bo  noted  that 
for  the  submerged  singularity  case,  this  expan- 
sion is  not  valid  in  the  neighborhood  of  the 
singularity,  but  only  at  the  free  surface  and  in 
the  far  field.  However,  since  there  is  no  body 
boundary  condition  to  be  satisfied  in  the  prob- 
lems treated  here,  it  is  not  necessary  to  Intro- 
duce an  additional  expansion  valid  in  the  near 
field  as  used  by  Salvesen  (1969)  in  solving  the 
problem  of  a submerged  body. 

In  the  sane  way  it  is  assumed  that  the 
free-surface  elevation  n(x)  has  the  expansion 

n(x)  » + ...  (4.2) 

and  tli.:t  the  uni  form- stream  velocity  U is  an 
unknown  of  the  problem  with  the  expansion 


« It  X 7iii'  (3.28) 

The  derivatives  of  ip'  are  obtained  using  the 
five  point  difference  formula 

(3.29) 


U - u ♦ u^^^  ♦ u^^^  + ...  (4.3) 

where  and  u^”^  are  both  of  0(e”).  The 
uniform-stream  velocity  is  chosen  here  as  an 
unknown,  in  the  manner  of  Nehausen  and  Laitone 
(1960,  p.  655).  This  simplifies  the  derivation: 
but  it  is  probably  physically  more  attractive 
to  let  the  wavelength  (as  in  the  previous 
Section)  or  the  wave-number  be  unknown,  and 
expand  these  quantities.  The  two  alternative 
expansion  methods  are  equivalent. 


and  a similar  formula  for  (Abramowitz  and 
Stegun,  Chapter  25,  1964). 

4.  PERTURBATION  METHOD 

In  this  Section,  the  exact  potential  flow 
problems  as  stated  in  Section  2,  are  reformu- 
lated in  terms  of  a perturbation  scheme  and  then 
the  first-  and  second-order  solutions  are 
derived. 

4.1  Perturbation  Formulation 


By  substituting  the  expansion  for  the 
stream  function  (4.1)  into  Laplace's  equation 

(2.1) ,  it  follows  that  each  of  the  functions 

must  be  harmonic  functions.  Furthermore, 
substitution  of  the  expansions  (4.1),  (4.2), 
and  (4.3)  into  the  exact  free-surface  conditions 

(2.2)  and  (2.3)  gives  the  linearized  free- 
surface  conditions  for  the  submerged  singularity 
case 

ij,(l)  - V - 0 on  y ■ 0 (4.4) 


It  is  assumed  that  the  submerged  singu- 
larity and  the  free- surf" <:e  pressure  distribu- 
tion are  "weak"  disturbances  so  that  in  the 
neighborhood  of  the  free  surface,  the  pertur- 
bations about  the  uniform  flow  are  everywhere 
"small,"  Note  that  in  the  neighborhood  of  the 
submerged  singularity,  the  perturbations  about 
the  uniform  flow  are  not  necessarily  "small" 


and  for  the  free-surface  pressure  case 
4,(1)  _ V ^ p(x)  on  y « 0 


(4.5) 
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and  the  second-order  free-surface  condition  to 
be  satisfied  for  both  cases  is 


4,^2)  - V 


f(x)  on  y 


where  the  right-hand  side  is  a function  of  the 
first-order  solution. 


- 2vu(l)n('^  (4.7 

2 

and  V ••  g/u  is  the  wave  number.  From  the 
upstream  and  downstream  conditions  at  infinity 
(2.4j  and  (2.S),  it  follows  that 

lim  • C (4.8 


‘'(X,  y) 


(x  + X,  y)  as  X 


Similarly,  from  the  infinite  depth  condition  one 
has  that 


4.2  Perturbation  Solutions 

Perturbation  solutions  for  the  sulimerged 
vortex  and  the  frae-surface  pressure  distribu- 
tion are  given  only  for  the  infinite-depth  case. 

(i)  First-order  solution 

Considering  a vortex  of  constant  strength, 

T located  at  c (c  ■ a + ib)  it  follows  from 
Wehausen  and  Laltone  (1960,  p.  489)  that  the 
first-order  solution  is 


, (1)  T 

■ -J? 


2*-^'’*  J 


iln  (z  - c)  ♦ lin  (z  - c*) 


Here  z ■ x iy  is  the  complex  variable  and  Im 
stands  for  the  imaginary  part.  Defining  the 
complex  function 


1(0  - e-'^  Ej(-0  « e"'  I ^ sJi  du. 


lim  V4'''  ■'  -0  (4.1 

y~b-oo 

and  from  the  finite  depth  condition 

. 0 at  y ■ - D.  (4.1 

The  first-  and  second-order  free-surface 
elevations  are  given  by 

T,(l)  . i ^(0(x,  0)  (4.1 


n(2)  . i . ,0)  JO  . „(1)  JOj 


idiere  the  notation  of  the  exponential  Integral 
is  that  of  Abraanwitz  and  Stegun  (1964). 

Then  (4.15)  can  be  written  as 

^ Re  [-  in  (z  - c)  ♦ in  (x  - c*) 

♦ 21{iv  (x  - c*)}j  (4.16) 

Introducing  known  expansions  for  it  can  easily 

be  shown  that  the  complex  function  (4,15)  has  the 
series  expansion 


1(0  - •* 


Y - InC  ♦ 


" ■ 


This  completes  the  formulation  of  the  first- 
and  second' order  problems. 

It  should  be  pointed  out  that  in  deriving 
the  free-surface  conditions  (4.4)  and  (4.5)  it 
is  assuBMd  that  the  nondimenslonal  wave  nuad>er, 
2 

bv  ■ gb/u  , is  of  order  1 (i.e.  the  Froude 
number,  Fr  • u/v^  is  also  of  order  1).  Here 
b refers  to  the  submergence  depth  of  the 
singularity  or  the  length  ,f  the  pressure  dis- 
tribution. Strictly  speaking,  therefore,  this 
scheme  is  applicable  only  when  the  wavelength, 
X • 2ir/v,  is  of  the  same  order  as  b.  Salvesen 
(1969)  has  shown  how  the  perturbation  solution 
breaks  down  as  the  Froude  nua^er,  Fr  -*  0 and 
that  in  fact,  the  expansion  is  singular  for 
Fr  - 0. 


and  the  asymptotic  expansion 

7* 7* 7*  ■ 


♦ (1  ± 1)  iite'^. 


with  plus  sign  for  Im  ( and  minus  sign  for 

Im  C 

For  the  free-surface  pressure  case,  the 
first-order  solution  can  be  expressed  in  terms 
of  the  convolution  Integral  (see  Wehausen  and 
Laltone,  1960,  p.  601) 


’ n I •**  Re  I U V (z  - s)}. 


UiS  -VI  -T^il'  A‘|-  -.i 


Not*  that  Re  I {1  v (z  - s)}/ttpu  Is  the  stream 
function  for  a pressure  p,  concentrated  on 
an  Infinitely  naricw  band  of  the  free  surface 
at  X • s. 

(ii)  Second-order  solution 

The  second-order  problem  is  essentially 
the  same  as  the  first-order  free- surface  pres- 
sure problem.  Coeparing  the  free- surface 
condition  for  the  first-order  pressure  problem 
(4.5)  with  the  second-order  free-surface  condi- 
tion (4.6)  it  is  seen  that  they  are  the  same 
inhomogeneous  boundary  conditions  with  the 
right-hand  sides  being  known  functions  in  the 
variable  x.  The  infinity  conditions  are  also 
the  same  for  the  two  probleu  as  stated  in 
equations  (4.8),  (4.9)  and  (4.10).  Hence,  the 
sol'.’tion  to  the  second-order  problem  is  of  the 
same  form  as  the  solution  to  the  first-order 
pressure  problem  (4.19),  r.aiMly 

m 

“if  ds  f(s)  Ha  I (i  u (z  - s]} 

* mOa 

(4.20) 


The  solution  (4.20)  is  bounded  only  if  the 
functions  f(x)  given  by  (4.22)  are  nonosclllatory 
for  large  negative  values  of  x.  Applying  the 
asyiqptotlc  expansion  (4.18)  to  (4.22),  one 
obtains 

11m  f(x)  - const.  - 2vu^^^n^^^ (x) , 

(4.23) 

where  n^^^(x)  is  a regular  outgoing  sinusoidal 
wave.  Hence,  the  downstream  Infinity  condition 
is  only  satisfied  if 

u^^^  - 0.  (4.24) 

The  uni form- stream  velocity,  U has  been  con- 
sidered an  unknown  with  the  expansion  (4..t), 

0 » •>  + u^^^  + u^^^  + ...,  but  (4.24)  shows  that 
there  is  no  "correction"  resulting  from  the 
second-order  solution  to  the  uni form- stream 
velocity  used  with  the  first-order  solution. 
However,  completing  the  third-order  solution 
Salves en  (1969)  has  shown  that 


where  the  function,  f(x)  is  given  by  equation 
(4.7).  Applying  the  first-order  free-surface 
conditions  (4.4)  and  (4.S)  and  also  using  the 
equation 

^ Kivz}  ^ - i - Ivl  (iuz)  (4.21) 

It  can  be  shorn  that  the  function*  f(x)  reduces 
to 


f(x)  • I T(x) 


- 

2 V u(') 

(4.22) 

where. 

for  the  submerged  vortex  case. 

T(x)  - 

vb 

(X  - a)2  - b^  1 

7 

(X  - a)^  + b^ 

{(x  - a)2  . b^}  'J 

and 

I ! 

r - (X  - a) 

♦ V IB  I (iv  (x  - c)}^ 

IT  1 

[(X  - a)2  ♦ b^ 

and  for  the  free-surface 

pressure  case 

CO 

“ ¥ J I — 

” f’"  I (X  - s)^ 


U^^^-yuVu  (4,25) 

where  a is  the  first-order  wave  amplitude  far 
downstream.  Hence,  within  the  third-order  theory 
the  uni form- St re am  velocity  is 

U « u (1  ♦ Y vV)  (4.26) 

which  is  recognized  as  the  result  originally 
obtained  by  Stokes  (1847)  for  the  third-order 
Stokes  wave.  This  implies  that  the  wavelength 
according  to  the  third-order  theory  is 

A « 0^  (X  - vV),  (4.27) 

while  the  wave  length  given  by  both  the  linear 

2 

and  second-order  theory  is  A > (2'rr/g)  U . 

(ill)  Wave  elevation  and  wave  resistance 

Using  the  first-order  potentials  for  the 
submerged  vortex  (4.16)  and  for  the  free-surface 
pressure  disturbance  (4.19),  the  first  order 
wave  elevation  (4.12)  can  be  expressed  in  the 
following  fora  for  the  vortex 

^ Re  1 (iv  (X  - a - ib)}  (4.28) 

and  for  the  pressure  disturbance 


and 


♦ u Im  i Uv  (x  - s)  ♦ iO)  j . 


,(1) 


ds 


_1 

pu 


P(») 


Ke  b (Iv  (x  - s + iO)}. 


(4.29) 
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SlBllarly,  using  the  second-order  potential 
(4.20),  the  second-order  wave  elevation  (4.13), 
for  both  cases  Is 

s L «■> 

2 

Re  I Uv  (x  - s + iO)}  ♦ un'^  •'  . 

(4.30) 

The  "exact"*  formula  for  the  wave  resist- 
ance as  derived  by  energy  considerations  in 
John  (1949)  or  by  the  momentum  theorem  in 
Salvesen  (1966)  is 

n(x^) 

+ l|n^(x^)  (4.31) 

where  i(i  is  the  "exact"  stream  function,  n(x)  is 
the  "exact"  wive  elevation,  x^  denotes  any 

transverse  vertical  plane  behind  the  disturbance, 
and  p is  the  mass  density  of  the  fluid.  Salvesen 
(1966)  has  shown  that  by  applying  (4.31)  in  a 
plane  far  downstream,  the  wave  resistance,  R, 
can  be  expressed  in  terms  of  the  trough-to-crest 
wave  height,  H,  as 

2 

R-|pg(yH)  tO(e^.  (4.32) 

As  first  pointed  out  by  Salvesen  (1966),  equa- 
tion (4.32)  gives  the  wave  resistance  correct 

to  O(e^)  oven  when  the  waves  are  not  exactly 
sinusoidal. 

S.  RESULTS 

In  this  section  numerical  results  tor  the 
case  of  free-surface  flow  past  a submerged 
vortex  and  past  a free-surface  sinusoidal  pres- 
sure distribi'tion  are  compared  with  first-  and 
second-order  analytical  results.  Before 
presenting  the  results  it  should  be  pointed  out 
that  it  has  been  demonstrated  previously 
(Salvesen,  196r-  and  1969)  that  results  obtained 
from  periurbation  schemes  agree  reasonably  well 
with  experimental  results  for  a submerged 
cylinder  at  Froudo  number  ■ 0(1).  In  particu- 
lar, it  was  shown  that  for  the  downstream  waves 
of  wave  height  near  the  breaking  point,  wave 
heights  predicted  by  second-order  theory  agree 
very  well  with  experimental  values;  third-order 
effects  make  a negligible  change  to  the  wave 
height.  However  for  steep  waves  there  can  be 
as  much  as  a 6 percent  shortening  of  the  wave 
length  due  to  third-order  effects.  It  should  be 
noted  that  this  nonlinear  effect  on  the  wave 
length  can  be  determined  according  to  equation 


•"Exact"  in  quotation  marks  refers  to  exact 
within  potential -flow  theory. 


(4.27)  from  the  first-order  wave  amplitude. 

Hence,  it  is  felt  that  it  is  sufficient  to 
coiq>are  the  numerical  results  with  first-  and 
second-order  theory  in  order  to  determine 
whether  the  numerical  method  predicts  nonlinear 
effects  which  have  the  s^  trend  as  predicted 
by  the  perturbation  scheme. 

Many  cases  of  the  vortex  and  pressure  dis- 
tribution problems  were  calculated,  but  only 
cases  for  which  numerical  results  for  finite 
depth  can  be  compared  to  infinite-depth 
perturbation  theory  are  presented  here.  If  the 
depth  of  the  stream  is  greater  than  about  half 
a wave  length,  then  the  stream  is  comparable  to 
one  of  Infinite  depth.  For  example,  the  present 
cases  all  have  the  far  upstream  speed,  U ■ 10 
feet  per  second.  In  this  case  deep  water  waves 
have  the  approximate  wave  length  of  20  feet. 

The  numerical  results  presented  are  for  depths 
slightly  greater  than  9 feet.  According  to 
linear  theory  the  difference  between  the  wave 
lengths  for  a 9 foot  depth  and  an  infinite 
depth  stream,  botli  with  a wave  phase  velocity 
of  10  feet  per  second,  is  less  than  one  half 
of  one  percent. 

In  all  cases  a free-stream  speed  of  U ■ 10 
feet  per  second  is  maintained.  The  finite 
difference  grid  was  selected  to  have  a uniform 
spacing  of  one  foot.  This  corresponds  to  about 
twenty  grid  points  per  wavelength.  The  field 
length  was  selected  to  be  about  120  feet  (or 
grid  points) , with  25  feet  upstream  of  the  dis- 
turbance and  95  feet  (about  five  complete  waves) 
downstream. 

The  free  surface  error  tolerance  E was 
2 

selected  to  be  0.001  U and  it  was  found  by 
numerical  expe'inents  that  vhis  required  that 
the  convergence  criteria  in  the  relaxation 
procedure  for  solving  Laplace's  equation, 

< e 

r.'.J  1.1  1 

at  all  nodes  (i,  j),  satisfy  e < 0.001.  Several 
cases  were  computed  with  both  E and  e reduced  by 
a factor  of  10,  but  this  made  essentially  no 
difference  in  the  final  results.  No  numerical 
experiments  in  which  the  mesh  length  h was 
varied  were  carried  out. 

Computer  execution  time  varies  strongly 
with  the  following  parameters;  depth  D,  toler- 
ance E and  strength  of  the  disturbance.  For  the 
results  presented  here  (with  D w 9 feet  and 
2 

E - 0.001  U ) each  case  required  about  10 
minutes  of  execution  time  on  a CDC  6600.  There 
are  many  inprovements  that  can  be  made  in  the 
program  and  numerical  method  which  would  ulti- 
mately lead  to  a significant  reduction  in  com- 
puter execution  time.  However,  at  this  time 
our  primary  concern  is  the  testing  of  the 
numerical  method,  not  its  optimization  with 
respect  to  execution  time. 

As  a starting  condition  a planar  free  sur- 
face was  taken  when  the  disturbance  is  weak, 

i.e. , circulation  |t|  < 0.8  ft/sec  or  magnitude 
of  free  surface  pressure  is  less  than  about 
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6.0  ib/ft  , For  disturbances  whose  strengths 
were  greater  than  these  values  the  free  surface 
corresponding  to  one  previously  obtained  at  a 
different  value  of  disturbance  strength  was 
sinply  scaled  linearly  to  that  corresponding  to 
the  desired  disturbance  strength  and  used  as 
the  Initial  free  surface  guess.  This  was  done. 
Instead  of  simply  using  linear  or  second  order 
free-surface  shapes  as  initial  guess,  so  as  to 
mlnimlxe  any  bias  towards  the  perturbation 
solutions. 

As  long  as  the  disturbance  strength  Is 
small  (|t|  < 0.8  ft/soc^  or  p^,  the  pressure 

amplitude,  < 6 Ib/ft  ) the  numerical  lesults 
are  in  very  close  agreement  with  second  order 
perturbation  theory  and  thus  need  not  be  shown. 
In  Figure  6,  the  numerically  computed  wave 
resistance  of  the  vortex  is  compared  with  that 
of  first-  and  second-order  perturbation  theory 
results.  These  examples  are  for  a 4.1  foot 
vortex  depth  of  submergence  beneath  the  mean 
free  surface  level.  The  stream  depth  is  9,1 


Figure  6.  Wave  Resistance  as  a Function 
of  Vortex  Strength 

(Uniform  stream  velocity  is 
10  ft/sec,  vortex  submergence 
is  4.1  feet  and  the  depth  is 
9.1  feet  for  the  numerical 
results  and  infinite  for  the 
analytical  results.) 


feet.  The  wave  height  and  nonlinear  effects 
are  controlled  by  the  magnitude  of  the  vortex 
circulation  t.  Note  the  excellent  agreement 
between  the  numerical  and  second  order  theory 
except  for  large  values  of  circulation. 

It  was  found  that  even  when  the  numerically 
confuted  downst  ,-eam  wave.s  were  not  in  good  agree- 
ment with  the  second-order  theory  waves,  the 
numerically  computed  wave  resistance  of  the 
vortex  is  still  in  good  agreement  with  second- 
order  theory  results.  This  is  because  only  the 
local  flow  in  the  vicinity  of  the  vortex  is  used 
in  the  numerical  calculation  of  force. 

Figures  7 and  8 show  the  free  surface, 
obtaitvsd  by  the  numerical  method  and  first-  and 
second-order  perturbation  theory  respectively, 
for  the  vortex  vith  circulation  T -1.47t 
2 2 

feet  /sec,  l.lSn  feet  /sec  and  the  Pressure  dis- 

2 

tribution  with  amplitude  p^  • 8.6  Ib/ft  . These 

three  cases  correspond  to  fairly  large  disturb- 
ances. Note  that  the  numerically-calculated 
free-surface  shapes  agree  with  the  second-order 
theory  somewhat  better  than  with  first-order 
theory  for  the  vortex  cases.  Figures  7 and  8. 

The  main  differences  between  the  numerically- 
calculated  and  second-order  theory  waves  are 
that  the  numerical  wave  peaks  are  lower  whereas 
the  troughs  are  deeper  for  the  negative  circula- 
tion case  and  shallower  for  '.he  positive  circu- 
lation case.  Some  of  this  effect  might  bo  due 
to  tho  finite  bottom  in  the  numerical  method. 

The  finite  bottom  tends  to  reduce  the  amplitude 
of  the  wave.  This  can  be  roughly  explained  for 
the  vortex  case  by  modeling  the  bottom  as  an 
infinite-depth  stream  with  an  additional  vortex 
of  equal  strength  but  opposite  circulation 
placed  at  the  image  point,  with  respect  to  the 
Bottom,  of  the  disturbance  vortex.  Then  the 
wave  elevation  according  to  linear  theory  is 
the  superposition  of  the  waves  due  to  each 
vortex  individually.  The  image  vortex  produces 
a wave  having  the  same  wave  length  but  180*  out 
of  phase  and  of  much  smaller  amplitude  than  the 
disturbance  vortex  waves.  The  superposition  of 
these  waves  then  tends  to  reduce  the  wave  aipli- 
tude  of  the  disturbance  wave  alone  in  infinite 
depth.  However,  one  must  note  that  this  approxi- 
mation for  tho  bottom  effect  does  not  alter  the 
wavelengths  in  the  same  way  as  the  actual  bottom 
does.  Also  the  mean  level  of  the  ^ree  surface 
behind  the  disturbance  is  slightly  lowered  when 
the  stream  has  finite  depth. 

The  results  for  the  pressure  distribution 
seem  to  agree  more  closely  with  linear  theory 
than  second-order  theory.  Again  this  may  be, 
at  least  partially,  due  to  the  finite  bottom  in 
the  r.'imerical  calculation.  Note  also  that  there 
is  considerable  difference  in  the  first  free- 
surface  hump  underneath  the  pressure  distribu- 
tion between  that  found  by  the  numerical  method 
and  that  found  by  either  first-  or  second-order 
theory. 

Finally  it  should  be  mentioned  that  for 
the  cases  computed  to  date,  the  disturbances 
are  not  strong  enough  to  produce  nonlinearities 
that  significantly  alter  the  wave  length  from 
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Figure  8.  Wave  Elevations  Generated  by  a Pressure  Distribution  on  the  Free  Surface 

(Predicted  numerically  and  by  first-  and  second-order  theory.  Uniform 
stream  velocity  is  10  ft/sec  and  depth  is  9.5  feet  for  numerical  results 
and  infinite  for  theoretical  results.) 


that  predicted  by  second  order  theory.  In 
particular,  no  systematic  change  in  wave  length, 
as  predicted  at  third  order  from  equation  (4.27), 
has  as  yet  been  detected.  Applying  (4.27)  to 
the  present  results  shows  that  for  the  wave 
heights  indicated  the  change  in  wavelength  due 
to  nonlinear  effects  is  a shortening  of  less 
than  one  percent.  The  numerical  results  are 
for  finite  depth  which  in  the  present  case 
would  tend  to  lengthen  the  waves  by  about  one 
half  of  one  percent  which  offsets  the  shorten- 
ing of  the  waves.  Thus,  the  result. tng  wave 
lengths  of  the  finite-depth  numerical  results 
are  essentially  the  same  as  the  second-order 
theory  results  for  i.rfinitc  depth.  Further 
work  is  required  tc  handle  more  severe 
disturbances  in  deep  water. 

6.  CONCLUDING  REMARKS 

The  numerical  solutions  obtained  are  accu- 
rate for  small  and  moderate  disturbances. 

These  results  are  very  close  to  second  order 
theory.  However,  as  the  strength  of  the  dis- 
turbance gets  larger  the  numerical  solutions 
begin  to  depart  from  second-order  theory.  Part 
of  the  difference  i wave  height  me/  be  explained 
by  a finite  bottom  effect. 

Furcher  refinements  of  the  . umerical 
method  would  probably  improve  the  results  and 
enable  ore  to  calculate  the  flow  for  more 
severe  disturbances.  A more  sophisticated 
treatment  of  the  problem  of  the  f.uiite  differ- 
ence field  truncation  may  be  helpful  and  improve 
accuracy.  Part  of  the  difference  betweei  the 
numerical  results  and  perturbation- theory 
results  might  be  due  to  limitation  of  accuracy 


within  mesh  site  used.  One  can  e.isily  refine 
the  mesh  but  this  incurs  severe  penalties  in 
computer  time  required.  The  best  thing  to  do 
would  be  to  work  out  the  perturbation  theory 
for  finite  depth  so  that  a comparison  can  be 
made  with  finite-depth  numerical  results.  Than 
fairly  shallow-depth  streams,  say  of  the  order 
of  1/3  of  a wave  length,  can  be  used.  This 
make.s  a considerable  difference  in  computer 
execution  time  so  that  a finer  mesh  can  be  used 
with  an  overall  small  increase  in  execution 
time. 

The  main  conclusion  to  be  drawn  is  that 
the  present  numerical  scheme  is  a very  promising 
approach  to  solving  nonlinear  free-surface  prob- 
lems. Further  refinements  should  enable  con- 
sideration of  more  sever’e  disturbances  which 
give  rise  to  more  severe  ronlinear  free-surface 
effects.  Furthermore,  a variety  of  disturbers, 
i.e.,  almost  any  kind  of  two-dimensional  sub- 
merged foil  or  system  of  foils,  can  be  handled 
with  only  minor  modification  of  th'  basic 
methodology  developed  to  date. 
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H.J.  HAUSSLING 

As  mentioned  by  the  authors,  initial -value 
techniques  offer  an  alternative  approach  to 
solving  steady-state  problems.  Such  methods  can 
yield  full  transient  solutions,  although  they 
usually  are  not  the  fastest  lOds  for  obtain- 
ing steady-state  results.  However,  another 
alternative  to  the  iterative  scheme  presented  by 
the  authors  might  be  obtained  by  starting  with 
an  initial-value  technique,  but  using  large  time 
steps,  relaxation,  or  other  methods  for  reducing 
computer  time. 


the  linear  theory.  Our  nonlinear  results  fnr 
almost  steady  state  agree  quite  well  with  the 
steady-state  perturbation  theory,  including  the 
third-order  wavelength  correction  Thus,  it 
seems  that  these  numerical  schemes  can  yield 
good  results,  ev  n for  waves  which  are  close  to 
breaking  conditions.  Further  studies  in  this 
area  should  add  to  the  contribution  of  Drs. 
von  Kerczek  and  Salvesen  and  help  to  determine 
the  effectiveness  of  numerical  methods  in 
solving  nonlinear  ship-wave  problems. 


f 

I- 
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Other  techniques  also  exist  for  solving  the 
Laplace  equation.  For  some  problems,  such  as 
that  of  the  moving  surface  pressure  disturbance, 
the  expansion  of  the  dependent  variable  in  a 
finite  series  of  functions,  each  of  which  satis- 
fies the  governing  equation  and  certain  of  the 
boundary  conditions,  can  be  effective.  The 
avoidance  of  the  use  of  a grid  eliminates  the 
problems  associated  with  following  the  moving 
boundary  through  a fixed  mesh. 

We  have  recently  obtained  transient  poten- 
tial flow  results  with  a numerical  method  which 
employs  the  functional -expansion  approach  in 
space  and  finite  differencing  in  time.  A se- 
quence showing  a free-surface  time  developmeuc 
for  the  surface  pressure  distribution  problem  is 
presented  in  Fig.  1.  The  disturbance  is  accel- 
erated impulsively  from  rest  in  initially  calm 
water.  More  general  accelerations  can  easily  be 
handled.  The  flow  near  the  disturbance  achieves 
almost  steady-state  conditions  quite  rapidly, 
but  thereafter  the  approach  to  steady  state  is 
slower.  Numerical  results  have  been  obtained 
for  both  the  linear  and  nonlinear  equations  and 
a comparison  is  given  in  Fig.  2.  The  waves 
shown  in  this  figure  are  considerably  steeper 
than  those  shown  in  the  paper.  Waves  with  about 
twice  the  steepness  of  those  in  Fig.  2 would 
break.  Our  linear  numerical  results  agree  with 


1 
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Fig.  1 Development  of  Surface  Elevation  for 
Abruptly  Accelerated  Surface  Pressure  Distribu- 
ti  on . 


i 
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Fig.  2 Comparison  of  Surface  Elevations  at  t=5.76  Generated  by  Linear  and  Nonlinear  Numerical  Schemes. 
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C.  M.  LEE 

This  is  a valuable  piece  of  work 
which  demonstrates  an  encouraging  sign 
of  validity  of  perturbation  analysis 
of  a free-surface  problem. 

I would  like  to  comment  on  the 
following  points: 

One  of  the  main  purposes  of 
the  paper  was  to  check  whether  higher- 
order  analysis  of  a perturbed  frcc- 
surface  flow  by  a singularity  converges 
to  an  exact  solution.  If  the  check  was 
made  for  more  severe  free-surfacc 
disturbances,  the  effect  of  the 


^Benjamin  and  Fair,  "The  Disintegration 
of  Wave  Trains  on  Deep  Water,  Part  I," 
JPM,  Vol.  27,  Part  3,  1967. 


convergence  of  the  higher-order  analysis 
could  have  been  demonstrated  more 
rigorously.  A shallower  depth  of 
submergence  of  the  vortex  or  an  increased 
vortex  strength  would  generate  larger 
free  surface  disturbances. 

It  will  be  of  great  interest  to 
many  of  us  to  use  the  numerical  scheme 
introduced  in  this  work  to  check  the 
phenomenon  of  a disintegration  of  wave 
trains  on  deep  water,  shown  by  Benjamin 
and  Feir.l  They  have  shown  by  their 
theory  that  two  progressive  plane  waves 
having  slightly  different  wave  numbers 
can  be  disintegrated  after  traveling 
some  distance.  The  present  numerical 
scheme  may  adopt  two  submerged  pulsating 
sources  of  slightly  different  frequencies, 
compute  wave  profiles,  and  check  if  the 
disintegration  phenomenon  do  exist. 


f 


AUTHOR’S  REPLY 


We  find  the  results  of  the  transient  solu- 
tion to  the  two-dimensional  pressure  problem, 
discussed  by  Dr.  Haussling,  extremely  Inter- 
esting. The  Initial  value  technique  has 
the  advantage  of  being  a much  more  general 
technique  applicable  to  the  steady-state 
problems  as  well  as  the  transient  problems. 
Furthermore,  the  Initial  value  technique  does 
not  require  the  "guess  work"  Involved  In  our 
Iterative  scheme.  However,  It  may  take 
unreasonably  long  time  to  obtain  a completely 
steady-state  solution  by  the  transient 
approach.  On  the  other  hand,  we  note  chat 
"the  flow  near  the  disturbance  achieves  almost 
steady-state  conditions  quite  rapidly",  so  that 
In  predicting  steady-state  forces  such  as  wave 
resistance  and  lift  on  a body,  relatively  short 


time  may  be  used  with  reasonable  accuracy.  It 
Is  very  encouraging  to  observe  that  the  numeri- 
cal scheme  used  by  Dr.  Haussling  seems  to  pre- 
dict accurately  the  expected  nonlinear  effects 
Including  the  third-order  wavelength  correction 

We  agree  with  Dr.  Lee  that  It  Is  unfortu- 
nate that  we  at  this  time  only  have  nonlinear 
numerical  solutions  for  moderately  steep  waves. 
The  objective  of  this  work  has  been  to  demon- 
strate that  the  complete  nonlinear  wave- 
disturbance  problem  could  be  solved  numerically 
and  with  stable  solutions  for  moderate  distur- 
bances. The  next  phase  of  our  work  will 
Include  steeper  waves  and  we  also  plan  In  the 
near  future  to  Investigate  the  Benjamlne  and 
Felr  disintegration  phenomena. 
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ABSTRACT 


In  tills  paper  the  attention  Is  focused  on 
the  feasibility,  the  advantages,  and  the  limita- 
tions of  using  numerical  simulation  techniques 
in  the  study  of  floating-body  motions.  Two 
simulation  techniques,  the  Generalized  Arbi- 
trary lAgranglan-Eulerlan  (GALE)  method  and 
the  Transient  Potential  Flow  (TPF)  method, 
have  been  considered.  To  assess  their  accu- 
racy and  practicality,  both  methods  have  been 
used  to  calculate  the  heaving  of  a seml- 
submerged  circular  cylinder  in  the  free 
surface.  The  computed  hydrodynamic  forces, 
the  added  masses,  and  the  damping  coefficients 
are  in  good  agreement  with  linear  analytic 
theory  and  measurements.  The  first-order 
and  the  second-order  TPF  methods  have  also 
been  applied  to  the  forced  motions  of  a rectan- 
gular cylinder  and  some  nonlinear  effects  have 
been  obtained.  It  has  been  found  that  the 
second-order  TPF  method  is  much  easier  and 
more  economical  to  use  and  it  can  be  easily 
extended  to  three  dimensions. 

NOMENCLATURE 

A Mean  submerged  area  of  a two- 
dimensional  floating  body. 

a A Lagranglan  coordinate  in  the 
GALE  method;  the  amplitude  of  the 
displacement  of  a heaving  cylinder. 

B Beam  width  of  a two-dimensional 
floating  body. 

b A lAgrangian  coordinate  in  the 
GALE  method. 

F,  Total  vertical  hydrodynanslc  force 
in  heaving. 

Fg  Normalized  Fg. 

g Absolute  value  of  the  gravitational 
acceleration. 

g The  x-component  of  the  gravitational 
acceleration. 


g^  The  y-component  of  the  gravitational 

^ acceleration. 

h Depth  of  the  fluid. 

i The  first  suffix  in  a two-dimensional 
finite  difference  system. 

] The  second  suffix  in  a two- 

dimensional  finite  difference  system. 

n A superscript  denoting  the  time  step 
in  a numerical  simulation. 

n A unit  normal  vector. 

p Pressure. 

s A subscript  denoting  the  free  surface. 

T The  draft  of  a floating  body. 

t Time. 

u The  x-component  of  the  velocity. 

V The  volume  of  a computational  cell. 

V The  y-component  of  the  velocity. 

V Velocity  vector. 

X The  abscissa  of  a rectangular 

cartesian  coordhiate  system. 

y The  ordinate  of  a rectangular 

cartesian  coordinate  system. 

u-  The  vertical  displacement  from  the 
mean  position  of  a heaving  cylinder. 

4o  The  vertical  velocity  of  a heaving 
cylinder. 

a‘2  The  vertical  acceleration  of  a heav- 
ing cylhider. 

At  Time  bicrement. 
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Ax  Spatial  Increment  in  the  x-  direction. 

Ay  Spatial  increment  in  the  y-dlrection. 

Free  surtace  displacement  from  its 
mean  position. 

The  asymptotic  wave  length. 

X22  Damping  coefficient  in  heave. 

^22  Normalized  X22* 

^22  Added  mass  in  heave. 

P22  Normalized  ^22* 

ir  3.14159... 

p Fluid  density. 

<p  Velocity  potential. 

to)  Angular  frequency  of  forced 
oscillations. 

2 

V Laplacian  operator. 

INTRODUCTION 

Since  Ursell's  (1)  work  in  1949  on  a semi- 
submerged  circular  c^lnder  heaving  in  the  free 
surface,  the  problem  of  forced  harmonic  oscil- 
lations of  a rigid  body  in  a fluid  with  a free 
surface  has  received  considerable  attention  by 
research  workers  in  naval  hydrodynamics.  The 
subsequent  development  of  the  linearized  theory 
and  validation  by  experiments  have  been  summa- 
rized in  detail  by  Wehausen(2).  As  pointed  out 
by  Yeung(3),  most  of  the  analytic  treatments 
revolve  around  two  methods  of  solution:  the 
method  of  multipole  expansions  and  the  method 
of  integral  equations.  The  trend  toward  obtain- 
ing solutions  for  bodies  of  arbitrary  shape 
makes  the  integral -equation  method  superior  to 
the  muidpole-expanslon  method.  A successful 
application  of  the  integral-equation  method, 
however,  depends  on  the  availability  of  a suit- 
able Green's  function,  which  is  in  general 
complicated  and  may  not  be  found  easily  for 
arbitrary-shaped  bottom  of  the  fluid.  In  a new 
approach  advanced  by  Yeung(3),  the  complicated 
Green  function  is  replaced  by  an  integral 
equation  for  the  velocity  potential  <p  over  the 
entire  fluid  boundary.  This  method  has  pro- 
duced results  in  very  good  agreement  with 
earlier  theories.  In  addition,  this  method  can 
be  used  to  calculate  the  oscillatory  motions  of 
a three-dimensional  floating  body  with  an 
arbitrary  shape. 

Except  for  the  simplest  geometry,  all 
analytical  approaches  must  ultimately  resort 
to  numerical  evaluation  of  certain  series  or 


integrals  and,  in  some  cases,  !:he  integral 
equations  can  be  solved  only  by  solving  a 
large  system  of  linear  algebraic  equations.  In 
short,  even  in  analytic  methods  a fair  amount 
of  computation  is  involved.  The  question  then 
arises  whether  for  some  problems  it  is  feasible 
or  even  more  attractive  to  construct  numerical 
simulation  techniques  capable  of  handling 
complicated  geometries,  transients,  and  non- 
linear effects.  Modem  computer  systems 
have  been  continuously  increased  in  speed 
while  reducing  cost,  making  direct  numerical 
simulations  economically  reasonable.  Further- 
more, rapid  advancement  in  numerical  tech- 
niques, developed  in  connection  with  almost 
every  branch  of  physics,  has  brought  increas- 
ing confidence  in  the  accuracy  of  these  methods. 
Thus  it  appears  that  time  has  come  for  taking 
a fresh  look  at  the  possibility  of  developing  an 
efficient  and  reliable  technique  which  will  lead 
to  the  solution  of  the  three-dimensional  free- 
surface  flows  about  an  arbitrary-shaped  float- 
ing body. 

There  are  differences  between  a 
numerical  simulation  approach  and  an  analytical 
one,  besides  the  ease  of  treating  more  complex 
geometric  shapes.  First,  all  existing  theories 
formulate  the  problem  in  a state  of  equilibrium 
oscillation.  ']^us  the  correct  formulation  of  an 
appropriate  radiation  boundary  condition  is  of 
vitel  Importance.  Although  within  the  realm 
of  linear  theory  fairly  general  time  variation  in 
the  forcing  function  can  be  achieved  by  super- 
position, non-periodic  oscillations  can  not  be 
easily  treated.  In  a numerical  simulation,  an 
initial -boundary-value  problem  is  formulated, 
with  no  assumptions  regarding  the  asymptotic 
behavior  of  the  fluid  motion  either  in  time  or 
in  space.  Consequently,  the  time  variation  of 
the  forcing  function  can  be  completely  general. 
.Second,  nonlinear  effects,  especially  those 
related  to  the  free  surface,  are  much  more 
easily  included  in  numerical  simulatlons(4,  5). 
Valuable  insight  can  therefore  be  obtained  to 
assess  the  limits  of  linear  theories  in  various 
problems.  Third,  additional  physics,  such  as 
energy  dissipation  through  breaking  waves  and 
the  effects  of  the  thermocline,  can  be  handled 
in  a straightforward  manner  bn  numerical 
simulations. 

In  this  paper,  the  attention  is  focused  on 
the  feasibility,  the  advantages,  and  the  limit- 
ations of  numerical  simulation  techniques  when 
applied  to  the  study  of  floating-body  motions. 
Two  simulation  methods  have  been  considered: 
the  Generalized  Arbitrary  Lagrangian-Eulerian 
(GALE)  method(6)  and  the  Transient  Potential 
Flow  (TPP)  metEod  of  Chan  and  Stuhmiller(^). 
In  the  former  method,  the  fluid  domain  is 
represented  by  lAgranglan  cells  which  can 
follow  the  fluid  motion,  while  die  rigid-body 
boundaries  and  the  free  surface  coincide  with 
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the  computational  mesh  lines.  In  the  latter 
method,  a potential  flow  Is  assumed  and  bound- 
ary condltlanc  are  eiqpanded  In  Taylor  series 
about  the  mean  position  of  the  boundaries.  To 
assess  the  accuracy  of  the  Imulatlona,  both 
methods  have  been  used  to  calculate  the  heav- 
ing of  a semi -submerged  circular  cylinder  in 
the  free  surface.  Hie  TPF  method  has  also 
been  applied  to  the  motions  of  a rectangular 
cylinder  with  the  specific  objective  of  analyzing 
the  nonlinear  effects.  However,  no  attempt  hais 
been  made  to  calculate  all  possible  modes  of 
motion,  this  being  beyond  the  scope  of  th^ 
present  investigaUon. 

NUMERICAL  SIMULATION  TECHNIQUES 

As  mentioned  above,  we  have  considered 
two  different  numerical  simulation  methods  in 
our  present  effort  to  explore  the  feasibility  of 
such  approaches  to  floating-bedy  problems. 

The  first  method  is  the  Generalized  Arbitrary 
lagranglan-Eulerlan  (GALE)  method(6). 
Generally,  the  computation  region  Is  divided 
into  a number  of  quadrilaterals  or  cells 
(Figure  1).  The  cells  are  set  up  in  such  a way 
that  physical  boundaries,  e.  g. , the  free  surface 
and  the  boundary  between  the  fluid  and  a rigid 
body,  coincide  with  the  cell  boundaries.  The 
vertices  of  these  cells  are  designated  by  the 
(1,  ])  suffix  system  (Figure  2).  Associated  with 


Used  in  the  GALE  Method 


each  vertex  are  its  rectangular  cartesian 
spatial  coordinates  (x,  y)  and  velocity  compo- 
nents (u,  v). 

At  some  initial  time  t = 0,  a set  of  initial 
conditions  the  values  of  (u,  v)  and  (x,  y)  at 


each  vertex  is  needed  to  begin  the  calculation. 
Then  the  vertices  are  moved  to  their  new 
positions  according  to  their  Instantaneous 
velocities  through  a small  but  finite  increment 
in  time  At.  Hiat  Is, 


(1) 


where  the  superscript  n refers  to  the  (n)th 
increment  in  the  time.  This  Is  the  Lagrangian 
iduue  of  the  motion  since  die  discretized  com- 
putational elements  follow  the  fluid  motion, 
e time-centered  average  velocities 

>upe  defined  as 


•u* 

'M* 


*(“U  O 
‘(’It  ”u) 


(2) 


To  calculate 


through  the  use 


of  Equation  (1),  the  still  imdetermined  advanced 
time  velocities 


must  be  obtained 


Kr’u) 

by  app  .ying  a set  of  cell  equations  and  appro- 
priate toundary  conditions.  One  of  tne  two 
governing  equations,  shown  for  a typical  cell 
in  Figure  2,  requires  that  the  volume  V of  the 
cell  remains  unchanged  as  the  calculation 
proceeds  from  the  (n)th  step  to  the  (n+l)th  step, 
that  is,  the  fluid  is  assumed  to  be  incompress- 
ible. hi  the  present  problem,  the  flow  is 


Fig.  2 A Typical  Quadrilateral  Cell 
Used  in  the  GALE  Method 
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taken  to  be  invlscid  and  irrotatlonal,  therefore 
the  velocity  circulation  T around  any  fluid 
element  should  vanish  at  all  times.  By  requir- 
ing > 0 for  each  cell,  one  obtains  the 

second  cell  equation.  On  rigid  boundaries  the 
condition 

(^-Mgldbody)-"-®* 

where  v Is  the  fluid  velocity  and  n Is  the  unit 
vector  normal  to  the  boundary,  Is  applied. 
Following  Brennen  and  Whltney(8)  the  lAgran- 
glan  equation  of  motion  ~ 


is  Imposed  at  a free  surface.  Here  a Is  a 
lAgranglan  coordinate  axis  conformed  to  the 
free  surface  (Figure  3);  p is  the  known  surface 

pressure  =0  in  the  present  appllcationj 

and  p Is  the  fluid  density;  g^  and  g^  are 

the  X-  and  y-components  of  the  gravitational 
accelerations,  respectively. 


Fig.  3 Lagrangian  Coordinate  Lines 


When  written  in  finite-difference  form. 
Equations  (3),  (4)  and  the  two  cell  equations 
form  a system  of  nonlinear  algebraic  equations 

with  the  set  of  variables  as  the 

unloiowns.  The  solution  can  be  obliged  by 
employing  a Successive  Over-Relaxation 
procedure.  The  interested  readers  should 
refer  to  Reference  (6)  for  greater  details.  The 
procedure  outlined  al^ve  employs  the 


lAgranglan  description  of  fluid  motion. 

Thaoretleally,  the  process  of  finding 

V / V V J 

v"'*’||  and  repeated  lor  as 

long  as  one  wishes.  In  practice,  however,  the 
computational  cells  will  be  badly  distorted  or 
even  Inverted  In  regions  of  highly  strained 
motions.  This  will  severely  limit  the  useful- 
ness of  a pure  Lagrangian  method.  To  remove 
this  difficulty  an  automatic  rezoning  procedure, 
such  as  used  by  Hirt(9),  can  be  employed.  The 
basic  Idea  behind  the'rezonlng  technique  Is  to 
redefine  the  mesh  coordinate  system  by  a^ust- 
ing  the  position  of  vertices  at  the  end  of  each 
time  Increment,  so  that  a nearly  optimum 
shape  Is  always  maintained  for  each  cell,  hi 
making  such  adjustment,  due  consideration  Is 
given  to  the  amount  of  fhix  that  results  from 
moving  the  mesh  lines  relative  to  the  fluid. 

This  rezonlng  capability  has  the  character  of 
an  Eulerlan  mesh  system,  except  that  It  Is 
more  general  and  flexible.  In  the  present 
application,  the  rezoning  feature  is  rarely 
needed. 

The  use  of  circulation  and  the  relatively 
complicated  finite-difference  equations  will 
probably  limit  the  use  of  the  GALE  method  to 
two-dimensional  problems,  for  in  full  three- 
dimensional  time-dependent  calculations  the 
comnlexity  of  difference  equations  tends  to 
increase  appreciably  the  computing  time  as 
well  as  the  computer  storage.  Consequently, 
we  have  considered  an  alternative  approach 
which  has  the  potential  of  extension  to  three 
dimensions  much  more  easily. 


B 


Fig.  4 Formulation  of  a Potential  Flow 
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Th«  second  numerical  slmulattoo  tech- 
nique for  the  problem  under  consideration  la 
the  Transient  Potential  Flow  (TPF)  method. 

As  the  name  Implies,  In  this  mefltod  we 
consider  die  evolution  of  a potential  flow  In  a 
region  bounded  by  the  free  surface,  the  rigid 
bo^  or  bodies,  and  the  basin  tiiat  contains  the 
fluid  (Figure  4).  In  the  fluid  region  the  Laplace 
equatlan 

V*  <p  . 0 (6) 


SC 

(f.  ad  wall): 

g-« 

(8) 

CB 

(fixed  bottom): 

(9) 

SET 

(line  of  symmetry); 

S-» 

(10) 

BT 

(bottom  of  cylinder): 

sf-V« 

(11) 

TX 

(side  of  cylinder): 

(12) 

must  be  satisfied,  and  the  normal  derivative 
should  vanish  on  all  fixed  rigid  walls.  At 

die  free  surface  and  the  boundary  of  the  float- 
ing rigid  body,  we  assume  the  dlspacement  of 
the  boundaries  from  their  mean  positions  Is 
always  small  but  finite.  This  assumption 
allows  us  to  an>ly  perturbation  expansions  of 
the  pertinent  boundary  condltlona  abait  the 
mean  boundary  positions.  The  result  Is  a set 
of  modified  boundary  condltlona  to  be  imposed 
at  the  mean  position  of  these  boundaries. 
Consequently,  the  region  in  which  Equation  (5) 
Is  to  be  solv^  does  not  change  with  time;  the 
boundary  conditions  do  change,  of  course. 

Aside  from  die  simplicity  in  geometry,  which 
eiqiedltes  the  numerical  solution  of  Equation  (5), 
the  TPF  mediod  offers  the  advantage  of  cal- 
culating the  flow  In  various  orders  of  approxi- 
mation. For  example,  if  one  keeps  only  the 
lowest-order  terms  in  the  perturbation 
eiqiansion  of  the  boundary  conditions,  the 
classical  linearized  boundary  conditions  for  the 
free  surface  and  the  rigid-body  boundary  are 
obtained.  One  would  then  expect  a single - 
frequency  sinusoidal  forcing  function  to  excite 
surface  waves  that  are  sinusoidal,  and  the 
results  can  be  rigorously  compared  to  linear 
analytic  theories.  If  one  carries  terms  one 
order  higher  in  the  perturbation  expansion, 
then  the  lowest-order  nonlinearity  should 
manifest  itself  in  the  solutions. 

The  TPF  method  has  been  described  and 
validated  in  detail  by  Chan  and  Stuhmiller(7). 

In  what  follows  for  the  sake  of  simplicity,  we 
Illustrate  the  general  computational  procedure  ■ 
involved  by  using  only  the  first-order,  1.  e. , 
linearized,  boundary  conditions.  Computational 
results  for  both  the  first-order  and  the  second- 
order  approximations  are  compared  in  the  next 
section. 

Referring  to  Figure  4,  the  appropriate 
boimdary  conditions  for  the  forced  heave  of  a 
rectangular  cylinder  are 


where  q(x,  t)  is  the  displacement  of  die  free 
surface  from  its  mean  level,  g Is  the  absolute 
value  of  the  gravitational  acceleration,  and 
&2(1)  Is  defined  in  Equation  (19). 

To  translate  Equations  (5) -(12)  into  a 
finite-difference  scheme,  we  first  divide  the 
computational  region  into  a number  of 
rectangular  cells  (Figure  5).  Those  cells, 
unlike  those  used  in  the  GALE  method,  remain 
unchanged  in  position  throughout  the  entire 
calculation.  The  spacing  of  die  mesh  lines, 
both  in  the  x-  and  the  y directions  can  be 
chosen  so  as  to  optimize  the  spatial  resolutions. 
A reasonable  choice  would  be  using  closely 
spaced  lines  near  the  rigid  body  while  increas- 
ing the  siatcing  toward  the  bottom  of  the  fluid 
as  well  as  toward  the  tar  end  of  the  tank 
(Figure  5).  Of  course  one  should  provide 
adequate  resolution  for  the  length  of  wave  under 
study.  For  simplicity  in  this  illustration,  let 
us  assume  that  all  the  cells  are  rectangles  with 
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Fig.  5 A Mesh  with  Variable  Spacings 


Xb  (free  surface);  ^ (8) 

i V the  constant  spacings  Ax  and  Ay.  Then 

r^-  = -gh  (7)  Equation  (6)  has  the  finite-difference  represen- 

; tatlon  (Figure  6) 

i 
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Fig.  6 Typical  Cell  Setup  In  the 
TPF  Method 


next,  for  as  long  as  one  wishes.  At  the  ^ery 
beginning  of  the  calculation,  (me  should  of 
course  assign  a set  of  Initial  condltlcms  on  (p 
and  t| . When  the  dynamic  pressure  at  the 
surface  of  the  rigid  body  Is  desired,  one 
simply  has  to  evaluate 


^dynamic  “ ' (^)  " " 


and  Integrate  It  along  the  boundary  of  Interest 
to  obtain  the  resultant  force  on  the  body. 

When  second-order  boundary  conditions 
are  Included,  thenumerlcal  integr*ati(m  pro- 
cedure outlined  above  remains  the  same, 
except  that  nonlinear  terms  will  appear  In 
Equations  (6)  and  (7).  It  Is  then  Important  to 
write  these  additional  te~  ns  In  appropriate 
conservatlonal  forms,  ihese  derivations  are 
lengthy  and  the  reader  Is  referred  to  Reference 
(7). 


n+1  , n+1  n+1  n+1  „ n+1  n+1 

<Pl  -2(Pq  +<Pj  -2«Pq 

+ 


and  Equations  (6)  and  (7)  become 

_ .1  _ /K,.\n+1 


J 

T)  = T) 


\fy/, 


ml  .n  ml 

<Pg  = <Pg  - At  g n 


with  At  defined  as  the  time  increment  and  the 
subscript  s denoting  the  free  surface.  The 
right-hand  sides  of  Equations  (14)  and  (15)  have 
been  so  written  to  insure  numerical  stability. 

A general  solution  procedure  is  the  following. 

First,  a provisional  value  for  Is  calculated 
by  the  explicit  formula 


„n+l  n .. 
T)  = tj  + At 


(i): 


Then  the  value  of  v along  the  free  surface  is 
computed  by  Equation  (15).  With  finite- 
difference  representation  of  the  boundary 

conditions  (8)-(12)  on  we  can  now  solve 
Equation  (13)  by  the  well-taiown  method  of 
Successive  Over-Relayatlon(lO).  This  gives  us 

the  entire  distribution  of  from  which 
/.,.\n+l 

can  be  evaluated.  Equation  (14)  i.'^  then 

used  to  calculate  the  final  value  fo;  . Tiie 
procedure  just  described  can  be  repeated  to  up- 
date the  flow  field  from  one  time  stop  to  the 


SAMPLE  RESULTS  AND  DISCUSSIONS 

To  test  the  validity  of  the  two  numerical 
simulation  methods  used  in  this  study,  the 
problem  of  two-dimensional  cylinders  oscil- 
lating in  the  free  surface  has  been  selected. 

The  calculation  on  the  roll  has  not  been  com- 
pleted at  tlie  time  of  this  writing,  so  that  only 
the  results  on  forced  heave  of  a circular 
cylinder  and  the  forced  heave  and  sway  of  a 
rectangular  cylinder  are  presented  here. 

The  comparisons  will  be  based  on  the  ampli- 
tude of  the  dynamic  pressure  force  exerted 
by  vhe  fluid  on  the  hull  and  the  so-called 
added  mass  and  damping  coefficient.  Finally, 
some  nonlinear  effects  will  be  noted  and 
discussed. 

First,  the  GALE  method  has  been  used  to 
cal(mlate  the  forced  heave  of  a semi -submerged 
circular  cylinder.  The  vertical  displacement 
of  the  cylinder  from  its  mean  position  is  given 
by 

tt2(t)  = a cos  b)t  (18) 

where  a is  the  amplitude  and  we  used 
a = 0. 1 , B being  the  beam  of  cylinder. 


The  frequency  of  oscillation  u 


took  on 


the  values  0. 5,  0. 6,  1. 253,  and  2. 0 in  a serios 
of  computativ.ns.  Figure  1 shows  a typical 
computations  I mesh  system.  Note  that  thi.s  is 
a set  of  Lagranglan  cells  which  differs  from 
the  usual  polar  coordinate  system  in  that  the 
mesh  lines  are  not  necessarily  orthogonal  to 
each  other.  After  the  cylinder  has  undergone 
four  complete  oscillations  the  mesh  system 
appears  as  shown  in  Figure  7,  in  which  the 


Fig.  7 Mesh  Configuration  After  Four 

Vertical  Oscillations  of  a Circular 
Cylinder 


Fig.  8 Close-up  of  the  Mesh  System 
near  the  Circular  Cylinder 


disturbances  at  the  free  surface  can  be  easily 
seat.  Figure  8 is  a close-up  of  the  mesh 
configuration  in  the  vicinity  of  the  cylinder 
after  three  oscillations.  The  corresponding 
velocity  vectors,  drawn  at  each  mesh  point, 
are  shown  in  Figure  9,  In  Oils  plot  the  flow 
field  can  be  visualized  at  a glance.  Figure  10 
shows  the  time  history  of  free  surface  profiles 
with  the  vertical  scale  exaggerated  by  a factor 
of  50.  In  Figures  7-10  we  have  used  a = 0.  !• 

(?)  *'V2g 


and  — 1. 253. 


Following  the  notations  used  by  Yeung 
and  oOier  workers  in  the  field,  the  total 
amic  pressure  force  in  the  upward  vertical 
directloo  is  written  as 


(3)  an 
(^nan 


^22*2 


(t) 


(19) 


where  the  dots  denote  time  differentiation. 

The  added  mass  damping 

coefficient  >22  ^ normalized  as  follows: 

^22  “ (20) 
^22  “^22^^'“^“^ 


Fig.  9 Velocity  Vector  Field 

Cor  responding  to  Fig.  8 


Here  A is  the  mean  submerged  area.  The 
computed  added  mass  and  damping  coefficient 
are  compared  in  Figures  11  and  12  with  the 
linear  tlieory  of  Porter  (^)  and  Frank  (12). 

It  is  seen  that  the  CALF  method,  which Ts  a 
fully  nonlinear  model,  yields  added  mass  in 
very  good  agreement  with  the  linear  theory  in 
the  frequency  range  considered.  The  present 
GALE  calculation,  however,  yields  higher 
values  for  the  damping  coefficient. 


Let  us  now  consider  some  applications  of 
the  TPF  method.  This  technique  has  also  been 
used  to  calculate  the  problem  of  heaving  circu- 


lar cylinder  for  the  frequencies  0. 5, 

0.8,  and  1. 253.  In  these  runs  only  the  first- 
order  TPF  method  was  used  and  the  results  on 
the  added  mass  and  the  damping  coefficient  are 
compared  with  the  linear  theory  and  the  GALE 
results  in  Figures  11  and  12.  The  agreement 
with  the  linear  theory  is  excellent.  The 
development  of  the  free  surface  profile  as  the 
number  of  oscillations  Increases  is  shown  in 


Figure  13  for  the  case 


= 1.253.  It  is 
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interestlnK  to  not«  the  eBtablishment  of  a stand  - 
ing  wave  pattern  near  the  and  that  the 

asymptotic  wave  length  — t » 4, 0 

P/g 

la  very  quickly  reached  after  a fw  oscillations. 
The  asymptotic  amplitude  of  the  outgoing  waves, 
however,  is  not  yet  reached  at  the  end  of  six 
oscillations.  The  vertical  dynamic  pressure 
force  Fj  can  be  normalized  as 


In  Figure  14,  7.  is  shown  as  a function  of  time 
for  the  heaving  circular  c^indcr.  It  is  ciuite 
clear  from  this  plot  that  F2(t)  reaches  its 

asymptotic  state  only  after  one  oscillation  and 
that  F^2(^)  Indeed  a sinusoidal  function, 

which  is  expected  for  a first-order  method. 

The  amplitude  of  ^2  which  is  the  same 

as  Ursell's  theory  (1)  predicted. 

Next,  we  examine  the  effect  uf  non- 
linear!^ using  the  problem  of  a rectangular 
cylinder  heaving  in  the  free  surface.  Again, 

= 1.253  so  that  =4.0,  and  the 


Fig.  10  Computer  Output  of  the  Developncent 
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Fig.  12  Comparisons  of  Damping  Coefficients 


depth  of  the  fluid  is  h/(^)  = 7. 15.  The  beam- 
to-draft  ratio  is  B/T  = 2. 0.  Two  amplitudes 
have  been  considered:  3/(^)  = 0. 1 and  0. 2. 


Both  the  first-order  TPF  end  the  second -order 
TPF  methods  have  been  used  so  that  the  non- 
linear effects  can  be  studied.  Figure  15 
compares  the  free  surface  profiles  between 
the  first-order  TPF  and  the  second -order  TPF 
methods  at  the  time  when  the  body  has  executed 
three  complete  oscillations  with  ^e  amplitude 

a/  = 0. 2.  It  is  seen  that  there  is  a substan- 
tial difference  between  the  two  solutions  for 
waves  in  the  vicinity  of  the  cylinder.  This 
does  not  seem  unreasonable  because  of  the  non- 
linearity associated  with  the  large  amplitude  of 
the  body  displacement.  The  discrepancy  be- 
tween the  two  solutions  is  expected  to  decrease 
for  waves  radiated  far  from  the  body,  where 
the  flow  is  fairly  linear.  In  Figure  16  the  time 
history  at  ^2^^)  compared  between  the  first- 


order  and  the  second-order  TPF  calculation  for 

the  amplitude  = 0*  Notice  first  the 

pure  sinusoidal  variation  of  obtained  from 

the  first-order  simulation.  The  second-order 
result  differs  from  the  first-order  in  a slight 
shift  in  the  phase  and  some  skewness  in  the 
^2(1)  profile.  These  nonlinear  effects  become 


quite  pronounced  for  the  larger-amplitude  case, 
a/(^j  =0.2,  as  shown  in  Figure  17. 

Obviously,  for  non-sinusoidal  F^Ct)  the 

decomposition  of  F2(t)  into  components  in  phase 

with  Mt)  and  o(t)  becomes  incomplete  and 
meaningless.  Nevertheless,  for  the  case 

a/|^j  = 0. 1,  the  second-order 

differ  too  much  from  a sinusoidal  function  so  I 

that  we  may  still  speak  of  the  added  mass  and 
the  damping  coefficient.  For  this  case,  Vugts 
(13)  obtained  ^22  = from  his  eiqperiment 

and  ji22  = 1>01  from  his  calculation  using 

Urseirs(l)  method.  As  a comparison,  the  ^ 

present  s'econd-order  TPF  calculation  yields 
JT22  " first-order  TPF  gives 

j722  = l*03.  It  seems  that  the  second-order 

TPF  method  produces  results  in  better  agree- 
ment with  the  eiqperiment.  As  to  the  doping 
coefficient,  Vugts'  experiment  gives  X22  ~ ^ 

which  is  about  the  same  as  that  obtained  by 
both  TPF  methods.  Of  coui'se,  at  this  reLatlvely 

high  frequency  = 1. 253j  accurate  exper- 

imental measurement  of  X22  ^c°'nes  difficult 
because  F2(t)  is  almost  completely  out  of  phase 
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X 


with  OjCt)  and  Xj2  is  a small  quantity. 


Finally,  we  used  the  first-order  TPF 
method  tc  calculate  the  flow  field  of  a rectangu- 
lar cylinder  swaying  in  the  free  surface,  with 


lar  cylinde 

w\fj=  1.: 


= 1. 253,  B/T  =2.0  and  the  amplitude  of 
the  horizontal  displacement  equals  0. 1 . 


Figure  18  shows  the  wave  profiles,  both  to  the 
left  and  to  the  right  of  the  cylinder,  after  four 
oscillations.  The  reflective  tank  walls  are 


placed  at  = ± 14.0  and  the  vertical  sides 

of  the  cylinder  are  located  at  x/  =+1.0, 


but  only  the  waves  near  the  cylinder  are  shown 
here.  Note  tliat  these  two  wave  trains  are  anti- 
symmetric to  each  other  about  the  cylinder,  as 
a linear  theory  should  predict.  Furthermore, 
imlike  the  heaving  motions,  the  asymptotic  am- 
plitude of  the  wave  train  is  very  quickly  estab- 


lished in  this  case.  The  computed  wave  ampli- 
tude ratio,  defined  as  the  asymptotic  '/ave 
amplitude  divided  by  the  dispLiCement  a'^tplitude, 
is  1.7,  the  same  as  measured  oy  Vugts.  The 
normalized  horizontal  dynamic  force  on 

the  cylinder  as  a fvction  of  time  is  presented 
in  Figure  19.  Similar  to  the  treatment  in 
Equations  (19)-(21),  we  obtain  the  normalized 
added  mass  JTjj  = 0.063,  which  is  close  to 

Vugts'  calculator,  and  measurement.  Again,  it 
is  difficult  to  measure  this  quantity  because 
is  almost  completely  out  of  phase  with  the 

horizontal  acceleration  of  the  cylind^.  On  the 
other  hand,  the  damping  coefficient  can  be 

determined  to  greater  accuracy.  We  obtained 
Xjj  =0. 67  which  agrees  with  Vugts'  calculation 

using  linear  theory.  Vugts'  measurement  shows 
Xii  = 0. 75.  This  may  be  due  to  some 
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Time  (Number  of  Oscillations) 

Fig.  16.  Comparison  of  Dynamic  Pressure  Force  for  a Heaving  Rectangular 
Cylinder  with  a/(y)  = 0. 1 and  (o  = 1. 253.  (Solid  Line;  First 
Order  TPF  Method:  Dotted  Line:  Second -Order  TPF  Method.) 


Time  (Number  of  Oscillations) 

Fig.  17.  Comparison  of  Dynamic  Pressure  Force  for  a Heaving  Rectangular 
Cylinder  with  &/(y)  =0.2  and  u » 1.253.  (Solid  Line;  First- 
Order  TPF  Method;  Dotted  Line:  Second-Order  TPF  Method.) 


nonlinearity  in  the  vicinity  of  the  cylinder.  How- 
ever, we  defer  judgment  until  we  use  the  second- 
order  TPF  method  to  see  if  nonlinearity  is  im- 
portant in  this  case. 

CONCLUSIONS  AND  FUTURE  EXTENSIONS 

In  view  of  the  results  and  discussions 
presented  in  the  last  section,  we  conclude  that 

1.  Both  the  GALE  and  the  TPF  numerical 
simulation  methods  have  been  successfully  used 
to  obtain  solutions  that  are  in  good  agreement 
with  experimental  measurements  and  linearized 
analytical  theory. 

2.  For  small  but  finite  oscillations,  the 
second-order  TPF  method  provides  correct 
nonlinear  effects.  In  general,  the  TPF  method 
is  much  easier  to  use  and  mure  economical 
than  the  GALE  method  in  studying  the  motion  of 
two-dimensional  floating  bodies  when  viscous 
effects  are  neglected.  For  very  large  ampli- 
tude motions,  however,  the  GALE  method  is 
more  appropriate. 

3.  Since  the  simulation  techniques 
described  in  this  paper  are  formulated  as 
initial -boundary -value  problems,  they  will  have 
wide  applications.  For  example,  the  motion  of 
the  bo^  can  be  any  prescribed  function  of  time, 
or  the  body  can  be  allowed  to  undergo  free 
oscillations  in  complicated  siutations.  Further- 
more, the  geometry  of  the  body  and  that  of  the 
fluid  bottom  can  be  quite  *'eneral;  in  particular, 
motion  of  realistic  ship  hull  sections  can  be 
easily  simulated. 

4.  The  TPF  method,  both  first-order 
and  second-order,  possesses  a great  potential 
in  studying  the  motion  of  three-dimensional 
floating  vessels  of  complicated  shape.  The 
motion  is  not  restricted  to  the  oscillatory  type 
considered  in  this  paper,  but  it  can  also  be  used 
to  calculate  the  forward  motion  of  ships  and 
related  wave  resistance. 

5.  The  cost  of  computation  is  also  quite 
reasonable.  A typical  calculation  (using  the 
TPF  method)  to  determine  the  added  mass  and 
the  damping  coefficient  for  a given  frequency 
requires  about  one  minute  of  execution  in  the 
CDC  7600  system.  Of  course,  it  will  be  more 
expensive  for  more  complicated  lx)dy  shapes 
and  for  general  three-dimensional  simulations, 
it  should  be  pointed  out  that,  although  the  cost 
of  time-dependent  simulations  appears  to  be 
higher  than  tliat  required  for  the  linear  analytic 
theories  in  general,  we  do  gain  the  complete 
generality  in  the  geometry  and  the  type  of 
motion  to  be  studied,  as  explained  in  the  last 
paragraph.  Furthermore,  once  a general 
computer  program  is  set  up,  very  little  effort 
is  required  to  modify  it  to  apply  to  various 
types  of  problems  related  to  the  ship  motion. 
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DWCUSSiON 


NILS  SALVESEN 


Th«  author*  hav*  davalopad  two  naw 
numarical  nwthod*  for  «o1vlrg  tha  two'dlman- 
tlonal  probiM  of  a cyltndar  otcl Hating  In 
tha  frae  turfaca.  Tha  GALE  mathod  traati 
tha  cuAiplata  nonllnaar  fraa-surfac*  conditlot-. 
whila  tha  TPf  mathod  I*  a parturbatlon  tchanta 
carriad  out  to  tha  tacond-ordar. 

It  It  shown  that  tha  tacond-ordar 
parturbatlon  Mthod  agraet  In  tha  llnaar 
ranga  with  llnaartxad  mathod*  and  that  for 
staeper  wavat,  the  rasutt*  have  the  character- 
istic feature*  of  tacond-order  tolutlons; 
however,  no  comparison*  hav*  bean  performed 
with  other  nonlincjr  results.  Particularly, 

It  Is  unfortunate  that  the  two  mathod*  pre- 
**ntad  hare  hav*  been  applied  to  two  different 
problems,  so  that  no  comparison  between  the 
complete  nonlinear  mathod  and  the  perturba- 


tion method  can  b*  mad*.  It  Is  Impossible 
tharafora  to  make  any  Judgment  at  this  tim* 
with  regard  to  how  accurately  the  nonllnanr 
affect*  can  be  predlctad  by  these  methods. 

For  axampla,  It  I*  seen  In  Figure  12 
that  for  a cat*  with  rather  small  ditturbancat 
tha  damping  coefficient  obtained  by  the  corn- 
plat*  nonlinear  method,  the  GALE  method.  Is 
at  much  at  252  larger  than  predicted  by 
llnaar  theory.  It  Is  (tuastlonabi*  whether 
this  large  dlffaranc*  ^twean  the  nonlinear 
and  linear  results  It  actually  caused  by  non- 
linear frae-turfaj*  affects  or  If  It  Is  due  to 
numerical  Inaccuracies.  I would  welcome  the 
authors'  view  on  this  point. 

I would  also  Ilk*  to  usa  this  oportunity 
to  congratulate  the  authors  with  thair 
valuable  contribution  and  I hope  they  will 
hav*  tha  oportunity  In  the  near  future  to 
avaluat*  more  precisoly  that*  naw  promising 
methods  for  so'ving  nonllnaar  fraa-turfaca 
problems. 


AimKMTt  RIPLY 


We  appreciate  Dr.  Salveeen'e  careful 
review  of  our  paper  which  reveals  a few 
questions  that  we  did  not  look  Into  because  of 
the  scope  of  the  study  vrtien  this  paper  was 
written.  We  agree  with  Dr.  Salvesen  In  that 
comparisons  with  other  nonlinear  results  are 
essential  to  validate  the  numerical  models 
proposed  here. 

In  answering  the  question  on  the  25% 
difference  In  the  damping  coefficient  between 
the  calculations  using  the  GALE  method  and 
the  linear  theory,  we  should  say  that,  since 
cross-checks  with  higher-order  perturbation 
methods  have  not  been  made,  there  Is  no 
simple  way  of  ascertaining  Its  accuracy. 

There  are,  however,  two  considerations  which 
seem  to  Indicate  that  the  use  of  damping  co- 
efficient as  a basis  for  comparison  can  be 
misleading.  First,  for  even  a weakly  non- 
linear problem  the  docomposition  of  the 


dynamic  pressure  on  the  body  Into  a component 
in  phase  with  the  acceleration  (the  added  nums) 
and  another  In  phase  with  the  velocity  (the 
damping  coefficient)  Is  not  complete,  because 
higher  frequency  components  are  also  present. 
Second,  we  found  a slight  phase  shift  in  the 
dynamic  pressure,  as  a function  of  time,  of 
the  nonlinear  GALS  calculation  as  compared 
to  the  linear  result.  This  phase  shift  Is 
primarily  responsible  for  the  dlflerence  in 
the  damping  coefficient,  which,  in  other  words. 
Is  a fairly  sensitive  quantity.  If  we  use  the 
dynamic  pressure  as  a basis  for  comparison, 
then  the  GALE  calculation  shows  an  amplitude 
approximately  10%  larger  than  that  at  the 


llneai  theory  for  u\ 


1. 0.  This  difference 
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Is  consistent  with  ka  » — a » 0. 1. 
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THREE-DIMENSIONAL  TURBULENT 
BOUNDARY  LAYERS 

J.  Kux 
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t HamouJig  SO,  LammtMitth  90,  OtkmAng 


A:iSTRACT 

.Thtra  «r«  now  a aar.^ea  of  mathoda 
for  oaloulatlon  of  thraa-dlmanalonal 
boundary  layara  applicable  to  the  flow 
ovar  ahip  bull  aurfaoaa.  The  formulation 
of  tha  aquationa  in  ganeral  ooordinata 
ayatems  on  curved  aurfacea  impliea  the 
uaa  of  differential  geometric  relationa. 
Tha  quaotion  of  geometry  and  general 
coordinate  ayitema  are  reviewed.  A abort 
diaouaalon  of  aeml-emplrlcal  modeling  in 
order  to  achieve  cloaure  of  the  equatlona 
is  included  considering  the  generaliza- 
tion to  the  three-dimensional  case.  The 
Importance  of  integral  methods  and  the 
definition  of  Integral  parameters  for 
these  Methods  is  stressed.  The  valooity 
profiles  generally  assumed  in  order  to 
obtain  a relation  between  the  Integral 
parameters  are  presented.  No  numerical 
metnoda  or  schemes  are  discussed. 


3 diaeipation  length 

n 

* constant 

*5 

3 ms0)itude  of  the  velocity  vector 

* square  of  langtli  of  superlnpoesd 
turt>ulant  velocity  vector 

l<r 

X turbulent  Hsynolds  nimber 

U-,  u* 

X turbulent  velocity 

V* 

• ganeral  vectorial  quantity 

z;-  V* 

> mean  velocity 

j?* 

■ cartesian  coordinate*  defining 
surface 

jf  “ 

£ coordinatsa  on  surface 

« ocordinate  nonnel  to  the  surface 

NONENCLATUKh 


O'  = constant 


surface  metric  tensor 

(>’•,  * base  vectors  of  surface  coordinate 

system 

^ - surface  curvature  tensor 

C * constant 


« function  describir  cioss  flow 


‘ nstric  tensor  in  general  surface 
” induced  ooordinate  system 

g‘i,  Q.'*  a base  vectors  in  general  coordinate 
® system 

Q,  H',H' 3 enpiricel  function* 

3 mean  curvature  of  surface 

'Z.;  4a  * metrical  coefficients 

(orthogonal  coordinates) 

^ 3 geomstrical  function 

yC  3 Oaussian  cuivaturs  of  surface 


■i,A\  4"  ‘‘  constants 
^ ^ = mixing  length 


y3  * an^e  between  outer  flew  direction  ^ 

and  limiting  streanllne  i 

S 3 boundary  layer  thickness  ‘ 

f . / : displaosmsnt  thickness  in  three-  | 

diamnslonal  boundary  layer  ; 
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* * ' dimensional  boundaiy  layer  i 

SJ$  3 Kjvnecker  syntool  \ 

= ody  viscoaitiy  I 

u - V,  Kbmm  oonstmt  t 

^ » vlsooaity 

>;>  3 idnsmatic  viscosity 

r 3 magiituds  of  shear  stress 

rv  : shear  stress  tensor 

n,  ft  * ooofxxMnts  of  shear  stress  vector 

fr  3 dissipation 

1 

Suffixes 

3 * diffusion 

e 3 outer  edge  of  boundary 

3 wall 
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INTRODUCTION 

Boundaw  L>ytr»  in  Naval  Hydrodynamio 

A ravlaw  of  tha  prasant  status  of 
our  knowladga  on  thraa-dim«nsional 
turbulsnt  boundary  layars  Ir  isipossibla 
to  ba  glvan  in  a talk  of  half  an  hour. 
Consldaring  this,  it  shall  ba  glvan  a 
sinopsls'^inathods  and  tendanoias  of 
davalopmant  as  thay  appaarad  in  tha  last 
yaars . 

From  tha  broad  speutrum  on  which 
throa-dlmanslonal  turbulent  boundary 
layar  research  work  is  being  done,  three 
rather  narrow  domains  wMl  be  treated 
hare:  1.  basic  facts  about  gwometry 

and  curvature.  2.  the  extension  of  the 
modeling  methods  used  in  two-dimensional 
problems,  and  3*  Integral  methods. 

The  numerical  methods  of  solution 
applied  in  differential  and  in  integral 
methods  will  not  be  discussed.  Out  of 
scope  there  will  remain  some  special  new 
methods  were  relationships  for  the 
development  of  a length  scale  are 
saaroheU  for  rid  also  all  those  rather 
important  questions  as  transition, 
separation  and  compressibility. 
Compressibility  may  not  be  discarded 
any  more, since  water  containing  a 
cert' in  percentage  of  air-bubMes  is 
far  from  incompressibility. 

For  those  that  have  to  apply 
boundary  layer  calculation  methods, it 
is  of  the  moat  outstanding  importance, 
to  be  provided  with  methods  of  easy  and 
broad  applicability.  A method  to  be 
tailored  to  fit  the  needs  of  every  hull 
to  be  investigated, is  not  a satisfactory 
solution.  Notwithstanding  we  are  almost 
at  this  stage  and  not  fur^iher.  Many 
methods  for  boundary  layer  calculation 
use  the  flow  lines  of  the  outer 
Inviscld  flow,  or  the  curviture  lines 
on  the  body, or  at  least  orthogonal 
coordinates. 

The  naval  architect  has  been 
provided  with  excellent  and  powerful 
methods  for  the  calculation  of  the 
Inviscid  outer  flow  field.  These  panel 
methods,  pioneered  by  the  work  of 
A.M.O.  Smith  et  al.  (1),  work  with  no 
more  than  a point  array  on  the  wall 
surfaces  as  input.  Any  coordinate  lines 
are  obsolete.  The  methods  are,  as  pointed 
out  by  Ar^rls  (2)  finite  element 
methods;  in  fact  they  were  the  first 
finite  element  methods  to  appear  and 
they  happened  to  appear  In  hydrodynamics, 
not  in  structural  analysis.  So  it.  would 
not  be  too  Immodest  to  ask  for  a finite 
element  boundary  layer  method.  There  is 
none,  as  far  as  I know,  though  I am  sure 
it  will  come  soon,  probsbly  slong  lines 
similar  to  those  in  a paper  by  Oden  and 
Wellford  Jr.  (3). 


Considering  that  once  the  inviscid  flow 
problem  Is  solved  for  two  directions  of 
the  Incident  flow,  by  the  i inoiple  of 
superposition  the  flow  field  for  every 
angle  ox  attack  may  be  constructed,  it 
seems  by  far  too  expensive  if  for  the 
boundary  layer  calculation  it  would  be 
necessary  to  construct  a special 
coordinate  system  for  each  case. 

Coordinates  fixed  to  the  body  seem 
therefore  desirable,  although,  in  special 
oases,  streamline  coordinates  may  present 
considerable  advantages. 

If  the  same  body  is  to  be  investi- 
gated under  different  conditions  of  trim 
and  draft,  again  the  coordinate  system 
should  be  one  fixed  to  the  body. 

There  are  modem  books,  even  on 
hydrodynamics  (4),  that  provide  a great 
deal  of  the  formallem  of  differential 
geometry  necessary  to  work  with  non- 
orthogonal  curvilinear  coordinates  on 
curved  surfaces.  And  that  is  exactly 
what  is  required.  The  point  array,  as 
prepared  as  input  for  the  inviscid  flow 
calculation  program  should  be  enough. 

The  points  of  the  array  considered  as 
points  of  intersection  of  the  coordinate 
lines  provide  a system  of  wall-coordinates. 
In  addition,  the  formulae  of  differential 
geometry,  given  in  tensor  notation  are 
well  suited  for  programming.  I am  afraid 
that  there  is  a kind  of  reluotanoe  against 
the  use  of  this  notation, what  implies 
that  scientists  and  engineers  are  not  too 
familiar  with  this  nomenclature.  Through 
appropriated  polynomial  approximations  of 
the  surface, like  the  bicubic  spline  (5) 
approximation,  the  metric  tensor  (6), 
curvature  parameters  and  related 
magnitudes  may  easily  be  computed.  They 
are  to  be  kept  in  storage, the  same  than 
coordinates  or  the  pressure  gradient, at 
disposition  of  the  boundary  layer  program 
running  in  the  computer. 

This  pleading  for  general  coordinates 
must  be  appended  by  a short  warning.  Of 
course  it  has  to  be  taken  care, not  to 
start  with  input  data  leading  to  ambiguous 
coordinates,  intersecting  coordinate  lines 
of  the  same  family,  etc.  It  should  be 
kept  in  Blind  also,  that  the  question  of 
the  dimensional  character  of  the 
magnitudes,  of  how  to  define  natural  or 
physical  components  of  tensorial 
magnitudes  is  not  a trivial  one  (7)  in 
nonorthogonal  coordinates. 

Classification  of  boundary  layer  methods 

As  there  is  a profusion  of  calculation 
methods  a principle  of  classification 
would  be  welcome.  There  are  various,  and 
it  is  a matter  of  taste  according  to 
which  aspect  to  classificate.  The  methods 
may  be  classified  according  to 

1.  whence  the  turbulent  shear 

stresses  are  put  in  relation  to 
the  mean  flow  or  are  determined 
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through  an  approximation  of  a 
auitabla  transport  aquation 

2.  whloh  aquations  ara  oonaidarad 
(a.g.  tha  anargy  aquation  is 
inoludad  or  not) 

3.  whanoa  tha  dlffarantiai  aquations 
ara  attackad  dlraotly  with  a 
numarloal  algorithm  (dlffarantiai 
mathods)  or  this  is  parformad 
aftar  a pravioua  intagratlon 
prooass  (intagral  mathods) 

i*.  Simplifying  assumptions, 
approximations  or  amplrloal 
ralatlonships  usad  (e.g.  addy 
viscosity  modal) 

S.  the  ordar  of  approximation 

Tha  third  aspact  la  tha  ona  ganarally 
considarad  first.  It  was  indaad  an 
almost  ravolucionary  Idas  to  Intagrate 
tha  boundary  layar  aquations  along  tha 
coordlnata  normal  to  tha  surfaoa.  A naw 
kind  of  quantltlas  dasorlbing  tha  layar, 
tha  so  callad  intagral  paramatars  arosa. 
Information  on  tha  datails  of  tha  flow 
like  profllas  of  valooity  and  shaar 
strassaa,  is  lost.  In  fact  the  engineer 
is  ganarally  not  intarastad  in  tha 
detailed  description  of  tha  flow  in  the 
domain  ooouplad  by  tha  layar, but  wants 
information  about  foroas  to  be  expected, 
about  wall  friction,  or  about  tha 
dlsplaoamant  of  flow  due  to  tha  praaanca 
of  tha  boundary  layar.  Intagral  mathods 
yield  this  information  as  wall  as 
dlffarantiai  mathods.  The  reduction  of 
tha  number  of  independent  variables  by 
ona  is  a decisive  ad’  antagw,  though  not 
as  striking  as  in  tha  two-dimensional 
case,  where  tha  resulting  aquations 
become  ordinary  differential  aquations. 


Fig.  1 Coordinate  Systems 


coordinates  again,  their  direction  in 
three-dimensional  space  changes  under 
translation.  Oreek  Indices  have  values 
of  1 or  2.  The  surface  metric  tensor  is 
obtained  through 

. a', ^ a.*, o-ryt ) 

We  make  the  convention  that  the 
appearance  of  to  identical  indices  in  a 
product  implies  summation  over  their 
value-range. 


With  the  help  of 


OEONETRY,  COORDINATES,  BASIC  EQUATIONS 

Basic  Pacts  on  Nonorthogonal  Coordinates 
Let  us  consider  a curved  surface 
to  be  given  in  our  three-dimensional 
physical  space.  The  latter  one  is,  at 
least  for  our  purposes,  perfectly 
euclidean,  flat.  The  surface  given  is 
on  the  contrary  a two  dimensional  curved 
space,  which  will  Impose  its  crooked 
nature  to  the  flow  on  its  veclnity.  In 
an  over  all  cartesian  coordinate  system, 
the  surface  is  given  by 

if*)  j 

capital  latin  indices  (refering  always 
to  this  system)  will  run  from  1 
through  3.  These  coordinates  are 
functions  of  jt’  and  w*  , the  wall- 
coordinates.  The  base  vectors  on  the 
surface,  defined  as 


are,  generally  speaking,  functions  of  the 


a tensor  a,'*^  is  defined.  It  is  the 
contravariant  surface  metric  tensor. 

Every  vector  v"  on  the  surface  is 
expressable  as 

V‘  m V" 

In  nonorthogonal  coordinates  one  has 
to  distinguish  the  oovariant  componentes 
‘vu  (index  in  the  lower  position)  and  the 
contravariant  components  v«  (index  in 
the  upper  position)  of  a given  vectori 
the  two  forms  of  the  metric  tensor 
giving  the  connection  between  them 

V*  » , V,  • 

l.e.  the  metric  tensor  may  be  used  to 
rise  or  lower  indices . In  order  to 
formulate  differential  aquations  in  this 
twodimensional  system,  we  need  a rule 
for  obtaining  derivatives  in  curvilinear 
coordinates.  This  is  no  problem  with  a 
scalar, but  vectors  and  tensors  suffer  a 
twofold  change  due  to  an  infinitesimal 
displacement.  They  eventually  variate  as 


functions  in  relation  to  the  local  base 
vectors  and  in  addition  these  base 
vectors  may  have  suffered  a change  in 
direction.  In  order  to  compensate  for  the 
latter  effect,  the  so  called  covariant 
derivative  is  introduced.  In  the  case  of 
a vector  it  reads 

the  symbols  in  brackets  being  called 
"Christoffel-symbols"  of  the  second  kind. 
They  are  essentially  the  components  of 
the  rate  of  change  of  the  base  vectors 
projected  unto  those  same  base  vectors. 

If  we  project  these  alterations  of 
the  base  vectors,  due  to  an  infinitesimal 
translation, onto  the  surface  normal, we 
got  a tensor  bjl  which  wo  will  term  the 
curvature  tensor.  Clearly,  if  the  surface 
is  plane,  even  with  extremely  curved 
lines  on  it,  the  base  vectoi's  will  never 
Change  in  such  a way  as  to  render  a 
component  out  of  the  plane.  Sjf  is  by 
this  means  a measure  for  the  degree  of 
curvature  of  the  surface,  not  in  an 
i.ivariant  form,  not  intrinsic  to  the 
surface,  but  dependson  the  coordinates 
chosen.  The  trace  and  the  determinant  of 

, known  as  mean  curvature  ■>€  and  as 
Oaussian  curvature  , provide  us  with 
invariant  curvature  measures.  It  is 
clear  that  the  metric  and  the  Christof- 
fel-symbols  are  always  dependent  on  the 
system  and  do  not  reflect  explicitly 
intrinsic  surface  ohai-aoteristios . 

(A  celebrated  theorem  by  Oauss  shows 
their  connection  with  curvature.) 

If  we  now  look  for  an  appropriate 
wall  oriented  three-dimensional  coordi- 
nate system,  it  is  obviously  practical 
to  choose  the  normal  to  the  wall  surface 
as  third  coordinate  axis,  the  third 
coordinate  x'  being  zero  on  the  surface. 
In  this  new  general  three-dimensional 
coordinate  system. a metric  tensor  py, 
a'-l  . and  a covariant  differentiation 
" are  defined  in  a similar  way  than 

on  the  surface.  Lower  cac s latln  indices 
refer  to  this  three-dimensional  system, 
running  from  1 to  3*  On  the  surface  the 
base  vectors  of  the  new  system 

coincide  with  the  base  vectors  o.'«  , but 
tne  base  vectors  for  different  points  on 
the  same  normal,  in  general  will  not  be 
parallel  any  more. 

Through  the  construction  of  this 
coordinate  system  a connection  is  given 
between  its  metric  and  the  metric  and 
curvature  tensors  of  the  surface.  This 
relation  is  carried  over  to  the  covariant 
derivatives.  A differential  equation, 
formulated  in  the  three-dimensional  system 
may  be  split  into  its  surface  components 
and  its  normal  comi)onent.  In  the  equati- 
ons there  will  only  appear  metrical 
quantities  referring  to  the  surface.  In 
this  way  one  becomes  able  to  apply  an 


order  of  magnitude  analysis  to  the 
different  terms  of  the  equations  consi- 
dering the  geometrical  pocularltles  of 
the  surface. 

Certain  research  activity  in  the 
past  has  been  inverted  into  the  devel- 
opment of  transformations  comparable  to 
the  well  known  Mangler-transformation . 

This  transformation  takes  an  axially 
symmetric  problsm  over  into  a plane  one. 

In  the  light  of  differential  geoiiietry 
this  reduces  to  the  problem  of  determining 
geodesic  coordinates  on  the  surface.  We 
are  taught,  that  locally  this  is  always 
possible . 

There  is  another  way  to  treat  three- 
dimensional  vector  fields,  starting  with 
the  concept  of  the  (vector-)  field-line. 
Vector  fields  in  three  dimensions  have 
been  analyzed  under  the  special 
consideration  of  their  intrinsic  de- 
scription by  Marris  and  Marria  and 
Passma.i  (3).  Theircontribution  to  the 
understanding  of  the  geometry  of  vector 
fie.)ds  may  tcise  new  methods. 

The  normal  and  geodesic  curvature  of 
a streamline  on  e surface  may  be  evaluated, 
ix’  the  surface  or  its  spline  approximation 
are  given (9). 

The  basic  equations 

Turbulence  still  remains  one  of  the 
problems  to  be  solved.  It  is  usual  to 
split  the  motion  of  the  flow  into  a mean 
component  and  a superimposend  turbulent 
motion  y Vi*'.  With  this  construction 
equations  are  derived  both,  for  the  mean 
flow  field  and  for  turbulent  quantities. 
These  equations  are  not  independent.  The 
turbulent  motion  appears  as  Reynolds  shear 
stresses  in  the  momentum  equation  of  the 
mean  flow.  If  a t.ransport  or  rate  equation 
for  the  shear  stresses  is  added, one  is 
faced  with  the  fact  that  now  triple 
correlations  appear,  and  so  on.  This  is 
the  well  known  problem  of  closure.  It 
lead  to  the  physical  modeling  of  expres- 
sions for  the  unknown  terms,  promoting 
the  development  of  a variety  of  calcula- 
tion methods.  This  modeling  is  of  course 
empirical . 

In  terms  of  the  notation  developed 
we  obtain  as  basic  equations: 

the  equation  of  continuity 

° 

and  the  equations  of  momentum  for  the 
mean  flow 

ar*  ^ i r' V, * ♦ i 5 


with  -TV  =/(V*«4 -t-  V\t 


and  ^ 1 ~ 3,'^  x.^  ^ OC  (.xY 

These  equations  apwly  to  the  station- 
ary flow  of  an  incompressible  Newtonian 
fluid,  external  body  forces  assumed  to  be 
zero,  but  are  otherwise  quite  general. 

In  order  to  apply  the  covariant  differen- 
tiation on  the  surface  and  to  perform 
integrations  through  the  layer,  we  should 
shift  vectorial  and  tensorial  quantities 
down  to  the  surface.  In  the  equations 
given,  the  mentioned  quantities  are  to  be 
considered  as  shifted  to  the  surface 
We  do  not  make  any  difference  in  notation 
here  between  a magnitude  before  and  after 
the  shifting. 

For  the  sake  brevity  only  the  rate 
or  transport  equation  for  the  kinetic 
energy  of  the  turbulent  motion  will  be 
given : 

= 

convection 


diffusion 

production  - V<u  - k'iH  Vvi 


■f  f 

dissipation 


with  = vt‘K.  and  ft'  as  the  tur- 
bulent variation  of  pressure  superim- 
posed to  ft  . The  dissipation  ^ has 
not  been  written  down  explicitly  in  order 
to  keep  the  equations  presented  down  to 
a reasonable  length. 

The  equations  for  the  transport  of 
the  Reynolds  stresses  have  a similar 
structure,  though  the  tensorial  character 
of  the  stresses  implies  the  appearance  of 
additional  terms.  The  equation  for  the 
energy  is  the  most  simple  in  structure 
because  the  energy  is  a seal'  ',  the 
oovariant  derivative  reducir  , to  the 
usual  derivative  and  the  dependence  on 
curvature  disappearing.  We  distinguish 
the  terms  describing  convection,  pro- 
duction, diffusion  and  dissipation. 

To  derive  the  boundary  layer 
equations,  an  order  of  magnitude  analysis 
of  the  different  terms  in  the  basic 
equations  is  performed  and  the  simpli- 
fication achieved  by  discarding  t.he  terms 


of  l&wor  order  of  magnitude.  In  general 
cool  .inates  there  are  now  terms  present 
in  tlie  equations  which  reflect  the 
peculiarities  of  these  coordinates.  If 
one  wants  to  conserve  generality , 
nothing  can  be  said  concerning  their 
order  of  magnitude. 

On  curved  surfaces  it  is  easy  to 
find  local  characteristic  lengths  of  the 
problem:  the  radii  of  curvature.  There- 
fore a good  reference  quantity  for  an 
order  of  magnitude  analysis  will  be  the 
product  of  mean  curvature  and 
boundary-layer  thickness  S . This  pro- 
duct is  assumed  to  be  small  as  compared 
to  one  and  in  a first  order  theory  all 
the  terms  of  an  order  of  magnitude  equal 
to  St  (T  and  smaller  are  discarded.  In  a 
second  order  theory  (10)  (11), terms  with 
an  order  of  magnitude  not  smaller  than 
will  be  retained.  This  is  the 
usual  procedure.  There  is  a certain 
difficulty  in  assigning  the  exact  order 
of  magnitude  to  the  terms  of  the  transport 
or  rate  equations.  The  order  of  magnitude 
of  the  shear  stresses  is  assumed  to  be 
at  most  34T<r  (12). 

The  equations  obtained  for  the 
boundary  layer  as  the  momentum  equations 
for  the  mean  motion (to  a first  order  of 
approximat i on ) ar e : 

O = .ft  It  + r'**ij 


The  rate  equation  for  the  turbulent 
kinetic  energy  is 


An  interesting  feature  is, that  in  the 
rate  equations  for  the  shear  stresses 
not  given  here,  in  a first  order  theory, 
only  production  and  dissipation  terms 
would  be  present,  leading  t-;  a local 
equilibrium  model  for  the  turbulence. 

As  this  is  in  fact  misleading,  one 
should  ask  if  boundary  layer  theories 
of  the  first  order  are  an  appropriate 
description  at  all, once  one  has  accepted 
to  take  into  account  the  history  of 
turbulent  motion  through  a rate 
equation. 

MODELS  AND  DIFFERENTIAL  METHODS 

Semiempirical  Modeling 

It  has  early  been  attempted  to 
circumvent  the  lack  of  closure  of  the 
disponiblb  equations  by  modeling. 

Modeling  is  not  new.  As  there  is  no 
exact  molecular  theory  for  the  viscosity, 
Newton's  law  of  friction  also  is  an 
empirical  model.  We  have  almost  for- 
gotten this,  because  of  the  wide  range 
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of  applicability  of  that  law. 

Modeling  can  be  done  at  different 
levels;  at  the  mean  flow  level  or  at  the 
level  of  the  rate  equations.  It  can  be 
done  in  integral  equations  as  well  as  in 
different  1 equations. 

Some  methods  have  tried  to  introduce 
an  empirical  relation  between  Reynolds 
stresses  and  mean  flow.  More  recent 
methods  using  the  kinetic  energy  equation 
for  the  turbulence, postulate  a relation 
between  the  shear-stresses  and  tnis 
kinetic  energy.  Those  models, which 
premise  to  be  of  some  success  also  in 
three-dimensional  boundary  layers, will 
be  reviewed  shortly. 

Eddy  viscosity  model.  Here  a 
relation  simi lar  to  that  of  Newton  in 
laminar  flow  is  sought : 

- WUl  = c,  V'n 

- Ul  3 c,.  V*,, 

Good  results  have  been  obtained  though 
the  hypothesis  is  questionable:  in  the 
turbulent  case  the  momentum  transfer 
should  be  performed  by  fluctuating 
motions  with  a length  scale  small  as 
compared  with  the  scale  of  spatial 
variation  of  2/’,  7/^  • Sometimes  the 

eddy  viscosity  is  considered  as  a 
scalar  ( C-,  *£i.2c). 

Mixing-length  hypothesis.  It  assuiaes 

i.e.  the  magnitude  of  the  rate  of  strain 
vector  with  ^.m.  , the  mixing  length, 
equal  to  .09  times  the  boundary  layer 
■thickness  S in  the  outer  part  of  the 
layer  and  proportional  to  the  normal 
coordinate  near  the  wall.  (Fig.  3). 

The  whole  tensor  of  turbulent  shear 
stresses  may  not  be  represented  by  means 
of  an  eddy  viscosity,  the  normal  stresses 
requiring  a separate  treatment.  This  has 
been  pointed  out  by  Hinze  (13). 

The  experiment  by  So  and  Mellor  (l^t) 
has  shown,  that  as  the  influence  of 
curvature  (at  least  convex  curvature) 
increases,  the  eddy  viscosity  assumption 
looses  its  validity. 

Relationship  between  shear  stress  and 
turbulent  kinetic  energy 

This  relationship  has  been 
searched  for  along  two  different  lines: 
one  expressing  the  eddy  viscosity, 
assumed  to  be  scalar,  as  a function  of 
the  turbulent  kinetic  energy,  and  another 
one  as  a direct  relationship. 

The  first  assumption  is  realized 
through 

£ ic  H' ( R,.)  with  By  ~ 
as  turbulent  Reynolds  number. 


■d  may  be  the  dissipation  length  and  H' 
is  an  empirical  function  (15). 

The  alternative  direct  relation  would  be 
of  the  form 

^ /J 

- TJ  n /k7 


using  the  magnitude  of  the  rate  of 
strain  vector 


Modeling  of  the  turbulent  kinetic  energy 
equation 

The  diffusion  and  the  dissipation 
terms  have  to  be  modeled.  The  energy 
diffusion  takes  place  through  two 
processes:  transport  by  the  convective 
motion  of  the  turbulence  and  transport 
by  the  action  of  pressure  fluctuations. 


Fig.  2 Empirical  Functions 


We  differentiate  between  two  models 
which  have  been  proposed:  The  gradient 
diffusion, where  it  is  assumed  that  cfff) 

with  another  empirical  function  H " , 
and  the  bulk  diffusion,  where 


The  latter  model  needs  the  empirical 
function  <S  . is  the  maximum  value 

in  the  outer  three  quarters  of  the  layer 
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at  the  particular  station. 

These  models , derived  for  two-dimen- 
sional mean  flow,  should  extend  to  three- 
dimensional  flows  because  turbulence  as 
an  instantaneous  phenomer.on  is  perfectly 
three-dimensional . 


Fig.  3 Empirical  Functions 


The  dissipation  io  modeled  with  the 
aid  of  a dissipation  length  (16) 

or  through  the  aid  of  the  same  empirical 
function  H‘  used  in  the  diffusion  term: 

^ v>  C (-'+  ^"(  Rr)) 

C being  a constant  and  ^ an  equivalent 
to  jf,  . 

rioueling  of  the  Reynolds-stress  equations. 

These  equations  are  now  included 
more  and  more  into  calculation  procedures, 
though  about  the  individual  terms  much 
less  is  known  than  about  the  correspon- 
ding terms  in  the  turbulent  kinetic 
energy  equation.  Though  questionable,  it 
is  usual  to  neglect  the  second  order 
production  terms.  The  pressure-strain 
terms  are  those  describing  the  principal 
mechanism  of  shear  stress  reduction. 

Models  pxoposed  are  of  the  form 


«*u-> 


^ - -A”  '/vA 


Differential  Methods 

Many  different  methods  have  been 
developed  using  certain  combinations  of 
the  basic  equations  just  discussed.  The 
application  of  the  turbulent  kinetic 
energy  equation  has  been  favoured  first 
but  the  information  provided  by  the 
shear-stress  transport  equations  seems 
to  be  estimated  higher.  Some  methods 
(17),  (18),  allow  for  control  of  the 
sensitivity  of  the  alignment  of  the 
shear  stress  direction  in  response  to  a 
change  of  the  main  strain-rate  vector. 

One  of  the  main  difficulties  to  day, 
if  one  wants  to  assign  figures  of  merit 
to  different  methods,  is  the  lack  of 
experimental  data.  So  nothing  decisive 
may  be  said  in  favour  or  against  deter- 
mined approaches. 

INTEGRAL  CALCULATION  METHODS 

On  the  Definition  of  Integral  Parameters 

The  development  of  these  methods 
progressed  along  lines  which  are  to  be 
considered  as  extrapolations  or 
extensions  of  two-dimendional  concepts. 
Two  almost  astonishing  points  happened 
to  be  accepted  without  critici.  both 
referring  to  the  definition  of  Integral 
parameters,  as  displacement  thickness, 
momentum-loss  thickness,  etc. 

Their  definition  for  plane  flow  is 


So  f (■'-  ) oLk) 

■<  J V! 


where  the  coordinate  is  the  one 
perpendicular  to  the  wall  and  the 
subscript  e refers  to  the  edge  of  the 
boundary  layer.  For  axially  symmetric 
flows  along  bodies  of  revolution  they 
should  be  defined  as 

neglecting  longitudinal  curvature  and 
with/r.^>r./»)a3  the  local  radius  of  the 
rotationally  symmetric  body.  The 
additional  factor  takes  into  account 
the  increase  in  broadness  of  the  space 
between  two  adjacent  normals  as  one 
precedes  in  outward  direction.  There  is 
more  space  available  for  the  outer  parts 
of  the  layer  than  there  is  for  the  parts 
adjacent  to  the  wall.  Nevertheless,  as 
far  as  I know,  such  additional  factors 
have  never  been  introduced  in  the  defi- 
nitions for  the  integral  parameters  in 
three  dimensions.  They  are  generally 
given  as  : 
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In  the  three  dimensional  case,  the 
factor  omitted  would  read 

with  mean  curvature  and  Oaussian 
curvature  . The  discussion  might  be 
of  academic  interest  if  first  order 
appi-oximations  are  considered  to  be 
allowable;  it  will  become  important  as 
the  second  order  is  considered. 

The  second  objection  ” -lates  to  the 
question  of  the  physical  meaning  of  the 
integral  parameters.  Displacement  along 
the  normal  to  the  wall  is  just  one  thing, 
and  it  is  surprising  to  find  two  dis- 
placement thicknesses.  Momentum  in  a 
boundary  layer  which  has  been  reduced  by 
integration  to  a two  dimensional  skin 
without  a dimension  perpendicular  to  the 
wall,  is  expected  to  be  a vectorial 
quantity  with  two  components.  We  are 
faced  with  four  momentum-loss  thick- 
nesses . 

Applying  a thorough  analysis  to  the 
procedure  used  in  the  two-dimensional 
case,  Mooro  (19)  and  Lighthill  (20) 
derivea  what  may  really  be  called  the 
three-dimensional  displacement-thickness . 
Similary  there  has  bean  made  a proposition 
for  the  definition  of  a two-component 
momentum-loss  thickness  and  a scalar 
onergy-loss  thickness  with  a sound 
physical  meaning  (21). 

Integral  thicknesses  have  usually 
been  defined  in  close  analogy  to  the  two- 
dimensional  case.  Admittedly  it  is  not 
surprising,  that  curvature  effects  were 
neglected  in  the  definitions  in  first 
order  theories.  On  the  other  side  it  is 
worthwile  to  reflect  on  the  way  these 
thicknesses  may  be  defined.  Lighthill  (20) 
gives  four  alternative  theoretical 
treatments  for  the  real  displacement 
thickness.  This  emerges  as  one  magnitude 
which  is  the  distance  1 he  inviscid  outer 
flow  is  displaced.  He  gives  the  expres- 
sion : 

<5  = <5.  / Si. 

- - ■■ 


showing  the  connection  with  the  integral 
parameters  as  usually  defined. 

The  question  has  been  taken  up  by 
Qersten  (22)  recently  including  highei 
order  curvature  and  compressibility 
effects.  Expansions  in  powers  of  the 
displacement  thickness  are  given  leading 
to  more  involved  equations.  The  generali- 
zation to  other  thicknesses  has  been 
given  in  (21). 

One  possibility  to  define  these  is 
comparing  different  flow  magnitudes  as 
massflow,  momentum  flow,  energy  flow  in 
the  boundary  layer  through  a nearly 
cylindrical  or  prismatical  control 
surface  perpendicularly  intersecting 
the  boundary  layer.  Suitably  this 
surface  is  taken  to  be  a developable 
surface  formed  by  the  normals  to  the 
wall  surface  through  the  points  of  a 
closed  curve  on  the  wall  bounding  an 


Fig.  *4  Control  surface  for  the 
definition  of  integral 
boundary  layer  parameters 

infinitesimal  domain  there.  Due  to  the 
curvature  of  the  wall,  the  control 
surface  will  depart  more  or  less  from 
a prismatical  or  cylindrical  shape. 

In  the  case  of  momentum  flow  fV'^27'^ 
one  may  define  the  momentum  loss  thick- 
ness by  equating  the  net  flow  of  the 
real  fluid  through  the  whole  surface 
with  the  net  flow  of  the  inviscid  fluid 
taken  over  a portion  T>t-"of  the  control 
surface  alone,  down  to  a certain  limit, 
precisely  the  thickness  one  is  searching 
for 
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is  the  .lormal  on  the  control  surface. 


This  thickness  appears  as  the  lover 
limit  of  integration  over  the  normal 
coordinate  in  the  lefthand  side  in  this 
equation  and  depending  on  the  order  of 
the  curvature  may  be  extracted  with 
more  or  less  exactitude  from  there. 


With  -f  the  defining  equation 
for  (f,  , xhe  momentum-loss  thickness, 

may  be  written  (not  to  be  summed  over  « ) 


Again  the  connection  between  the  two 
kinds  of  integral  parameters  is  readily 
established.  From  this  point  of  view  it 
will  be  indifferent,  which  kind  of 
definition  to  choose  as  starting  point 
of  a calculation  method.  On  the  other 
side  there  are  two  advantages:  1)  The 

fewer  integral  parameters  appearing,  the 
fewer  empirical  relations  are  needed  to 
complete  the  set  of  equations  (the 
closure  problem  in  integral  methods). 

2)  If  a second  iteration  step  is  to  be 
performed,  the  subsequent  calculation 
of  the  inviscid  outer  flow  has  tc  be  done 
with  the  body  thickened  by  the  real 
displacement  thickness. 

The  equations  for  the  second  kind  integral 
parameters  seem  to  be  less  involved  than 
those  for  the  first  kind,  even  for 
curved  surfaces.  A calculation  procedure 
in  terms  of  this  second  kind  of  parame- 
ters is  not  yet  available. 

The  equations  for  the  integral  parameters 
of  the  first  kind  read  for  orthogonal 
curvilinear  coordinates; 


+ ( - <T. j v;  ^ 
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Where  a series  of  assumptions  has  been 
made : 

The  coordinate  has  been  taken  in  the 
direction  of  the  projection  of  the  stream- 
lines of  the  external  flow  on  the  surface 
of  the  body  and  identified  with  the 
velocity  potential  leading  to  V.  » lyVi,. 

■Ki  and  are  the  geometrical  coeffi- 
cients. They  are  the  remaining  diagonal 
components  oV  a.  uyt  in  the  o thogonal 
case  being  considered.  Thus  the  equations 
given  are  the  momentum  equations  in  the 
"streamwise"  and  ''cross-flow"directiona. 

In  these  streamline  coordinates  also 

5 o i-ntl  fn  = 

a reduction  of  the  number  of  unknowns 
by  one.  (Compare  (12)  ). 

The  relationships  between  the 
integral  parameters  are  generally  derived 
assuming  a definite  form  for  the  velocity 
profiles  in  both  directions.  Having  a 
definite  formula  for  the  profile  form, 
the  integral  parameters  are  easy  to  be 
related,  the  parameters  of  the  profile 
formulae  remaining  as  variables  to  be 
determined. 


Fig.  5 Three-dimensional  Mean 
Velocity  Profile 
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Generally  streamline  orientations  are 
chosen.  Then  and  V'-  becomes  the 

so  called  cross  flow,  the  flow  at  right 
angles  to  the  mean  flow  direction  at  the 
outer  bounaary- layer  edge. 


This  method  of  assuming  determinate 
velocity  profiles,  even  with  some  para- 
meters  to  adjust,  is  not  very  comforting. 
The  idea  in  integral  methods  is  precisely 
not  to  make  any  assumption  about  the 
profiles.  Nevertheless,  as  far  as  other 
questinable  empirical  laws  are  avoided 
through  this,  it  must  be  accepted. 
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Velocity  Profiles 

The  following  profiles  deserve 
mention : 

Streamwise  velocity  profiles.  There 
are  first  the  one  parameter  profiles. 

The  best  known  is  the  power  law  profile 

where  in  two-dimensional  problems  the 
exponent  n-  varies  from  about  7 at  zero 
pressure  gradient  to  2 neir  separation. 


and  limiting  wall  stream  line,  i.e.  wall 
shear  stress  direction. 

The  proposal  of  Mager  (23)  for 
is  '' 


The  triangular  cross  flow  profile 
of  Johnston  (24)  deserves  mention: 


Further  there  is  a series  of  two 
parameter  profiles.  Among  these  also 
profiles  are  classified  which  are  made 
up  from  the  law  of  the  wall  and  the  wake 
law : 


21  - 
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Whence 


with  Vr-  = , the  friction 

velocity,  7X 

* 

and  the  two  laws  mentioned  are  approxi- 
mated through 


The  index  p referring  to  the  apex  of 
the  triar.^le: 


) - ^ IX^r)  + C ) 

)v- 


It  must  be  stressed,  that  this  is 
the  more  in  error, the  larger  the  wall 
cross  flow  angle  becomes.  Indeed  the 
value  V-r  should  be  regarded  as  a free 
parameter  since  it  is  neither  related  to 
the  resultant  wall  shear  stress  nor'^its 
component  in  streamwise  direction.  It  is 
generally  accepted,  that  the  logarithmic 
law  of  the  wall  holds  for  the  velocity 
component  in  wall  shear  stress  direction 
and  not  for  the  streamwise  direction. 

A measured  streamwise  profile  is  not 
appropriate  to  give  information  about 
the  skin  friction  by  means  of  a Clauser 
plot,  if  there  is  any  cross  flow. 

Notwithstanding  this  objections, 
the  profile  has  been  applied, assuming 
7/r  as  equal  to  tiie  friction  velocity. 
Further  it  must  be  pointed  out,  that  at 
and  C are  constants,  with  values 
empirically  found,  and  these  values  are 
not  beyond  any  discussion.  Including 
these  ’’constants",  the  profile  would 
emerge  as  a four  parameter  profile. 


Cross  flow  profiles.  The  model  of 
PrandtTl 


with  an  universal  function  ^ satis- 
fying ^(<5)  = -r,  ^1-0  = 0 and  ^ as  the 
angle  between  outer  edge  flow  direction 


The  proposition  of  Coles  (26)  is: 

VI  2/i^  ^ Vx  ^ J 


21- 

Vi  Vi 

with  f and  ur  as  already  defined  and 
with  as  the  angle  between  wall  shear 

stress  direction  and  the  first  coordinate 
base  vector  and  Vu>  , as  two  con- 

stants or  component's  of  a vectorial 


Fig.  6 Johnston  Polar  Plot 
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quantity  to  be  adjusted  in  a relation 
as  to  ensure  that  for  ='iS'  the  free 
stream  direction  is  obtained. 

Remarks**existing  methods 

Myring  (56)  has  presented  an  inte- 
gral calculation  method  with  applica- 
tion of  the  power-law  profile  for  the 
component  in  mean  flow  direction  and 
the  Mager  and  Johnston  cross-flow-pro- 
files, The  assumption  of  orthogonal 
streamwise  oriented  coordinates  is 
abandoned  and  the  equations  are  formu- 
lated for  a general  coordinate  system. 

The  numerical  calculation  schemes 
that  are  applied  to  the  equations  may 
be  of  different  forms.  They  will  not  be 
discussed  in  detail,  but  it  should  be 
kept  in  mind,  that  the  numerical 
solution  is  by  no  means  a trivial  side 
of  the  problem  and  the  convergence  of 
iterations  and  the  stability  conditions 
pose  severe  restrictions  on  the  methods, 
the  mesh-sizes,  etc. 

Himeno  and  Tanaka  (27)  applied  the 
vectorial  model  of  Coles  for  the 
velocity  profile  to  ship  hull  surfaces 
in  an  integral  method  using  the  moment 
of  momentum  equation  in  the  direction 
of  the  coordinate  along  the  water  lines 
on  the  hull.  The  shearing  stresses  are 
represented  with  a scalar  eddy  viscosity 


0 

L. 


02 0,4  (m) 


Fig.  7 Streamlines  on  Ship  Hull 
Surface  (Model) 


t4iken  to  be  a polynomial  in  X*  as 
distribution  function.  The  results  are 
interesting  2ind  encouraging.  The 
figures  show  qualitatively  the  limiting 
streamlines  found  and  the  distribution 
of  boundary  layer  parameters  along  a 
determined  potential  line.  The  limiting 


Streamline  direction  compares  favourably 
with  model  measurements. 


Fig.  8 Parameters  of  Boundary 
Layer  along  Potential 
Streamline 


CONCLUDING  REMARKS 

The  state  of  the  art  is,  that_ 
research  work  on  the  theoretical  side  has 
rendered  a number  of  quite  different 
methods  for  a thorough  treatment  of  three- 
dimensional  boundary  layers,  some  of  them 
well  developed,  some  just  appearing  on 
the  scene.  It  is  not  possible  at  the 
moment  to  evaluate  their  merits  at  all, 
and  because  of  the  empirical  assumptions 
involved .comparison  with  the  experiment 
will  decide.  Experimental  data  is  needed 
covering  a broad  domain  of  interesting 
geometrical  forms.  In  his  review  on  the 
boundary  layer  research  in  the  decade 
from  i960  to  1970,  A.M.O.  Smith  (28)  was 
able  to  state  that  the  maturity  of  the 
computer  was  the  event  believed  to  be  of 
greatest  importeuics  on  the  field.  Looking 
foreward  experimental  data,  possibly  the 
laser  anemometer  may  prove  to  be  a 
comparable  progress. 
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DISCUSSION 
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The  author  has  reviewed,  but  not  criti- 
cally, some  of  the  well-Anown  results  of 
tliree-dimensional  turbulent  boundary-layers. 

His  principal  suggestions  concern  the  use  of 
non-orthogonal  coordinates  and  the  inclusion 
of  surface  curvature  terms  in  the  definitions 
of  the  integral  thicknesses.  The  various 
empirical  models  for  closure  and  methods  of 
calculation  listed  by  the  author  have  been  des- 
cribed and,  to  some  extent,  evaluated  elsewhere 
(e.g.  12).  In  this  connection,  it  is  not  fair 
to  say,  as  the  author  implies,  that  the  methods 
have  not  been  compared  with  experimental  data. 
The  differential  methods  of  Na-h  and  Patel 
(18),  Bradshaw  (29,3  0)^,  and  Pierce  and 
Klinkslek  (11)  have  indeed  been  compared  with 
availabl  e data  on  three-dimensional  turbulent 
l»und8i.y- layers,  and  found  to  perform  quite 
adequately.  In  order  to  increse  the  confidence 
in  such  methods,  however,  it  is  necessary  to 
perform  experiments  in  boundary  layers  over 
bodies  of  more  complex  geometry,  such  as  ship 
forms.  The  author  and  his  colleagues  at  Ham- 
burg have  made  an  admirable  start  in  this 
direction  and  we  look  forward  to  their  results. 


Apart  from  these  general  observations,  I 
would  like  to  make  some  specific  comments  on 
the  problems  associated  with  three-dimensional 
turbulent  boundary-layers. 


Coordinates  and  Equations:  The  geometry 

of  non-orthogonal  surface  coordinate  systems, 
and  the  Reynolds  and  boundary-layer  equations 
in  such  coordinates,  have  also  been  discussed 
by  Bradshaw  (32)  . such  generalized  coordinates 
will  be  useful  when  efficient  numerical  pro- 
cedures for  the  solution  of  the  appropriate 
boundary-layer  equations  have  been  developed. 

The  author's  suggestion  that  finite-element 
methods  rather  tlian  finite-difference  methods 
may  be  more  suitable  for  this  purpose  is  a good 
one  and  merits  further  investigation.  Some 
caution  is,  however,  required  in  the  develop- 
ment of  sophisticated  numerical  techniques  so 
tliat  the  physics  of  the  problem  is  kept  abreast 
with  the  numerics.  (Note  that  there  is  no  such 
fear  in  the  solution  of  potential-flow  prob- 
lems.) Secondly,  the  possibilities  of  using 
somewhat  specialised  coordinates  for  a 
particular  c ass  of  problems,  such  as  the 
suggestion  in  (9)  for  boundary  layers  on  ship 
forms,  should  not  be  overlooked  in  the  effort 
to  develop  more  generally  applicable  methods. 

The  present-day  use  of  streamline  coordinates 
with  integral  met)iods,  and  simple  orthogonal  ones 
with  differential  methods,  has  been  dictated 
not  only  by  simplicity  but  also  by  the  nature 
of  the  empirical  information  which  is  intro- 
duced to  effect  the  closure  of  the  equations. 


Additional  references  are  listed  at  the  end 


of  the  discussion. 


Integral  ThiOineases  and  Curvature > The 
exclusion  of  surface  curvature  terras  from  the 
definitions  of  the  integral  thicknesses  as  well 
as  the  boundary-layer  equations  does  not  seem 
very  surprising  since  in  all  previous  traatnents 
of  three-dimensional  boundary  layers  it  has  been 
assumed  that  the  boundary  layer  is  thin  in  com- 
parison with  the  principal  radii  of  curvature  of 
tha  nurface.  There  have  been  a number  of  studies 
in  two-dimensional  laminar  end  turbulent  boun- 
dary-layers where  "thick”  boundary  layers  (l.e. 
surfaces  of  large  longitudinal  or  transverse 
cur>'ature)  )iave  been  considered,  and  it  is  foun.i 
tliat  Integral  thldcnesses  have  been  defined 
appropriately  in  such  studies.  In  tlureo  dimen- 
sions the  retention  of  surface  curvature  tarns 
in  the  "second-order"  boundary  layer  equations 
is  not  a very  fruitful  exercise  since  then  the 
equations  do  not  differ  much  from  the  parent 
Navier-Stokes  (or  Reynolds)  equations  (see  12) . 

As  pointed  out  at  some  length  by  Bradshaw  (31) 
in  a recent  monograph,  the  direct  Influence  of 
streamline  curvature  on  the  turlsulence  (and 
therefore  on  the  closure  models  such  as  mixing- 
length,  eddy  viscosity,  etc.)  is  much  more  im- 
portant ttian  the  surface  curvature  terms  in  the 
equations  themselves.  A tlxirough  investigation 
of  such  direct  curvature  effects,  as  they  apply 
in  three-dimensional  turbulent  boundary-layers, 
is  therefore  necessary  before  the  problem  of 
"thick"  boundary  layers  can  be  considered.  In 
any  case,  the  solution  of  the  second-order 
equations  will  be  a much  more  formidable  problem 
since  they  are  ellii>tic  while  the  first-order 
equations  are  either  parabolic  or  hyper)»lic. 


Practical  Computations;  Some  thought  has 
to  be  given  to  the  effort  and  expense  involved 
in  the  calculation  of  tliree-dimensional  toundary 
layers  on  forms  of  practical  interest.  Although 
the  older  integral  methods  are  simpler  to  use, 
they  are  now  being  abandoned  in  favor  of  methods 
based  on  the  differential  equations,  the  primary 
justification  being  that  the  differential  equa- 
tions can  contain  greater  amount  of  physical 
information  on  the  turbulence  and  that  such  in- 
formation can  be  introduced  at  a more  fundamental 
level.  The  differential  methods,  however,  have 
so  far  been  tested  only  against  three-dimensional 
flows  observed  in  typical  laboratory  situations. 
Experience  with  both  explicit  (12)  and  implicit 
(unpublished  on-going  work  at  The  University  of 
Iowa)  numerical  schemes  )ias  suggested  that  such 
methods  become  prohibitively  expensive  in  terms 
of  computer  time  when  one  wishes  to  perform  cal- 
culations on  shapes  of  practical  interest,  such 
as  airplane  wings  or  ship  forms.  With  about 
2000  sh  imwise  steps,  each  of  the  order  of  one 
boundai  , layer  thickness,  and  about  20  points 
in  the  cross-stream  direction,  a typical  expli- 
cit scheme  requires  two  to  three  hours  on  a 
modern  computer,  while  implicit  methods  take 
somewhat  lunger.  To  this  must  be  added  the  time 
required  to  calculate  the  potential  flow  and 
establish  the  necessary  coordinate  system. 

Herein  lies  a considerable  incentive  to  develop 
more  efficient  numerical  procedures.  Whether 
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thl»  will  1m4  to  • flnlt«-«laMnt  an»^o*ch  or 
• roBurganao  of  Intoroat  in  d>«v«loplng  battar 
Intagral  aathoda  rssalns  to  ba  aean. 

Boodary  lavata  on  Ship  Forwai  Thraa-dla- 
anaional  boundary  layart  on  ahip  foma  praaant 
a i.awbar  of  challangas  in  addition  to  tbosa 
which  ara  ooaaon  with  othar.  prla«rlly  aaro- 
dynaaio,  altuations.  Tha  fomation  of  bilga 
vortloaa,  tha  Influanoa  of  tha  fraa  aurfaca, 
and  tha  possibllitlaa  of  tha  boundary  layar 
bacoBing  thick  in  coiaparlaon  with  tha  local 
aurfaca  curvaturaa  iiaar  tha  kaal.  bow  and 
atarn.  all  ramin  to  ba  axaainad  in  dataii. 
Sana  of  thaaa  phanosana  can  baat  ba  axplainad 
tlirough  wall  conoaivad  axparlaanta.  and  "cali- 
bration*  of  tha  physical  aodals  and  calcula- 
tion prccaduraa  againat  tha  data. 
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T T.  HUANG 

It  is  rather  difficult  to  discus  three-diniensiontl 
turbulent  bounduy  Ityers  critically  without  considering 
nlovant  data.  The  author  mainly  devotes  his  paper  to  the 
formulation  of  the  boundary -layer  equations  on  curved 
surfaces  which  has  been  developed  in  the  literature. 

Some  Important  problems  related  to  ship-hull 
boundary-layer  computations  not  dlscusnd  by  the  authors 
are: 

1.  Estimation  of  the  Initial  conditions,  especially 
for  fuller  form  ships. 

2.  Large  cross  flow  for  flow  around  the  bilge 
region. 

3.  Thick  boimd.'ry  layers  on  shit>  stems  where  the 
ordinary  boundary-la.ver  assumptions  are  no 
longer  valid. 

4.  Accurate  outer  flow  computations. 

These  problems  ought  to  be  answered  before  fruitful 
applications  of  3-D  turbulent  boundary  layer  computations 
can  be  made  to  ship  hulls. 

The  numerical  results  given  in  Figure  8 are  incomplete 
and  do  not  address  the  psoblem  fully. 


I.  TANAKA 

I congratulate  the  author  fut  his  comprehensively 
presented  paper  on  the  three-dimensional  turbulent 
boundary  layer. 

I notice  that  two  figures  of  my  work,  Ref.  (27),  are 
quoted  in  this  paper  as  Figs,  7 and  8.  I wish  to  add  some 
oommsnta  on  them.  In  Fig.  7,  potential  stream  lines  are 
sliown  in  solid  lines  and  viscous  limiting  ones  in  dotted. 

In  parallel  body,  which  is  not  seen  in  the  figure,  tendency 
is  reversed,  .kbout  Fig.  S,  description  is  not  given  in  detail 
in  the  paper,  but  it  should  be  noted  that  the  result  is  for 
a particular  potential  stream  line,  the  fifth  from  the  top 
tat  Fig.  7.  Waviness  in  0 seems  to  be  aacribsble  to  a change 
encountered  when  the  line  passes  the  bilge.  So,  for  stream 
lines  which  do  not  pass  there,  the  variation  in  0 is  small. 

Second,  let  me  show  you  a slightly  further  work  done 
after  Ref.  27,  whidh  was  published  in  September  1973  in 
the  “Jountpl  of  the  Kansd  Society  of  Naval  Architects, 
Japan”  (in  Japanese).  We  can  apply  the  method  of 
calculation  of  the  three-dimensional  boundary  layer  theory 
to  calculate  the  viscous  portion  of  inflow  velccity  to 
propellei'.  Potential  port'  is  obUined  from  Haae-Smlth 
me^od.  Odculated  tesu'  (see  Fig.  ) for  ship  forms  of 
Series  60  show  that,  if  Uf.  fullness  of  ships  is  not  large, 
we  can  estimate  inflow  velocity  in  practically  allowable 
order. 
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Or.  E.  SADD 

The  author  oltas  tho  work  of  Kyring  (2  6).. 

It  may  he  of  interest  to  note  that  Saohdeva  (S3, 
34)  has  applied  this  method  for  oaloulating  the 
flow  o^er  a double  model  of  a tanker  hull,  and 
has  oompared  the  results  with  meaauramonts  mada 
both  in  a flume  and  a wind  tunnel.  The  oaloula- 
ted  streamwise  velocity  profile  parameters 
(momentum  and  displaoement  thloknesaes  and  skin 
^iotion)  agree  quite  well  with  curperlment  even 
in  the  stern  region.  Similar  rosults  are 
obtained  by  the  oruder  theory  of  Gadd  (3  5) , 
suggesting  that  the  dominant  three -dimensional 
effoot  on  lihe  flow  is  the  one  taken  aooount  of 
in  the  latter  theory,  namely  the  effaot  of 
oonvergenoe  or  divergenoe  of  the  external  flew 
streamlines.  Neither  theory  however  predicts 
the  flow  direotions  at  the  wall  very  aoourately 
in  the  stern  region,  presumably  due  to  inad- 
equacy of  the  assumed  Mager  orosaflow  profiles 
here. 
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34.  Saohdeva,  R.C.,  and  Preston,  J.H. 
"Investigation  of  turbulent  boundary  layers  on 
a tanker  niodol" 

Paper  submitted  to  Roy.Inst.Haval  Ai'ohiteots, 
1974 

35.  Gndd,  G.S.  "The  approximate  oaloulation  of 
turbulent  boundary  layer  development  on  ship 
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Trans. Roy.Inst. Naval  Arohiteots,  Vol.  113,  1971, 
pp. 59-71 
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AUTHOR'S  REPLY 


The  dieousslon  by  Dr.  Petel  is  a 
very  valuable  contribution.  It  muat  be 
etreased  again  as  pointed  out  In  the 
Introduction,  not  results  were  reviewed 
but  methods  of  calculation.  They  Indeed 
were  not  reviewed  critically  because, 
and  this  was  also  stressed,  to  my 
opinion  not  enough  experimental  data  Is 
at  disposition  covering  different 
geometrical  pojsiblllties  to  assign 
figures  of  merit  to  those  methods.  This 
is  also  pointed  out  by  the  discussor. 

It  was  not  my  intention  to  imply,  that 
there  has  been  no  oomparatlon  with 
experiment.  I have  to  apologize  If  this 
impression  has  been  rlsed. 

I can  not  agree  with  the  remark, 
that  generalized  coordinates  will  become 
useful  once  efficient  numerical  proce- 
dures for  the  treatment  of  the  equations 
will  be  available.  The  coordinates 
suggested  should  increase  the  appli- 
cability of  the  methods,  avoiding  the 
previous  construction  of  a coordinate 
system  subjected  to  special  requirements. 
Though  this  might  go  at  the  expense  of 
more  terms  In  the  equations  the  basic 
cnaracter  of  the  numerical  procedures 
needed  should  not  be  different. 

The  question  of  the  finite  element 
methods  that  possibly  will  once  become 
of  Importance  may  require  some  clarifi- 
cation. Two  approaches  seem  feasible: 

The  substitution  of  finite-difforenoe 
methods  as  applied  to  the  differential 
equations  of  the  boundary  layer  by 
finite-element  methods  is  one  possibility. 
The  application  of  the  finite-element 
method  to  the  integral  equations  is  the 
second  one.  The  problem  reduced  to  a 
two-dimensional  one  may  be  well  suited 
for  a finite-element  treatment.  Work  on 
the  finite-element  methods  as  applied 
to  fluid  flow  problems  is  just  beginning 
(36),  (37)- 

Of  course,  the  direct  influence  of 
the  curvature  on  the  turbulent  motion 
is  of  outmost  importance  and  there  is 
no  discussion  about  the  necessity  of 
more  Intense  investigation  of  the:>e 
effects. 

Concerning  the  question  of  practical 
computation,  it  is  precisely  the  prohi- 
bitive expensiveness  in  terms  of 
computer  time  which  possibly  will  enr.ure 
the  come-back  of  old  fashioned  Integral 
methods.  Specially  practical  interest 
will  rise  if  they  are  formulated  in  a 
manner  Independent  of  the  streamlines 
of  outer  inviscid  flow. 


The  discussion  by  Mr.  Huang  stresses 
four  proolems  which  in  fact  did  not  obtain 
the  attention  they  deserve  but  as  was 
stated  in  tho  introduction  only  a few 
problenK  were  to  be  treated  to  a certain 
degree . 

Initial  conditions  are  of  paramount 
importance  in  differential  methods. 

Integral  methods  seem  to  present  advan- 
tages as  to  initial  conditions = Large 
cross-flow  is  a concept  of  importance  as 
long  as  one  precedes  along  coordinate 
lines  oriented  along  (outer)  streamlines. 

In  general  coordinates  or  the  method 
works  even  with  large  turning  angles  of 
the  velocity  vector  inside  the  boundary 
layer  or  it  d.es  not  work  at  all.  It  may 
well  once  be  demonstrated,  that  integral 
meihods  will  not  work  with  a large  cross- 
flow,  but  results  are  still  encouraging 
to  my  opinion. 

Thick  boundary  layers  require  higher 
order  equations.  The  basic  equations  In 
the  geometrical  frame  as  given  in  the 
paper  presented  are  specially  wel]  suited 
for  the  derivation  of  such  extended 
boundary-layer  equations. 

Accurate  outer  flow  computations 
present  problems  only  because  of  the 
presence  of  the  free  surface  and  because 
of  bjundary-layer  separation. 

1 thank  Dr.  Gadd  for  his  Interesting 
remarks  and  the  referetioes.  given. 

It  is  Prof.  I Tanaka  that,  must  be 
congratulated  for  his  fine  work.  His 
discussion  provides  some  very  interesting 
pictures  demon.'Jtratiug  that  with  integral 
methods  even  the  calculation  of  wake 
contours  seems  to  be  feasible.  The 
figures  selected  from  his  paper  were 
reproduced  without  detailed  discussion. 

The  idee  was  just  uo  give  an  impression 
of  what  integral  methods  may  yield.  The 
calculations  of  Prof.  Tanaka  are  outstanding 
examples  for  this.  . 

A have  finally  uo  thank  to  tnose 
disoussors  whose  contribution  were  not 
presented  in  written  form,  which  never- 
theless were  as  valuable  as  those 
appear!. ;g  in  these  pages. 
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THE  PREDICTION  OF  TRANSITION  FROM  LAMINAR 
TO  TURBULENT  FLOW  IN  BOUNDARY  LAYERS  ON 
BODIES  OF  REVOLUTION 

P,  S.  G^anvlttc 
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B&tkcida,  Maryland 


ABSTRACT 

A new  correlation  of  experimental  data  is 
developed  for  predicting  transition  from  laminar 
to  turbulent  flow  in  boundary  layers  on  smooth 
bodies  of  revolution  immersed  in  axisymmetric 
flows  with  very  low  background  turbulence.  The 
correlation  incorporates  not  only  the  usual 
effect  of  pressure  gradients  but  the  effect  of 
axisymmetric  spreading  of  the  boundary  layer  on 
the  location  of  transition.  Existing  methods 
are  also  examined  critically. 

NOMENCLATURE 

C Pressure  coefficient  on  body  surface 


Maximum  diam.eter  of  body 

Boundary- layer  shape  parameter,  H = 6*/9 

Boundary- layer  energy  shape  parameter, 

H = 6*/e 

Axial  distance  from  nose  of  body 

Overall  length  of  body 

■Arbitrary  length  in  Mar.gler's 
transfox'mation 

Local  radius  of  body  o"  revolution 

Reynolds  number  given  oy  U^L/v 

Reynolds  number  giver,  by  Ur/v 

Reynolds  number  given  by  UG/v 

Arc  length  along  body  starting  from 
stagnation  point 


Nondimensional  wall  shearing  stress 


[3(u/Uj  ' 
[aCy/<5») 


Velocity  at  edge  of  boundary  layer 
Incoming  velocity  of  flow  to  body 


Normal  distance  from  body  surface 

Angle  between  body  surface  tangent  and 
axial  direction 

Wedge  angle 

Amplification  factor  in  stability 


Boundary- layer  thickness 
Bound ary- layer  displacement  thickness 
Kinematic  viscosity  of  fluid 
Boundary- layer  momentum  thickness 


Boundary- layer  energy  thickness 


Transition  criterion  of  van  driest  and 
Blumer 

Streamwise  component  of  boundary- layer 
velocity 


•Subscripts 


n Indicating  conditions  at  neutral  sta- 

bility point 

t Indicating  transition 

INTRODUCTION 

The  extent  of  laminar  or  turbulent  flow  in 
the  boundary  layer  surrounding  a body  moving  in 
a fluid  is  of  critical  importance  in  many  hydro- 
dynamic  applications.  The  regular  motion  of  a 
fluid  in  the  laminar  legime  results  in  a fric- 
tional or  viscous  resistance  which  may  be  an 
order  of  magnitude  less  than  that  due  to  the 
chaotic  motion  of  fluid  in  the  turbulent  regime. 
The  flow  in  the  boundary  layer  on  a moving  body 
usually  begins  at  the  nose  or  leading  edge  as 
laminar  flow,  a.id  at  sufficiently  high  Reynolds 
number  undergoes  transition  to  turbulent  flow 
downstream  at  some  point  (line)  or  over  small 
region.  The  higher  the  Reynolds  number,  the 
lesser  is  the  extent  of  the  laminar  boundary 
layer.  The  position  of  transition  is  also  very 
sensitive  to  other  factors:  the  roughness  of 

the  surface,  the  level  and  frequency  distribu- 
tion of  turbulence  in  the  incoming  flow,  and  the 
pressure  gradient  along  the  body  surface,  among 
others . 
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The  problem  to  be  considered  here  is  the 
prediction  of  the  position  of  transition  on 
smooth  bodies  of  revolution  in  axisymmetric  flow 
where  the  incoming  flow  contains  a very  low 
level  of  turbulence;  under  this  condition  tran- 
sition is  said  to  he  natural  or  self-excited. 

Such  a low  level  of  turbulence  may  be  found  in 
the  depths  of  the  ocean  and  upper  reaches  of  the 
atmosphere.  Presumably  it  is  also  found  in  spe- 
cially constructed  wind  and  water  tunnels  with 
appropriate  contraction  ratios  and  damping 
screens  which  reduce  the  freestream  turbulence. 

The  transition  from  laminar  to  turbulent 
flow  involves  some  of  the  most  intricate  and 
complex  phenorae.ia  in  fluid  mechanics.  The  non- 
linear characteristics  have  so  far  defied 
analytical  solution  U ) ■ * Transition  and  turbu- 
lence have  been  described  (^)  as  probably  the 
greatest  unsolved  problems  in  the  physical 
scierxes.  To  make  matters  worse,  the  experi- 
mental data  exhibit  large  scatter  due  to  the 
extreme  sensitivity  of  the  transition  process  to 
hard-to-control  environmental  factors. 

Since  theory  is  insufficiently  developed  to 
provide  a method  for  predicting  the  location  of 
transition  on  arbitrary  bodies,  recourse  must  be 
made  to  correlation  of  experimental  data  in  a 
manner  conducive  to  such  prediction.  Parameters 
used  for  correlation  should  conform  as  much  as 
possible  to  physical  observation  and  relevant 
theory. 

For  the  transition  under  discussion,  tur- 
bulence results  from  the  amplification  of  infin- 
itesimal disturbances  downstream  of  the  neutral 
stability  point.  The  neutral  stability  point  is 
the  point  where  all  disturbances  no  matter  what 
the  frequency  are  neither  damped  or  amplified. 
Downstream  of  this  point  there  exist  some  dis- 
turbances which  are  amplified.  The  positions  of 
both  the  neutral  stability  point  and  the  transi- 
tion point  are  influenced  by  pressure  gradients. 
For  axisynunetric  flow,  there  seems  to  be  an 
added  effect  due  to  the  radial  spreading  or  con- 
tracting of  the  boundary  layer  flow  which  is  not 
present  in  two-dimensional  flow.  Hence,  a 
correlation  of  axisymmetric  transition  data 
should  incorporate  both  the  effect  of  pressure 
gradient  and  radial  spreading.  Since  the  neu- 
tral stability  point  is  theoretically  predic- 
table and  physically  meaningful,  it  should  also 
be  included  in  any  correlation.  In  general,  a 
criterion  for  transition  is  usually  given  in 
terms  of  some  type  of  Reynolds  number. 

Two-dimensional  transition  of  airfoils  has 
been  investigated  experimentally  quite  thor- 
oughly. Various  correlations  have  been  proposed. 
Granville  was  the  first  to  incorporate  the 
neutral  stability  point  and  the  pressure  gradient 
directly  in  a transition  correlation.  Smith  and 
Gamberoni  (4)  also  included  the  maximum  rate  of 
amplification  of  disturbances  in  arriving  at  a 
correlation.  Unfortunately,  the  linear  stabil- 
ity theory  used  only  applies  to  the  early  stage 


' References  are  listed  on  page  11  . 


of  the  transition  process  and  not  to  the  later 
stages  which  produce  turbulent  flow. 

Eichelbrenner  and  Michel(29)  were  the  first  to 
develop  a correction  for  axisymmetric  spreading 
without,  however,  explicitly  recognizing  the 
need.  This  was  done  by  Groth  in  his  studies 
of  transition  on  bodies  of  revolution.  However, 
the  correction  proposed  by  Groth  shows  excessive 
experimental  scatter. 

It  is  the  purpose  of  this  paper  to  develop 
a correlation  for  transition  in  axisymmetric 
boundary  layers  over  bodies  of  revolution  which 
fits  experimental  data  to  a satisfactory  degree. 
First,  the  physical  aspects  of  the  transition 
process  are  briefly  described.  Existing  proce- 
dures for  locating  the  neutral  stability  point 
are  summarized. 

Existing  two-dimensional  and  axisymmetric 
methods  for  locating  transition  are  briefly 
described  and  critically  evaluated.  There  is 
much  room  for  improvement,  especially  for  the 
axisymmetric  meth.:'ds. 

In  an  eff.irt  to  develop  an  improved  corre- 
lation for  transition  on  bodies  of  revolution  at 
zero  angle  of  attack  (axisymmetric  flow)  a 
special  set  of  tests  is  examined.  These  tests 
were  conducted  by  Groth  on  an  ellipsoid  of 
revolution  in  unbounded  flow  and  two  different 
bounded  flows . The  purpose  here  is  to  separate 
the  effects  of  pressure  gradient  and  geometric 
spreading  since,  in  unbounded  flow,  the  geometry 
of  the  body  determines  the  pressure  distribution. 
An  analysis  of  the  data  shows  that  the  effect  of 
pressure  gradient  seems  to  be  confined  mostly  to 
locating  the  neutral  stability  point.  This 
leaves  the  region  from  the  neutral  stability 
point  to  the  transition  point  as  mostly  a func- 
tion of  geometrical  spreading.  Further  analysis 
of  data  for  other  bodies  suggests  a specific 
parameter  to  accommodate  geometrical  spreading. 
Finally,  a large  collection  of  data  from  bodies 
without  parallel  middle  body  is  satisfactorily 
correlated  with  this  parameter.  The  correlation 
can  only  be  applied  to  bodies  of  revolution 
without  parallel  middle  bodies  since  on  a par- 
allel middle  body  the  controlling  effect  is 
solely  pressure  gradient;  no  geometrical  spread- 
ing is  present. 

PROCESS  OF  TRANSITION 

As  sunraiarized  by  Dryden,  natural  or 
self-excited  transition  occurs  wnen  the  free- 
stream turbulence  is  less  than  about  0.1  percent. 
In  this  case  the  existing  infinitesimal  disturb- 
ances are  sufficient  to  lead  to  transition  after 
sufficient  amplification  within  the  laminar 
boundary  layer.  On  a body,  there  is  a point 
(line)  termed  the  neutral  stability  point, 
upstream  of  which  disturbances  of  all  frequencies 
are  damped  out.  Downstream,  however,  disturb- 
ances are  amplified  at  different  rates  according 
to  their  frequency.  Regular  wave- like  patterns 
follow  which  are  named  Tollmien-Schlichting 
waves  after  the  investigators  most  responsible 
for  developing  the  stability  concept  of  transi- 
tion. Owing  to  cross  disturbances  the  Tollmien- 
Schlichting  waves  develop  three-dimensional 
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characteristics  with  a transverse  wave  struc- 
ture. Turbulence  originates  locally  further 
downstream  as  turbulent  bursts  in  the  regions 
of  maximum  wave  amplitude.  The  appearance  of 
turbulent  bursts  is  usually  considered  the 
beginning  of  transition.  Still  further  down- 
stream the  turbulent  bursts  occur  more  fre- 
quently and  are  of  longer  duration  until  finally 
the  whole  flow  appears  turbulent  and  the  transi- 
tion process  is  complete.  A detailed  descrip- 
tion of  the  tr:  nsition  process  is  given  by 
Tani  (7,  . 

In  two-dimensional  flows,  pressure  gradi- 
ents have  a marked  effect  on  the  transition 
process;  positive  or  adverse  pressure  gradients 
hasten  transition  while  negative  or  favorable 
gradients  delay  transition. 

For  axisymmetric  flows  on  bodies  of  revo- 
lution, there  seems  to  be  an  added  factor 
affecting  transition,  the  radial  stretching  on 
the  nose  and  the  contraction  of  the  boundary 
layer  on  the  tail.  The  stretching  hastens  while 
the  contraction  delays  transition.  As  indicated 
by  Kuethe,  (£,  the  emp^fication  of  disturb- 
ances is  increased  on  the  nose  by  axisymmetric 
stretching  of  the  boundary  layer. 

NEUTRAL  STABILITY  POINT 

The  location  of  the  neutral  stability  point 
is  required  for  some  methods  of  predicting  the 
location  of  transition.  This  is  determined  by 
solving  the  classical  Cri.-Sommerfeld  equation 
for  the  stability  of  two-dimensional  parallel 
flows  for  a particular  velocity  profile.  The 
effect  of  pressure  gradient  on  the  neutral  sta- 
bility point  enters  indirectly  by  specifying  the 
shape  of  the  velocity  profile,  especially  its 
curvature.  A one-partuneter  velocity  profile 
then  gives  a neutral  stability  point  determined 
by  a single  parameter. 

The  one-parameter  Pohlhausen-type  velocity 
profile  which  is  a polynomial  governed  by  end 
conditions  was  used  by  Schlichting  and  Ulrich 
(11)  to  calculate  the  neutral  stability  point. 
Tfne  results  are  a Reynolds  number  (U5*/v)  as  a 

2 

function  of  Pohlhausen  parameter  (6  /v) (dU/ds) 
(Figure  17.3  of  Reference  (11)). 

Here  U = streamwise  velocity  outside  the 
boundary  layer 

S*  = displacement  thickness 
V = kinematic  viscosity  of  fluid 
s = stroamwise  length  from  stagnation  point 
n = subscript  denoting  neutral  stability 

The  Pohlhausen  parameter  specifying  the  shape  of 
the  velocity  profile  is  also  a pressure-gradient 
parameter.  This  simplifies  matters  since  only  a 
solution  of  the  boundary- 1 ay et  momentum  equation 
is  required  to  determine  the  Pohlhausen  param- 
eter. Mangier  (12)  converted  these  results  into 
the  more  convenient  parameters  of  momentum- 
thickness  Reynolds  number  (UB/v)^^  as  a function 

2 

of  (0  /v) (dU/ds)  which  is  reproduced  as  Fig- 
ure 1.  Here  6 = momentum  thickness. 


(e^/v)(dU/ds) 


Fig.  1 Neutral  Stability  Point  as  Function  of 
Pressure  Gradient  (Mangier  (12) 

Wieghardt  (13)  developed  a method  for 
solving  laminar  boundary  layers  involving  both 
ir.'mentum  an'  energy  equations.  Since  the  results 
included  values  for  shape  parameter  H « 4*/6, 
Wieghardt  prepared  a chart  for  neutral  stability 
where  (U6/v)j^  is  a function  of  H.  The  velocity 

profiles  correspond  to  a one-parameter  system 
of  flows  over  wedges,  also  called  Hartree  pro- 
files, which  are  solutions  of  the  Falkner-Skan 
equation  for  similarity  solutions  of  the  laminar 
boundary  layer  equation.  A fit  is  given  by 
Wieghardt  as 

(ue/v)j^  = exp  [26.3  - & H]  (1) 

Stuart  (14)  presents  the  rejults  of  various 
neutral  stability-point  calculations  in  two 

graphs,  (U6/v)^  as  a function  of  (0^/v) (dU/ds) 
and  (U6*/v'l  as  a function  of  H.  (Figures  IX.  14 
and  1."'  ■ eference  (14)). 

Thiede  (15)  compares  the  results  of 
Schlichting  anT  Ulrich  (Pohlhausen  profile)  and 
those  of  Pretsch  (Hartree  profile)  in  terms  of 
(U0/v)j^  as  a function  of  H*.  Here  H*  is  the 

energy  shape  parameter,  H*  = 0*/0  where  0*  is 
the  energy  thickness. 

As  stated  by  Schlichting,  (11)  the  sta- 
bility of  a laminar  boundary  layer  on  a body  of 
revolution  was  investigated  by  Pretsch.  When 
the  boundary  layer  is  thin  compared  with  the 
body's  transverse  radius,  which  is  the  case  on 
most  bodies  forward  of  their  tails,  the  result- 
ing stability  equation  becomes  identical  to 
that  for  two-dimensional  flow.  Hence,  it  is 
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concluded  that  the  neutral  stability  charts  for 
two-dimensional  flows  are  also  applicable  to 
axisymmetric  flows  over  bodies  of  revolution. 

EXISTING  TWO-DIMENSIONAL  METHODS^' 

Michel  1951  (17) 

For  two-dimensional  flows  over  airfoils  in 
a wind  tunnel,  Michel  correlated  the  values  of 
two  Reynolu.,  numbers  at  transition:  UO/v  and 

Us/v,  where  s is  distance  along  the  airfoil,  and 
obtained  a mean  line  which  may  be  fitted  by 

(Ue/v),.  = 1.S35  (Us/v)°‘'*‘*'*  (2) 

Here  t is  a subscript  denoting  transition. 

Michel's  correlation  shows  little  scatter.  How- 
ever, this  is  a case  where  the  locus  line  of 
prediction  intersects  the  correlation  line  at  a 
very  acute  angle  and  consequently  produces  a 
prediction  with  a large  possible  error.  To 
demonstrate  this  consider  the  slope  of  Equation 
(2)  which  is 


d in  [Ue/u) 
d S,n  (Us/v)  " 


Now  an  approximate  solution  to  two-dimensional 
laminar  boundary  layers  may  be  written  (3)  as 


ue/v 

X 


= 0.664 


1 

(U/UJ®  (s/L) 


s/L 


tI/2 


d (s/L) 


(4) 


Here  is  the  velocity  of  the  incoming  flow  and 
U/U^  is  a function  of  s/L;  L is  a reference 
length  such  as  airfoil  chord. 

This  equation  is  the  l.ocus  of  prediction 
whose  slope  is  very  closely  approximated  by 


Pohlhausen-type  velocity  profiles  as  given  in 
Figure  1.  It  was  also  observed  that  the  ampli- 
fication of  disturbances  leading  to  transition 
depends  on  ;he  cumulative  effect  of  pressure  gra- 
dient. Hence,  an  average  pressure-gradient  param- 
2 ~ ' 

meter  (9  /v) (dU/ds)  was  chosen  as  a correlating 
parameter  where  the  averaging  is  done  from  the 
neutral  stability  point  to  the  transition  point. 

U6/v  is  calculated  from  Equation  (4)  while 

(O^/v) (dU/ds)  is  calculated  from  a closed- form 
solution 


(6^/v) (dU/ds)  = 4/45  - 1/5  X 


(6) 


aioVu)^  - (uevv)^ 


Existing  data  for  transition  on  airfoils  in  low- 
turbulence  wind  tunnels  end  on  wings  in  flight 
tests  correlated  well.  This  correlation  is 
reproduced  by  Schlichting  (11)  as  Figure  17.11. 

Smith  and  Gamberoni  1956  (4) 

Smith  and  Gamberoni  developed  a prediction 
method  for  transition  based  on  the  amplification 
rates  of  infinitesimal  disturbances  Fre- 

quencies are  selected  to  provide  maximum  ampli- 
fication and  are  integrated  starting  at  neutral 
stability  to  give  an  amplification  factor 
exp  / dt.  Use  is  made  of  solutions  of  the 

Orr-Sommerfeld  equation  obtained  by  Pretsch  for 
Hartree  velocity  profiles  (wedge  flows).  Com- 
parison with  measured  transition  points  led  to 

9 

selection  of  a value  of  e for  amplificat. on 
factor  exp  f g^  dt  as  providing  good  correlation. 

The  transition  method  is  given  in  terms  of 
Michel  parameters,  (U9/v)^  versus  Us/v,  as  a 

g 

correlation  for  the  e -calculations: 


d (Ue/u)  „ . (Ue/v),  = 1.174  (Us/v)°-'’‘^  (7) 

a (!,n  (Us7v)  = ^ 


where  the  variation  of  the  term  within  the 
brackets  with  Us/v  is  small.  The  difference 
in  slopes  0.056  is  quite  small  and  on  this  basis 
Michel's  method  may  be  considered  a poor  pre- 
diction method. 

Granville  1953  (3) 

Granville  developed  a correlation  for  two- 
dimensional  transition  data  to  fit  the  physical 
processes  involved.  Since  transition  occurs 
after  amplification  of  disturbances  past  the 
neutral  stability  point,  it  was  decided  to  use 
the  difference  in  Reynolds  numbers  from  the 
neutral  stability  point  to  the  transition  point 
as  a paran.eter  (UO/v)^  - (UO/v)^.  The  values 

of  (Ue/v)^  are  obtained  from  Mangler's  chart  for 


^ See  also  survey  by  Hairston  (16) . 


This  is  quite  close  to  Michel's  correlation  of 
test  data.  As  previously  stated,  the  Michel 
parameters  give  good  correlation  but  poor 
predictions . 

Further  insight  into  this  method  may  be 
obtained  if  the  results  are  stated  in  terms  of 

2 

Crabtree  parameters  (U0/v)j.  versus  (0  /v)  (dU/ds) . 

Figure  3 of  Reference  (4)  shows  the  results  of 
Smith  and  Gamberoni  in  terms  of  U6*/v  and  H 
versus  wedge  angle  g for  various  maximum  ampli- 
fication ratios  exp  f dt  obtained  from 

Pretsch' s calculations  for  wedge  flows  (Hartree 
velocity  profiles) . UO/v  is  readily  obtained 
since,  by  definition  of  H,  0 = 6 */H.  To 
2 

obtain  (9  /v) (dU/ds)  from  g use  can  be  made  of 
a convenient  table  by  Hall  and  Gibbings  (18) 
(Table  1) . The  results  for  several  amplifica- 
tion factors  are  plotted  in  Figure  2.  It  is 
quite  evident  from  thn  curves  that  the  choice 
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of  an  amplification  factor  to  represent  transi- 
tion is  empirical  and  that  prediction  is  good 
for  favorable  pressure  gradients  and  poor  for 
adverse  pressure  gradients. 

The  main  objection  to  the  method  of  Smith 
and  Gamberoni  is  that  it  does  not  conform  to  the 
physical  facts.  Transition  to  turbulent  flow  is 
the  result  of  nonlinear  behavior  which  is  not 
closely  modeled  by  the  linear  Orr- Sommer f eld 
equation. 


van  Driest  and  Bluaer  1963  C23j 

Van  Driest  and  Bluner  {see  also  van  Driest 
(24))  developed  e criterion  for  transition  based 
on  the  ratio  of  local  inertial  stress  to  local 
viscous  stress  within  the  boundary  layer, 

0 ^ y 6,  which  is  written  as 

(Tr)  . [ (y^/v)  (du/dy)]  (8) 

where  (Tr)  is  a transition  criterion 


It  should  be  mentioned  that  van  Ingen  (19) 
independently  worked  out  a similar  analysis  to 
Smith  and  Gamberoni  using  amplification  factors. 

Crabtree  1957  (20) 

Crabtree  decided,  for  the  sake  of  computa- 
tional simplicity,  to  correlate  transition  data 
using  the  same  parameters  as  those  for  the  neu- 

2 

tral  stability  point:  U6/v  and  (0  /v}(dU/ds). 

As  seen  in  Figure  2,  the  Crabtree  "mean  line" 
fit  is  not  too  bad.  There  is  large  scatter  but 
the  trend  is  quite  definite.  Favorable  pressure 

2 

gradients  or  positive  values  of  (0  /v)(dU/ds) 
delay  transition  while  adverse  pressure  gra- 
dients hasten  transition. 


y is  the  normal  distance  from  the  wall 
and 

u is  the  streamwise  velocity  component 
within  the  boundary  layer. 

The  value  of  (Tr)  increases  downstream  from  the 
stagnation  point  and,  after  comparison  with  data, 
transition  is  considered  to  occur  at  (Tr)  = 1690. 
As  a matter  of  interest.  Equation  (8)  is  also  a 
stability  criterion  stated  by  Rouse  (2y  for 
laminar  flow. 

For  low  freestream  turbulence,  van  Driest 
and  Blumer  evaluate  Equation  (8)  for  Pohlhausen 
velocity  profiles,  obtaining: 


Michel  1959  (21) 

Michel  reconsidered  his  earlier  (1951) 
correlation,  (U0/v)^  versus  Us/v,  for  transition 

on  airfoils,  and  replotted  the  test  data  for  a 
combination  of  these  parameters: 


(U6/V 

(Us/v' 


1/2 


versus  Us/v.  This  seemed  to  make 


the  experimental  scatter  more  evident.  It  is 
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(U4/V)^ 


1 - 0.0485  (6  /v)(dU/ds)  (9) 


This  is  the  correlation  line  for  predicting 
transition. 

For  purposes  of  comparison  momentum  thick- 
ness 0 may  be  substituted  (11)  for  boundary- 
layer  thickness  6 for  Pohlhausen  velocity  pro- 
files by  the  expression 


clear  that  the  prediction  precision  remains  the 
same  as  for  Michel's  original  correlation. 

0 1 

37 

1 6^  dU 

1 

/ 6^  dU  \ 1 

Michel  also  considered  the  application  of 

r ° 63 

5 

iT“a7  ■ 

44 

1 

is' 

stability  theory  to  the  prediction  of  transi- 
tion. Instead  of  / dt  = 9 used  by  Smith  and 

Gamberoni,  Michel  advocated  use  of  the  maximum 
value  of  (®i'5*/*J5niax  represent  conditions  at 

transition.  Using  the  results  of  Pretsch  for 

Hartree  velocity  profiles,  Michel  correlated 

U6*/v  at  (B.6*/U)  against  the  shear-stress 
1 n\ax 

factor  T = “rth  transition  test 

data.  However,  Michel's  curve  can  be  converted 

into  Crabtree  parameters  U0/v  and  (0^/v) (dU/ds) 
as  follows.  Pretsch  (22)  relates  T to  wedge 
angle  0 (Table  of  Reference  22).  Also  H is  a 
function  of  6 (Figure  3 of  Reference  4)  which 

converts  6*  to  H.  Finally  (0Vv)  (dU/ds)  is  a 
function  of  B (Table  1 of  Reference  18) . The 
resulting  Michel  curve  is  shown  plotted  on  the 
Crabtree  diagram  in  Figure  2.  It  is  evident 
that  agreement  with  experimental  data  is  good 
for  favorable  pressure  gradients  and  poor  for 
adverse  pressure  gradients,  as  is  the  case  for 
the  Smith  and  Gamberoni  correlation. 


(10) 

to  give  the  Crabtree  parameters  U0/v  and 

(0^/v) (dU/ds) . The  result  is  plotted  in  Fig- 
ure 2.  Here,  it  is  evident  that  agreement  is 
good  for  adverse  pressure  gradients  and  very 
poor  for  favorable  pressure  gradients. 

Eppler  1969  (26) 

Eppler  correlated  experimental  data  in  a 
manner  similar  to  Crabtree  except  that  the 
energy  shape  parameter  H*  is  substituted  for 

2 

pressure  gradient  parameter  (6  /v) (dU/ds) . The 
use  of  (U0/v)^  is  retained.  An  empirical  fit 

is  given  by  Eppler  as 


tn  (UO/v)^  = 18.4  H*  - 21.74  H*  < 1.585 


(11) 


In  (Ue/v)^  = 34.2  H*  - 46.78  H*  ^ 1.S8S 


(12) 


Since  for  one  parameter  velocity  profiles  H*  is 
2 

a function  of  (0  /v)(dU/ds),  the  Eppler  corre- 
lation is  mostly  a modified  Crabtree  correlation. 
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Jaffa,  Okaraurtt  and  Smith  1970  (27^ 

Jaffa,  Okamura  and  ^Ith  aeveloped  further 
the  method  of  Smith  and  Ganberonl,  Instead  of 
using  Hartree  velocity  profiles,  exact  velocity- 
profiles  calculated  from  nisaerical  solutions  of 
the  boundary- layer  equations  are  used  to  solve 
the  Orr-Sonmerfeld  stability  equation.  Here, 
the  amplification  factors  are  more  correctly 
evaluated  on  a spatial  basis.  comparison 

with  test  data  using  e^*^  as  the  aiiq)llfication 
factor  for  transition  gave  on  an  average  8.27- 
porcent  deviation  from  experimental  data  for 
two-dimensional  cases  and  Ib.S  percent  for 
axlsymmetric  cases. 

Thiede  1970  (281 

Thiede  prefers  the  use  of  the  energy  shape 
parameter  H*  instead  of  the  pressure-gradient 
2 

parameter  6 /V  dU/ds  for  correlation  purpose^ 
as  a consequence  of  using  the  energy  equation 
to  solve  the  laminar  boundary- layer  equations. 
For  one-parameter  velocity  profiles  H*  is  a 

. notion  of  (0^/v) (dU/ds) . 

The  neutral  stability  point  is  then 
obtained  from  U6/v  as  a function  of  H* 


Since  for  one-parameter  velocity  profiles,  H’ 

is  a function  of  (6^/v)  (dll/ds),  the  Thiede  corre- 
lation is  a modified  Granville  correlation. 


Thiede  1972  (1S3 

In  later  work,  Thiede  accomnodates  both 
two-dimensional  and  axlsymmetric  transition  data 
by  correlating  (Us/v)^  - (Us/v)^^  with  ET*.  An 

empirical  fit  is  given  as 


log 


10 


4.27 


+ 39.42  (H* 


- 1.51S),  1.S5 

^ if*  <1.60 

(17) 

For  two-dimensional  flows,  this  correlation  is 
the  same  as  that  of  Thiede  1970.  For  axisym- 
metric  flow,  this  correlation  implicitly 
incorporates  a Mangier  correlation  for  axisym- 
metric  conditions. 


log 


10 


4.556 


- 76.87  (1.670  - H*) 


1.542 


(13) 


For  ' sition  an  average  H*  is  used  instead  of 

th  v)(dU/ds)  of  Granville.  The  correla- 


tion 'itted  by 


l°8l0 


W \ 

^ A V''  /n 


and 

log 


10 


1 

1 - (- 

>1\ 

V'’  ) 

t V 

1 

c 

= 1.6435 

- 24.20  (1.5150 

- H*),  1.515  < H* 

£ 1.560 

(14) 

= 3.312 

- 967.5  (1.6250 

- H*)^-^^®,  1.560 


< H*  < 1.625 


(15) 


EXISTING  AXISYMMETRIC  METHODS 
Granville  1953  (3) 

Granville  (^  considered  the  application 
of  his  two-dimensional  correlation  to  axisym- 
metric  conditions,  (U8/v)^  - (U6/v)j^  against 
2 

(0  /v)(dU/ds).  Application  of  Mangier' s trans- 

2 " 

formation  showed  no  change  in  (0  /v) (dU/ds)  but 
produced  an  arbitrary  constant  for  U6/\>.  A 
tentative  decision  based  on  existing  experi- 
mental data  was  to  keep  U0/v  the  same  or  an 
arbitrary  constant  of  one.  Later  more  exten- 
sive measurements  showed  the  need  of  an  axisym- 
metric  correction  or  a change  in  the  arbitrary 
constant . 

Eichelbrenner  and  Michel  1958  (29) 

To  apply  the  two-dimensional  correlation 
expressed  in  Michel  parameters  U6/v  and  Us/v 
to  axisymmetric  conditions  on  bodies  of  revolu- 
tion, Eichelbrenner  and  Michel  made  use  of  Mangier' s 
transformations.  U remains  unchanged,  but  the 
two-dimensional  equivalent  s is  given  by 

s 

s = ^J  r^2js  (18) 

L •'0 

and  the  equivalent  two-dimensional  0 by 
^■w  ~ 

0 » ^ 0 (19) 


where 


{' 


H*  ds 


H*  = 


s - s 
t n 


Here  the  tilde  represents  the  axisymmetric 
condition,  r^  is  the  local  transverse  radius  of 

a body  of  revolution,  and  L is  an  arbitrary 
length  to  be  considered.  Eichelbrenner  and  Michel 
(16)  decided  to  keep  Us/v  the  same  for  both  two- 

dimensional  and  axisymmetric  conditions,  so 
that  s » s;  then 
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Comparison  of  tho  above  correlation  with 
experimental  data  on  bodies  of  revolution  showed 
a much  improved  agreement  but  still  not  as  good 
as  that  for  two-dimensional  data. 

Groth  1957  (5) 

Groth  analyzed  a very  extensive  set  of 
experimental  data  for  transition  on  bodies  of 
revolution  obtained  under  low-turbulence  condi- 
tions in  wind  tunnels  and  in  flight.  Comparing 
a criterion  for  two-dimensional  (U6/v)^  at  trans- 
ition with  the  experimental  axisymmetric  (U0/v)^ 

at  the  same  value  of  pressure- gradient  param- 
2 

eter  (6  /v)(dU/ds),  and  noting  a consistently 
large  deviation  in  these,  led  Groth  to  the  con- 
clusion that  axisymmetric  spreading  or  contrac- 
tion of  the  boundary  layer  on  a body  of  revolu- 
tion strongly  affects  the  position  of  transition. 
To  accommodate  this  effect  Groth  plotted  the 

ratio  of  (U0/v)^  to  (U0/vl,  at  the  same 
2 

(0  /v) (dU/ds) , against  a spreading  parameter 
(L/r^Wr^^/dSi  Here  I is  the  axial  distance  from 

the  nose  and  L is  the  length  of  the  body. 

Despite  the  very  extensive  experimental  scatter, 
a consistent  correlation  was  realized. 

Thiede  1970  (28j 

'I^e  axisymmetric  oo  erection  of  Eic'  Ibrenner 
and  Michel  was  modified  by  Thiede  so  Lliat  Che 
Mangler's  transformation  is  used  only  to  deter- 
mine the  distance  from  the  neutral  stability 
point  to  the  transition  point.  Then 


This  appears  more  reasonable  since  the  axisym- 
metric effect  seems  confined  to  the  region  from 
the  neutral  stability  point  to  the  transition 
point. 

transition  data  for  NORTHROP  ELLIPSOID 
General 

A unique  set  of  transition  data  was 
obtained  by  Groth  for  an  ellipsoid  of  revo- 
lution whose  pressure  distribution  was  varied 
by  situating  the  body  at  various  axial  locations 
inside  the  contraction  cone  of  the  Northrop 


Low-Soeed  Hind  Tunnel.  Date  for  three  condi- 
tions are  available  over  a range  of  length 

Reynolds  numbers  from  3 x 10^  to  8 x lo^: 

A)  Body  in  normal  position  in  test  section 
of  wind  tunnel 

B)  Nose  of  body  16  inches  inside  of  con- 
traction cone 

C)  Nose  of  body  40  inches  Inside  of  con- 
traction cone 

The  body  tested  was  an  ellipsoid  of  revo- 
lution with  a fineness  ratio  of  9 and  a maximum 
diameter  of  10  1/2  inches  faired  into  a cylin- 
drical supporting  sting.  Transition  was  indi- 
cated by  pressure  measurements  from  taps  in  the 
surface  of  the  body.  The  criterion  for  the 
beginning  of  transition  was  one  burst  of  turbu- 
lence per  second.  The  pressure  distributions 
and  positions  of  transition  for  the  three  test 
conditions  are  given  in  Figures  3 and  4. 

The  purpose  of  using  the  same  body  with 
different  pressure  distributions  to  study 
transition  was  to  isolate  the  effect  of  pressure 
gradient  on  transition.  In  the  usual  test 
section,  representing  unbounded  flow,  the  pres- 
sure coefficient  distribution  calculated  from 
potential  theory  is  solely  a function  of  body 
geometry. 

Correlation  by  Some  Existing  Methods 

The  required  boundary-layer  parameters  for 
analyzing  transition  data  are  calculated  from 
the  approximate  solution  of  the  laminar  boundary 
layer  given  in  Reference  3. 


number,  and  a is  the  angle  between  the  surface 
tangent  and  the  axial  direction. 


ds 


Equation  (23)  is  an  alternate  form  of  Equation 
(4) . This  approximate  solution  is  sufficiently 
accurate  for  analyzing  transition  data.  It  is 
identical  to  Thwaites'  solution  for  two- 
dimensional  flow,  as  transformed  to  a body  of 


revolutlcii,  except  for  a snail  change  In  the 
constant.  The  value  of  0.6(i4  is  chosen  to 
agree  with  the  exact  Rlaslus  solution  for  a flat 
^ plate.  The  neutral  stability  polM  is  deter- 
nlned  fron  figure  2. 

Groth's  correlation  of  the  test  data  for 
these  cases  Is  qul^e  poor. 

* To  illustrate  the  axlsynaetric  spreading 
effect  on  transition,  the  data  for  the  three 
conditions  are  plotted  in  the  Crabtree  manner  of 

(Rg)^  against  (6^/v) (dU/ds)  in  Figure  5,  and  the 
Granville  numner  of  (Rg)^,  - CRgJjj  against 

(9^/v) (dU/ds)  in  Figure  6. 

It  is  evident  from  Figures  5 and  6 that 
two-dimensional  correlation  does  not  apply  in 
the  slightest  degree. 

If  the  same  data  are  adjusted  to  axlsym- 
metric  conditions  by  the  method  of  Eichelbrennei  and 
Michel,  Equation  (21),  and  plotted  In  the 
Michel  parameters  of  Rq  and  Rg  in  Figure  7,  it 

is  also  evident  that  the  correlation  is  poor. 

A NEW  CORRELATION 


axlsynaetric  spreading  and  contracting,  which  is 
a purely  geometrical  effect.  Groth  intro- 
duced a parameter  L/r^  dr^/dJl,  which  represents 

the  relative  change  in  cross  section  parameter 
2itr^  in  the  axial  direction,  since 


[™3T  J 


(2tt  r^L)  (2S) 


The  length  of  the  body  L is  added  to  provide  a 
nondloenslonal  ratio.  It  is  now  proposed  to 
try  a correlation,  (D/r^) (dr^/dt) , nondlmension- 

allzed  on  the  maximum  diameter  D Instead  of  L. 

In  Figure  11,  (Rg)^  - ellipsoids 

is  plotted  against  [(D/r^)  (dr^^/dt)]^.  It  is 

seen  that  overall  the  correlation  is  improved 
over  (i/L)^  with  the  greatest  discrepancy  at 

the  ends. 


It  is  now  proposed  to  correlate  transition 
data  on  bodies  of  revolution  in  axls)'mmetric 
flow  with 


The  positions  of  the  neutral  stability 
points  for  the  Northrop  ellipsoid  in  pressure 
conditions  A,  B,  and  C are  calculated  and 
plotted  in  Figure  8.  The  positions  are  obtained 
from  intersections  of  locus  lines  representing 
the  body  boundary- layer  parameters  with  the 
neutral  stability  line  of  Figure  1.  The  required 

Rg  and  (9^/v) (dU/ds)  values  for  the  locus  lines 

are  obtained  from  the  pressure  distribution  in 
Figure  4 using  Equations  (2,^)  and  (24)  for  the 
calculations  of  the  laminar  boundary  layer. 

Comparison  with  the  positions  of  transition 
also  plotted  in  Figure  8 show  the  large  distance 
between  neutral  stability  and  transition.  If 
perchance  the  corresponding  differences  in 
momentum- thlc)(ness  Reynolds  number, 

(Rg)t  ■ plotted  against  relative 

position  (f/L)^  in  Figure  9,  it  is  seen  that 

there  is  excellent  correlation.  This  is  a happy 
accident.  The  curves  for  conditions  A and  B 
practically  coalesce  and  the  curve  for  condition 
C is  very  close.  Since  only  pressure  gradient 
and  not  geometry  was  varied  in  the  Groth  experi- 
ments, it  may  be  inferred  that  the  effect  of 
pressure  gradient  on  the  position  of  transition 
has  been  sufficiently  accommodated  in  this  case 
by  the  effect  of  pres,  ure  gradient  on  the  posi- 
tion of  the  neutral  stability  point  as  Indicated 
by  (Rg)„. 

For  the  effect  of  geometry  on  (R„)*  - (Ro)„, 

the  NACA  test  data  (30)  for  two  ellipsoids  of 
fineness  ratios  9 and  7.5  are  examined  in  Figure 
10.  Here  (Rg)^  - (Rg)„  is  plotted  against 

(t/L)^.  The  correlation  is  surprisingly  good. 

It  is  of  interest  to  consi'der  now  the  effect  of 


where 


CVn 


9^  dU 
V 3s 


(26) 


(27) 


The  test  data  to  be  correlated  are  assembled  in 
Table  1.  The  shapes  of  the  bodies  are  shown  in 
Figure  12  and  the  measured  pressure  distribu- 
tions, in  verms  of  velocity  at  the  edge  of  the 
boundary  layer,  are  shrwn  in  Figure  13.  The 
positions  of  the  neutral  stability  points,  cal- 
culated from  Equations  (23)  and  (24)  and  Figure 
2,  are  shown  in  Figure  14  as  functions  of 
Re>-nolds  number. 

Transition  data  freo  wind  tunnel  tests  and 
flight  tests,  presented  in  terms  of 

■ ^’'9^n  **®^"*'^  I(D/r^^)(dJC^^/dt)]^.,  are 
compared  in  Figure  Ig.  Close  ibservation  reveals 
two  principal  trends.  The  data  from  flight 
tests  and  the  low- turbulence  Aues  tunnel  (0.02 
percent  free- stream  turbulence)  seem  to  corre- 
late reasonably  well.  However,  the  data  from 
the  Northrop  wind  tunnel,  which  has  a .somewhat 
higher  free-stream  turbulence  (~  0.1  percent) 
seem  to  correlate  along  a different  line. 

For  the  purpose  of  predict '.ng  transition 
in  a low- turbulence  free  stream , the  data  from 
the  flight  tests  and  froa  the  .‘mes  wind  tunnel 
are  correlated  by  a mean  line  shown  in  Figure 
16.  This  is  the  line  of  correlation  to  be  used 
in  making  predictions  by  means  of  an  Intersection 
with  a locus  line  representing  an  arbitrary  body 
in  a flow  with  an  arbitrary  Reynolds  ntiaber. 
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For  oxaDple,  for  truisitlon  to  occur  ut  the 
•bscl<isa  [(D/r^^)  (dr^^/dllJlj  the  locus  line  obtain- 
ed by  varying  the  overall  Reynolds  number  U^L/u 

is'parallel  to  the  ordinate.  It  is  evident  that 
the  angles  of  Intersection  are  not  toe  acute. 

CONCLUSIONS 

It  should  be  evident  that  predicting  trans- 
ition on  bodies  of  revolution  in  axisymmetric 
flow  is  in  not  too  satisfactory  a state.  There 
is  definitely  need  for  more  experimental  work 
under  carefully  controlled  conditions  to  eluci- 
date the  physical  processes  involved,  especially 
the  stretching  effect  due  to  geometry  which 
seems  peculiar  to  axisymmetric  flow. 

The  proposed  correlation  is  recommended 
for  predicting  transition  on  bodies  whose 
geometries  are  similar  to  the  test  bodies. 
Obviously  bodies  with  parallel  middle  body 
represent  conditions  not  investigated. 
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Fig.  10  Correlation  of  Transition  Data  for  NACf.  Ellipsoid! 
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RELATIVE  OUTER  FLOW  VELOCITY  ALONG  BODY  U/U^ 


Fig.  13  Pressure  Distributions  (Outer  Flow) 
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DISCUSSION 


A.  M.  0.  SMITH  and  K..  K.AHPS 

Mr.  Gt'anvUle  has  made  a very  useful  survey 
of  the  various  methods.  Whether  his  new  corre- 
lation is  indeed  an  improvement  still  remains  to 
be  seen.  A larger  variety  of  test  data  is 
needed  to  establish  the  method  with  finality. 

In  Granville's  original  method,  he  had  a corre- 
lation based  on  a mean  Pohihaiisen  parameter.  In 
the  new  work  he  dispenses  with  that  and  uses  a 
geometry  parameter  (d/r)(dr/ds) . The  basic 
boundary-layer  equations  for  axisyrmetric  flow 
involve  two  variable  constants  (x/Ug)(dUe/dx) 
and  (x/r)(dr/dx).  Mr.  Granville  is  substitut- 
ing the  second  for  essentially  the  first.  But 
according  to  the  eouation  of  motion,  both  are 
needed.  Only  if  (x/ug) (due/dx)  - as  supplied 
by  the  inviscid  solution  - showed  a close  re- 
lation to  (x/r)(dr/dx)  would  we  obtain  a 
universal  correlation.  We  doubt  that  there  is 
this  close  relation.  For  instance,  the  entrance 
flow  in  a long  round  tube  has  a strong  favorable 
grad''ent  and  extreme  laminar  runs  — of  40,000,000 
or  so.  But  (x/r)(dr/dx)  for  this  case  would 
be  zero.  Perhaps  though,  on  ordinary  convex 
bodies  the  correlation  will  iitdeed  be  proven 
better  by  additional  test  data. 

On  one  point  we  would  like  to  set  the  rec- 
ord straight:  In  reference  (4)  the  two-dimen- 

sional transition  correlation  of  Michel  was 
applied  to  axisymmetric  bodies  via  the  Mangier 
transformation  with  L = r^igy,  and  not  with  the 
transformation  implied  in  reference  (29),  and 
also  repeated  here.  Tiie  origin  of  this  misunder- 
standing is  not  known.  I'ofortunately,  the  error 
has  also  appeared  in  a taper  (28)  which  aims  at 
improving  the  correlation. 

C.  S.  Wells,  Jr, 

This  paper  represents  a substantial 
contribution  to  the  empirical  correlation 
of  boundary  layer  transition  data,  based 
on  a general  knowledge  of  the  physical 
process  leading  to  tr.msition.  Mr.  Gren- 
ville's proposed  now  correlation  tedmlque 
makes  good  use  of  existing  d<ita  to  account 
for  the  significant  effects  cf  axisymmetric 
spreading  on  bodies  of  revolution.  However, 
the  correlation  is  based  on  limited  data 
and  further  evaluation  of  the  technique 
must  await  the  results  of  experiments  over 
a wider  range  of  the  geometric  parameters. 

I would  like  to  join  the  author  in 
anphasizing  the  need  for  more  expo. imental 
work  under  carefully  controlled  conditions, 
and  especially  for  testing  at  low  freestream 
turbulence  levels  typical  of  the  atmosphere 
and  oceans. 


P.R.  GOUlSCHMiED 

Th“  author  is  to  be  congratulated  tor  making  a start 
in  the  consideration  of  body  geometry  for  the  prediction 
of  axisymmetric  transition  and  for  a careful  historical 
review  of  tiie  problem,  A few  minor  points,  however, 
require  .'iscussion: 

1.  The  author  deals  only  with  slender  bodies  (L/D  = 7.5 
and  9.0)  and  he  ignores  the  1986  Carmichaelill  data  of 
of  a“fat”  body  (L/D  = 3.3)  just  as  he  ignored  it  before 
in  his  1968  reporti*)  on  the  comparison  of  several  transi- 
tion methods.  There  data  show  that  the  Mangier  trans- 
form cannot  be  applier),  either  with  length  or  with  maxi- 
mum radius  reference,  if  the  drag  is  to  be  predicted  cor- 
rectly, as  it  is  evident  from  Figure  A. 

2.  The  author  states  that  radial  flow  stretching  (by  increas- 
ing body  diameter)  hastens  transition,  while  conversely 
contraction  (decreasing  body  diameter)  delays  transition, 

I believe  that  this  should  be  clarified  as  follov/s; 

If  the  diameter  of  the  body  is  increasing,  two  conflicting 
effects  are  felt.  In  the  first,  an  increa.se  of  diameter 
means  that  the  boundary-layer  must  be  spread  over  an 
ever  widening  area,  promoting  thinning  and  altering  the 
boundary-layer  profile  much  as  suction  would  do.  It 
might  be  expected  that  this  would  delay  instability  be- 
yond the  point  to  which  it  is  already  delayed  by  the 
favorable  pressure-gradient  usually  present  on  the  fore- 
body. In  the  second,  cross-strean  vorticity  is  being 
stretched,  which,  due  to  the  associated  increase  in  inten- 
sity, should  result  in  an  earlier  occurrence  of  instability 
and  transition.  This  suggests  that  there  well  may  be  a 
Reynoiub  Number  range  where  the  firs,  effect  predomi- 
nates and  anothei  domain  where  the  second  effect  pre- 
dominates, leading  to  the  visualization  of  some  charac- 
teristic rclationshin  between  loiigitudin".!  curvature  and 
♦ransverse  curvature  which  would  doiine  the  boundary 
between  the  two  ranges, 

•3.  Although  ‘he  explanation  esji  be  found  in  the  ext, 

Figo'  2 could  be  high.y  misleading  and  create  tlie 
i'.ipression  that  rh  ' Michel/SmiUi  criterion 's  directly 
related  to  that  group  of  tr  iisition  methods  based  on  the 
Pohlhuusen  narameier,  .4  clarification  should  be  added 
to  the  fiiyure. 

4.  The  author  does  not  show  how  pred'c lions  made  or  ihe 
basis  of  the  correlation  cinve  of  Figure  16  compare  with 
the  actual  experiruental  results  and  what  the  prediction 
erro'  may  be.  in  Le'-.ns  of  length  or  dre^j. 

5.  The  author  recognize,'  only  one  axisymmetric  transition 
mechanism  over  th:  entire  Reynolds  Number  range  and 
attempts  to  make  all  ex p_r mental  data  fit  correlation 
mode.  From  Figure  lb  i.  is  apparent  thn.  the  flight- 
test  data  p.ivelope  lie.  a decreasing  slope  opposite  to  tlie 
increasing  trend  ci  the  winu-tunnp’  data  envelope.  The 
actual  test  da‘-.  of  the  3 bodie:  -.onsidcred  by  the  n.uthor 
me  shown  in  Figures  B,  C ea.i  D;  it  is  quite  apparent 
that  ip  all  three  cases  th-nc  must  be  two  dif  creut 
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transition  mechanisms  at  work  and  that  a “switchover” 
point  can  be  defined  without  undue  difficulty  in  terms  of 
location  X and  Reynolds  Number  Re.  Thus,  it  is  not 
sirprising  to  see  the  conflicting  slopes  of  Figure  16. 

In  conclusion,  I am  postulating  a ToUmien-Schlichting 
two-dimensional  transition  mechanism  up  to  the  “switch- 
over” point;  the  Jaffe/Okamura/Smlth(  ® ) method  will  be 
valid  up  to  this  point.  At  the  higher  Reynolds  Numbers, 

I am  postulating  a Gortler-type  longitudinal-vortex 
transition  mechanism.  Finally,  I am  proposing  that  this 
“switchover”  point  can  be  correlated  by  a characteristic 
relationship  betwcm  body  longitudinal  curvature  and 
transverse  curvature  as  shown  in  Figure  E. 
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LIST  OF  SYMBOLS 
D Maximum  body  diameter 
L Body  length 
R Body  radius  at  location  X 
Re  Reynolds  number  based  on  length 
V Body  volume 
X Axial  coordlna-e 
Xj  Axial  transition  location 
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Transition  Location 


AUTHOR'S  REPLY 


Ah  Indicated  in  the  text,  the  correlation 
of  transition  data  applies  only  to  curved 
bodies  of  the  same  general  shape  as  the  teat 
bodies.  A more  universal  correlation  re- 
mains to  be  developed.  The  axlsyiimatrlc 
adjustment  by  Mangier 'a  transformation  vas 
ascribed  to  Smith  and  Qamberonl  by 
Eichelbrenner  and  Michel.  Since  Mr.  Smith 
disclaims  responsibility,  tlie  name  of  the 
method  ha.  been  accordingly  changed  to 
Eichelbrenner  and  Michel  In  the  revised  text. 

I agi'ee  with  Dr.  Wells  that  more 
experimental  woik  is  needed  for  bodies  of 
revolution. 

In  reply  to  item  1 of  Mr.  Ooldachmled'a 
discussion:  Carmichael's  thick  body  was  not 

considered  in  the  correlation  since  there 
were  no  actual  measurements  of  the  position 
of  transition.  In  item  2 the  (question  of 
the  effect  of  the  axlsymmetrlc  spreading  or 
contracting  of  the  boundary  layer  in  trsuisl- 
tion  is  raised.  As  considered  in  the  text, 
this  effect  is  more  than  that  accounted  for 


by  the  change  in  the  velocity  profile  as 
it  develops  under  axisynmetrlc  conditions. 

As  stated  in  the  text,  the  effect  does  not 
directly  apply  to  the  neutral  stability 
point  but  only  in  the  region  from  instability 
to  transition.  In  item  3,  the  original 
results  of  Etalth  and  Oamberonl  were  plotted 
in  Figure  2 in  terms  of  Crabtree  parameters. 
Smith  and  Osmberoni  used  these  same  results 
for  a Michel-type  correlation.  In  item  4, 
future  experience  viU  3how  the  validity  of 
Figure  l6  in  smdclng  predictions  of  transition. 
Id  item  5,  the  "switchover"  point  referred  to 
seems  to  be  no  more  than  that  of  the  maximum 
width  of  the  body  where  the  forebody  becomes 
the  afterbody  . This  confirms  the  tiiesls 
of  this  paper  that  forebody  stretching  tends 
to  hasten  transition  while  afterbody  contrac- 
tion tends  to  delay  transition.  However, 
there  seams  to  be  here  an  additional  mechanism 
than  that  associated  with  the  usual  two- 
dimensional  Tollmie.i-Schllchting  transition 
process.  I do  not  understand  the  applicability 
of  the  Oortler-type  transition  process  here. 
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RAYLEIGH-YAYLOR  INSTABILITY  OF  SURFACE 
LAYERS  AS  THE  MECHANISM  FOR  BIOCONVECTION 


Milton  S.  riesset,  Christopher  G.  Whipple,  and  Howard  Wlnet 
California  Institute  of  Technology,  Pasadena,  California 


ABSTRACT 

Swimming  micro-organisms  which 
show  negative  geotaxla,  that  is,  which  swim 
upward  against  gravity,  develop  characteristic 
bioconvection  patterns;  similar  bioconvection 
patterns  are  found  in  swimming  micro-organ- 
isms which  are  phototropic.  This  bioconvec- 
tion is  explained  here  as  the  consequence  of 
Rayleigh-Taylor  instability.  The  Instability 
analysis  Is  baaed  on  a treatment  of  the  liquid 
with  contained  micro-organisms  as  a continu- 
otjs  fluid,  and  a justification  of  this  treatment 
is  given.  In  a well -developed  culture  which 
has,  a sufficiently  high  density  of  micro-organ- 
isms a steady  state  circulation  can  occur,  and 
this  condiilon  is  analyzed  here.  The  quantita- 
tive experimental  data  obtained  by  Winet  and 
Jahn  for  an  organism  with  negative  geotaxis, 

T.  pyriformis,  make  possible  detailed  com- 
parisoD  with  the  theoretical  analysis.  It  is 
also  shown  that  the  highly  organized  swimming 
of  the  micro-organisms  in  the  upward  direc- 
tion rules  out  the  applicability  of  ideas  of 
random  walk  and  diffusion.  As  a final  subject 
the  effect  of  a distributed  unstable  density 
distribution  is  analyzed  and  compared  with  the 
effect  of  a step  discontinuity  in  density. 

1.  INTRODUCTION 

A large  class  of  swimming  micro- 
organisms exhibit  negative  geotaxis;  that  is, 
they  swim  upward  against  gravity  in  :hoir 
liquid  medium.  When  a sufficiently  large 
concentration  of  micro-organisms  has  devel- 
oped in  a surface  layer,  a characteristic  bio- 
convection pattern  forms.  The  pattern  has 
fingers  of  fluid  falling  downward  from  the  top 
layer  in  a rather  regular  array  (see  Figs.  1 
and  2).  Similar  patterns  are  alto  observed 
with  swimming  phototropic  micro-organisms; 
that  is,  micro-organisms  which  are  attracted 
to  regions  of  increased  light  intensity.  The 
swimming,  or  self-propelling,  capability  of 
the  micro-organisms  i.s  essential  since  the 
organisms  of  concern  are  heavier  than  the 
fluid  medium. 

Bioconvective  patterns  have  been  known 
since  1848,  and  have  been  observed  in  bacteri- 
al, flagellate,  plankton,  and  clliate  cultures. 
Many  attempts  have  been  made  to  explain  the 
formation  of  the  patterns.  In  particular,  it 
has  been  suggested  that  the  patterns  are  driv- 
en by  thermal  instability.  This  mechanism 
was  put  forward  because  the  bioconvective 


patterns  show  soma  resemblance  with  Be'nard 
cells.  This  idea  was  disproved  by  the  experi- 
ments of  R.  Donnelly  [ 1)  who  showed  that  bio- 
convective patterns  persisted  even  when  a sta- 
bilizing temperature  gradient  was  Imposed  on 
the  medium. 


Fig.  1.  Tetrahymena  pyriformis  culture  - 

side  view  (pattern  distorted  by  walls). 


Fig.  2.  Tetrahymena  pyriformis  culture  - 
top  view. 
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It  has  recently  been  proposed  [ 2,  i] 
that  a quantitative  description  of  bioconvection 
patterns  is  given  in  terms  of  Rayleigh-Taylor 
irstability.  A quantitative  comparison  of  a 
theoretical  analysis  with  experiment  is  possi- 
Ple  because  of  the  extensive  measurements  by 
Winet  and  Jahn  [4]  on  cultures  of  Tetrahymena 
pyriformis.  It  is  observed  that  the  surface 
layer  represents  a rather  sharp  rise  in  cell 
concentration  when  compared  with  the  under- 
lying culture.  One  makes  the  approximation 
that  this  upper  layer  is  a homogeneous  liquid 
which  differs  from  the  liquid  below  only  by 
being  somewhat  heavier.  If  one  is  given  the 
thickness  of  the  upper  layer,  its  density,  and 
the  density  of  the  underlying  liquid,  then  the 
Rayleigh-Taylor  instability  analysis  predicts 
a preferred  wavelength,  or  distance  between 
fingers  falling  out  of  the  upper  layer.  While 
the  predictions  of  this  homogeneous,  contin- 
uum model  agree  very  well  with  observations 
[21,  it  is  certainly  instructive  to  pro/ide 
justif- cation  for  the  use  of  this  continuum 
mode,.  This  justification  is  a primary  con- 
sideration of  the  present  paper.  Considera- 
tion will  also  be  given  to  the  possibility  of  a 
steady  state  micro-organism  circulation. 

2.  VALIDITY  OF  THE  CONTINUUM  MODEZ, 

The  justification  of  the  continuum 
model  will  be  given  specifically  in  terms  of 
the  micro -organism*  Tetrahymena  p-y  riformis 
since,  as  has  been  indicated,  detailed  meas - 
urements  are  available  for  this  organism. 

Ths  discussion  should  apply  to  micro-organ- 
isms both  in  fresh  and  salt  water.  Tetra- 
hymena pyriformis  Is  a ciliate  which  is  about 
5 X lO'-^  cm  in  length  and  about  3 x 10"’  cm 
in  width,  and  which  has  a swim  speed  U of 
approximately  4,  5 x 10*^  cm/sec.  The  density 
of  T.  pyriformis  is  1.  076  gin/cm^  and  the 
medium  in  which  it  lives  is  water  with  a 
relatively  small  amount  of  nutrient  additives. 

If  a culture  has  initially  a uniform  concentra- 
tion of  cells,  Co,  the  swimming  of  the  micro- 
organisms produces  a net  upward  flux.  Since 
the  cells  do  not  all  swim  precisely  in  the 
vertical  direction,  one  may  take  the  mean 
upward  velocity  to  be  aU.  It  will  be  seen 
from  the  discussion  of  the  so-called  steady 
state  that  a has  a value  only  slightly  less 
than  unity.  Experimental  observations  4] 
show  that,  when  the  cells  approach  the  surl.ice, 
17%  stay  in  a well-defined  layer  on  the  surf.ics. 
This  layer  has  a thickness  h which  ranges 
from  0.  1 cm  to  0.  5 cm.  The  remaining  83% 
of  the  approaching  cells  are  "reflected"  from 
the  surface  layer,  or  from  the  abrupt  in- 
creased cell  concentration  i-.  that  layer. 

These  reflected  cells  fall  downward  for  a dis- 
tance which  is  many  times  the  surface  thick- 
ness h.  It  appears  that  a considerable  amount 
of  time  is  lequired  before  a cell  turns  around 
and  resumes  its  normal  upward  ascent.  If 
the  culture  has  the  uniform  initial  concentra- 
tion Cq,  the  upper  layer  c>-ncer.tration, 
will  grow  linearly  with  time  provided  that  the 
layer  thickness  remains  constant.  This 
thickness  appears  to  remain  essentially  con- 
stant; it  does  depend  on  the  age  of  the  culture 
but  this  dependence  is  measured  on  a time 


scale  which  is  much  longer  than  the  time  of 
pattern  formation.  When  Cj,  has  reached  a 
minimum  value,  patterns  begin  to  develop  in 
the  surface  (see  Fig.  2)  which  correspond  to 
regions  of  higher  cell  concentration  separated 
by  regions  of  lower  concentrati  At  the 
intersections  of  these  lines,  or  * lusters,  of  Iiigh 
concentration  falling  "finge.rs"  form  which 
attain  a terminal  fall  velocity  of  about  0.  1 cm/ 
sec.  This  terminal  velocity  from  the  nodal 
intersections  is  already  reached  as  soon  as 
the  fingers  are  discernible  below  the  lower 
boundary  of  the  surface  layer.  It  may  be  re- 
marked that  this  fall  velocity  i,«  more  than 
twice  the  swim  velocity  of  the  organisms  and 
is  muc.l'  greater  than  the  Stokes  fall  velocity  of 
a single  cell  under  gravity  (-  6.  6 x 10"^  cm/sec). 
Clearly  the  patterns  and  the  finger  fall  velocity 
cannot  be  generated  by  any  action  of  an  indivi- 
dual cell.  This  behavior  must  .arise  from  a 
cooperative  macroscopic  effect. 

When  a swimming  micro-organism  is 
moving  with  constant  velocity,  there  can  be  no 
net  force  acting  on  it.  The  self  propulsion  of 
the  cell  balances  both  the  drag  and  the  gravi- 
tational force.  If  V'p  is  the  volume  of  a cell, 
p_  its  density,  then  the  gravitational  force  is 
vip_g  where  g is  the  acceleration  of  gravity. 
Tnis  gravitational  force  is  partially  balanced 
by  the  buoyancy  force  where  is 

the  density  of  the  medium.  ° A nonaccelerating 
cell  must  therefore  exert  a net  downward  force 
given  by 

V.p(p,p  - Pq)8  “ ^ Prp  g* 

This  force  is  the  only  significant  effect  of  a 
cell  on  the  fluid.  A possible  additional  effect 
could  come  from  accelerations  in  cell  motion. 

As  an  extreme  acceleration  case,  the  acceler- 
ation force  of  a ceil  may  be  estimated  under 
the  assumption  that  the  swim  speed  U is 
acquired  from,  rest  in  one  body  length.  The 
swim  speed  U = 4.  5 x 10"^  cm/sec,  the  body 
length  / = 5 X lU"^  cm  so  that  the  acceleration 
is  a ? 0.  2 cm/sec”^,  the  ratio  of  the  acceler- 
ation force,  F^,  to  tho  gravity  force,  F , is 
therefore  ^ 

^ ptV*  fil 

^ PT^gS  “ ■ 

With  Prp  = 1.  076  gm/cm^.  A p.-,  - 0.  076  gnV'cm^, 
g 3 lo’cin/sec^,  one  has 


It  i'j  evident  that  acceleration  forces  are  un- 
important compared  with  the  gravity  force.  A 
.similar  argument  shows  also  that  the  arrest  of 
the  upward  motion  of  a cell  at  the  surface  of 
the  medium  gives  rise  to  forces  small  com- 
pared with  gravity.  This  acceleration  and  the 
corresponding  locomotive  force  is  in  agree- 
ment with  the  general  results  presented  by 
Brennen  [ 5] . 

There  is  a momentum  flux  from  cells 
entering  the  upper  layer  of  the  medium.  This 
flux  exerts  a force  per  unit  volume  of  the 
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upper  layer.  As  might  be  expected,  this  force 
per  unit  volume  is  quite  small  compared  with 
the  gravity  force  per  unit  volume  of  the  upper 
layer.  The  net  horizontal  momentum  flux  is 
zero,  and  the  vertical  momenumi  flux  is 
eSiimated  as  follows.  The  upper  layer,  which 
has  cell  concentration  Cu,  overlays  the 
lower  fluid  which  has  cell  concentration  Cj  . 
The  lower  fluia  region  has  a depth  large  com- 
pared with  h.  The  cells  swim  upward  with  a 
mean  speed  aO  and  of  those  coming  up  to  the 
lower  boundary  of  the  upper  layer,  the  nuniber 
e-.  oriiig  per  imit  area  per  unit  time  is  0,  17Cj^ 
all  where  we  use  Witiet's  figure  for  tne  frac- 
tion of  incident  cells  which  enter  the  upper 
layer.  These  colls  bring  a vertical  momen- 
tum p,pV.j,aU  so  that  their  contribution  of 
■/ertica.  noomentum  flux  per  unit  area  per  unit 
time  has  the  value  0.  17  C^p.pV.j,c.^U  , or  a 
force  per  unit  volume  of  tne  upper  layer  of 
magnitude 

0.  17  C^p,j,V,^a^U^ 


The  number  of  cells  "reflected"  from  the 
lower  boundary  of  the  upper  layer  per  unit  area 
per  unit  time  is  0.  83  C.  aU,  rind  the  vertical 
momentum  imparted  to  the  upper  layer  is  at 
most  3p_.V.j,aU  so  that  the  vertical  force  per 
unit  voltttiie^  from  these  ceils  is 


1.  66  Cj^p,pV.ja2u^ 


The  ratio  of  the  total  force  per  unit  volume 
from  cells  coming  up  from  the  lower  medium 
to  the  gravity  force  per  unit  volume  of  the 
upper  layer  is,  thereiore, 


f^  1,  33  Cj_  p.^V,^a2u^ 


r-  2, ,2 

C,  p,.  a U 

1.  SS-pi;  -i--r — 
C hg 


we  have  C.  /C  < 1,  p,  /Ap™  <15, 

U 1 1 

a U = 4 X 10*  cni/.sec,  h > 0.  1 cm,  and 

g = 10^  crn/sec^  that 


7^2-  < 4 X 10'^. 


Clearly  this  cell  momentvun  flux  effect  is 
negligible. 

In  a very  young  culture  bioconvection 
is  not  observed  until  the  coneentratioyi  of  cells 
in  the  Upper  layer  is  greater  than  about 
4 X 10'^'  cells/em^.  The  corresponding  dis- 
tance between  cell  centers  is  3 x 10'2  cm. 

The  minimum  observed  wavelength,  or  dis- 
tance between  the  falling  jets  is  about  0,  5 cm 
so  that  the  effect  of  inuividual  cellr  and  theii 
separation  is  not  too  important.  Even  for  whe 
thinnest  observe!  upper  layer,  0.  1 cm,,  and 
for  the  minimum  cell  concentration  there  are 
4 X 10^  cells  per  cm^  of  the  layer.  The 
granular  nature  of  the  Increascjd  density  in  the 
upper  layer  is  not  too  significant,  and  one  can 
conclude  that  to  a reasonable  approximation 
one  has  a uniform  upper  layer  v/ith  a density 
increment  over  the  underlying  medium.  Any 


effects  arising  from  Individual  cell  motions 
must  be  of  very  short  wavelengths  of  the  order 
of  the  nearest  neighbor  distance  and  therefore 
are  not  significant  when  compared  with  the 
internodal  distance.  That  there  should  be  a 
minimum  density  increment,  or  cell  concen- 
tration, in  the  upper  layer  is  not  surprising. 

The  finger,  or  jet,  fall  velocity  decreases  as 
Ap  decreases,  and  for  a sufficiently  small 
value  of  A p this  fall  velocity  will  not  exceed 
the  upward  swim  velocity  of  the  micro-organ- 
isms. It  follows  that  falling  jets  will  not 
develop  until  the  cell  concentration  has  risen 
above  a minimum  value. 

The  theoretical  solution  which  has  been 
used  to  deduce  the  internodal  distance  [ .1] 
assumes  a discontinuous  jump  in  the  density  at 
the  lower  boundary  of  the  upper  lay^r.  One 
does  not  expect  that  this  mathematical  prescrip- 
tion is  exactly  satisfied  in  the  bioconvective 
problem;  however,  photographs  of  T.  pyriformls 
cultures  with  side  illumination  with  collimated 
light  indicate  that  the  cell  concentration  jump 
appears  to  take  place  in  a distance  which  is 
usually  less  than  0.  05  cm.  Ir  may  be  remark- 
ed that  this  distance  is  only  twice  the  nearest 
neighbor  distance  iust  calculated,  hut  it  may  be 
pointed  out  that  most  oi  the  experimental  condi- 
tions of  in;,erest  correspond  to  cell  concentra- 
tions at  least  an  order  of  magnitude  greater 
than  this  concentration  used  for  that  nearest 
nei,?hbor  estimate.  Vef  if  must  be  admitted 
that  with  upper  layer  thicknesses  of  C.  10  cm 
to  0.  15  cm  some  o.Tror  is  introduced  by  the 
assumption  of  a step  density  change.  While 
the  error  introduced  for  the  thinner  layers  by 
a finite  density  transition  region  could  be 
estimated  along  the  lines  to  be  described  later, 
it  is  believed  that  the  error  is  unimportant. 

The  physical  view  of  the  bioconvection 
process  is  that  one  has  a well-defined  layer  of 
thickness  h which  has  density  p'  which  ex- 
ceeds the  density  p of  the  underlying  medium 
by  A p.  This  situation  is  one  familiar  in  fluid 
mechanics  as  Rayleigh-Taylor  instability,  but 
a somewhat  unusual  feature  here  is  that  the 
gravity  force  is  so  sir,aU  that  viscosity  be- 
comes quite  important.  Measurements  have 
been  made  which  show  that  the  presence  of  the 
micro-organisms  do  not  affect  the  viscosity  of 
the  medium  appreciably.  It  seems  reasonable 
to  assume  that  the  surface  tension  is  also  not 
affected.  The  only  important  physical  differ- 
ence, then,  between  the  upper  layer  and  the 
underlying  medium  is  in  the  density.  The 
Rayleigh-Taylor  problem  here  has  an  upper 
liquid  layer  of  thickness  h and  of  density  p' 
with  its  upper  ’boundary  a free  surface  with 
surface  tension  T.  The  lovfer  medium  is  of 
thickness  large  compared  with  h and  of  density 
P- 

The  surface  tension,  T,  is  taken  to  be 
continuous  across  “^he  interface.  The  kinematic 
viscosities  of  boih  legions  are  supposed  to  have 
the  same  value  v.  Both  T and  v are  taken 
to  have  the  values  appropriate  ior  water.  A 
rigorous  solution  has  been  carried  out  for  this 
problem  in  which  the  kineroetic  viscosities  are 
allowed  to  be  different  [3]  and  it  may  be  shown 
that  a small  difference  in  kinematic  viscosity 
gives  only  a second  order  effect.  It  is  also 
found  from  the  exact  solution  that  the  surface 
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tension  at  the  free  surface  does  not  make  an 
important  contribution. 

The  growth  of  an  interfacial  instability 
may  be  det.^rmuied  in  a straightforward  way  so 
long  as  its  amplitude  is  small;  that  is,  so  long 
as  the  linearized  hydrodynamic  equations  may 
be  used.  The  amplitude  referred  to  here  is 
aj^(t),  where  the  displacement-  of  the  interface 
is  taken  to  be  of  the  form 


iTj^'.x.t)  ^ a^{t)  sin  kx, 


and  where  k = 2it/X  is  the  wave  number.  The 
amplitude,  within  the  range  of  validity 

of  the  linearized  theory  grows  exponentially, 


Jt)  - ^(°) 


nt 


and  the  analysis  leads  to  a relationship  be- 
tween n and  k.  It  has  been  shown  [ i]  that  a 
rather  siniple  approximation  with  a st-aight- 
forward  physical  basis  leads  to  an  approxima- 
tion to  this  relationship  from  the  solution  of 
this  equation; 


n -1  2vk  n 


gk(p'  - p) 
p'  -t  p coth  k h 


(U 


From  this  relation  it  is  easy  to  see  that  n as 
a funct-'ion  of  k,  or  X,  has  a maximum.  Fig- 
ure 3 shows  n as  a function  -af  X both  as 
determined  by  Eqn,  ;1)  and  as  determined 
from  the  precise  linearized  theory.  The 
approximate  theory  gives  a result  which  is  in 
fairly  good  agreement  with  the  exact  theory 
and  has  tlie  considerable  adv.intage  of  giving 


Fig.  3.  Grov/th  rate  versus  wavelength  for 
the  .small  density  difference  case 
with  a free  surface  at  z - h-  A p - 
1.  2!  X 10"’  gm/cm'  . 


approximate  numerical  values  very  readily. 
Figure  4 shows  how  the  "preferred"  wavelength, 
or  the  wavelength  winch  gives  maximum  n, 
varies  with  the  thickness  h of  the  upper  layer. 
As  would  be  expected,  the  approximate  theory 
gives  poorer  values  for  decreasing  h. 


Fig.  4.  Preferred  wavelength  versus  depth 

for  small  densit,  difference,  free  ^ 
surf;,  ce  case;  A p - 1.  21  x 10"’ gm/cm  . 

in  the  application  of  the  results  of  the 
instabili.*-y  theory  to  the  bioconvection  problem, 
it  is  expected  that  the  wavelength  for  which  n 
is  a maximum,  Xm,  would  coi  respond  to  the 
most  frequently  obser  'cd  separadon  distance 
between  the  fingers.  While  the  theory  is 
limited  to  small  amplitudes,  the  wavelength 
which  lends  in  growth  may  be  expected  to  con- 
tinue to  lead.  On  this  basis  some  i'omparisons 
of  the  theoretical  results  with  experiment  are 
given  in  Table  1 which  is  taken  from  Ref.  2. 

The  agreement  between  thtcry  and  experiment 
may  be  seen  to  be  good. 


Tab:s  ! Nkas'imi  a.ui  valviea  id.-  two  Ttlrahiimtna 

cultureM 


C*  (ceiU  cm”’) 
k (cm) 

Cl  (cells  cm”*) 

Ch  (cbIIb  jm"*) 

(g  cm-*) 

theory) 

(c.'n)(»pproxiinate  Iheory  ^ 


3 X 10* 

0 

7.1  X 10* 
1.2!  X iO”* 
~l.O 

0.80 

1.1 


2.71  X 10* 
0.13 

.5.6  X 10* 
1.4  X 10* 
1.08  X 10“* 
0.655 
0.525 
0.65 


i'he  range  of  paramelCTs  shown  is  characteristic  of  T.  pyriformi* 
culture  aystems  ami  although  state<l  vaUieo  of  C,  arc  exceefied  in 
both  directions  no  nodes  apjiear  at  values  below  the  smaller  figure 
and  evdturee  at  valuee  above  the  larger  figure  were  not  analysetl. 
The  rymboU  are  defi.ied  in  the  text. 
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A remark  may  be  interposed  at  this 
point  regarding  nonline'.r  effects  on  the  pre- 
ferred ^length.  If  u is  the  fluid  velocity, 

the  term  neglected  in  the  momentum  equation 

— + u • V u = - - Vp  + V V ^ u (2) 

3t  P 

in  thfi  linearized  theory  is  u • V u.  In  the 
range  of  validity  of  the  linearized  theory 
a(t)  - agc"*,  and  the  velocity  u varies  like 
a ~ na^ent,  and  the  acceleration  behaves  like 
u ~ nZa^e"*^.  The  first  term  on  the  left  hand 
side  of  Eqn.  (2)  varies  like  un,  and  the 
omitted  term  like  u2k  so  that  one  may  expect 
the  linearized  theory  to  be  valid  so  long  as 


where  € is  a small  quantity.  This  inequality 
is  equivalent  to 

ka  e"*'  - ak  « 6 . (2) 

o 

This  last  inequality  indicates  that,  for  compar- 
able small  initial  amplitudes,  ao,  the  distur- 
bance with  the  longer  wavelength  follows  the 
exponential  growth  described  by  linear  theory 
(or  a longer  time.  There  is  then  the  possibil- 
ity that  disturbances  with  longer  wavelengths 
could  overtake  the  disturbance  with  the  pre- 
ferred wavelength.  If  one  now  looks  at  the 
exoerimental  situation,  it  is  immediately^ 
evident  that  the  falling  instability  fingers  in  a 
very  short  time  and  after  a very  short  distance 
below  the  initial  level  of  the  interface  attain 
terminal  velocity.  This  terminal  velocity  of 
fall  is  about  0.  1 cm/sec  and.  if  one  extra- 
polates the  linear  solutions  to  this  stage  of  the 
motion,  one  finds  that  the  amplitude  of  the 
preferred  disturbance  exceeds  that  of  a long 
wavelength  disturbance  by  more  than  an  order 
of  magnitude,  It  seems  reasonable  to  suppose 
that  the  nature  of  the  subsequent  fall  of  the 
heavier  fluid,  and  the  rise  of  the  lighter  fluid, 
has  been  fairly  well  determined.  This  subse- 
quent niotion  leads  to  the  narrowing  of  the 
falling  heavier  fluid  into  a narrow  jet  and  the 
flattening  of  the  interf.tce  at  the  top  of  the 
ri.sing  lighter  fluid.  The  separation  distance 
between  the  jets,  or  fingers,  should  not  change 
significantly. 

3,  STEADY  STATE  CIRCULATION 

In  a young  culture  of  swimming  micro-* 
organisms  such  as  T.  pyriformis,  after  the 
cells  have  accumulated  sufficiently  in  the  sur- 
face layer,  the  bioconvection  pattern  forms 
and  the  fini>ers  fall  from  this  layer  until  the 
concentrat'  on  of  cells  is  depleted.  A new  bio- 
convection pattern  will  form  again  but  only 
after  the  micro-organisms  have  swum  back  up 
to  the  surface.  Typically  a new  pattern  will 
form  in  a labor.atory  culture  but  only  after  a 
time  interval  of  the  order  of  20  to  40  seconds. 
Jn  thi'i  c ulture  state  the  appearances  of  the 
bioronvection  patterns  are  a separated,  dis- 
tinct sequence  of  transient  events.  As  the 
number  of  cells  increases  with  culture  age, 
the  cell  concentration  in  the  region  underlying 


the  surface  layer  is  large  enough  to  sustain  the 
cell  concentration  of  the  surface  layer.  Then 
the  bioconvection  pattern  goes  into  a fairly 
steady  state  which  will  now  be  considered.  The 
preferred  wavelength,  or  separation,  of  the 
falling  jets  for  the  steady  state  will  still  be 
determined  in  the  same  way  as  is  appropriate 
for  a transient  state.  This  procedure  is  readily 
iustified  for  the  steady  state  since.,  _ as  will  be 
made  apparent,  the  return  flow  is’ quite  small 
and,  will  therefore  produce  negligible  distur- 
bance in  the  dynamics  of  the  surface  layer.  It 
will  be  evident  that  the  return  fluid  velocity  in 
the  medium  is  about  ('.  002  cm/ sec.  This  flow 
velocity  is  small  enough  to  be  ignored,  for  it 
means  that  the  bulk  of  the  fluid  has  had  a 
negligible  displacement  in  the  time  required 
for  the  micro-organisms  to  fall  in  the  jets  and 
then  to  return  to  the  surface.  This  return  time 
is  less  than  one  or  two  minutes  since  the  falling 
jets  are  fairly  well  depleted  of  their  micro- 
organisms in  2 or  3 centimeters.  Here  we  see 
a fundamental  difference  between  the  present 
flow  problem  and  the  flow  problem,  in  Benard 
convection.  In  the  Benard  pattern  formation 
the  entire  fluid  medium  partakes  of  the  trans- 
port motion.  In  bioconvectlon  the  transport 
consists  primarily  of  micro-organism-s  with 
negligible  transport  of  the  medium. 

The  formation  of  the  jets  in  the  upper 
layer  produces  the  polygonal  patterns  in  the 
surface  (see  Fig.  2)  with  lines  of  greater 
concentration  of  cells  forming  the  borders  of 
the  polygons.  The  micro-organisms  are^ 
carried  along  these  lines  into  the  jets  which 
occur  at  the  intersection  of  these  lines.  The 
irregular  polygon  shapes  may  be  easily  ac- 
counted for.  This  effect  is  not  due  either  to  the 
steady  state  or  to  nonlinearities.  The  linearized 
theory  predicts  the  preferred  wavelength,  but 
it  is  delern.lned  from  a two-dimensional  calcu- 
lation. This  theory  predicts  the  distance 
between  parallel  wave  crests  in  the  interface. 
Since  no  direction  is  preferred,  lines  of  waves 
can  develop  in  arbitrary  directions,  and  the 
intersections  of  these  families  of  lines  form 
the  polygons.  In  the  two-dimensional  theory, 
the  greatest  growth  occurs  at  the  wave  crests; 
in  the.  three-dimensional  theory  the  maximum 
growth  occurs  at  the  intersections  C'nodal") 
points  of  the  two  independent  families  of  crests. 

The  jets  which  form  at  the  nodal  points 
grow  into  narrow  fingers  with  separations 
determined  essentially  by  the  wavelength  for 
which  the  growth  parameter  n is  a maximum. 

A typical  experimental  observation  gives  a jet 
fall  velocity  u = 0.  10  cm/sec,  with  a jet  radius 
b ~ 0.  06  cm  when  the  jet  length  f has  a value 
of  about  0.  26  cm.  Only  an  approximate  value 
for  the  density  jump  in  the  upper  layer,  Ap.  is 
available  in  these  measurements  of  jet  f^ll,  but 
it  is  estimated  Ap  is  approximately  10"  gm/ 
cm^.  Such  a density  difference  is  entirely 
consistent  with  the  observed  internodal  distance 
X ~ 0.  70  cm. 

The  density  difference  may  be  inferred 
in  another  way  from  the  observed  terminal 
velocity.  The  drag  force  on  a slender  cylin- 
drical rod  of  length  f and  radius  b is  [6] 


2iTp.(n 

^a  “ (n  l/h  - 0.  8069 


(4) 
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where  u is  its  velocity  and  ;j.  if  the  coeffi- 
cient of  viscosity.  The  gravity  force  is 

fg  = ub^/gA  p,  (5) 

At  terminal  velocity  these  iorces  ate  equal  so 
that  one  has 

2lTLltU  0 

Ai  t/b  -"O.  806'T  ■■ 


. (7) 

b g {in  i/b  - 0.  8069  } 

For  the  present  typical  case,  one  has  u = 

0.  10  cm/sec,  i ~ o,  26  cm,  b = 0.  06  cm,  p.  = 

0.  01  poise,  and  g = 980  cm/sec2  which  gives 

Ap  = 9 X 10”^  gm/cm^,  t8) 

We  now  consider  the  possib'lity  of  a 
balance  in  cell  distributions  in  a steady  state 
model  with  continuous  circulo'iOn  of  micro- 
organisms. For  our  typical  example,  the 
surface,  or  upper  layer  '.as  a cal'  concentra- 
tion Cu  = 1.  4 X 10*^  cnils/cm’  and  the  region 
just  beneath  the  uprsr  layer  has  a.  concentra- 
tion Cjn  - 5,  6 X 10^  ceils /cm3.  The  mean 
concentration  over  the  nhole  culture  is  = 

2.  7 X 105  ccils/cm^, 

For  an  area  A cl  the  interface  be- 
tween the  upper  layer  and  the  unde.iyir.g 
region,  the  i'lux  out  of  the  upper"  layer  is 

F°  = C u A A 
u "U 

where  u is  the  speed  of  the  falling  jets  and 
A A is  the  area  taken  up  by  the  jets  out  of  the 
total  area  A.  If  we  recall  that  17%  of  the  cells 
incident  on  the  upper  layer  from,  below  actually 
enter  the  upper  layer,  the  flux  into  the  upper 
layer  is 

4 =0.nC^u^(A-AA) 

where  u^  = all  is  the  mean  vertical  projec- 
tion of  the  swim  speed  U,  and  A - AA  is  the 
area  available  for  the  inflow.  The  area  of  a 
single  jet  is  irb^  = 0.  Oil  cm^  and,  if  X is  the 
average  distance  between  the  falling  jets,  then 
A/X^  jets  are  present  in  A,  Thus,  we  have 
,2 

A * Tfb  , 

A A = — ^ A, 

X*^ 

For  these  cell  concentrations,  X = 0.  7 cm 
which  is  an  average  separation.  The  ratio  of 
fluxes  for  the  upper  layer  is 


0.  17  C^uU(A  - A A) 
C uA  A 


and  with  A.'A  A = 43,  U = 0.  045  cm/sec. 


For  a flux  ratio  jf  unity  we  are  led 


If  the  upper  layer  b j ♦'hicknc ss  li,  and 
If  the  region  with  concer' ra*Lon  Cm  has 
thickness  h' , the  concentraticii  of  cells  in  the 
lowest  region  of  the  culture  may  be  computed 
in  terms  of  the  t-  ,al  'lepth,  d,  of  the  culture. 
The  total  number  o.  c.iils  is  N = C^Ad.  If 
denotes  the  .•  oncertration  in  the  lowest  region. 


C d rr  hC  + h’C  + (d-h-h')C.. 
o u m t 


For  the  experimental  case  under  consideration 
wo  have  h 0.  1 cm,  h'  = 0.  5 cm,  and  d =■  2.  0 
cm.  These  values  give  Cf  = 8.  6 x 10^  cells/ 
cm^.  It  shoul'i  be  rked  that  a densitv  step 

does  not  exist  oetween  the.  middle  layer  and  the 
lowest  ; A rather  mild  continuous 

grad  „iit  in  concentration  is  observed.  The 
effect  of  such  a gradient  is  considered  in  the 
last  section  of  this  paper. 

For  tne  fluxes  into  and  out  of  the  middle 
layer,  one  has  F^  = 0.  17  qUC,.j^  and  F^- 
aUC^.  The  flux  ratio  is 


„o  ' 0.  17  C,^ 

j m 

m 


0.  935, 


which  is  indeed  close  to  unity.  Finally,  the 
ratio  of  the  fluxes  into  and  out  of  the  lowest 
region  is 


f;  C^uAA 

„o  C,uU(A  - A A)  • 

tg  I 


With  a 0.  7 8,  this  ratio  is 


— = 1.  10 
4 


which  again  is  near  unity.  In  view  of  the 
approximations  which  are  made  in  the  ca'  'a- 
tions,  the  present  model  for  steady  state  oio- 
convection  seems  quite  acceptable. 

While  there  are  obvious  approximations 
in  the  calculations  just  presented,  the  general 
conclusions  seein  very  well  supperted.  It  is 
evident  that  the  upward  swimming  velocities 
are  quite  highly  organized  in  the  vertical  direc- 
tion, Further,  the  return  upward  liquid  velocity, 
which  is  (A/ A A - l)u,  is  so  small  that  it  may 
be  ignored  ao  far  as  an-/  effect  on  the  surface 
pattern,  or  Xm>  concerned.  With  A/A  A = 

43  and  u = 0.  1 cm/sec,  this  return  flow  velocity 
is  0,  002  cm/ sec. 


^ 1.  29  a 


...  .Ada-iv. 


N «|l  ilFi'WIJim 

' ' riiiri^'  1 1~  '*  . ■■ 


i 


4.  EFFECTS  OF  MICRO-ORGANISM 
DIFFUSION  - RANDOM  WALK 

Some  workers  in  the  study  of  micro- 
organisms have  proposed  to  apply  random 
walk  theory  or  diffusion  theory  to  the  distri- 
bution of  micro-organisms  in  a medium. 
From  the  discussion  just  presented  here  it 
seems  clear  that  these  notions  are  inapplica- 
ble to  swimming  organisms  which  exhibit  a 
taxis  such  as  the  negative  geotaxis  of  T. 
pyriformis.  The  motion  of  these  micro- 
organisms i'  ’'ighlv  organized  in  the  vertical 
direction. 

W::  I'l.  r .mine  the  possible 

effects  oi  . si.ci  which  would  operate  for 
irganismj  ..  ith  nondirected  motions.  The 
apr>-f.i  " iate  mean  free  path  which  determines 
the  u.  ision  coefficient  is  the  Clausius  mean 
free  path  since  the  micro-organisms  may  be 
supposed  to  all  have  the  same  swim  speed. 
This  mean  free  path  is 


where  C is  the  number  of  organisms  per  unit 
volume  and  a is  their  collision  cross  section. 
For  T.  pyriformis  we  have  a micro-organism 
with  the  approximate- radius  r ? 2 x 10'^  cm. 
The  cross  section  then  is 

^ 2 ~ , ,„-5  Z 

O’  -■  4iTr  - 5 X 1 0 cm  , 


5.  RAYLEIGH-TAYLOR  INSTABILITY  IN  A 
FLUID  WITH  VARIABLE  DENSITY 

We  consider  the  following  problem;  for 
z < o,  we  have  a fluid  of  density  p ; for 
z > d the  fluid  has  density  ; andTor 
o < z _<  d,  the  density  is  p = e"^  so  that 

pj  = pj  e We  suppose  also  that  the  un- 

perturbed pressure  field  gives  a constant 
acceleration  g in  the  -z  direction.  This 
problem  has  been  considered  by  Rayleigh  [7] 
in  the  so-called  Boussinesq  approximation: 
that  is,  while  density  variations  may  be  large, 
compressibility  effects  are  small.  The  prob- 
lem is  a stability  problem,  and  as  is  usual  it 
is  treated  by  linearization.  It  may  be  remark- 
ed that  the  elementary  instability  case  is  the 
one  in  which  the  density  change  is  a step- 
function  of  z,  say.  It  might  very  well  be 
expected  that  the  situation  in  which  the  density 
changes  over  a finite  distance  would  occur 
quite  often.  Such  u situation  occurs  in  the 
transition  form  Cm  to  Cf  described  above. 
The  only  such  transition  case  which  ha.s  been 
successfully  treated  is  the  one  in  which  the 
density  transition  is  given  by  an  exponential 
function. 

The  solution  of  the  problem  is  straight- 
forward and  the  procedure  may  be  given  here 
since  it  can  be  formulated  and  solved  in  a 
rather  brief  way.  While  the  density  varies,  the 
particle  density  is  supposed  not  to  change  in 
accord  with  our  assumption  of  incompressi- 
bility. Thus 


and  the  mean  free  path,  for  randomly  directed 
motion,  is 


in  cm  if  C is  the  concentration  of  cells  par 
cm2.  The  mean  free  path  for  C = lO^/cm^ 
has  the  value  \ ^ 10"^  cm  and  for  C = 
10^/cm,  \ 10"^  cm.  The  diffusion 

coefficient,  or  the  diffusivity,  is 


lie. 

Dt 


iE 

dt 


8x 


+ w 


3z 


(14) 


where  we  ate  making  the  "plane-assumption" 
that  in  the  direction  perpendicular  to  g the 
field  quantities  vary  only  with  x.  The  velocity 
in  the  x-direction  is  u and  in  the  z -direction 
it  is  w.  The  equation  of  continuity  is 


at 


+ 


8 

■Wc 


(pw)  = o. 


(15) 


D - i \ u 


which  because  of  Hlqn.  (14)  gives 


where  u is  the  swim  speed.  For  C = 10 
D ^ 1.  5 X 10"^  cm^/sec,  and  for  C - 10^, 

D 1,  5 X 10"^  cm^/sec.  The  time  required 
to  diffuse  1 cm  is  given  numerically  by  1/D, 
and  for  C - 10^,  this  diffusion  time  is 

6 X 10’^  sec  and  for  C = 10^  it  is  6 x 10^  sec. 
These  times  are  very  long  compared  with 
times  which  characterize  the  cultures  of 
pyriformis.  The  time  for  a falling  jet  to 
traverse  1 cm  is  10  seconds;  the  time  for 
organisms  to  ewirn  1 cm  is  about  20  seconds. 

It  would  seem  clear  that,  not  only  is  the  motion 
highly  organized  in  a culture  with  taxis,  but 
also  that  diffusion  times  are  not  pertinent. 


Ou  dw 

dx  dz 


(16) 


The  velocities  u,  w are  supposed  to  be  small 
quantities  in  accordance  with  the  perturbation 
approach.  The  pressure  is  p+  = p +p',  and 
the  density  is  p*  - p -f  p'  where  p is  the 
unperturbed  pressure,  and  p'  is  a small 
quantity.  The  density  p is  the  unperturbed 
density  with  a dependence  only  on  z as  des- 
cribed above  and  p'  is  a small  quantity.  The 
equations  of  motion  in  the  x-  and  z -directions 
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9u  8p* 
P*  at  ' ■ 3x  ' 


p*  dw 

w 


In  the  region  z > d,  the  appropriate  velocity 
solution  of  Eqn.  (25)  must  behave  like  e"^® 
since  the  disturbance  must  approach  zero  as 
z -*  oo  . It  follows  that  we  have 


in  the  linearized  approximation  become 
8u  _ 

P 9t  ■ ■ 3x 

&w  9p'  , 

D -Trr-  = - -rf-  - f?o' 


Equation  (14)  may  be  written 


as  z -►d  from  above.  For  continuity  we  must 
have  for  the  solution  in  the  inner  region,  as 
given  by  Eqn.  (26), 

. m,d  . m.,d 

m,Ae  1 + m,Be  2 

; ~-mfj (27) 

Ae  1 + Be  2 


We  now  take  the  x and  t dependence  of  p',p', 
u,w  to  be  of  the  form  e"*-  +ikx  gg  Eqns. 
(14'),  (16),  (18),  and  (19)  give 

np'  + w ^ = o;  (20) 


iku  + w -■  o; 
z 


npu  + ikp'  = o; 


Similarly  the  velocity  in  ref'ior  z < o must 
behave  like  e^^  so  that  conli:'llj.^^r  of  the  solu- 
tions at  z = o requires 

m.A  + m.B 

^ ^ _ 1.  / •>  O V 


Elimination  of  A and  B from  these  two 
equations  leads  to  the  relation 

(m^  +k)(m2*  k)e”'l'^=  (mj  -k)(m2  +k)e’^2‘^ 


npw  + p'^  + gp'  = o. 


In  these  equations  = dw/dz,  p'^  = dp'/dz, 
and  p is  a given  function  of  z.  These 
equations  apply  in  the  region  o < z < d.  The 
equation  for  w(z)  in  this  region  is  easily 
obtained  as  follows.  From  Eqns.  (21)  and  (22) 
one  gets  upon  elimination  of  u 
npw 


which  is  readily  put  in  the  form 

(m2'  mj)k  ^l)*^ 

_ ; tanh  

mjm2-k^  2 


If  one  defines 


6 - (m2  - mj)d. 


Fr.-m  Eqns.  (20)  and  (23)  upon  elimination  of 
p'  one  gets 

-p'  = npw  - ® p w. 

The  function  p'  may  then  be  eliminated  using 
these  last  two  equations  to  get  the  equation  for 
w: 

w^z  + '^)  ~ o < z < d. 

” (24) 

The  quantity  p is  p / p.  In  the  regions 
z < o and  z > d we  Save  p = o so  that  the 
vertical  velocity  w satisfies  the  equation 
2 

^zz  - k w = o,  (25) 

in  both  of  these  regions. 

It  is  a straightforward  matter  to  find  n 
ae  a function  of  k,  g,  and  p.  If  mj  and  m2 
are  the  roots  of 


m^  + pm  - k2(l  - ^)=  o, 


the  solution  for  the  region  o < z < d is 

A 1 ^ 1 T)  rn  ,.z  • ^ 

w = Ae  1 + Be  2 . (2 


then  Eqn.  (30)  may  be  written  as 
kdS  


(p‘^d‘^/4)  - k'^d'^  - (r/4) 


= tanh  ■g-  , 


Equation  (31)  is  a transcendental  equation 
which  determines  6.  Then  from  the  definition 
of  $■. 

= d^(m2-  mj)2=  p^d^  + 4k2d2(l  - £|), 

" (32) 

one  finds  n. 

One  can  see  how  the  solution  behaves  in 
the  limiting  case  of  a discontinuous  jump  in 
density  by  letting  d -*  o while  pd  is  kept 
finite.  It  is  evident  that  6 then  hrs  the 
approximate  value  pd.  If  we  use  this  approxi- 
mate value  on  the  right  hand  side  of  Eqn.  (31), 
we  can  get  an  improved  value  as 


i P^d^  - = kdpd  coth  ^ , 


and,  if  this  value  is  used  in  Eqn.  (32),  one  finds 
2 , Pa  ■ Pi 

n = gk  — 

Pa  ■ Pi 

so  that  one  has  the  usual  instability  if  p2  > p^. 
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For  the  finite  transition  region,  the 
practical  approach  appears  to  be  to  find  the 
roots  for  $ of  Eqn.  (31)  by  a numerical  meth- 
od. Then  given  a solution  for  6 of  this  equa- 
tion, the  value  of  n is  then  determined  from 
Eqn.  (19),  One  obvious  rcot  of  Eqn.  (31)  is 
e = o which  gives 


2 


n 


m 

r + 4k' 


(33) 


which  goes  to  zero  as  k -♦  o,  and  as  k -*oo, 
n approaches  the  value 

= aP.  (34) 

A numerical  solution  of  Eqns.  (31)  an<’ 
(32)  it,  shown  in  Fig.  5 where  the  depended.- 
of  r.'  = n/(gP)i  on  k-  = k/d  is  shown  for 
ca'  e in  whiqh  d = 1 cpa,  p = 5.  9 x 10"^/ cm 
v.th  g = lo’  cm/sec‘  and  v = 0.  01  c 
i'hin  figure  shows  that  n'  is  a maxim  for 
k'  = 4/cm.  This  k'  corresp  .tds  to  X = 1.  6 
cm  a value  which  is  similar  in  magnitude  to 
those  obtained  for  the  density  step  calculations 
although  somewhat  larger. 

If  one  uses  the  numerical  values  appro- 
priate for  the  density  transition  from  the 
middle  concentration  C to  the  lowest  region 
C.  in  the  example  consMered  in  detail  above, 
one  finds  a preferred  wavelength  but  it  does 
not  have  significance  for  experimental  observa- 
tions, The  growth  rate  u for  this  disturbance 
is  appreciably  less  than  the  growth  rate  of  the 
disturbance  at  the  step  density  change  of  the 
surface  layer.  The  instability  in  continuous 
density  change  is  for  the  present  case  much 
the  weaker  one,  and  one  would  not  expect  to 
observe  it. 
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ABSTRACT 

Many  basic  hydrodynamic  problems  oecome  of  practical  interest  when  one  attempts 
to  clean  up  an  oil  spill  by  physical  means.  Three  of  these  problems  are  studied  in 
this  paper.  The  first  is  the  mass  transport  of  oil  by  water  waves  and  includes  a 
determination  of  the  types  of  waves  that  can  propagate  through  a system  comprised 
of  an  oil  layer  above  deep  water.  The  second  problem  is  the  stability  of  the  oil- 
water  interface  between  a motionless  oil  layer  and  flowing  water.  This  is  a sim- 
plified model  of  the  situation  when  oil  pollution  is  contained  by  a containment 
barrier  in  a current.  The  third  problem  examined  is  the  determination  of  the 
equilibrium  thickness  distribution  of  an  oil  pool  being  contained  by  a barrier  in 
a current. 


NOMENCLATURE 

t 

/gd,  square  of  FrouJe  Number 

B»p,/p,,  density  ratio 

C-kd,  non-dimensional  wavenumber 

D"T/pjgd*,  non-dimensional  surface 
tension 

E*w/d/g,  reduced  frequency 
g>acceleration  due  to  gravity 
k«circular  wavenumber 
m>depth  of  oil  below  waterline 
M-rate  of  mass  transport  of  oil 


♦ '•velocity  potential 
p-density 

Subscripts  and  Superscripts 

( ),  -quantity  in  oil 

( -quantity  in  water 

( ) ^"^-perturbation  quantity  of 

order  n 

( ) '-dimensionless  quantity 

1.  INTRODUCTION 


F-pressure 

t-time  or  oil  thickness 

T-surface  tension 

U-current  speed 

Vg-group  velocity 

Vp-phase  velocity 

x,y-cartosian  coordinates 
y is  vertically  upwards 

<-oil  layer  thickness 

A-(pi-pi)/pi,  density  difference  ratio 

c-small  parameter 

n-free  surface  displacement 

C-interfa:  e displacement 

u-radian  frequency 


A physical  barrier  for  containing 
oil  spills  is  basically  a floating  fence 
whose  draft  exceeds  the  depth  of  the  oil 
slick,  which  is  intended  to  prevent  the 
passage  of  oil  from  one  of  its  sides  to 
the  other.  The  way  in  which  a physical 
barrier  is  used  to  contain  oil  depends 
upon  whether  or  not  a current  exists. 

In  the  absence  of  a current  relative  to 
the  barrier,  an  oil  slick  must  be  en- 
circled; whereas,  in  the  presence  of  a 
current,  a physical  barrier  in  a U- 
shaped  configuration,  as  viewed  from 
above,  can  be  used  to  hold  the  oil 
against  the  current.  In  calm  water, 
oil  can  be  held  in  such  a barrier  con- 
figuration by  towing  the  barrier.  When 
substantial  water  waves  are  present,  in 
order  for  a physical  barrier  to  work, 
it  must  respond  to  the  waves,  especially 
in  heave,  so  that  the  oil  does  not  pass 
over  or  under  the  barrier.  This  is  due 
to  the  fact  that  it  is  impractical  to 
make  a barrier  whose  height  exceeds 
that  of  ocean  waves. 
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Although  SOHO  use  of  physical  bar- 
riers has  been  Bade  for  a considerable 
period  of  tine  in  calm  water,  It  is 
only  within  the  past  six  or  seven  years 
that  the  use  of  containment  barriers  in 
the  presence  of  waves  or  currents  has 
been  attempted.  As  can  be  expected,  the 
barriers  that  were  first  used  were  far 
too  weak  and  inevitably  broke  up  due  to 
wave  or  current  forces.  In  the  in- 
stances where  physical  Integrity  was 
maintained,  the  smallest  waves  were 
found  to  carry  oil  over  or  under  bar- 
riers. However,  as  the  development  of 
barriers  has  gone  on,  barriers  have 
been  developed  which  have  sufficient 
strength  for  maintaining  physical  in- 
tegrity even  in  moderate  storms  and 
which  have  a seakeeping  ability  which 
allows  them  to  follow  waves  sufficient- 
ly well  so  that  oil  does  not  pass  di- 
rectly over  the  barrier  and  so  that  oil 
does  not  pass  beneath  the  barrier  by 
the  skirt  of  the  barrier  temporarily 
moving  higher  than  the  bottom  of  the 
oil  pool.  With  the  solution  of  these 
relatively  straight-forward  problems  of 
adequate  strength  and  adequate  seskeep- 
ing  ability,  more  intricate  causes  for 
failure  to  contain  oil  have  been  found. 

A number  of  basic  hydrodynamic  problems 
are  associated  with  this  containment 
failure  and  with  tne  logistics  of  the 
use  of  spill  cleanup  equipment  and  pro- 
cedures. It  is  impossible  to  cover  all 
of  these  problems  in  a paper  of  this 
type.  Hence,  three  of  the  more  import- 
ant problems  will  be  covered.  None  of 
these  problems  is  yet  completely  under- 
stood although  much  has  been  learned, 
and  active  research  in  these  areas  is 
presently  ongoing. 

The  first  problem  considered  is 
the  nature  of  travelling  waves  in  the 
presence  of  an  oil  slick  including  the 
mass  transport  of  oil  by  the  waves. 

This  has  two  indirect  influences  on  oil 
containment.  First  of  all,  water  waves 
at  sea  transport  oil  so  that  when  a 
spill  occurs  in  the  presence  of  waves, 
the  mass  transport  of  the  slick  must  be 
known  so  the  future  location  of  the 
slick  can  be  predicted  in  order  to  be 
able  to  intercept  the  slick  with  pollu- 
tion control  equipment  at  the  time  it 
is  deployed.  Also,  skimming  devices 
are  frequently  put  into  an  oil  pool 
being  contained  by  a barrier.  In  the 
presence  of  waves,  the  skimming  devices 
move  in  the  waves  and  under  some  condi- 
tions, the  relative  motion  between  a 
device  and  the  oil  is  such  that  the  oil 
is  driven  away  from  the  device  so  that 
the  oil  slick  thickness  is  so  small 
that  effective  collection  is  impossible. 

The  second  problem  deals  with  the 
stability  of  an  oil-water  interface  in 
the  presence  of  a current.  Instabili- 
ties on  this  interface  lead  to  inter- 
facial  waves  which  can  cause  leakage 
by  two  means.  One  is  the  case  where 
the  interfacial  wavo  hits  the  oil  bar- 


rier and  oil  passes  beneath  the  barrier 
either  due  to  its  increased  deptn  in 
the  wave  or  to  the  breaking  of  the  wave 
against  the  barrier.  The  other  is  the 
situation  where  the  interfaclal  waves 
break,  and  the  agitation  results  in 
small  bubbles  of  oil  in  the  water  deep 
enough  to  be  carried  beneath  the  bar- 
rier by  the  current. 

The  third  problem  deals  with  the 
hydrodynamics  of  the  equilibrium  thick- 
ness of  the  oil  pool  as  a function  of 
distance  from  the  leading  edge  of  the 
slick  when  oil  is  being  held  by  a bar- 
rier in  a current.  When  the  thickness 
of  the  oil  at  the  barrier  exceeds  the 
barrier  draft,  oil  simply  passes  be- 
neath the  barrier.  However,  a much 
more  troublesome  problem  is  the  fact 
that  for  current  speeds  on  the  order  of 
0.6  knots  or  higher,  the  equilibrium 
thickness  distribution  has  a pronounced 
lump  near  the  leading  edge  (edge  farth- 
est from  the  barrier)  of  the  oil  slick, 
and  small  droplets  of  oil  are  torn  off 
this  lump  by  the  current.  Some  of 
these  droplets  rise  up  to  the  slick, 
and  some  Initially  move  to  depths  large 
enough  for  them  to  be  carried  beneath 
the  barrier  by  the  current.  Some  of 
the  droplets  that  rise  up  to  the  slick 
rejoin  it,  but  some  do  not  and  seem  to 
bounce  or  roll  along  the  oil -water 
interface  and  eventually  move  deeply 
enough  to  pass  beneath  the  barrier. 
These  droplets  may  be  oil  covered  water 
droplets  with  so  little  buoyancy  that 
they  are  easily  driven  to  relatively 
large  depths.  However,  the  failure  of 
these  droplets  to  rejoin  the  slick  in 
spite  of  the  presence  of  surface  ten- 
sion energy  for  the  rejoining  reaction 
is  not  presently  understood.  This  pro- 
blem forms  one  of  the  most  interesting 
areas  for  future  research  in  the  oil 
pollution  field. 

Figure  1.1  shows  an  aerial  photo- 
graph of  a barrier  containing  dyed  soy- 
bean oil  being  towed  at  a speed  of  0.7 
knots  in  a call'  sea.  The  dye  in  the 
oil  makes  jt  easily  visible.  No  oil  is 
passing  over  the  barrier,  and  the  bar- 
rier depth  of  27  inches  greatly  exceeds 
the  slick  thickness  of  a few  inches. 
Nevertheless,  substantial  leakage  can 
be  observed,  and  this  is  completely  due 
to  small  oil  droplets  passing  beneath 
the  barrier. 

2.  THE  MOVEMENT  OF  OIL  SLICKS  BY  WATER 
WAVES 

2.1  Introduction 

It  has  been  observed  that  when 
water  waves  pass  through  an  oil  slick, 
sometimes  there  is  substantial  mass 
transport  of  the  oil.  When  there  is 
a solid  object  in  the  sea,  the  relative 
motion  between  the  object  and  the  waves 
often  drives  the  oil  away  from  the  ob- 
ject. If  the  solid  object  is  an  oil 
collector,  the  effect  is  detrimental 
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FIGURE  1.1  AERIAL  PHOTOGRAPH  OF  DYED  SOYBEAN  OIL  IN  A BARRIER  BEING  TOWED  AT  0 . 7 
KNOTS.  Note  the  leakage  under  the  barrier,  especially  the  subsurface  oil  visible 
as  faint  streaks.  The  leakage  is  due  to  droplet  entrainment. 


to  the  collection  of  oil  since  the  col- 
lection rate  of  such  devices  increases 
with  increases  in  oil  depth.  The  move- 
ment of  a slick  by  waves  must  be  known 
in  order  to  be  able  to  plan  the  logis- 
tics of  dealing  with  a slick.  For  ex- 
ample, in  the  case  of  most  spills  at 
sea,  it  takes  several  hours  for  pol- 
lution control  equipment  to  arrive  on 
the  scene  and  be  deployed  after  noti- 
fication of  the  spill  is  made.  There- 
fore, if  the  location  of  a slick  is 
known  at  a given  time,  it  will  be  es- 
sential to  be  able  to  Immediately 
predict  its  location  several  hours 
after  this  time  from  knowledge  of  cli- 
matic conditions  in  order  to  dispatch 
equipment  to  the  deployment  location. 

The  first  step  in  learning  how 
waves  move  oil  is  a study  of ' the  sim- 
plified problem  of  the  mean  velocity 
Imparted  to  an  oil  slick  of  uniform 
thickness  by  two-dimensional  periodic 
water  waves.  This  problem  is  formu- 
lated here  as  a regular  perturbation 


expansion  in  powers  of  wave  slope  and 
the  first-  and  second-order  problems 
are  then  solved. 

2 . 2 F ormulation  of  the  p roblem 

The  situation  considered  here  is 
that  of  infinitely  deep  water  having 
density  pjbeneath  an  oil  layer  having 
density  pi  of  thickness  6 when  undis- 
turbed (Figure  2.1).  The  problem  is 
set  in  an  (x,y)  coordinate  system  with 
X horizontal  and  y vertically  upwards 
with  the  origin  on  the  undisturbed 
free  surface.  A two-dimensional  water 
wave  of  radian  frequency  u>  and  length  X 
is  propagating  in  the  •'•x  direction,  and 
the  inviscid  solution  for  the  flow  is 
sought.  The  displacement  of  the  air- 
oil  interface  is  called  n,  and  the  dis- 
placement of  the  oil-water  interface  is 
called  c.  The  velocity  potential  in 
the  oil  is  called  and  the  velocity 
potential  in  the  water  is  called  4,. 
Both  potentials  are  to  satisfy  the  La- 
place equation. 


(2.9) 


FIGURE  2.1  GEOMETRY  CONSIDERED  "OR  THE 
PROBLEM  OF  THE  MOVEMENT  OF  OIL  SLICKS 
BY  WATER  WAVES. 


The  free  surf nee  boundary  condi- 
tions are; 

1)  Kinematic 


(2.1) 

2)  Dynamic 

+ (2-2) 


The  interfacial  boundary  condi- 
tions are: 


1)  Kinematic 

(2.3) 

2)  Dynamic  pressure  matching 
across  the  oil-water  Interface: 

(2.4) 

The  following  perturbation 
sions  will  be  used: 

expan- 

♦ i-c4if*'>c*4*Vc*4|J*+  . . . 

(2.5) 

n-cn‘"*e*n®'*  . . . 

(2.6) 

. . . 

(2.7) 

C*ec'“+c*c‘*’  ♦ . . . 

(2.B) 

c is  a dimensionless  parameter 
that  is  small  when  the  waves  are  small; 

for  example,  the  wave  slope.  Using 
(2.S)  and  (2.6)  and  writing  free  surface 
quantities  as  Naclauren  Series  in  y,  and 
separating  into  powers  of  c up  to  order 
2 gives,  for  the  free  surface  conditions: 


(2.10) 

[€  (2.11) 

(2.12) 


Combining  the  first-order  free  surface 
conditions  gives: 


(2.13) 

and  combining  the  second-order  free 
surface  condicions  gives: 

Vo 


The  first-  and  second-order  boundary 
conditions  at  the  oil-water  Interface 
are: 


(2.15) 

-sr«-ov.. 

(2.16) 

(2.17) 

)],.-» 

(2.18) 

(2.19) 

(2.20) 

[fl+rtt  +?(/»• 

(2.21) 
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2,3  Solution  of  th«  First  Ordor 

Solutions  »re  sought  which  are 
•rlodlc  In  time  and  spaca,  which  sat- 
afy  the  boundary  conditions  (2.13) 
through  (2.21)  and  which  satisfy: 


c-l,2  (2.22) 


The  first  order  solution  is: 


(2.23) 

(2.24) 

From  (2.13) 

~uj*Ca+b)  +k^(a-b)  =0 

(2.25) 

From  (2.21) 

-yo,ujCae”'‘^-i  be*'^)+(£^ui*ce"“ 

(2.26) 

and  from  (2.15) 

c = a -be**'* 

(2,27) 

Eq.  (2.25)  yields  the  relationship  be- 
tween a and  b as: 

uj*-g(T 

(2.28) 

We  define 

(2.2S) 

and 

< 

HI 

(2.30) 

Eqs.  (2.26),  (2.27)  and  (2.28) 
dispersion  relation: 

give  the 

fvo*+jk)CAu)*  - + 

Ctu*- )[  to*  ( 2 - A)  - f 'k  ] e***  a 

(2.31) 

O 

The  dispersion  relation  (2,31)  shows 
that  for  each  value  of  k,  there  are  two 
solutions  for  w* . Although  any  wave 
moves  both  interfaces,  the  wave  associ* 
t ated  with  the  higher  frequency  is  called 

I the  surface  wave,  and  its  radian  fre- 

quency is  called  w . For  this  wave, 
eq.  (2.31)  has  the’solution. 


tw/  = ^k 

(2.32) 

The  phase  velocity  of  this  wave  is 
called  Vpj  and  is  given  by: 

= ^»/k  = >/?‘//tT 

(2.33) 

The  group  velocity,  Vgs,  is  i 
dtt^'/dk  and  is: 

given  by 

v,.=  iv/f/^nr 

(2.34) 

The  other  wave  is  called  the  interfac- 
ial  wave  and  has  radian  frequency  u< 
and  (2.31)  gives: 

f2-A)e'>^+Ae-^^ 

(2.35) 

Its  phase  velocity  is: 

(2.36) 

and  its  group  velocity  is: 

_akAse'*'‘ r.  . ^o-e-“‘) 

T (2.37) 

From  (2.11): 

TJ"’  = + 

(2.38) 

and  from  (2.19); 

tkc  „-ki_i(l«x-tot) 

T - — e e 

(2.39) 

The  first,  order  rate  of  mass 
of  oil,  W , is: 

transport 

Mr » T o 

(2.40) 

2.4  Solution  of  the  Second  Order  Problem 

To  solve  the  second-order  problem, 
the  origin  of  the  time  scale  will  be 
chosen  such  that: 

+r  = [ ]cos(kx-u>t> 

(2.41) 

= ce*'*cos(kx-tL»t) 

(2.42) 

7f“o  -(0+  b)-y  siM(kx-vot) 

(2.43) 
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--^e"''*SIN(kx-cot) 

(2.44) 

Then  (2.14)  gives: 

(2.45) 

6[k‘uj(q+bf  - !^^(a*-b')]  SlKi2(kx-out) 

Define 

a'  ■ a exp  (-kfi) 

(2.46) 

b'  " b exp  (k5) 

(2.47) 

c'  - c exp  (-kfi) 

(2.48) 

Then  f2.18)  and  (2.20)  give: 


The  part  of  eq.  (2.52)  defined  by  the 
integral  is  not  exactly  proportional 
to  the  wave  amplitude  squared.  By  ex- 
panding eq.  (2. 52)  in  powers  of  a and  b 
and  retaining  only  the  lowest  order 
terms  gives  M*'  in  a form  correct  to  or- 
der 2 in  E that  has  a quadratic  depen- 
dence on  the  wave  amplitude  for  a fixed 
wave  length.  This  is; 

Mr  = i (2 . S3) 
2.5  Calculations 

The  Independent  variables  for  the 
physical  situation  of  two-dimensional 
periodic  waves  moving  through  deep  water 
with  a layer  of  oil  on  it  are: 


(2.49) 

— y3|k*ujc'(o'-b'lJ  5|N2.(kv-ixit> 

Eqs.  (2.4S)  and  (2.49)  show  that  4'?' 
and  o'*  have  a dependence  on  x and  t of 
the  form  eXp  (7<(hx-ut).  ThoTefor*,  the 
second-order  rate  of  mass  transport, 

M?',  depends  only  on  first-order  quan- 
tities and  is  given  by: 


.T.n\  (2.50) 

lim  •sSj  r / + 0(«*J 

l-y  » 


Using  the  form  for  4i'‘  from  eq.  (2.41), 
the  integration  in  y can  be  carried  out 
analytically.  This  gives: 


M7 


= Urn  5t 

T-»i»  ‘ ' --T 


(2.51) 

SlN(kx-ujt)r  dt  +0(e*5 


Because  of  the  periodicity  of  the  inte- 
grand, the  time  average  over  an  infinite 
interval  can  be  replaced  by  a time  aver- 
age over  one  period  whose  time  interval 
is  2n/ii>,  Also,  since  x is  arbitrary, 
we  can  let  x equal  zero.  This  gives 
the  second-order  rate  of  mass  transport 
of  oil  as: 

M*’  = |^a-exp[fa+b)^5lNu;t3 

-a-exp[k<-s+roe''‘*5tKj(jut5]  52) 

-b*exp([-Cq+b)^SiNujt] 
-t-b*exp[-k(-&+TOe''‘‘5u4iot)^siNujt  dt 


The  oil  thickness  in  calm  water,  6; 
The  water  density,  p, ; 

The  oil  density,  p^; 

The  gravitational  acceleration,  g; 
The  wave  radian  irequency  w;  and 
The  wave  amplitude  on  the  free 
surface,  n . (Alternatively,  the 
interfacial  wave  elevation,  t»  could 
have  been  chosen.) 

A dimensional  analysis  shows  that  any 
dimensionless  dependent  variable  is 
functionally  dependent  on  any  three  in- 
dependent dimensionless  quantities  of 
the  problem.  Trimed  symbols  will  be 
used  where  necessary  for  dimensionless 
quantities.  Three  independent  dimen- 
sionless quantities  are: 

The  density  ratio,  (p,  p, )/pi=A 
The  reduced  frequency,  u ■l6/g  =w' 

The  amplitude  parameter 
or 

By  virtue  of  the  perturbation  ex- 
pansions used  in  the  theoretical  devel- 
opment, the  various  quantities  to  be 
calculated  depend  on  the  amplitude  para- 
meter to  the  zeroth,  first  or  second 
power  in  an  obvious  way.  Therefore, 
calculations  have  been  carried  out  only 
for  the  variations  in  density  ratio  and 
reduced  frequency.  The  dimensionless 
quantities  that  were  calculated  are: 

The  amplitude  ratio  R « C'/n' 

The  dimensionless  rates  of  mass 
transport  of  oil 

Tl^/n^u)  , for  the  surface 


[ N^/C*w  , for  the  inter- 
facial wave 

The  normalized  wavenumber: 
k'“kg/w* 
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The  normalized  phase  velocity: 

Vp-  - Vp«/g 

The  normalized  group  velocity: 

V ' - V u/g 
S g 


For  the  surface  waves,  all  the  charac- 
teristics, except  for  the  rate  of  mass 
transport  of  oil,  are  very  well  known 
f see  section  2.6i.  The  surface  wave 
oil  transport  rate  and  all  the  charac- 
teristics of  the  interfacial  waves  are 
given  in  figures  2.2  through  2.4. 


0.1  0.2  0.3  0.4 


RATF.S  FOR  THE  SURF.S^CF,  AND  INTERFACIAL 
WAVES, 


FIGURE  2.3.  GROUP  AND  PHASE  VELOCITIES 
FOR  INTERFACIAL  WAVES 


FIGURE  2.4.  /d,<.PLITl’DE  RATIO  AND  DISPER- 
SION RELATION  FOR  iNTERFACIAL  WAVES 


It  is  of  interest  to  calculate  the 
dimensional  mass  transfer  rate  for  spec- 
ific dimensional  conditions  to  provide 
a physical  feeling  of  the  situation. 

The  surface  wave  will  be  considered  as 
this  is  the  wave  that  will  usually  exist 
when  there  is  unc  nfined  oil  on  the  sea 
and  accounts  for  mass  transport  of  oil 
under  such  a circumstance. 

We  shall  consider  a surface  wave 
60  feet  long  and  4 feet  high  famplitude 
of  2 feet).  A v;i]'  be  taken  as  0,1  and 
5 as  0.1  feet.  F'  ibis  wave,  k*2Tt/60  = 
0.1  ft and  from  . 12.32)  w=1.8  sec* 
From  Figure  2.2,  M®»0,01  so  that 
0.01  X 1,0  X (2)^  ft . ^/sec . ”0 . 072  ft.^/ 
sec.  Sinca  the  mean  slick  thickness  is 
0.1  feet,  the  flow  speed  associated  with 
the  mass  transport  is  0.72  ft. /sec. 

2.6  Conclusions  about  the  movement  of 
oil  by  wave's 

The  fluid  mechanics  of  the  surface 
wave  with  the  dispersion  relation  given 
b>  eq.  (2.32)  are  identical  to  those  of 
ordinary  deep  water  waves  in  the  absence 
of  jil.  Ii.  short,  the  wave  is  the  same 
whetl.er  or  not  there  is  oil  present. 

The  only  aspect  of  the  .surface  waves 
that  has  not  been  well  known  before  is 
its  mass  transport  of  oil.  At  very  low 
reduced  frequencies,  the  two  interfaces 
move  up  and  down  together  so  that  the 
oil  transport  rate  is  very  small.  At 
high  reduced  frequencies,  the  oil-water 
interface  is  nearly  motionless,  and  the 
mass  transport  of  oil  is  identical  to 
that  which  would  he  associated  with  the 
Stokes  drift  caused  by  waves  in  a single 
fluid . 

The  interfacial  wave  is  more  inter- 
esting. As  shown  in  Figure  2,4,  the 
air-oil  interface  has  a very  small 
vertical  motion  in  comparison  to  that 
of  the  oil  water  interface.  At  large 
wavenumbers,  the  motion  at  the  water- 
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oil  interface  decays  rapidly  as  distance 
away  from  the  interface  is  increased  up- 
wards or  downwards.  At  small  wavenum- 
bers, the  waves  in  the  oil  layer  have 
the  same  properties  as  "up^side-down" 
shallow  water  waves.  As  the  wavenumber 
approaches  zero,  the  interfacial  waves 
approFch  the  non-dispersive  condition 
with  both  group  and  phase  velocity 
approaching  the  limit  fgA6)^'^.  As  is 
the  case  with  ordinary  shallow  water 
waves,  the  mass  transport  rate  of  oil  by 
an  interfacial  wave  of  small  wavenumber 
is  far  larger  than  that  of  a surface 
wave  of  the  same  amplitude  and  wavenum- 
ber. 

For  a given  wavenumber,  the  fre- 
quency, group  velocity  and  phase  velo- 
city' of  the  interfacial  wave  are  much 
smaller  than  the  co’^responoing  quanti- 
ties associated  with  the  surface  wave. 
This  effect  is  accentuated  at  small 
wavenuirtbers , and  it  can  be  used  to  ex- 
plain one  of  the  more  troublesome  pro- 
blems encountered  when  attempts  are  made 
to  collect  an  oil  slick  in  rough  seas. 

If  an  oil  pool  is  relatively  thick  isev- 
eral  inches)  such  as  is  often  the  case 
when  oil  is  contained  in  a bariier;  a 
collecting  device,  usually  called  a 
skimmer,  is  often  put  into  the  pool  to 
pick  up  the  oil  and  pump  it  through  a 
hose  to  a container  fsurh  as  a ship  or 
a barge).  In  rough  conditions,  some 
.kimmers  drive  all  the  oil  away  from 
thciMselves  and  can  be  observed  centered 
on  a small  region  of  the  surface  com- 
pletely devoid  of  oil  although  there  i.s 
Oil  completely  surrounding  this  region. 

Skimmers  whose  motion  follows  the 
motion  of  the  fluid  particles  in  the 
ocean  waves  will  tend  to  avoid  this 
problem  of  driving  oil  away  from  them- 
selves; whereas,  skimmers  that  do  not 
follow  the  waves  well  do  not.  When  a 
skimmer  does  not  follow  th°  motion  of 
fluid  particles  in  an  ocean  wave,  the 
skimmer  is  moving  with  respect  to  the 
fluid.  As  a region  of  the  skimmer  sur- 
face advances  into  the  fluid,  the  oil 
layer  thickens  so  that  the  ir.terfacial 
waves  generated  by  the  relat  ve  motion 
can  mo'/e  as  fast  as  the  skim.,  jr  surface. 
When  the  relative  motion  of  the  skimmer 
reverses  and  the  surface  moves  away  from 
the  fluid,  the  flow  around  the  skimmer 
separates  .since  skimmers  have  bluff 
shapes.  The  interfacial  waves  keep  ad- 
vancing and  move  the  oil  away  from  the 
skimmer.  Eventually,  pressure  forces 
generate  interfacial  waves  which  move 
the  oil  toward  the  skimmer  again.  How- 
ever, the  part  of  the  oil  layer  nearest 
the  skimmer  is  then  quite  thin  so  the 
wave  B^Qup  velocity  is  limited  to 
{g  ^ which  is  small  for  tha  ex- 
isting small  values  of  6 and  A . Thus 
it  is  possible  for  a skimmer  to  drive 
enough  oil  away  from  itself  in  rough 
seas  so  that  it  cannot  collect  an  oil 
spill . 


For  the  dimensional  numerical  ex- 
ample given  in  the  last  section,  the 
mass  flow  speed  was  0.72  ft. /sec.  in  a 
wave  60  feet  long  and  4 fe^c  higli. 

This  flow  velocity  is  typical  of  mass 
transport  speed  in  moderate  conditions 
so  that  wave  effects  on  the  mass  trans- 
port of  s.licks  cannot  be  neglected. 

3.  THE  INTERFACIAL  WAVE  PROBLEM 

3.1  Introduction  to  tiie  .Stability 
Problem 

WFen  an  oil  slick  is  contained  by 
a barrier  in  a current,  undei-  most  con- 
ditions waves  that  are  generated  on  the 
oil-water  interface  are  observed.  These 
waves  can  reduce  containment  efficiency 
:n  a number  of  ways.  When  the  inter- 
facial waves  i.mpinge  on  the  barrier, 
oil  sometimes  passes  beneath  the  bar- 
rier either  by  the  lowest  part  of  the 
wave  simply  being  deeper  than  the  oar- 
rier  or  by  ail  bubbles  being  formed  by 
the  breaking  of  the  wave , with  some  of 
the  bubbles  passing  beneath  the  bariier. 

The  viscous  shear  force  of  the 
flowing  water  on  the  oil  will  be  larger 
if  the  interface  is  rough  than  if  it  is 
smooth.  The  shear  force  is  the  major 
factor  in  the  pile-up  of  oil  against  a 
barrier  in  a current  (see  §4).  If  the 
shear  force  is  increased  due  to  the 
roughness  of  the  interfacial  waves,  the 
oil  depth  at  the  barrier  will  increase 
so  the  waves  can  reduce  the  holding 
capacity  of  a barrier  in  this  way. 

Waves  on  the  interface  between  a 
relatively  motionless  oil  slick  and  the 
moving  water  beneath  it  are  intimately 
connected  with  the  stability  of  the 
interface  to  small  disturba.nces . A 
slick  at  sea  is  subjected  to  many  small 
unsteady  disturbances,  and  a very  small 
disturbance  will  result  in  a substantial 
interfacial  wave  only  if  the  interface 
is  unstable. 

To  study  the  basic  elements  of  the 
interfacial  stability  a simplified  phys- 
ical and  mathematical  model  will  be  con- 
sidered (Figure  3.1).  Viscous  effects 
will  be  neglected  and  initially,  an  in- 
finite layer  of  oil  of  constant  thick- 
ness and  at  rest  will  be  considered 
above  water  of  infinite  depth  flowing 
with  a constant  horizontal  velocity. 

In  this  simplified  model,  the  total 
shear  between  the  water  and  the  oil  is 
concentrated  at  the  interface.  The  air 
layer  above  the  oil  has  such  a small 
density  compared  to  oil  or  water  that 
the  usual  surface  wave  assumption  of 
vacuum  above  the  liquid  surface  will  be 
made.  The  physical  configuration  is 
identical  to  that  of  § 2 except  for 
the  steady  motion  of  the  lower  fluid 
In  this  case.  In  § 2 the  characteiis- 
ics  of  waves  generated  by  an  external 
means  and  passing  through  the  oil  slick 
were  studied. 
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ilnve , we  .?re  concerned  with  the 
possibility  that  tiny  waves  may  grow  in 
size  along  the  interface.  In  stability 
problem.^  of  this  sort,  the  procedure 
utilized  is  to  assume  a wave  form  such 
as : 


()i  =Rd  itCy) 


i(kx-(ut  +5) 
e 


(3.1) 


where  if  is  a wave-like  velocity  poten- 
tial which  obeys  Laplace's  equation. 

The  boundary  restraints  on  <(i  are  then 
used  to  determine  $(y)  and  the  disper- 
sion relationship  u = m(k),  where  k 
is  a real  quantity  and  u is  in  general 
complex.  Those  values  of  k which  re- 
sult in  positive  imaginary  parts  of  m 
are  considered  unstable  wavenumbers,  as 
they  result  in  infinitesimal  waves  whose 
amplitudes  are  increasing  with  time. 

This  was  carried  out  by  W.  T.  Jones 
(1972)  for  the  present  problem,  and  he 
found  that  for  any  given  set  of  physical 
variables  there  is  a value  of  flow  speed 
under  which  there  are  no  unstable  wave- 
numbers  . 

Observers  of  the  waves  in  question, 
however,  have  noted  that  wave  amplitudes 
increase  with  distance  downstream  and 
not  with  time.  This  type  of  growth  cor- 
responds to  a negative  imaginary  part  to 
k (assuming  x is  positive  downstream). 

The  most  relevant  stability  analysis  is 
therefore  one  which  assumes  that  wave- 
numbers  are  complex  in  general  and  that 
temporal  variations  are  harmonic  only 
and  do  not  contain  growth  terms.  This 
is  the  type  of  analysis  given  here. 

3.2  Derivation  of  Dispersion  Relation 
ship 

Since  infinitesimal  waves  are  being 
considered,  linearized  water  wave  theory 
will  be  used.  The  free  surface  boundary 
conditions  are  identical  to  those  of  §2. 
The  interfacial  boundary  conditions  here 
not  only  have  all  the  terms  of  the  inter- 
facial conditions  in  §2,  but  also  have 
additional  terms  to  account  for  the  ef- 
fects of  the  streaming  flow  of  the  water. 

The  configuration  considered  is 
shown  in  Figure  3.1.  The  potentials  in 
the  oil  and  water,  called  ip  and  c(i  re- 
spectively must  satisfy  the'Lapla&e  equa- 
tion, and  they  will  be  sought  in  the 
form: 

.t,=  Cae''i'  . (3.2) 

Ux  + (3.3) 

Physical  quantities  are  the  real  parts  of  corresponding 
complex  quantities.  These  assumed  potentials  auto- 
matically satisfy  the  boundary  condition  02  i~°°)  ~ 0 
only  if  Re  (k)  is  positive.  If  we  allow  co  to  take  on 
both  positive  and  negative  values,  we  can  consider 
waves  moving  to  the  right  and  to  the  left. 


Boundary  conditions  on  the  flow 
are  as  follows; 


I 


OIL  01  Pi 


INTERFACIAL  TENSION 


WATER 


02  P2 


X 


FIGURE  3.1.  SITUATION  CONSIDERED  FOR 
EXAMINATION  OF  INTERFACIAL  STABILITY 


= 0 


(3.4) 


This  is  the  usual  linearized  boundary 
condition  at  a free  surface.  At  y=-5, 
the  kinematic  condition  of  continuity 
of  the  interface  is; 


where  c is  the  elevation  of  the  inter- 
face. This  can  be  rewritten  as: 


At  y=-6,  the  requirement  of  pressure 
continuity  yields: 


(3.7) 

■[/’z  [ '♦’m  '♦’7  ] - T 

If  the  boundary  conditions  Eqs . 
(3.4)  and  (3.6)  are  used  to  fix 
two  of  the  constants  (a,  b , c)  in  re- 
lation to  the  third,  eq.  (3.7)  can  then 
be  used  to  determine  the  dispersion  re- 
lationship k = k(u)  just  as  was  done  in 


§2. 

In  order  to  simplify  the  analysis, 
nondimensional  quantities  will  be  used 
to  reduce  the  number  of  variables: 

A“ 

LLi 

fcd 

- the  square  of  a Froude  num- 
ber based  on  slick  depth. 

B= 

Pi 

Pz 

- the  specific  gre-ity  of  the 
oil  in  relation  to  water. 

C- 

kd 

- wave  number  non-dimensional- 
ized  on  slick  depth. 
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,^_  T - non- dimens ional ized  sur- 

p jgd^  face  tension 

H=  0)  d - reduced  frequency 

g 

The  dispersion  relationship  obtained  is: 

2 2 2 2 , 3 4 

Dh  - Ai;  C + (H  + 2 /A  E ) C - n 

4 3 2 

+ -DC  + AC  + (13  - 1 - 2 /A  E)  C 

2 4 

+ 1,  C - BE  tanh  C = 0 (3.81 

Tliis  transcendental  expression  reduces 
to  a polynomial  for  those  roots  large 
enough  for  tanh  C to  be  considered  to 
be  unity.  These  roots  correspond  to 
short  waves  on  one  of  the  interfaces 
which  are  not  affected  by  the  presence 
of  the  other  interface.  That  polynomial, 
in  factored  form,  is: 

(C-E^l  (Dc’  + AC^  + (B- 1-2/A  E)C 

(B  + 1)  e’)  = 0 (3.9) 

2 

The  first  root,  C = E , is  that  corres- 
ponding to  a normal  water  wave,  but 
which  in  this  case  exists  on  the  oil- 
air  interface.  There  are  three  roots 
to  the  second  expression,  but  only  those 
which  have  positive  real  parts  corres- 
pond to  waves  on  the  oil-water  interface 
since  only  these  waves  satisfy  the  con- 
dition of  boundedness  at  great  depth. 
Waves  moving  in  the  negative  - x direc- 
tion can  be  obtained  by  letting  E be 
negative,  and  solving  for  positive  RT  (C) . 

3.J  Solutions  to  t h e Dispersion  Relation 
I'o  determine  Oie  stability  of  waves 
having  a reduced  frequency  E , eq.  (3.8) 
must  be  solved  for  those  values  of  C 
which  satisfy  the  equation.  This  is 
equivalent  to  finding  the  zeros  (values 
of  C for  which  F=0)  of  the  equation 

e(c)=de^c^-ae2c^  + (e^-^2/.\  E^)C-e‘*  + 

[-DC'*  + AC^-^(B-l-2  A/EIC^  + E^c-Be'*]  tanh  C 

(3.10) 

Consider  non-negative  !•: ; 
since  F(C)  is  real  for  real  values  of 
C,  all  complex  zeros  of  F must  occur 
in  conjugate  pairs.  The  existence  of 
complex  zeros  then  is  associated  with 
an  instability. 

The  zeros  of  F for  which  tanh  C 1 
correspond  to  solutions  of  eq.  (3.9). 

The  solution  C = E‘  is  stable.  There- 
fore, the  existence  of  instabilities 
for  tanh  C=1  (C  >“  3)  can  be  determined 
by  examining  the  solutions  of 

-DC^  -f  AC^  -1  (B-1-2/A  E)C  -i  ( B 1)E^ 

= G (C)  = 0 (3.11) 

Eq.  (3.11)  will  be  considered  first. 
dG/dC  is  given  by: 


_ - 


^ = 3DC-+  ZAC  + (B-1-2/A  E)  (3.12) 

dG/dC  has  either  two  real  zeros  or  a 
conjugate  pair  of  zeros.  Call  the  zeros 
C and  C . If  dG/dC  has  a conjugate 
piir  of  Zeros,  dG/dC  is  not  zero  for 
any  real  value  of  C and  G will  have  the 
form  shown  in  Figure  3.2.  Note  that  the 
coefficient  of  is  negative.  In  this 
case,  G has  only  one  real  zero  so  it 
must  have  a conjugate  pair  of  zeros  and 
unstable  waves  exist  for  the  values  of 
A,  B,  D and  E under  consideration.  If 
dG/dC  has  two  real  zeros,  the  values  of 
G at  these  values  of  C can  be  determined. 
Eq.  (3.12)  shows  that  these  values  of  C 
must  be  positive  so  that  G must  have 
one  of  the  three  forms  shown  in  Figure 
3.2,  Instability  corresponds  to  only  one 
real  zero  of  G.  This  occurs  if  G(C^) 
has  the  same  sign  as  G(C2)  which  is  an 
easy  condition  to  test.  Neutral  stabil- 
ity corresponds  to  a double  zero  of  G, 
in  whicli  case  botli  G and  dG/dC  are  zero 
at  either  Cj  or  C2- 

For  a given  set  of  values  of  A,  B, 

I)  and  1-;,  tlie  above  procedure  can  be 
used  to  determine  if  there  are  any  com- 
plex zeros  for  the  range  of  C for  which 
tanh  C-'l.  If  any  such  complex  zeros 
exist,  the  situation  is  unstable.  If 
no  such  complex  zeros  exist,  F(C)  must 
be  examined  for  complex  zeros  over  the 
range  of  C for  which  tanh  C cannot  be 
well  approximated  by  unity.  This  is 
essentially  the  range  -3<C<3. 

T)ie  solutions  of  Eq.  (3.11)  can  be 
found  by  the  usual  method  of  solving 
cubic  equations.  The  values  of  C wliich 
solve  the  equation  will  have  tanh  C=1 
for  some  range  of  values  of  A,  B,  D and 
E.  The  first  step  is  to  find  a point 
within  the  range  and  find  the  three 
solutions  to  eq.  (3.11).  A fourth 
solution  is  C = F,  . The  location  of  the 
zeros  of  F in  the  complex  C plane  are 
regular  functions  of  A,  B,  D and  E, 
except  at  the  singularities  of  tanh  C. 
Once  a set  of  solutions  has  been  found 
as  described  above,  the  solutions  for 
other  values  of  A and  E are  found  as 
described  below  (B  and  D are  constants, 
depending  only  on  the  type  of  oil). 

First  A or  F;  is  changed  slightly. 

The  solutions  are  approximated  by  those 
found  before  A or  E were  changed.  Then 
Newton's  Method  is  used  as  an  iteratove 
scheme  to  find  the  values  of  C corres- 
ponding to  the  new  values  of  A and  F, . 

Then  A or  E is  again  changed  and  the 
process  is  repeated  to  obtain  the  ap- 
propriate values  of  C.  The  process  is 
repeated  until  the  stability  is  deter- 
mined for  all  the  values  of  A and  E of 
interest.  The  process  would  have  to  be 
curtailed  if  C approached  a singularity 
of  tanh  C,  but  this  did  not  happen  in 
our  analysis. 
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FIGURE  3.2  FORMS  OF  G (C) . NOTE  THAT 
ONLY  ONE  FO.RM  HAS  THREE  REAL  ZEROS. 


FIGURE  3.3  CURVES  OF  MARGINAL  STABILITY 
FOR  WAVES  OF  POSITIVE  PHASE  VELOCITY 
FOR  B=0.95  and  D=0.  ONLY  WAVES  FOR 
POSITIVE  Hi  MOVING  IN  SAME  DIRECTION  AS 
CURRENT  ARE  SHOWN  HERE. 


Figures  3.3  through  3.5  show  results  for 
oil  with  B=0.95  and  varying  ainounts  of 
surface  tension.  Jones  (1972)  gives 
results  for  waves  that  grow  in  tiitti?, 
with  real  wavenumbers  for  B=0,86  and 
values  of  D equal  to  2,72X10  , 

4.7X10"^,  and  1.07X10  . For  purposes 

of  comparison  of  Jones'  results  with 
ourSf  we  show  his  results  for  D=4.7X10 
in  Figure. 3. 6 and  ours  for  B=0.86  and 
D=4.7X10~  in  Figure  3.7. 


FIGURE  3.4.  CURVE  OE  MARGINAL  STABILITY 
FOR  B=0.95  AND  D=10"° . LOWERMOST  CURVE 
CORRESPONDS  TO  Re(K)=0.  BELOW  THIS  CURVE 
ANY  WAVE  WOULD  GROW  WITH  DEPTH  AND 
VIOLATE  THE  LOWER  BOUNDARY  CONDITION; 
THEREFORE,  THE  REGION  IS  STABLE. 
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FIGURE  3.5.  CURVE  OF  MARGINAL  STABILITY 
FOR  B-0.9S  AND  D-IO'^. 


FIGURE  3.7.  CURVE  OF  MARGINAL  STABILITY 
FOR  WAVES  GROWING  IN  SPACE  WITH  POSITIVE. 
PHASE  VELOCITY  FOR  B-0.86  AND  D-=4.74  10~^ 


4.  THE  STEADY  STATE  CONFIGURATION  OF  A 
CONTAINED  OIL  SLICK  lU  A CURRENT 


UNSTABLE  REGION 
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FIGURE  3.6.  CURVE  OF  MARGINAL  STABILITY 
FOR  JONES  (1972)  FOR  B-0.86  AND  P-4. 74  10 
HERE,  THE  WAVENUMBER,  k,  IS  REAL  AND  UN- 
STABLE WAVES  ARE  THOSE  WHICH  GROW  IN  TIME 


4.1  Introduction  and  Historical  Back- 
RTOund 

The  thickness  distribution  of  an 
oil  slick  contained  by  a barrier  in  a 
current  is  of  paramount  importance.  If 
the  amount  of  oil  contained  by  a barrier 
in  a fixed  current  is  slowly  increased, 
eventually  the  oil  pool  thickness  at  the 
barrier  will  be  very  nearly  equal  to  the 
barrier  deptli.  If  any  more  oil  is  added 
to  the  pool,  an  equal  amoun.  of  oil  will 
pass  beneath  the  barrier.  The  volume  of 
oil  contained  by  the  barrier  in  this 
condition  is  called  the  holding  capacity 
of  the  barrier.  The  holding  capacity 
depends  on  the  current  speed  since  the 
current  speed  affects  the  thickness  dis- 
tribution . 

Under  most  conditions,  the  observed 
thickness  distribution  of  oil  contained 
by  a barrier  in  a current  has  a pro- 
nounced ''lump”  near  the  leading  edge  of 
the  slick  as  shown  in  Figure  4.1.  For 
current  speeds  in  excess  of  0.8  feet  per 
second,  oil  droplets  are  usually  observed 
being  torn  off  this  "lump",  called  a 
"headwave".  With  increasing  current 
speed,  the  rate  of  oil  droplet  formation 
rapidly  increases.  If  the  slick  is  very 
long  compared  to  its  thickness,  for 
current  speeds  between  0.8  and  1.1  feet 
per  second,  the  droplets  usually  rejoin 
the  oil  slick  downstream  from  the  head- 
wave.  At  higher  current  speeds,  however, 
many  of  the  droplets  are  driven  deeply 
enough  to  pass  beneath  the  barrier  and 
result  in  oil  leakage.  Because  of  this, 
it  has  been  impossible  to  contain  oil  in 
currents  without  substantial  leakage. 

In  practice,  the  situation  is  com- 
plicated by  ocean  waves  anJ  interfacial 
instabilities.  However,  the  salient 
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l^GURE  4.1  SCHEMATIC  VIEW  OF  FORM  OF 
OIL  THICKNESS  DISTRIBUTION  WHEN  AN  OIL 
FOOL  IS  CONTAINED  BY  A BARRIER  IN  A CUR- 
RENT 

features  of  the  problem  are  revealed  by 
a study  of  the  steady  problem  in  which 
these  effects  are  ignored  except  pos- 
sibly for  the  increase  in  steady  fric- 
tional force  on  the  oil  by  the  water  due 
tc  an  increase  in  interfacial  roughness. 
Most  of  the  important  features  of  the 
problem  exist  in  the  simplified  two- 
diuensional  problem  of  an  infinitely 
wioe  barrier  transverse  to  a current. 

This  is  the  problem  that  will  be  con- 
sidered here. 

If  we  momentarily  adopt  a reference 
framr  moving  with  the  water,  we  can 
readily  see  that  the  present  problem  is 
related  to,  or  perhaps  included  in,  a 
class  of  problems  called  density,  or 
gravity  currents.  The  classic  example 
of  thii  type  of  current  is  the  intrusion 
of  a heavy  fluid  beneath  a lighter  one 
of  infinite  extent,  such  as  an  atmos- 
pheric cold  front  or  the  intrusion  of 
salt  water  into  fresh.  One  of  the  first 
analytical  works  in  this  field  was  by 
von  Karman  (1940)  , who  assumed  an  infin- 
itely long  intruding  layer  (called  a 
gravity  current)  which  eventually  reached 
a constant  height  downstream.  To  de- 
termine the  speed  of  propagation  U of  a 
gravity  current  whose  height  downstream 
asymptotically  approached  a constant, 

H,  or  conversely  the  downstream  depth  of 
H,  current  travelling  at  velocity  U,  von 
Karman  assumed  that  the  pressure  in  the 
heavy  fluid  was  hydrostatic,  and  that 
the  lighter  fluid  was  inviscid.  Match- 
ing the  pressure  of  the  two  fluids  at 
the  interface,  and  writing  Bermoulli’s 
equation  along  the  upper  side  of  the 
interface,  he  obtained: 

1/2  ■ Agy  (4.1) 

where  V is  the  local  velocity  of  the  up- 
per fluid  and  y is  the  height  of  the  in- 
terface. This  yields: 

U « ^/^^  (4.2) 


He  f irther  noted  that  a headwave  must 
exist,  using  an  argument  that  appears 
to  be  related  to  the  fact  that  the  drag 
0.1  any  semi-infinite  half-body  in  poten- 
tial flow  must  be  zero.  Von  Karman  then 
considered  the  flow  near  the  leading 
edge.  By  looking  for  a "corner  flow" 
where  the  velocity  squared  is  proportion- 
al to  the  distance  from  the  stagnation 
point,  he  ascertained  that  the  slope  of 
the  interface  at  the  leading  edge  is  60®. 
From  the  above  reasoning,  he  gave  a 
sketch  like  that  shown  here  in  Figure 
4.2,  which  agrees  with  observed  gravity 
currents  and  resembles  an  "upside  down" 
oil  slick  with  a headwave  except  for 
the  fact  that  the  after  portion  of  an 
oil  pool  does  not  have  constant  thick- 
ness . 


FIGURE  4.2  GRAVITY  CURRENT  TREATED  BY 
VON  KARMAN 


The  existence  of  a headwave  .similar 
to  that  predicted  by  von  Karman  has  been 
reported  by  numerous  investigators,  no- 
tably Keulegan  (1958)  and  Middleton 
(1966).  Benjamin  (1968),  however,  ar- 
gued that  one  could  not  use  Bernoulli's 
equation  from  the  leading  edge  to  a 
point  far  downstream,  due  to  the  fact 
that  in  purely  irrotational  flow,  there 
is  1)  no  frictional  drag,  and  2)  no 
hydrodynamic  drag  on  a semi-infinite 
half -body.  There  is,  however,  a net 
hydrostatic  force  in  the  direction  of 
propagation  of  the  heavy  fluid  equal  to 

^ <^‘’lower  ■ Pupper^-  momentum  de- 

ficiency in  the  wake  of  a breaking  head- 
wave  was  seen  as  essential  for  equili- 
brium. It  remained  unclear  from  Benja- 
min's analysis,  however,  why  frictional 
forces  in  a relatively  thin  boundary 
layer  could  not  provide  the  balancing 
force.  If  this  were  the  case,  the  exist- 
ence of  the  headwave  could  still  be  in- 
vestigated using  irrotational  flow 
theory . 

There  are  some  essential  differences 
between  the  problem  of  an  oil  slick  on 
the  surface  of  a boi’v  of  water  and  that 
considered  by  von  Karman  and  Benjamin. 

One  is  that  the  oil  is  limited  in  hori- 
zontal extent , and  cannot  in  general  be 
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approximated  as  a serai- inf inite  half- 
body.  This  can  be  seen  in  particular  if 
there  is  a barrier  present  at  the  slick's 
trailing  edge.  Secondly,  and  perhaps 
the  most  important,  is  the  fact  that 
since  the  slick  exists  on  a free  surface, 
the  hydrostatic  motive  force  behind  a 
density  current  need  not  be  present: 
the  free-surface  height  can  adjust  it- 
self to  provide  horizontal  equilibrium. 
Therefore,  it  seems  that  Benjamin's  ar- 
guments cannot  apply  to  the  present  case. 

Previous  work  has  been  done  on  the 
slick  thickness  distribution  problem  by 
Wicks  (1969) , Hoult  (1970)  , and  Linden- 
muth.  Miller  § Hsu  (1970).  All  developed 
equilibrium  equations  which  ignored  com- 
pletely the  dynamic  pressure  in  the  water. 
Essentially,  they  balanced  viscous  shear 
and  hydrostatic  pressure.  When  the 
shear  stress  is  assumed  to  be  constant 
(as  Hoult  found  to  be  the  case  experi- 
mentally) , this  analysis  results  in  a 
thickness  distribution  proportional  to 
the  square  root  of  the  distance  from 
the  leading  edge.  Wicks  (1969)  and 
Lindenmuth  (et  al)  (1970),  however,  re- 
ported the  results  of  experiments  with 
contained  oil  slicks  which  indicated  the 
existence  of  a headwave  at  practically 
all  flow  speeds,  the  downstream  side  of 
which  was  unstable.  To  account  for  this 
in  some  way,  both  authors  applied  the 
/iscosity-gravity  equilibrium  equation 
only  to  the  portion  of  the  slick  down- 
stream of  the  headwave  (and  in  Wick's 
case,  upstream  of  the  region  affected 
by  the  barrier) . 

In  later  studies  (1972) , Hoult 
looked  at  the  free  spreaaing  of  oil  on 
calm  water.  He  found  that  three  phases 
of  spreading  exist.  In  the  first,  gra- 
vitational forces  are  balanced  by  iner- 
tial forces;  in  the  second,  gravitational 
and  viscous  forces  are  balanced;  in  the 
third,  surface  tension  balances  viscous 
effects.  He  presented  both  analytical 
and  experimental  results,  including  a 
picture  of  a spreading  oil  slick  in  the 
first  phase  (where  viscous  and  surface 
tension  effects  were  assumed  to  be  neg- 
ligible) which  was  remarkably  similar  to 
experimentally  derived  configurations  of 
restrained  oil  slicks.  This  demonstrates 
the  importance  of  inertial  forces  in  the 
present  problem.  Hoult's  analytical  re- 
sults for  the  same  case  failed  to  show 
this  configuration,  hut  the  equations 
developed  did  not  include  dynamic  pres- 
sures in  the  water. 

Buckmaster  (1973)  solved  the  problem 
of  the  viscous-gravity  spreading  of  an 
oil  pool  by  considering  the  pressure  in 
the  oil  to  be  hydrostatic  and  using  the 
boundary  layer  equations  in  the  water. 

Seme  of  the  details  of  the  fluid  mechan- 
ics at  the  leading  edge  arc-  identical  in 
the  oil  spreading  problem  and  the  problem 
of  a contained  pool  in  a current.  This 
makes  the  work  of  Buckmaster  of  interest 
for  the  contained  pool  problem  because 
knowledge  of  the  distribution  of  skin 


friction  is  necessary.  One  of  Buckmas- 
ter's  theoretical  results  is  that  the  oil 
thickness  distribution  is  blunt  at  the 
leading  edge.  This  shows  that  his  under- 
lying boundary  layer  theory  cannot  be 
correct  near  the  leading  edge  since  the 
theory  is  accurate  only  when  the  thick- 
ness distribution  has  small  slope.  One 
of  the  factors  which  must  be  considered 
is  the  pressure  force  in  the  water  owing 
to  streamline  curvature,  and  this  is  the 
factor  that  is  to  be  studied  here. 

4.2  W^ber  Dynamics 

If  we  assume  the  water  to  be  invis- 
cid,  Bernoulli's  equation  can  be  written 
along  the  interface  to  give: 


where  V is  the  velocity  of  the  fluid,  U 
is  the  velocity  at  infinity,  and  the 
pressure  of  the  atmosphere  is  taken  to  be 
zero.  If  V is  broken  up  into  the  free- 
stream  velocity  and  perturbation  veloci- 
ties, we  get 


where  u and  v are  the  horizontal  and 
vertical  perturbation  velocities,  re- 
spectively. If  the  slope  of  the  inter- 
face is  assumed  to  be  small,  u and  v 
will  be  small,  and  the  pressure,  to  first 
order  in  interfacial  slope,  is 


4.5  Oil  Dynamics 

In  the  oil,  the  Navier-Stokes  equa- 
tions are: 

C4.7) 

The  order  of  magnitude  of  the  terms  in 
Eqs.  (4.6)  and  (4.7)  can  be  determined 
and  only  the  largest  order  terms  re- 
tained to  obtain  a simplified  approxima- 
tion to  these  equations. 

Define : 


where  t is  the  thickness  of  the  slick. 
Dus  to  the  requirement  of  continuity. 
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/XT’  — ^ u ) 

(4.9) 

(4.10) 

(4.11) 

|y~o(-^) 

(4.12) 

Thi-s  the  viscous  terms  will  dominate  the 
convective  terms  in  Eq.  (4.6)  i£urt/>»,is 
small.  If  this  is  the  case. 


Similar  argument  shows  that  —OCT I5-) 
Hence,  if  7"  and  are  small  compared 
to  unity,  the  flow  in  the  oil  will  have 
the  same  character  as  couette  flow.  To 
determine  u,  Eq.(4,13)  must  be  integrated 
twice.  The  result,  simplified  by  use  of 
the  requirement  of  continuity,  is: 


For  the  study  presented  here,  we  shall 
assume  the  pressure  in  the  oil  is  hydro- 
static. 

4.4  Equilibrium  Equation 

l^igurc  4.3  shows  the  forces  acting 
on  a differential  element  of  the  slick. 


where 

(4.15) 

therefore 

s Q (4.16) 

where  t is  the  length  of  the  slick.  If, 
in  addition  to  small  slope,  Q is  small, 
inertial  forces  in  the  oil  can  be  neg- 
lected, and  the  pressure  in  the  oil  will 
be  hydrostatic.  At  the  interface  then. 


(4.17) 

To  determine  the  typical  magnitude  of  Q, 
i,on-"ider  a typical  contained  slick,  100 
feet  long  and  one  foot  thick.  Suppose 
A-0.1  and  ui-0.1  slugs/foot-sec.  Then 


FIGURE  4.3  DIFFERENTIAL  ELEMENT  OF  OIL 
SLICK,  AND  FORCES  ACTING  UPON  IT 


Summing  the  forces  in  the  x-direction, 
we  get: 


+(nr>+^)Am^^  -A.w^Uu 


(4.18) 


where  Cf  is  a non-dimensional  friction 
coefficient  which  in  general  depends  on 
position.  As  we  let  Ax  become  arbitrar- 
ily small.  Am  and  At  go  to  zero,  and 
this  equation  becomes: 


^ (4.19) 


Summing  forces  in  the  y-direction,  we 
get : 


t;  ~ O ~ OC.ot)  * 

0(.I2) 


Hence,  for  typical  slick  densities  and 
sizes,  the  assumption  of  hydrostatic 
pressure  in  the  oil  is  expected  to  be 
quite  accurate.  An  exception  possibly 
exists  near  the  leading  edge  of  the  slick 
where  the  interfacial  slope  may  bo  large 
enough  to  make  the  assumption  Invalid. 


+ _ -AUu 

(4.20) 

(4.21) 

Substituting  in  the  x-equation,  and  let 
ting  A-  V-  , we  get: 
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4.5  Simplification  of  the  Equation 
bq.  C4.!^2}  contains  two  uii'known 
functions  oi  positions  m,  the  depth  of 
the  interface  below  the  waterline;  and 
u,  tho  x-component  of  the  perturbation 
velocity.  The  problem  can  be  recast  as 
an  equation  In  a single  variable  by  ex- 
ploiting the  fact  that  the  slick  Is  thin 
and  has  a small  slope.  The  method  used 
is  similar  to  that  used  in  thin  airfoil 
theory.  In  particular,  It  Is  assumed 
that  the  perturbation  flow  In  the  water 
can  bo  represented  by  that  generated  by 
a source  distribution  of  strength  q(x) 
lying  on  the  free  surface  over  the  region 
occupied  by  the  oil  slick.  The  interfa- 
olal  alopa  and  the  perturbation  velocity 
are  given  by  the  following  functionals 
of  the  source  sheet  distribution. 


-I(X)  => 

where  in  Eq.  (4.24)  the  Integral  is  the 
principle  value  type. 


If  we  then  define 


(4.25) 


the  equilibrium  equation  can  be  written 

as : 

-Am  1(5  + 


can  be  sought,  where  either  the  depth 
or  slope  of  the  Interface  is  assumed  to 
have  the  form  of  a sum  of  arbitrarily 
selected  functions: 


: J h«o 


(4.27) 


The  most  obvious  set  of  funtions  is 
a train  of  Impulsive  sources  Q_.  In 
this  case,  the  following  approximations 
esn  be  used:  ' 


(4.23) 

d*n  _ Qn 

U(Xiwi  "'Xn-t') 

(4.29) 

(4.30) 

where  all  quantities  are  measured  at  X„, 
the  location  of  source  Q,^.  This  approxi- 
mation to  the  Cauchy  integral,  however, 
is  fairly  crude.  A superior  approach 
would  be  one  where  this  integral  can  be 
evaluated  exactly  for  each  function  4 . 

If  we  make  the  well-known  change  of 
variables  ^(i-Cos  6)  , we  find  that 
there  are  two  reasonable  Fourier-type 
expansions  which  allow  this  exact  evalu- 
ation. 

One  method  is  to  expand  slick  depth 
in  terms  of  sines  and  cosines; 


(4.26) 


ZA«COS«e  A«+iaSINn0 


(4.51) 


* [I 
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If  the  barrier  extends  below  the  bottom 
of  the  slick,  it  can  be  represented  as  a 
concentrated  source,  an  impulse  in  the 
source  sheet  distribution. 

In  principle,  the  integral  defining 
1 is  taken  over  the  entire  free  surface 
where  dm/dx  outside  of  the  oil  slick  is 
the  free  surface  slope.  However,  we  will 
solve  the  simpler  problem  here  in  which 
the  free  surface  slope  is  zero  upstream 
from  the  leading  edge  of  the  slick.  Set- 
ting the  "source  strength"  q equal  to 
zero  also  downstream  from  the  barrier 
simulates  separation  from  the  bottom  of 
the  barrier.  Thus,  the  water  flow  is 
quite  akin  to  the  flow  over  a two-dimen- 
sional semi- infinite  body. 

4.6  Discretization 

flue  to  the  non-linear  character  of 
Eq.  (4.26),  an  nalytlc  solution  cannot 
be  obtained.  Instead,  a solution  with 
a finite  number  of  degrees  of  freedom 


Glauert  (1947)  derived  the  contribution 
to  I from  the  sine  modes: 


^ SiNnO 
9IN« 


(4.32) 


The  cosine  modes  are  not  so  simple  and 
must  be  computed  recursively  from  tho 
relation : 


n AfiXr 


(4.33) 


where 


I,,«2cose  I„., 

lo*®  > I|~  *’'[i+cose3  (4.55) 


I 
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If  only  the  cosine  terms  were  used,  the 
expansion  would  be  equivalent  to  a ser- 
ies of  Chebyshev  polynomials 
These  polynomials  can  be  shown  to  be  a 
complete  set  of  functions  for  the  repre- 
sentation of  an  arbitrary,  infinitely 
differentiable  function  on  a finite  do- 
main. Furthermore,  they  have  the  advan- 
tage of  converging  exponentially  rapidly 
as  N goes  to  infinity.  In  our  problem, 
however,  we  can  expect  an  infinite  sldpe 
at  the  leading  edge  (at  least  in  the 
zero-Froude  number  limit) , so  the  sine 
terms,  which  have  infinite  slopes  at 
f'Onnd  at  f *1  , must  be  included. 

Another  approach  which  results  in 
the  analytic  solution  of  the  Cauchy  in- 
tegrals is  to  expand  interfacial  slope 
in  terms  of  sines,  with  a cotangent  term 
to  allow  an  infinite  slope  at  the  lead- 
ing edge; 

^ ^AoCOtS  (4.56) 

ax  * 

This  is  identical  to  Glauert's  representa- 
tion of  the  circulation  along  the  chord 
of  a two-dimensional  airfoil.  It  can  be 
shown  that  the  cotangent  term  gives  the 
uniform  value  !■  wA,  , while  the  sine 
terms  yield  I»  tt  ^fA.cosnO  , This  repre- 
sentation allows  either  infinite  or  zero 
slope  at  the  leading  edge  (depending  on 
whether  A,  is  non- zero  or  zero,  respec- 
tively) and  reoulres  a zero  slope  at 
the  trailing  edge. 

If  the  terms  multiplied  by  the  un- 
known coefficients  are  called 
where  i«l,  2,  3,  4 represent  the  series 
for  m,  I,  and  ^ respectively,  Eq. 
(4.26)  can  be  written  as: 

S ^ Q^(0)  Q*  (e) 

-AQ*(e)Qt(e)  -Q;(e)cfi(0) 

-F2FQj(0)Qtf9)}  - =0 

or 


S^A>AiQ./(e)  = o (4.38) 

where  F'ajT  is  a form  of  Froude  number. 

If  a barrier  is  included,  the  above  equa- 
tions will  Include  linear  terms  in  A^  and 
another  term  independent  of  A^. 

4.7  Solving  for  the  Coefficients 

The  coefficients  A^  may  be  obtained 
by  any  of  a number  of  techniques.  The 
relative  complexity  of  the  equation  makes 
the  simplest  technique- -that  of  colloca- 
tion- -particularly  attractive.  To  collo- 
cate, one  merely  satisfies  the  equation 
exactly  at  N+1  points  along  the  slick, 
or  in  a least-squares  sense  at  more  than 


N+1  points.  Unfortunately,  there  is  no 
guarantee  that  the  error  will  remain 
small  between  collocation  points.  i 

An  alternative  technique  is  that  o^ 
Galerkin  in  which  the  criterion  for  sel«- 
ectlng  the  best  set  of  coefficients  is > 
that  the  resulting  error  be  orthogonal 
(with  respect  to  a weighting  function) 
to  each  of  the  functions  4 . 

If  the  Galerkin  method  is  used, 

Eq.  (4.38)  becomes; 

Z ^ An  Ai^^t  O)  d© 

Thus,  regardless  of  our  procedure,  we 
obtain  at  least  N'»l  equations  of  the 
form 


Z ^ AnAt « O T (4.40) 

These  equations  can  best  be  solved  by  a 
vector  extension  of  Newton's  method.  An 
initial  guess  for  the  vector  A»  is  made, 
and  the  error  in  the  Eq.  (4.40)  is  found 
from: 


+ C4.41) 

The  derivative  of  the  terms  on  the  left- 
hand  side  of  Eq.  (4.40)  with  respect  to 
each  of  the  coefficients  is  then  computed 
as  follows : 


We  now  construct  the  matrix  equation: 


^0  oC  1 oCj  • • • • 

- 

AA. 

‘e* 

< »<! 

AA, 

E' 

< 

_AA„ 

y 

w U 

(4.43) 

Solving  Bq.  (4.43),  we  find  the  vector  AA  . 
The  procedure  is  iterated,  using  An  ■ " 

A„  * AAn  for  the  second  approximation 
to  An,  recomputing  and  and  solv- 
ing for  AAn.  This  is  continued  until 
the  coefficients  converge  to  a solution 


TBS 


♦ 


until  the  vector  AAn  is  ac* 
ceptably  small. 

Like  the  scalar  form  of  Newton's 
method,  the  vector  form  converges  rapid- 
ly to  the  desired  solution  only  if  the 
initial  guess  is  good.  Otherwise,  solu- 
tions which  do  not  satisfy  the  physical 
problem  will  be  encountered- -such  as 
those  leading  to  negative  oil  thickness. 
To  avoid  this  difficulty,  the  solution 
can  be  obtained  for  small  Froude  numbers 
first,  and  then  for  successively  higher 
values.  In  the  small  Froude  number 
limit,  the  first  term  of  Eq.  (4.26) 
dominates  the  solution,  and  can  be  inte- 
grated directly  to  give  as  an  Initial 
approximation: 

= 7-^/C/  f (4.44) 

If  a non-zero  barrier  projection  is  pre- 
sent, it  must  be  Introduced  gradually  at 
low  Froude  numbers  so  as  to  avoid  con- 
vergence to  an  undesirable  solution. 

4.8  Preliminary  Results 

Due  to  its  relative  simplicity, 
collocation  has  been  used  in  the  initial 
attempts  to  solve  Eq.  (4.38).  Errors  in 
the  equation  were  then  checked  at  many 
points  along  the  slick.  It  was  found 
that  the  Glauert-type  representation 
led  to  large  errors  between  collocation 
points,  whereas  the  representation  of 
depth  as  sines  and  cosines  did  not. 

The  errors  in  the  latter  case  were  quite 
small  over  the  region  between  the  first 
and  last  collocation  points,  at  least 
in  the  cases  where  the  end  collocation 
points  are  not  taken  closer  to  the  lead- 
ing or  trailing  edges  than  half  the  dis- 
tance between  collocation  points.  This 
was  true  for  points  equally  spaced  in  e 
as  well  as  in  x,  so  that  the  region  in- 
terior to  the  end  collocation  points 
extended  (for  the  13  term  expansion) 
over  991  of  the  slick  length.  An  ele- 
mentary error  analysis  (wherein  it  is 
postulated  that  all  the  error  occurs  in 
the  first  term  of  Eq.  (4 . 26)) showed 
that  the  error  in  depth  caused  by  errors 
in  the  equation  in  the  interior  region 
was  of  the  order  of  II.  However,  when 
one  case  was  run  with  two  different  sets 
of  collocation  points,  the  results  at 
high  Froude  numbers  would  vary  signifi- 
cantly as  can  be  seen  in  Figure  4.4. 
Surprisingly,  the  results  would  converge 
quite  well  for  low  Froude  nuiAer  cases, 
even  for  those  representa^ons  which 
showed  relatively  ^rge  eWors.  Th-s 
was  evidently  due  W the  oscillatory 
nature  of  the  errors,  but  indicates 
that  whatever  errors  are  present  at  the 
leading  and  trailing  edges  which  prevent 
the  solutions  from  converging  Increase 
with  Froude  number. 


4.37  (Pn0316,  A-.14,  C--.01,',  EACH  OP 
WHICH  HAS  SMALL  ERROR  IN  INTERIOR. 
(VERTICAL  SCALE  EXAGGERATED) 


5.  CONCLUDING  REMARKS 

Theoretical  studies  of  three  phen- 
nomena  related  to  the  physical  contain- 
ment of  spilled  oil  have  been  described. 
The  first  is  the  movement  of  oil  slicks 
by  water  waves.  Although  a unified 
theory  is  presented  here,  from  the  opera- 
tional standpoint  of  dealing  with  an  oil 
spill,  there  are  two  mass  transport  pro- 
blems. These  are  the  global  mass  trans- 
port problem  and  the  local  mass  transport 
problem.  The  global  problem  relates  to 
the  bulk  movement  of  an  uncontained  slick 
by  waves.  A generally  hold  belief  is 
that  wind  moves  an  oil  slick,  and  a com- 
monly used  rule  of  thumb  is  that  the 
slick  moves  at  31  of  the  wind  speed.  In 
actuality,  it  seems  likely  that  the  slick 
movement  is  only  slightly  related  to  the 
shear  force  of  the  wind  on  the  oil,  and 
that  most  of  the  global  mass  transport 
of  the  slick  is  related  to  the  effect  of 
the  wind-generated  ocean  waves.  The  di- 
rect effect  of  waves  passing  through  a 
slick  on  the  mass  transport  of  oil  is 
analyzed  in  this  paper.  A "back-of- the- 
envelope"  calculation  shows  that  for  the 
size  and  length  of  typical  wind-generated 
waves  and  for  typical  slick  depths,  the 
order-of-magnitude  of  the  direct  wave- 
related  mass  transport  velocity  is  the 
same  as  the  order-of-magnitude  of  34  of 
the  wind  speed.  There  is  another  wave- 
related  source  of  mass  transj^ort  of  oil 
that  is  not  considered  in  this  paper. 

This  is  the  fact  that  a water  wave  pas- 
sing through  a slick  loses  some  of  its 
momentum  due  to  free  boundary  layer  ef- 
fects at  the  oil-water  interface.  This 
results  in  a force  on  the  oil  that  in- 
creases the  rate  of  mass  transport  in 
the  direction  of  wave  propagation.  This 
problem  has  just  begun  to  receive  analy- 
tical study. 

The  "local  mass  transport"  is  an  ef- 
fect related  to  what  is  called  the  inter- 
facial wave  in  I 2.  This  effect  is  re- 
lated to  the  fact  that  the  group  and 
phase  velocities  of  interfacial  waves 
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are  vary  low  and  depend  on  the  depth  ot 
the  oil  layer.  As  a result,  when  an  ob- 
ject in  a slick  is  moving  in  waves,  the 
relative  motion  between  the  object  and 
the  oil  can  result  in  the  object's  keep- 
ing the  oil  away  from  itself  most  of  the 
timS.  If  the  object  is  an  oil  skimmer, 
it  cannot  effeciently  collect  oil  if  the 
oil  is  kept  away  from  it.  To  prevent 
this  effect,  a skimmer  must  follow  the 
wave  particle  motion  closely. 

Experimental  confirmation  of  the 
theory  for  the  mass  transpoit  of  oil  by 
waves  does  not  yet  exist.  The  experi- 
ments for  this  are  the  next  step  in  re- 
search in  this  area. 

The  second  phenomenon  analyzed  is 
the  stability  of  the  oil-water  interface 
when  a slick  is  contained  by  a barrier. 

In  practice,  small  interfacial  waves  are 
almost  always  seen,  and  there  has  been  a 
question  among  scientists  as  to  whether 
these  waves  are  due  to  interfacial  in- 
stabilities or  due  to  the  respc.«s'  of 
the  interface  to  turbulent  fluctuations 
in  the  pressure.  Our  analysis  shows 
that  the  interface  is  unstable  to  spati- 
ally growing  waves  at  all  flow  speeds. 
However,  at  some  speeds,  the  unstable 
waves  have  wavelengths  that  are  so  long 
that  the  waves  would  have  little  effect, 
and  at  some  speeds  the  unstable  waves 
are  so  short  that  the  viscous  damping  of 
the  waves,  which  was  neglected  in  the 
analysis,  must  be  of  importance. 

The  interfacial  stability  problem 
really  needs  extensive  experimental 
study  at  this  time.  The  experiments 
have  to  be  done  in  a carefully  controlled 
eiiviioiimeat . In  particular,  the  basic 
flow  in  the  water  must  have  turbulent 
static  and  total  pressure  fluctuations 
that  are  sm<’ll  in  comparison  with  the 
pressure  differences  as'-ociated  with 
the  waves  being  studied.  These  pres- 
sures themselves  are  small  because  of 
the  similar  densities  of  oil  and  water 
so  that  the  turbulent  fluctuations  in 
the  flowing  water  must  be  extremely 
small  indeed.  We  do  not  know  of  any 
flow  channel  existing  at  this  time  with 
the  required  smooth  flow.  Some  attempts 
have  been  made  at  studying  the  problem 
in  a towing  tank  by  towing  a barrier 
containing  oil.  The  difficulty  en- 
counteri^d  i that  it  typically  takes 
several  minutes  for  the  slick  to  attain 
its  equilibrium  maan  configuration.  Dur- 
ing this  time,  very  slow  moving  waves 
can  be  seen  moving  back  and  forth  in 
the  slick  with  each  wave  passage  chang- 
ing the  thickness  distribution.  Typical 
tank  lengths  are  too  small  to  be  able 
to  have  the  slick  attain  its  equilibrium 
configuration.  Because  of  this,  a pre- 
cision flow  channel  needs  to  bo  built 
to  curry  out  these  experiments. 

The  third  problem  analyzed  is  the 
determination  ot  the  equilibrium  thick- 
ness distribution  of  an  oil  slick  con- 
tained by  a barrier  in  a current.  The 
equation  obtained  for  the  oil  thickness 
distribution  is  quite  different  from 


the  one  commonly  found  in  the  literature. 
Our  equation  is  a non-linear  singular 
intogro-differential  equation  which  we 
believe  can  only  be  solved  by  numerical 
means . In  attempting  to  cany  out  the  numerical 
solution,  we  found  that  it  was  possible 
to  find  rather  different  solutions  with 
each  having  very  small  error  over  991 
of  the  slick  length.  This  raises  the 
question  of  whether  or  not  a unique 
numerical  solution  can  be  found. 

Although  there  are  many  problems 
and  questions  about  the  solution  of  our 
slick  thickness  equation,  those  questions 
are  only  a small  "subset"  of  the  total 
group  of  questions  about  the  thickness 
distribution.  The  analysis  leading  to 
our  equation  neglects  the  effects  of 
bluntness  at  the  leading  edge  on  dynam- 
ic pressure  in  the  water,  viscous  ef- 
fects, dynamic  effects  in  the  oil  and 
possible  head  loss  in  the  flowing  water 
associated  with  the  breaking  of  the 
headwave. 

Although  numerous  experiments  on 
the  slick  thickness  distribution  have 
been  carried  out,  none  seem  aimed  at  re- 
vealing the  physics  of  just  what  is  going 
on.  For  example,  no  one  has  measured  the 
dynamic  head  of  the  water  upstream  and 
downstream  from  the  headwave  to  see  if 
there  is  a reduction  in  dynamic  head. 
Also,  no  one  seems  to  have  measured  the 
details  of  both  water  and  oil  flow  in 
the  immediate  vicinity  of  the  leading 
edge  of  the  slick.  These  details  are 
essential  in  gaining  an  understanding 
of  the  flow.  One  of  the  problems  in 
carrying  out  the  needed  experiments  is 
that  the  same  level  of  precision  and 
low  water  turbulence  is  needed  here  as 
is  needed  in  experiments  on  interfacial 
stability . 

At  the  present  time,  oil  cannot  be 
contained  without  leakage  occurring  when 
the  current  speed  is  larger  than  0.7 
knots.  The  problem  in  affecting  contain- 
ment is  the  entrainment  of  oil  droplets, 
principally  from  the  headwave.  This 
problem  is  a portion  of  the  slick  thick- 
ness distribution  problenv  and  because  of 
its  importance,  the  needed  analysis  and 
experiments  should  receive  high  priority. 

The  reader  will  have  noticed  at  this 
point  that  more  experimental  research  on 
the  problems  of  containing  oil  is  the 
needed  ingredient  for  obtaining  solutions 
and  understanding.  When  research  on  oil 
containment  was  begun  a few  years  ago, 
initial  experiments  were  carried  out  to 
obtain  rough  measures  of  the  conditions 
affecting  oil  containment.  After  this 
work  was  done,  analytical  studies,  such 
as  those  described  in  this  paper,  re- 
ceived research  interest.  Although  some 
experimental  work  has  continued,  it  has 
been  on  a similar  basis  to  the  initial 
work.  MotvI  refined  experiments  aimed 
at  obtaining  a quantitative  physical  un- 
derstanding of  the  fluid  mechanics  have 
not  received  the  emphasis  they  need,  and 
we  strongly  believe  that  this  lack  of 
emphasis  should  immediately  be  changed 
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for  the  bettor. 


(Following  the  time  of  initinl  printing,  an  error  wai 
dlicovMed  in  the  computer  program  for  calculating  the 
■lick  thickneea  diitribution  (84).  The  complezi'iea  of 
iti  correction  have  not  been  reaolved  at  the  time  of  filial 
printing.) 
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THE  MANEUVERABIUTY  OF  FISH,  WITH  POSSIBLE 
IMPLICATIONS  FOR  MAN-MADE  VESSELS 


0,  We-ihi 

Technion  - 1iKae.t  ln6.tlta.te.  oi  Teehnotogy 
Hat^a,  l6Aaet 


An  analytical  and  experimental  study  of 
the  maneuvering  of  fish  is  presented.  Slender 
body  theory  adapted  to  deal  with  unsteady  curvi- 
linear large  anplitude  motions  of  elongated 
finned  bodies  is  applied  to  turning  and 
acceleratic  of  fish.  The  contribution  of  non- 
sler.de.T  fins  is  represented  by  the  vorticity 
shed,  obtained  with  the  aid  of  indicial  theory. 

Analysis  of  experimental  observations  of 
fish  performing  these  maneuvers  shows  that  very 
efficient, use  is  made  of  bodj  and  fin  motions. 

In  tlie  caie  of  rapid  starting,  a theoretically 
obtained  optimal  mode  was  observed. 

The  forces  and  moments  on  the  fi.sh  oaloulat- 
ao  oy  the  present  the  .ry  are  in  good  agreement 
with  observations . 

Some  possib  i.e  implications  of  the  techniques 
analysed,  to  low  speed  maneuvaring  of  man  made 
vessels  are  discussed, 

NOMENCLATURE 

a - curvilinear  coordinate  along  the  fish 
longitudinal  centerline , origin  at  rear 
end. 

Cj^  - lift  coefficient, 

c - depth  of  fish  cross  sectic  . 

^ - rate  of  energy  expenditure, 

F - instantciiieous  force, 

i - length  of  fish (when  stretched  out), 

m ••  added  mass  per  unit  length,  of  fisn 

cross  section. 

n - coordinate  normal  to  longitudinal  center- 
line. 

- radius  of  tivrn. 

s - cooriinate  tangential  to  longitudinal 

cenveiline . 
t - time . 

T - thrust  ff  ree. 

u,v  - veJ  icj.Ly  components  in  s,n  directions, 

rssppctively . 

x,y  - inert'll  Cartesian  coordinates  parallel 
and  normal  to  initial  fish  heading. 

- angle  of  attack. 

6 - d: eplacement  thickness  of  boundary  .layer- 

e - defir.odin  17). 

p - density. 


Subscripts 


b - body  only  (without  fins) . 

c - center  of  mass . 

i - in 'ex. 

q - defined  in  (4)  . 

INTRODUCTION 

The  hydrodynamical  aspects  of  fi.sh  loco- 
motion started  attracting  interest  in  recent 
years  after  observations  of  tlie  .surprising  per- 
formance of  various  aquatic  creatures. 

The  propulsion  mechanism  of  fishes  has  been 
studied  intensively  cuid  two  different  theories 
for  motion  at  high  Reyno.lds  numbers  have  been 
developed.  One  treats  fish  by  means  of  a slender 
body  analysis  (i,£)  based  on  the  fact  that  most 
species  of  fish  with  good  swiitimi.,g  performance 
have  cn  elongated  cylindrical  shape.  A dif- 
ferent approach  (3^)  treats  fish  as  two  dimen- 
sional flapping  surfaces. 

Such  .swimming  analyses  are  of  possible 
relevance  to  naval  architecture  in  two  ways. 
First,the  oscillating  foil  (fish  tail)  has  been 
cons.idertC  as  an  alternative  proijulsor  for  boats, 
especially  of  shallow  draft  (£)  . .Also  submarines 
and  yachts  (when  including  a mirror-image  above 
the  free  surface)  among  others,  have  .shapes  com- 
parable to  fish  bodies  (^)  . 

As  a result  of  these  studies,  it  now  appears 
'.hat  the  constant  velocity  motion  of  aquatic 
animals  is  well  understood.  However,  th“ 
maneuvering  capabilities  of  fish  have  received 
less  attention.  Here  also  it  is  possible  that 
the  navel  architect  may  be  able  to  profit  from 
comparisons  with  the  techn.iques  employed  by  fish 
for  turning,  starting  etc. 

It  has  been  recently  shown  by  the  author 
that  fish  have  learnt  to  maxe  use  of  hydro- 
mechanics in  saving  energy  by  schooling  (6)  and 
in  increasing  range  by  alternate  gliding  and 
swimming  (7)  so  that  one  can  expect  tlie  mea.  ivers 
mentioned  above  to  be  carried  out  efficiently. 

In  the  present  paper  maneuvers  such  as  turn- 
ing and  accelerating  of  fish  are  examined  from 
two  points  of  view.  First,  a theoretical 
approach  which  allows  the  calculation  of  forces 
on  a finned  fish  in  unsteady  curvili.ienr  motion 
is  presented . This  it,  based  upon  a general- 
ization of  Lighthlll't;  theory  of  large-amplitude 
motions  of  a slender  body  (£)  . Se  ne  fuvther 
correction  for  viscous  effects,  which  are  neglect- 
ed in  a.'  1 the  theoretical  work  pr  .'icusly  des- 
cri,.ed  is  also  included. 
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In  parallel  some  observations  of  fish 
actually  performing  the  maneuvers  mentioned 
above  are  analysed  and  compared  to  the  calculat- 
ions. Good  agreement  between  theoretically 
derived  motions  and  observations,  as  well  as 
between  measured  and  calculated  forces  is  obtain- 
ed. Finally  some  possil/ilities  of  applying  the 
ideas  obtained  from  observation  of  fish  motion 
to  maneuvering  are  raised. 

SLENDER  FINNED  BODY  THEORY 

Slender-body  theory,  in  its  usual  fortri  is 
the  result  of  a perturbation  scheme  for  situa- 
tions in  which  one  length  dimension  is  much 
larger  than  the  other  typical  dimensions  asso- 
ciated with  the  problem.  This  framework  has 
been  applied  (^)  to  the  case  of  unsteady  small 
amplitude  motions  perpendicular  to  the  large 
length  coordinate  by  means  of  a transformation 
causing  the  undulating  body  to  become  a fixed 
surface.  This  allowed  the  use  of  the  slender- 
body  technique  to  study  fish  locomotion  and  has 
since  been  generalized  to  include  the  effects  of 
fins  (_d,^)  and  body  thickness 

Almost  all  of  the  work  mentroned  above  is 
limited  to  the  linear  case  of  snail  lateral  un- 
dulations of  the  slender  fish.  This  can  be 
applied  to  analysis  of  steady  swimming  of  fish 
at  a constant  velocity.  However,  when  one 
attempts  to  study  the  maneuver<\bility  of  fishes 
this  limitation  becomes  too  restrictive  as 
acceleration  turning,  stopping  and  other  j^rocesses 
of  interest  are  achieved  by  means  of  large  lateral 
motions  of  sections  of  the  fish's  body. 

The  small  lateral  amplitude  theories  are 
therefore  not  applicable,  and  we  follow  fight- 
hill's  (8^)  generalization  of  his  elongated  body 
theory  to  include  large  lateral  motions.  The 
main  result  of  the  slenderness  of.  the  fish  here 
is  that  the  momentum  imparted  to  the  water  near 
a give.n  longitudinal  section  of  the  fish  depends 
only  upon  the  lateral  virtual  mass  and  lateral 
velocity  of  that  section.  The  application  to 
large  amplitude  motions  is  achieved  by  con- 
sidering coordinates  parallel,  and  perpendicular 
to  the  instantaneous  orientatioii  of  the  fish 
backbone • 

Consider  a frame  of  reference  in  which  the 
velocity  of  the  water  far  from  the  fish  is  zero. 
Dealing  now  with  neutrally  buoyant  fish  swimming 
in  a horizont.al  plane  described  by  Cartesian 
coordinates.  The  directions  x and  y can  be 
chosen  arbitrarily,  and  a pra-^tical  choice  is 
the  X direction  for  the  original  orientation 
of  the  "stretched  straight"  fish. 

Still  following  (£)  we  define  an  arc  co- 
ordinate a along  the  fish  backbone  (longitu- 
dinal axis  of  syirnnetry)  , a takes  values  from 
O to  ^ (see  Fj,g.  1).  From  observations  one 
finds  that  the  velocity  component  perpendicular 
to  the  backbone  is  usually  small,  even  if  lateral 
motions  are  large. 

Neglecting  now  any  extensibility  of  the  fish 
spine  the  positio''  of  any  point  along  the  fish 
at  a time  t can  ^e  regarded  as  functions 
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The  reactive  forces  on  n elongated  body  in 
an  inviscid  fluid  result  almost  completely  from 
movements  in  the  normal  n direction  as  the 
disturbances  i.n  the  (tangential)  direction 
TTfi  negligibly  small.  As  suggested  before,  tho 
mamentum  per  unit  length  of  fish  produced  by 
these  normal  movements  is  equal  to  _^mvn  where 
m is  the  lateral  virtual  mass  a^d  n = (-9y/9aj 
9x/9a)  is  a unit  vector  in  the  n direction. 

The  momentum  charges  in  the  wake  can  be 
obtained  by  considering  the  half  space  bounded 
by  a vertical  plane  tt  intersecting  the  tip  of 
the  caudal  fin  at  a right  angle  to  the  longitu- 
dinal axis  of  symm-'try,  and  moving  along  with 
its  point  of  intersection  in  the  x,y  plane. 

Using  this  approach  Lighthill  (£)  ootained 
an  expression  for  the  net  force  upon  a .3  lender 
body  performing  large  ai..plitude  undulations 
I 

-h  i yn*  -i- 

(2) 


d . 1 2*^*  + 

F“  - -T"  / mv  n da  - [—  mv  s + mvunj 

dt  2 a=*o 


The  first  teTnn  in  the  square  brackets 
describes  the  resultant  of  the  pressures  arising 
from  the  lateral  motions  on  the  plane  separating 
Hie  fish  from  its  wake.  The  second  shows  the 
rate  of  change  of  momentum  due  to  Convection 


A characteristic  feature  of  slender  body 
theory  appears  in  (2) . The  momentum  shedding 
effects  are  all  concentrated  at  the  rear  end 
of  the  body,  and  depend  in  magnitude  on  the 
dimensions  of  tlais  rear  end.  In  classical 
slender  wing  theory,  it  is  well  established 
(10)  that  only  the  parts  of  wina*'  in  which  the 
span  increases  contribute  to  the  lift  forces, 
and  regions  of  lessening  span  are  "shadowed" 
and  do  not  add  or  detract  from  the  lift. 

Many  species  of  fish  typically  have  their 
maximum  span  at  the  middle  of  their  retched, 
out  length,  so  that  according  to  the  theory, 
forces  are  produced  only  along  the  front  part 
of  the  fish.  In  his  analysis  of  rectilinear 
swimming  at  constant  speed,  Lighthill  (^)  took 
the  effect  partially  into  account  (see  his 
Eg,  27)  by  adding  a term  equivalent  to  the 
momentum  shed  from  the  dorsal  fin,  again 
evaluated  at  the  rear  end  of  the  tail  fin. 

This  type  of  analysis  as  well  as  that  of 
{^)  is  permissible  when  the  curvatur  of  the 
body  is  small  and  the  quantities  stuuied  are 
total  thrust  forces.  In  this  case  the  exact 
point  of  application  of  the  resultant  is  of  no 
great  importances  Alternatively  it  is  assumed 
that  the  vortex  wakes  from  the  dorsal  ar  anal 
fins  are  partially  or  completely  absorbed  into 
the  flow  around  the  tail  fin. 

The  present  analysis  attempts  the  study  of 
maneuvers  with  time-dependent  speed  and  direct- 
ion of  motion  of  the  center  of  mass.  As  a 
result,  one  has  to  know,  in  addition  to  the  net 
thrust  force  the  actual  instantaneous  forces  on 
different  parts  of  the  fish  and  the  point  of 
application  of  these  forces.  Also,  wakes  of  the 
fins  may  be  separate  due  to  different  sections 
of  fish  following  non-identical  paths. 

Recalling  that  we  are  still  dealing  at 
present  with  an  inviscid  flow  we  assume  that 
vortex-wakes,  producing  lift  forces  are  shed 
only  from  sharp  edged  surfaces.  The  model  fish 
consists  of  a smooth  elongated  body  with  dis- 
fins  having  sharp  trailing  edges^,  't'he 
Ixitantaneous  momentum  shed  into  the  wake  can  now 
be  obtained  by  equating  it  to  the  changes  in 
circulation  around  the  assorted  fins,  plus  the 
elongated  body  contribution. 


Equation  (2)  can  now  be  rewritten  in  the 


form 


O 1 = 1 


- 'i  V “ "'a=o  '3' 

The  advantage  of  the  formulation  in  (3)  is 
that  when  calculating  the  lift  forces  one 

has  the  actual  point  of  applicati  , and  orient- 
ation of  the  fin  forces.  On  the  other  hand  some 
complications  arise  when  actual  fish  motions  are 
analysed.  In  (2)  all  quant_^ties  are  measurable, 
while  here  the  lift  forces  have  to  be 


1 Some  species  of  fish  have  series  of  finlets 
along  the  rear  half  of  their  bodies,  which 
makes  this  division  into  categories  more 
difficult.  However  these  finlets  are  probab- 
ly mechanisms  for  delaying  separation  rather 
than  lifting  surfaces,  and  are  therefore 
less  relevant  in  this  connection. 


calculated  separ^tply  i.c,.  u\oasurables . Also, 
the  definition  of  mj^  in  sections  which  are 
composed  of  fin  and  body  combinations  can  be 
difficult. 

The  general  analysis  of  unsteady  lift 
generation  on  an  airfoil  performing  arbitrary 
motions  is  extremely  complex  and  has  to  bo  treat- 
ed nun\ei.-ically . However,  recalling  that  the 
velocities  perpendicular  to  the  backbone  v{a,t) 
are  small,'’ the  general  motions  may  be  separated 
approximately  into  a series  of  indicial  motions 
(11) . This  allows  the  calculation  of  the  lift 
coefficient  of  each  fin  by  means  of  straight- 
forward steady  state  methods (12) , and  correcting 
for  the  unsteady  motion  by  calculating  the  re- 
duction in  li^t  due  to  tlae  incomplete  buildup 
in  circulation,  obtained  by  the  indicial  method. 
The  lift  and  moment  on  a wing  during  arbitrary 
maneuvers  can  then  be  found  with  the  aid  of 
Duhamel's  integral.  For  the  lift  coefficient 
of  a pitching  and  plunging  airfoil,  for  example, 
this  is  written 


(t-tj^)a(tj^)+Cj^  (t-t^)q(t^)  ]dt 

q 


(4) 

where  q = 0c/U.  Ti.e  indicial  method  is  useful 
here  as  m^euveis  such  as  turning,  or  lunging 
consist  of  a sequence  of  one-time  phases  with 
no  periodic  motions  involved  usually.  There  is 
an  obvious  inconsistency  in  applying  decom- 
position and  subsequent  superposition  techniques 
to  an  inherently  non-linear  situation.  However 
observation  of  actual  fish  maneuvers  show  that 
these  can  be  separated  into  distinct  phases , in 
which  the  lifting  surfaces  perform  different 
motions,  sustained  during  each  phase. 

The  analysis  presented  up  to  now  assumed 
the  fluid  to  be  inviscid.  In  rapid  maneuvering 
this  is  not  too  bad  an  assumption,  and  the  errors 
may  be  roughly  estimated  from  constant  speed 
calculations,  where  it  is  clear  that  the  average 
net  force  found  by  inviscid  methods  i.s  equal  and 
opposite  to  the  net  drag  on  the  fish. 

Some  viscous  effects  can  be  estimated 
directly.  Returning  to  (2)  or  (3)  we  see  that 
the  last  term  in  the  square  brackets  results 
from  the  tangential  velocity  of  the  fish.  How- 
ever, in  real  flow,  some  water  will  be  dragged 
along  due  to  the  no-slip  condition.  The  mass 
per  unit  length  of  fluid  dragged  along  with 

the  fish  is  2p6  d where  the  factor  2 results 

from  the  two  sides  of  the  tail  fin.  Equation 
(2)  now  takes  the  form 

d ^ 1 2+  * 

F = - — / nvnda  - [tuiv  s + (m-2p6  d)uvn] 
dt  2 


recalling  that  the  lateral  added  mass  of  ellip- 
tical sections  (including  the  circle  and  flat 
plate  as  limiting  cases)  is 


m = i pd^  (6) 

equation  (5)  can  be  written  as 
0 

d 1 2~^ 

F = f mvnda  - [-rmv  s+Tn(l-e)uvn]  (7) 
at  2 

where  e = — . 

ltd 


The  same  type  of  correction  can  be  made  to 
(4) . Rough  estimates  of  the  magnitude  of  e 
can  be  made  assuming  laminar  flat  plate  flow. 
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This  is  based  on  the  fact  that  fish  cross 
sections  are  usually  highly  elliptical,  while 
the  fins  are  approximately  flat  plates  too. 

Such  estimates  show  that  e is  of  the  order  of 
a few  percents. 

However,  the  lateral  motions  of  the  fish 
cross  sections  cause  both  longitudinal  and 
lateral  separation  on  the  body.  These  effects 
are  being  studied  at  present.  The  effect  of 
longitudinal  separation  can  be  shown  to  increase 
e . The  boundary  layer  thickness  is  proportion- 
al to  the  length  of  the  body  raised  to  a frac- 
tional power  depending  on  the  flow  regime. 

Assume  now  that  whenever  a longitudinal 
boundary  layer  separates,  a new  one  starts  and 
the  separated  layer  remains  as  a distinct 
momentum  defect  passing  out  of  the  control 
volume  due  to  the  fish  motion. 

For  demonstration,  let  us  now  assume 
laminar  flow  and  one  separation  axactly  half- 
way along  tlie  fish 

I — ~ 

G = (const)x(6  +6^)  = (const.)x[ 

1 ^ 2 2 


while  for  unseparated  flow  e= {const. )i 
The  ratio  of  e with  and  without  separation 
is  therefore 

a/2)^^^  A/2  + 1/2  + 2(i./2)^^^ 

‘ (9) 

FISH  TURNING 


Fig.  2 Tracings  of  Position  of  Backbone  of 
Goldfish  during  Turning  Process. 

Numbers  Refer  to  Film  Frames.  Distances 
euce  in  cm,  and  Time  Interval  Between 
Frames  0.04  sec. 


The  first  type  of  maneuver  we  study  in 
detail  is  the  process  of  changing  direction. 

The  analysis  of  turning  was  earned  out  by 
examination  of  filmed  sequences  of  fish  moving 
in  tanks  with  an  accurately  scaled  background. 

The  sequences  chosen  for  emalysis  includ- 
ed horizontal  turns  only,  of  neutral  buoyant 
fish  so  that  the  two  dimensional  approach, 
neglecting  body  forces  is  permissible.  Also 
in  the  cases  selected  surface  waves  were 
negligible. 

Preliminary  observations  of  fish  perform- 
ing turns  of  up  to  180^  (^)  lead  to  the  con- 
clusion that  there  exists  a "unit  turn"  of 
approximately  90^.  When  changes  in  direction 
of  over  90°  are  required,  the  fish  breaks  these 
into  a ?0°  turn  and  one  of  whatever  further 
deflection  required.  Turns  of  3 ess  them  a 
right  angle  were  accomplished  in  one  step.  As 
a result,  it  seems  that  the  most  useful  con- 
clusions can  be  obtained  from  analysis  of  90° 
turns.  Two  different  cases  will  be  detjjribed 
in  detail  now,  that  of  a turn  at  right  angles 
while  moving  at  cruising  speeds,  and  a standing 
turn.  The  turns  chosen  were  horizontal  so  that 
must  of  the  data  required  for  calculations  were 
obtained  by  following  tlie  movements  of  tlte 
longitudinal  centerline  a(x,y,t)  and  plotting 
its  position  as  a function  of  time  (Figs. 2, 3), 
This  was  done  by  tracing  tlie  centerline  position 
from  enlarged  projections  of  successive  frames 
of  the  filmed  sequence. 

First,  the  trajectory  of  the  instantaneous 
center  of  mass  {see  Fig.  3)  for  cases  with 
finite  mean  initial  velocity  Wc  s plotted.  Tlu'ee 
stages  can  then  be  discerned,  characterized  by 
different  motions  of  the  center  of  mass  (c.m. 
from  here  on) . In  the  first  stage  the  c.m. 


moves  along  a straight  line  in  the  direction  of 
motion,  in  the  second  it  travels  along  a exurve 
and  in  the  last  phase,  the  c.m.’s  pnotion  is  in 
a straight  line  again,  in  the  new  mean  direction 
of  movement  of  the  fish.  These  three  phases  are 
approximately  of  equal  duration,  and  can  be 
roughly  described  as  the  preparatory,  active  and 
concluding  stages  of  the  turning  process. 

We  now  go  into  an  analysis  of  the  motions 
during  each  phase,  looking  initially  at  the  gold- 
fish of  Fig.  2 performing  a standing  turn.  At 
the  beginning  of  the  preparatory  stage  the  head 
starts  rotating  in  the  direction  of  turn.  This 
results  in  a force  acting  on  the  fish,  opposing 
the  rotation,  causing  a countering  couple  on  the 
fish.  Meanwhile,  the  tail  is  rotating  iii  the 
opposite  sense,  and  the  reaction  here  produces 
a couple  opposing  that  of  the  head  (see  Fig. 4)  . 
The  balance  of  forces  is  completed  by  the  re- 
actions on  the  central  part  of  the  body  (from 
"shoulder"  to  tail).  This  part  moves  slightly 
due  to  the  requirement  of  the  centerline  (back- 
bone) being  a continuous  curve.  The  added  mass 
of  this  part  of  the  fish  is  relatively  large  so 
that  e*^en  these  rather  smaller  motions  produce 
forces  large  enough  to  balance  the  head  and 
tail  forces  so  that  no  sideways  motion  of  the  c. 
m.  is  observed.  For  simplicity,  the  discussion 
here  deals  with  lumped  forces  on  three  parts  of 
the  goldfish  while  the  actual  forces  are  dis- 
tributed along  the  whole  length  of  the  fish 
(see  Fig.  4/.  During  the  preparatory  stage  there- 
fore we  .see  that  tlie  fish  curves  and  has  brought 
its  head  close  to  the  final  orientation  and 
rotating  rather  rapidly.  No  net  unneccessary 
forces  or  couples  caused  which  would  cause  super- 
fluous motions  of  the  c.m.  and  reduce  efficiency 
are  produced. 
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Fig,  3 Tracing  of  Bacicbone  of  Rudd  during 
Tturning  Process,  Hollow  Dots  Show 
Position  of  Center  of  Mass.  Rest  of 
Symbols  as  in  Fig,  2. 


Fig,  4 Lumped  Forces  During  the  Various  Stages 
of  Turning  (from  Fig.  2) . 


The  active  turning  stage  starts  off  with 
the  fish  strongly  arching  Its  central  section. 

The  tail  now  changes  direction  and  moves  ahead 
at  a small  angle  of  attack,  while  the  head, 
which  has  reached  its  final  orientation  by  frames 
5-6  is  slowing  down.  The  force  picture  has 
drnatically  changed,  with  a large  force  in  the 
direction  of  the  center  of  turn,  caused  mainly 
by  the  lift  on  the  tall  fin,  but  also  at  the 
begii\ning  of  this  stage  due  to  the  large  lateral 
motions  of  the  central  body. 

Meanwhile  the  turning  moment,  which  started 
growing  at  the  end  of  the  preparatory  stage  and 
caused  the  angular  velocity  of  the  c.m.,  has 
changed  direction.  During  the  latter  part  of 
the  active  stage  the  large  lift  forces  on  the 
tail  cause  a countering  moment.  The  angular 
velocity  is  rapidly  reduced  and  vanishes  at  the 
beginning  of  the  concluding  stage. 

During  the  first  calculations  based  upon 
this  description  according  to  the  slender-body 
theory  presented  before  a discrepancy  in  the 
balance  of  angular  momentum  was  obtained. 
According  to  these  the  restoring  moment  was 
appreciably  larger  them  the  initial  turning 
iTtoroent.  Further  study  of  the  experimental 
results  showed  the  beginning  of  the  active 

stage  was  accompanied  by  asymmetric  deployment 
of  che  pectoral  fins.  The  fin  closer  to  the 
center  of  turn  was  placed  vertically  and 
stretched  out,  while  the  other  pectoral  was 
horizontal.  This  causes  a retarding  force, 
and  a couple  tending  to  rotate  the  c.m.  in  the 
direction  c2  required  turn,  which  settled  the 
difference  in  moments  mentioned  above.  The 
retarding  force  obtained  apparently  as  a side- 
effect  plays  an  important  role  in  reducing  the 
tangential  velocity  of  the  fish  before  actual 
rotation  of  the  c.m,  starts.  Recalling  that 
the  centripetal  force  required  for  a turn  at 
constant  radius  is 


we  see  that  this  helps  reduce  the  turning  radius 
for  given  force  the  fish  can  exert,  and  given 
initial  forward  speed. 

In  the  concluding  stage  the  fish  straightens 
out  in  its  chosen  new  direction  of  swimming. 

The  tail  is  rapidly  flicked  into  line,  while 
lessening  the  angle  of  attack.  The  tail  is 
moved  so  that  the  lift  forces  are  almost  parallel 
to  the  new  direction  of  movement  and  accelerating 
the  fish  back  to  close  to  the  initial  speed.  At 
the  same  time,  the  couple  produced  by  the 
eccentricity  of  these  lift  forces  serves  to  bring 
the  rotation  to  zero. 

Turns  at  different  initial  and  final  speeds 
all  have  the  same  characteristics  with  modifica- 
tions in  the  detailed  behaviour.  The  sideways 
motions  of  the  tail  in  the  preparatory  stage 
are  much  less  pronounced  at  cruising  speeds  as 
the  lift  forces  are  produced  by  simply  placing 
the  tail  at  an  incidence  to  the  direction  of 
motion,  the  active  and  concluding  stages  again 
are  similar  to  the  ca.so  described  before.  The 
existence  of  a forward  velocity  while  turning 
enables  the  fish  to  perform  the  turn  with  less 
vigorous  bodily  movements,  as  both  the  inertial 
^added  mass)  and  lifting  forces  cire  dependent 
on  the  absolute  velocity  component  perpendicular 
to  the  backbone.  However  the  energy  required 
for  these  sideways  motions  at  higher  speed 
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is  larger.  Alsor  the  turning  radius  is 
increased  both  Lacause  of  the  dependence  of  the 
centripetal  force  on  the  tangential  velocity 
and  the  fact  that  the  fish  keeps  moving  ahead 
during  the  finite  time  required  for  each  stage. 

Having  obtained  an  understanding  of  the 
mechanism  of  turning r the  theory  described 
before  was  used  to  obtain  quantitative  results. 
The  actual  procedure  went  the  other  way,  with 
the  calculations  showing  the  way  to  the  three 
stage  approach  and  lumping  of  forces,  as  well 
as  the  importance  of  the  pectoral  fins  in  pro- 
ducing the  required  turning  moment.  Details 
of  the  calculations  have  appeared  elsewhere, 

(14)  and  will  therefore  nut  be  repeated  here, 
except  to  mention  that  there  was  only  a 12% 
discrepancy  between  the  calculated  and  observed 
turning  radius . Such  results  are  amazingly 
good  in  view  of  the  fact  that  two  numerical 
differentiations  of  photographic  data,  as 
well  as  other  simplifying  assumptions,  were 
employed.  The  two  numerical  differentiations 
were  required  for  the  integral  term  in  Eqs. 

(2)  and  (3).  The  data  points  were  obtained 
(for  displacements)  from  Figs.  2 and  3 and  the 
velocities  appearing  in  Fig.  5 by  means  of  a 
3-point  Lagrangiem  scheme.  This  was  used  again 
for  the  time  differentiation  required  in  Eqs. 

(2)  and  (3). 


Fig.  5 Local  Perpendicular  Component  of  the 
Velocity  During  Turning.  The  Three 
Stages  are  Separated  to  Emphasize  the 
Different  behaviour.  Numbers  along  the 
Curves  Refer  to  Frames  in  Pig.  2. 


ACCELERATION 


Thjeoretical  Analysis 

Another  Interesting  and  potentiaxly  useful 
facet  of  fish  locomotion  is  the  method  employed 
for  rapid  acceleration.  Most  speciee  of  fish 
which  have  developed  good  lunging  abilities  are 
elongated,  and  therefore  the  theory  of  slender 
fish  is  appliced:>le  in  this  case  also. 

This  theory  can  be  used  to  obtained  trends 
in  optimal  motions  for  rapid  acceleration. 
Obviously  the  results  will  be  approximate  and 
very  generalized  as  actual  fish  have  a great 
variety  ol  body  and  fin  configurations.  The 
optimal  sequences  of  motion  will  be  defined  as 
those  producing  a maximum  average  thrust  force 
for  given  bounded  energy  expenditure.  The 
premise  here  is  that  when  the  fish  has  strong 
enough  motivation  (such  as  extreme  danger,  or 
hunger)  it  will  use  its  available  energy  at  the 
highest  possible  short-term  rate  which  is  a 
measurable  constanb. 

Take  for  simplicity  the  case  of  a smooth 
elongated  fish  for  which  Eq.  (2)  is  suit2dDle, 
the  thrust  can  be  written  as 

T = ~/  mv-r-dat 
dt  da 

o 


, . dy  1 2 dx, 

v-jJ  + - mv  . 


(U) 


The  kinetic  energy  associated  with  move-  ^ 
ments  normal  to  the  longitudinal  axis  is  l/2my 
per  unit  length.  This  energy  leaves  tlie  semi- 
infinite control  volume  by  convection,  so  tliat 
the  rate  of  working  is 

i.  ^ 2,,  2ly. 

E . Tu  + — mv  u ( 1 -.?  ) + ~ J mv  da 

c 2 a*=o  dt  3a 

o 

(12) 


The  last  term  in  (12)  vanislies  for  processes 
which  are  periodic  or  start  and  end  in  the  same 
configuration.  In  any  case,  both  the  second  and 
third  terms  in  (12)  are  proportional  to  V 
squared,  so  that  a first  conclusion  is  that  tiie 
perpendicular  velocities  v should  be  small  for 
good  efficiency,  especially  close  to  the  tail. 

The  thrust  can  be  rewritten  as  (8^) 


T 


r 3y  1 2 

3t  - 2 ■ 

+ ~ / mv  da 
dt  3a 


3x 

3a 


o 


* 

: U ■^] 

3 a a=o 


(13) 


small  V is  advantageous  here  too,  as  the 
positive  contributions  are  dependent  on  the 
first  power  of  v -Mso  for  the  thrust  to  be 
large  3y/3t  should  be  large.  This  implies 
that  the  tail  should  move  in  a line  as  close  as  ■ 
possible  to  the  perpendicular  to  the  direction 
of  motion,  at  a large  velocity.  The  former  con- 
dition of  V being  small  now  means  that  the 
tail  should  be  moving  rapidly  at  a small  positive 
angle  of  incidence  . The  thrust  force  consists 
mainly  therefore  of  the  lift  force  on  the  tail. 
The  first  term  can  then  be  identified  as  the 
pressure  difference  in  steady  motion  while  the 
second  term  represents  the  leading  edge  suction. 
The  vectorial  sum  of  these  two  acts  in  the 
direction  of  motion  of  the  fish  o.m. 
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The  head  and  front  part  of  .he  fish  are 
seen  to  play  a secondary  role  in  thrust  pro- 
duction. Therefore  it  should  be  kept  as  rigid 
as  possible  and  more  straight  forwards.  This 
conclusion  stems  from  viscosity  as  any  average 
sideways  motion  of  the  bluff  body  would  cause 
flow  separation  and  useless  aide  forces. 

Actual  Fish  Motions 

As  in  the  turning  case,  fish  with  good 
acceleration  capability  were  chosen  for 
observation/and  checking  the  validity  of  the 
theory.  The  fish  were  chosen  from  a variety 
of  unpublished  filmed  sequences  of  fish  rapid 
starting,  t2dcen  by  Sir  James  Gray  in  Cambridge, 
England.  The  sequences  finally  selected  were 
of  trout  (Fig.  6)  emd  pike,  for  which  extreme 
accelerations  of  40  and  50  m.sec~^  have  been 
■neasured. 

The  analysis  is  similar  to  the  process 
described  for  turning.  Tracings  of  the  position 
of  the  longitudinal  centerline  as  a function  of 
time  provide  the  data  on  velocities  and  accelera- 
tions. The  rapid  start  can  be  separated  into 
stages  distinguished  by  different  motions. 

a)  The  preparatory  stage,  in  which  the  fish 
changes  from  a stretched-out  initial  resting 
position  into  an  L shape.  This  was  sometimes 
carried  out  as  a iirecauti.onary  measure,  whan 
the  fish  sensed  danger. 

b)  The  propulsive  stroke,  in  which  the  tail  is 
moved  perpendicularly  to  the  fish  orientation, 
ending  with  the  fish  in  an  L shape  again  with 
tile  tall  pointing  the  other  way.  This  stage 
was  sometimes  repeated  several  times. 

o)  The  final  stage.  The  fish  returns  to  a 
stretched  straight  configuration  gliding  slowly 
to  a halt,  or  starts  a normal  propulsive  cycle. 
Both  steady  swimming  and  gliding  is  usually 
at  an  acute  angle  to  the  original  heading. 

The  magnitude  of  this  angle  is  roughly 
proportional  to  the  average  acceleration  during 
the  start. 

For  a more  detailed  analysis,  we  take  the 
trout  of  Fig.  6.  The  initial  motions,  intended 
to  bring  the  fish  into  the  efficient  L-sihape  are 
at  the  base  of  the  caudal  fin  which  is  rapidly 
moved  diagonally  forward.  The  moment  produced 
by  this  motion  is  countered,  as  in  the  case  of 
turning,  by  rotation  of  the  head.  The  tail  fin 
itself  moves  forward  at  an  angle  of  Incidence, 
producing  lift  forces  approximately  in  the 
original  heading  and  starting  the  acceleration. 

The  rotation  of  the  head,  which  is  a side 
product  of  the  preparatory  stage  stops  at  the 
ond  of  this  phase  (frame  3) . The  angular 
deflection  of  the  head  is  thus  related  to  the 
time  in  which  the  preparatory  stage  is  com- 
pleted. If  this  stags  is  performed  slowly 
(not  the  present  case)  pectoral  fin  motions 
are  usually  sufficient  to  balance  the  couples 
and  no  rotation  of  the  head  is  observed. 

The  main  propulsive  phase  begins  with  the 
tail  pointed  at  approximately  right  angles  to 
the  front  part  of  the  body.  Here  (frame  3)  the 
tail  is  moved  in  a curve  approximately 
perpendicular  to  the  instantaneous  radius- 
vector  between  it  and  the  c.m.  The  c.m.  is 
moving  in  the  direction  the  head  is  pointing  in. 
The  motion  of  the  taudal  flu  is  closest 
approach  to  the  theoretical  requirement  of 
linear  motion  at  right  angles  to  the  direction 


Fig.  6 Tracings  of  position  of  Backbone  of 

Trout  during  Rapid  Starting.  Numbers 
Refer  to  Frames.  Time  Interval  Between 
Successive  Frames  was  0.025  sec. 

Dots  show  instantaneous  position  of 
center  of  mass. 

of  advance,  because  of  the  constant  length,  and 
minimum  radius  of  curvature  of  the  backbone. 

This  stage  ends  with  the  fish  in  a mirror-image 
configuration  from  the  beginning  (frame  8) . 

The  trout  illustrated  in  Pig.  6 displayed 
rather  unusual  behaviour  using  the  paired  fins 
(not  shown)  to  return  to  the  initial  heading. 

The  final  stage  starts  with  the  fit.h  in  on 
inverse  L-shape  (frame  8).  The  momentum  gained 
up  to  this  point  carried  the  fish  forward, 
causing  the  tail  to  be  pulled  back  in  line. 
Several  variations  in  behaviour  were  observed 
from  here  on.  In  somi  cases,  the  propulsive 
stage  was  repeated  twice  or  more  (see  also  15, 
Fig.  204).  In  others,  a regular  swiimnlng 
rhythm  was  now  initiated.  Still  otliers  (includ- 
ing the  trout  of  Fig,  6)  just  went  on  gliding 
idly. 

The  sJender  body  theory  was  again  used  for 
the  calculation  of  forces  during  lunging,  and 
again  good  agreement  was  achieved.  Calculated 
and  measured  average  accelerations  were  2.4g 
and  2.1g  respectively  for  the  trout  and  dis- 
crepancies of  no  more  than  35%  were  obtained 
for  some  other  exanples. 

The  main  conclusion  from  this  analysis  is 
that  the  efficient  sequence  for  rapid  starting, 
predicted  by  large  amplitude  slender  body  theory 
is  closely  approached  in  nature.  The  theory 
predicted  the  propulsive  stage,  as  could  be 
expected. 
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CONCLUDING  REtMKKS 

Tha  technique*  enployed  by  fish  for  rapid 
aanouvering  were  shown  to  be  highly  effective, 
with  good  use  Bade  of  a variety  of  control 
surfaces,  as  well  as  the  body  flexibility. 
While  it  is  hard  to  inaglne  men  made  vessels 
of  juch  high  degree  of  flexibility,  it  seems 
that  sene  ideas  may  still  be  taken  from  tha 
observation  and  understanding  of  fish  motions, 
especially  for  low  speed  maneuvering. 

Thus,  by  combinations  of  active  rudders, 
and  ducted  thrusters,  a rigid  elongated  vessel 
can  still  simulate  a curving  flexible  fish 
to  some  extent.  One  interesting  result  of 
the  turning  study  is  the  relative  importance 
of  bow  controls  for  efficient  change  of 
direction-  Also,  if  tha  oscillating  vane 
propulsor  (£)  is  used,  further  Improvostent  of 
maneuverability,  not  realised  in  the  original 
studies  on  this  alternative  ^ the  propeller, 
may  be  achieved  by  asymmetric  vane  action,  ao 
in  the  concluding  stages  of  turning  and 
starting. 
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S.  J.  Sd^fceA 

CaliioKtila  Itutltuti.  oi  Technotogf 
Paiadtna,  Catl(oH.nZa  9M09 


ABSTRACT 

Recent  measurements  of  trailing 
vortex  wakes  behind  hydrofoil  models  in 
a water  tunnel  are  described.  These 
measurements  were  made  in  the  Caltech 
Free-Surface  Water  Tunnel,  using  a laser- 
doppler  velocimeter.  Both  axial  and 
tangential  velocity  components  in  the 
vortices  were  measured.  Various  model 
planform  shapes  were  tested,  and  each 
model  was  run  at  several  values  of  angle 
of  attack  and  free  stream  velocity.  The 
distance  dofwnstream  of  the  model  was 
varied  from  five  to  sixty  chord  lengths. 

The  effects  of  the  random  motion  of 
the  vortices  are  shown  to  be  very  impor- 
tant in  steady  state  measurements.  The 
influence  of  this  "vortex  wandering"  upon 
the  measurements  has  been  roughly  calcu- 
lated, and  the  corrected  results  are 
shown  to  be  in  reasonable  agreement  with 
existing  trailing  vortex  theory. 

INTRODUCTICW 

The  problem  of  aircra.it  waOce  turbu- 
lence has  stimulated  many  recent  measure- 
ments of  velocities  in  trailing  vortex 
wakes.  In  spite  of  the  great  interest  in 
this  problem,  experiments  have  not  yet 
est^llshed  the  details  of  the  roll  up 
and  decayi  of  vortex  wakes  as  functions 
of  wing  snaps.  Several  types  of  measure- 
ments have  been  attempted  so  far.  Free 
flight  measurements  such  as  Calger  and 
Gould  (1),  or  Chevalier (2) , have  not  yet 
produced  satisfactory  results  because  of 
the  difficulty  in  locating  the  vortex 
cores  behind  a ful!l  3cale  aircraft.  Wind 
tunnel  measurements  using  total  pressura 
probes (3)  are  subject  to  doubt  because  of 
nrobe  i:\terference  effects,  which  will  be 
discussed  below.  There  have  also  been 
some  measurements  of  vortex  wakes  in  tow- 
ing basins (4, 5),  but  in  these  cases  the 
flow  is  time  dependent  rather  than  sta- 
tionary, and  the  details  of  the  velocity 
profiles  are  dlfflcu.lt  t<'  measure. 

The  only  velocity  measuring  instru- 
ment presently  available  which  cannot 
disturb  the  model  flow  and  has  high  spa- 
tial resolution  is  the  laser-dcppler 
velocimeter  (LDV) . Because  of  the  excel- 


lent results  obtained  with  an  U)V  in 
hydrodynamic  flows,  it  was  decided  to 
use  this  technique  in  Caltech's  Free- 
Surface  Water  Tunnel  to  measure  trailing 
vortex  wakes.  The  water  tunnel  also  has 
the  advantages  of  producing  high  Reynolds 
nuod>ers  at  relatively  low  speeds,  and 
the  ease  of  flow  visualisation  in  water 
which  makes  it  possible  to  measure  photo- 
graphically the  position  of  the  vortex. 

In  addition,  there  are  sufficient  small 
light-scattering  paurticles  in  the  water 
tunnel  to  allow  continuous  operation  of 
the  LDV  without  adding  foreign  pturtlcles 
to  the  flow.  Laser -doppler  measurements 
of  trailing  vortices  in  a wind  tunnel 
have  been  recently  reported  by  Orloff 
and  Grant  (6 ) . 

EXPERIMENTS 

Flow  Facility 

The  Caltech  Free-Surface  Water 
Tunnel  has  a maximum  velocity  of  24  feet 
per  second  through  a teat  section  which 
is  eight  feet  long  and  twenty  Inches  on 
each  side.  The  free  stream  turbulence 
level  of  the  tunnel  was  measured  at  the 
beginning  of  this  program  and  found  to 
be  about  0.7%.  Since  that  time,  a new 
honeycomb  flow  straightener  has  been 
Installed  upstream  of  the  test  section 
and  the  turbulence  level  has  been  reduced 
to  about  0.4%.  Free  stream  turbulence 
has  been  found  to  be  'ixtremely  important 
in  the  measurement  of  vortex  wakes,  so 
further  efforts  are  presently  being  made 
to  reduce  the  turbulence  level.  For  a 
complete  description  of  the  water  tunnul, 
see  Knapp  and  Levy (7). 

Four  hydrofoil  models  have  been 
studied  to  date.  Two  of  these  have  a 
rectangular  planform  with  a span  of  Ax 
inches  and  a chord  of  one  inch.  Bo» 
have  a synmetrlc  semicircular  arc  action 
profile,  with  a ten  percent  and 

a 0.030  inch  leading  edge  radifraT  The 
difference  between  these  two  models  is 
that  one^has  square  wingtips  wfille  the 
other  has  semicircular  ones.  The  second 
two  models  are  delta  shapes,  one  having 
a 30  degree  nose  angle  and  the  other  a 
60  degree  nose  angle.  The  delta  models 
are  flat  on  the  bottom  with  sharp,  bev- 
eled edges.  All  models  are  supported 


horiBontally  in  th«  water  tunnel  by  a 
thin  vertical  strut  attached  to  the  cen- 
ter of  span  of  the  model.  Thia  strut  ia 
attached  to  a mechanism  above  the  water 
surface  which  controls  the  depth  and 
angle  of  attack  of  the  model.  The  model 
ia  located  at  the  upstream  end  of  the 
test  section,  and  measurements  can  be 
made  at  distances  of  up  to  sixty  Chord 
lengths  downstream  (fig.  1). 


Fig.  1 Experimental  Geometry 
Instrumentation 

The  hDV  used  for  this  experiment  is 
mounted  on^  traversing  system  which 
moves  the  Faser  and  all  of  the  optics 
with  respect  to  the  water ‘tunnel.  The 
traverse  is  capable  of  locating  the  cen- 
ter of  the  LDV  focal  volume  to  within 
0.002  inch  of  a desired  position.  The 
LDV  operates  ia  the  so-called  "local 
oscillator"  mode,  which  will  be  described 
briefly. 

The  beam  from  a five  milliwatt 
helium-neon  laser  ( ?)  > 6328  a)  Is  split 
into  two  parallel  beams  by  a glass  prism 
beam  splitter  which  uses  partial  inter- 
nal reflection  of  the  incident  beam. 

One  of  the  beams  from  this  splitter  is 
about  ten  times  weaker  than  the  other, 
and  this  beam  is  further  attenuated  by 
a factor  of  100  by  a neutral  density  fil- 
ter. The  two  parallel  beams,  separated 
by  ad>out  one  inch,  then  pass  through  a 
single  biconvex  lens  of  focal  length  12 
inches.  The  bean.s  pass  through  the  side 
window  of  the  tunnel  test  section  and 
cross  at  a point  within  the  fluid  flow. 
Since  the  two  beams  were  collimated  as 
well  as  parallel  when  they  entered  the 
lens,  they  are  also  focussed  at  the  same 
point  at  which  they  cross.  The  volume 
in  idiich  they  intersect  is  about  1 mm  in 
length  and  0.1  X 0.1  mm  in  cross  section. 

The  two  laser  beams  leave  the  tunnel 
test  section  through  the  window  on  the 
opposite  aide,  and  the  weaker  one  passes 
througn  a 1 mm  aperture  into  a photo- 


multiplier tube.  In  the  photomultiplier, 
the  light  ‘from  this  weak  "reference  beam" 
is  mixed  with  light  from  the  brighter 
beam  which  has  bean  scattered  from  the 
volume  in  which  the  two  beams  intersect. 
The  scattered  light  has  been  doppler 
shifted  by  the  motion  of  the  scattering 
particles,  and  thus  has  a slightly  differ- 
ent frequency  from  that  of  the  reference 
beam.  The  combination  of  these  two  dif- 
ferent light  frequencies  in  the  photo- 
multiplier produces  a beat  frequency 
which  is  proportional  to  one  component 
of  the  fluid  valoclty,  assuming  that  the 
scattering  particles  follow  the  instan- 
taneous velocity  of  the  fluid.  For  a 
more  detailed  discussion  of  the  optical 
principles  of  the  LDV,  see  refersnccs  8, 

9 and  10. 

The  signal  from  the  photomultiplier 
tuba  ia  anqpllfled,  band-pass  filtered, 
and  then  clipped  to  remove  some  of  the 
random  amplitude  modulations  of  the  beat 
frequency  signal.  This  clipped  doppler 
signal  is  than  fad  into  a phase-locked 
loop,  which  produces  a continuous  square 
wave  whose  frequency  tracks  that  of  the 
doppler  signal.  The  phase-locked  loop 
will  accurately  track  the  fluctuations  in 
the  doppler  frequency  as  long  as  the  tur- 
bulence level  of  the  flow  does  not  exceed 
2dx>ut  twelve  percent.  For  higher  turbu- 
lence levels,  the  phase-locked  loop  cannot 
follow  the  larger  fluctuations  in  fre- 
quency. 

The  square  wave  frcxn  the  phase- 
locked  loop  is  fed  into  a digital  couhter 
which  averages  the  doppler  frequency  over 
a ten  second  period.  The  counter  fre- 
quency is  then  converted  to  a velocity 
simply  by  multiplying  it  by  a known  sca- 
lar constant.  The  square  wave  signal  is 
also  fed  into  a frequency  to  voltage  con- 
verter. which  produces  an  analog  signal 
proportional  to  the  doppler  frequency. 

This  signal  then  represents  the  instan- 
taneous velocity,  with  a bandwidth  of 
from  0 Hertz  to  about  1/SO  of  the  doppler 
frequency.  The  R.M.S.  value  of  this 
signal  divided  by  its  DC  average  is  equal 
to  the  local  turbulence  level. 

The  ability  of  an  LDV  system  to 
measure  fluctuations  in  velocity  is  lim- 
ited by  the  doppler  "ambiguity  noise" (11). 
This  is  a noise  on  the  demodulated  vel- 
ocity signal  (it  has  no  effect  upon  the 
mean)  which  ie  caused  hy:  1)  tlie  finite 

transit  time  of  scattering  particles 
passing  through  the  focal  volume,  2)  mean 
velocity  gradients  across  the  focal  vol- 
ume, and  3)  turbulent  fluctuations  within 
the  focal  volume.  The  ambiguity  noise 
produced  by  3)  ia  negligible  in  the  pre- 
sent case,  but  the  noise  produced  by  2) 
may  be  significant  near  the  core  of  the 
vortex.  In  this  region  the  mean  velocity 
gradients  are  extremely  high.  The  noise 
from  1)  is  constant  for  a given  focal 
volume  and  scattering  particle  density. 
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and  haa  baan  roaaaurad  in  tha  laboratory 
for  laminar  flows.  This  componant  of  tha 
andaiguity  noisa  is  aquivalant  to  a back- 
ground turbulanoa  laval  of  about  0.2S?i. 

Tha  LDV  systam  has  savaral  signifi- 
cant advantagas  ovax  convantlonal  maas- 
uramant  taohniquaa  in  tha  praaant  axpax- 
imant.  Tha  most  important  of  thasa  is 
tiia  fact  that  with  tha  U>V  thara  is  no 
matarial  proba  in  tha  flcmr,  and  no  flow 
intarfaranca  is  possibla.  Plow  visuali- 
sation studias  suggast  that  modal  trail- 
ing vorticas  of  aisaa  that  can  ba  gan- 
aratad  in  tha  laboratory  ara  very  sanai- 
tiva  to  disturbancas  craatad  by  tha 
smallast  probas.  This  fact  alona  makes 
it  essential  to  use  tha  LDV  or  soma  other 
non-interfering  technique  in  these  meas- 
urements. Other  advantages  of  the  LDV 
are  its  linear  response  to  velocity,  high 
spatial  resolution,  and  its  sensitivity 
to  only  one  velocity  component. 

Procedure 

The  measurements  made  to  this  date 
include  axial  and  tangential  velocity 
profiles  in  vortex  wakes  behind  four 
different  hydrofoil  models,  as  described 
above.  The  axial  velocity  component  was 
measured  directly  by  aligning  the  axis 
of  the  LDV  with  the  direction  of  the  free 
stream  flow.  The  tangential  component 
was  found  indirectly  by  measuring  the 
velocity  component  at  a 45  degree  angle 
to  tha  free  stream  and  using  this  to- 
gether with  the  axial  component  to  cal- 
culate the  tangential  component.  The 
tangential  component  could  not  be  meas- 
ured directly  in  this  case  because  the 
mean  tangential  velocity  passes  through 
20X0  in  the  center  of  the  vortex.  The 
LDV  measures  the  magnitude  but  not  the 
sign  of  the  velocity,  so  that  velocity 
profiles  wtilch  pass  through  zero  are 
difficult  to  measure  vunless  frequency 
biasing  techniques,  which  will  not  be 
discussed  here,  are  used).  However,  the 
velocity  component  at  45  degrees  to-  the 
free  stream  is  always  positive  in  sign, 
and  can  be  easily  measured  with  the  LDV. 

Velocity  surveys  at  each  downstream 
station  were  made  in  a horizontal  plane, 
starting  well  out  in  the  free  stream  and 
proceeding  inward  past  tho  center  of  span 
of  the  model.  Each  mean  Vi^locity  meas- 
ured was  averaged  over  a thirty  second 
period,  and  the  results  were  found  to  be 
very  repeatable. 

RESULTS  AND  CONCLUSIONS 

Vortex  Wandering 

One  of  the  first  observations  made 
in  this  model  flow  is  that  the  trailing 
vortex  wakes  do  not  remain  stationary  in 
space.  Flow  visualization  in  the  core 
of  the  vertex  shows  that  the  center  of 
the  vortex  is  displaced  about  its  mean 
location  in  a random  manner.  This  vortex 
wandering  phenomenon  is  apparently  caused 


by  free  stream  turbulence  in  the  water 
tunnel,  since  the  same  degree  of  wander- 
ing is  observed  in  a dye  streak  released 
from  the  model  in  a zero  lift  configura- 
tion. This  implies  that  the  measured 
mean  velocity  profilee  are  actually 
weighted  averages  of  the  instantaneous 
profiles  in  the  vortices. 

By  photographing  dye  streaks  inject- 
ed into  the  vortex  cores,  it  is  possible 
to  measure  the  standard  deviation  of  the 
position  of  the  vortex  wake.  If  we  as- 
sume that  the  wandering  motion  is  Gaus- 
sian, we  can  represent  the  vortex  motion 
by  a turbulent  eddy  dlffusivlty  K.  Then 
the  center  of  the  vortex  will  fluctuate 
about  its  mean  position  at  a given  down- 
stream dist::ince  x with  a probability 
density 

p(n,C)  “ (l/2va^)exp[-(Ti^+C^)/2o2], 

2 

where  a ■»  2Kx/U  . Wo  can  measure  the 
eddy  diffusivlty^K  from  the  dye  streak 
photographs,  and  we  find  that  the  tur- 
bulent Prandtl  number  v/K  lies  in  the 
range  0.2  - 0.4. 

Using  this  expression  for  the  wan- 
dering motion  of  the  vortex,  we  can 
write  an  integral  equation  which  relates 
the  measured  average  velocity  profiles 
to  the  instantaneous  profiles.  From  this 
equation  we  calculate  the  effects  of  the 
wandering  upon  the  following  quantities: 

1)  the  vortex  core  radius,  defined  as 
the  distance  from  the  peak  in  tangential 
velocity  to  the  vortex  center,  2)  the 
maximum  tangential  velocity  in  the  vortex, 
and  3)  the  maximum  axial  velocity  defect 
in  the  core.  These  calculations  were 
performed  by  P.  saffman  and  G.  Baker, 
and  are  described  in  more  detail  in  ref. 
12.  The  predicted  effects  of  wandering 
upon  the  three  parameters  of  the  vortex 
are  shown  in  figure  2.  In  this  figure. 


Fig.  2 Effect  of  Vortex  Wandering  on 

Core  Radius.  Maximum  Tangential 
Velocity,  and  Axial  Velocity  on 
Mean  Axis 
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«)M  iMxinua  tan9«ntl«X  velocity.  The 
I other  two  curves  on  this  figure  repre- 

sent  the  contributions  to  the  sxisl  vel- 
ocity defect  due  to  the  pressure  field 
induced  by  the  vort>ax  roll  up  , 

I end  the  retardstion  in  the  boundary 

' I layer  on  the  model  (ATT^/Au^).  The  sb- 

( sclssa  of  this  figure.  v/K.  is  the  ratio 

I of  the  kinematic  viscosity  to  the  tur- 


the  left  side  of  figure  3.  The  uxial 
and  tangential  velocities  are  normalised 
by  the  free  stream  velocity,  and  profiles 
for  two  different  values  of  x/c  (where 
c is  wing  chord)  are  shown.  The  span- 
wise  coordinate  y is  normalised  by  the 
wing  span  b.  Note  that  as  distance  down- 
stream is  increased,  the  maximum  tangen- 
tial velocity  and  axial  vrlocity  defect 
both  decrease.  These  data  were  obtained 


bulent  eddy  diffuaivity  for  the  wander-  for  an  angle  of  attack  of  ten  degrees 

ing  motion.  Thus  the  wandering  de-  and  a free  stream  velocity  of  100  cm/seo. 

creases  as  x increases  on  this  x>lot. 


RECTANGULAR  WING 


30  DEGREE  DELTA  WING 


Pig.  3 Typical  trailing  vorte.t  veloci  y profiles.  Left  side 
As  x/c  ••  iO,  Os  x/c  “ 60.  Rig^t  side  (30  degree  delta)  - As 


(rectangular  wing)  - 
x/c  “ 7^  Os  x/c  “ 
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velocity  profiles  for  the  thirty 
degrne  delta  wing  model  are  shown  on  the 
right  side  of  figure  3.  In  this  case 
also,  tha  angle  of  attack  is  ten  degrees 
and  the  free  stream  velocicy  is  100  cm/ 
sec.  Qualitative  comparison  of  these 
two  sets  of  velocity  profiles  shows  some 
interesting  similarities  and  differences. 
The  tangential  profiles  for  both  modelo 
have  a region  near  the  center  of  the 
vortex  in  which  the  velocity  is  propor- 
tional to  r,  the  distance  from  the  cen- 
ter. This  region  of  solid  body  rotation 
is  generally  referred  to  as  the  core  o^f 
the  vortex  wake,  and  the  core  radius  r. 
is  defined  as  half  the  distance  between 
the  two  tangential  velocity  maxima. 


Note  that  for  the  rectangular  model 
the  tangential  velocity  profiles  are 
roughly  antisymmetric,  with  the  velocity 
outside  of  the  core  varying  approximate- 
ly as  1/r  on  both  sides.  For  all  of  the 
data  shown  here  the  second  trailing  vor- 
tex from  the  other  side  of  the  wing  is 
to  the  right  of  the  plotted  profile,  so 
that  the  data  points  to  the  right  of  the 
plot  origin  are  from  the  region  between 
the  two  vortices.  In  the  case  of  the 
rectangular  model  this  second  trailing 
vortex  appeus  to  have  little  effect 
upon  the  one  in  the  plot  at  these  values 
of  x/c.  For  the  delta  wing,  however, 
the  tangential  profiles  are  not  anti- 
symmetric. A strong  downwash  velocity 
is  observed  in  the  region  between  the 
two  vortices,  indicating  that  the  vor- 
tices interact  with  one  ancthor.  '*1tis 
downwash  velocity,  observed  in  all  of 
the  delta  wing  data,  is  more  than  15-^ 
of  the  free  stream  velocity  in  the  case 
shown  here  ~ 


The  axial  velocity  profiles  shown 
in  the  lower  half  of  figure  3 have  a 
velocity  defect  in  the  csinter  of  the  core 
in  all  cases.  This  defect  decreases  with 
Increasing  distance  downstream,  in  the 
analysis  of  Moore  and  Saffman  (13),  the 
axial  defect  is  represented  as  the  sum 
of  two  terms.  The  first  term,  u^,  is 
due  to  the  pressure  field  induced  by 
the  roll  up  and  decay  of  the  trailing 
vortex.  The  second  term,  u^,  is  the 
voJocity  defect  caused  by  tne  retardation 
in  the  boundary  layer  of  the  wing.  (The 
effects  of  vortex  wandering  upon  these 
two  terms  are  shown  in  figure  2.)  Itir 
a rectangular  high  aspect  ratio  wing 
both  terms  are  negative;  that  is,  they 
both  predict  an  cucial  defect  such  as  the 
one  observed  in  the  data.  For  the  delta 
wing,  however,  the  \i  term  is  positive 
and  predicts  an  eutlal  velocity  excess  in 
the  core.  Apparently  the  boundaury  layer 
retardation  term  overcomes  this,  since 
a velocity  defect  has  been  observed  in 
all  of  the  delta  wing  data. 

Three  parameters  which  can  be  meas- 
ured from  the  velocity  profiles  are  the 
core  radius,  the  maximum  tangential  vel- 


ocity, and  the  mwlmum  2o:ial  velocity  de- 
fect. The  laminar  trailing  vortex  theory 
of  Moore  and  Saffman(13)  has  been  applied 
to  the  rectangular  wing  to  predict  these 
quantities.  In  figure  4 the  theoretical 
predictions  of  the  core  radius  can  be 
compared  with  the  present  experimental 
results.  Here  the  core  radius  r.  is  nor- 
malised by  the  chord  Reynolds  number  R^ 
and  the  chord  length  c.  The  normalised 
core  radius  is  plotted  as  a function  of 
the  downstream  distance  x.  Two  theoret- 
ical curves  are  shown:  the  core  radius 

based  on  the  instantaneous  velocity  pro- 
file (dashed  line),  and  the  core  radius 
as  modified  by  the  vortex  wandering  ef- 
fect(solld  line).  The  open  data  points 
on  this  plot  are  for  the  two  rectangular 
models.  Model  1 has  the  square  wlngtlps 
and  model  2 has  the  rounded  ones.  The 
solid  data  points  are  for  the  two  delta 
planforms.  Model  3 is  the  sixty  degree 
delta  and  model  4 la  the  thirty  degree 
delta.  The  data  points  for  the  rectan- 
gular models  lie  reasonably  close  to 
their  theoretical  predictions.  The  core 
radii  for  the  delta  models  are  consider- 
ably larger,  but  this  Is  not  unexpected 
since  the  delta  wing  vortex  begins  to 
roll  up  at  the  leading  edge  of  the  wing. 

Figure  5 is  a plot  of  the  maximum 
tangential  velocity  v.  versus  downstream 
distance.  The  quantifies  used  to  normal- 
ire  V,  are  the  chord  Reynolds;  number  R^, 
the  free  stream  velocity  Uq,  and  the 
angle  of  attack  in  degrees  a*^.  As  in 
figure  4,  the  theoretical  predictions 
for  the  rectangular  wing  are  shown  for 
both  the  instantaneous  and  vortex  wander- 
ed profiles.  The  data  points  for  the 
rectangular  models  again  fall  reasone(bly 
close  to  the  theoret.ical  line.  The  data 
from  the  two  delta  wings  exhibit  a lower 
value  of  maximum  tangential  velocity, 
which  is  consistant  with  the  fact  that 
the  delta  wing  wakes  have  larger  core 
radii. 

The  axial  velocity  measurements  for 
the  rect  angulau:  models  have  also  loeen 
compared  witl,  the  laminar  theory,  with 
roughly  the  same  agreement (see  reference 
12).  For  the  delta  moCols  at  higher  an- 
gles of  attack (up  to  20°)the  axial  vel- 
ocity defect  in  the  center  of  the  core 
is  as  high  as  30%. 

The  agrt<ement  of  these  experimental 
results  with  the  laminar  theory  of  Moore 
and  Saffman  is  encouraging  in  view  of  the 
difficulty  of  ma>:ing  the  measurements. 

The  nx>8t  serious  experimental  problem  is 
that  caused  by  the  vortex  wandering  phe- 
nomenon, whose  effects  must  be  accounted 
for  in  some  way.  The  present  techniejue 
of  measuring  the  wandering  photograph- 
ically and  calculating  its  effect  on  the 
Instantaneous  velocity  profiles  is  a 
good  first  approximation,  but  does  not 
solve  the  problem.  Probably  the  best 
solution  is  a reduction  of  the  free 
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stream  turbulence  In  the  tunnel  to  the 
point  that  the  wandering  can  be  Ignored. 
This  would  also  allow  us  to  answer  an- 
other question  about  the  vortex  corest 
whether  they  are  laminar  or  turbulent. 

The  theory  with  which  we  have  compared 
the  present  data  is  for  laminar  cores, 
and  the  vortex  cores  produced  in  the 
water  tunnel  do  appear  to  be  laminar 
when  visualised  with  dye.  The  present 
LDV  measurements  cannot  determine  whether 
the  core  flow  is  laminar  or  turbulent, 
because  the  wandering  produces  an  arti- 
ficial turbulence  in  any  region  where 
there  is  a velocity  gradient. 
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ABSTRACT 

niis  paper  deacribes  the  mechanisms 
by  which  ventilation  of  surface  piercing 
struts  occurs,  and  explains  why  fences 
on  the  strut  inhibit  ventilation.  It 
was  found  experimentally  that,  providing 
the  fence  around  the  leading  edge  of  a 
strut  is  above  a minimum  size,  the  type 
of  surface  rupture  known  as  nose  venti- 
lation was  prevented.  At  the  other  end 
of  the  scale,  very  wide  fences  enhanced 
the  probability  of  tail  ventilation. 
After  consideration  of  force  changes  an 
optimum  nose  fence  size  is  suggested. 

It  was  found  difficult  to  prevent 
tail  ventilation  bat  a fence  inclined 
at  20®  to  the  horizontal  increased  the 
useful  incidence  range  by  several 
degrees.  The  same  configuration  had  a 
marked  effect  on  washout  angle,  because 
of  the  sealing  action  of  the  water  sheet 
which  was  shed  from  the  downstream  edge 
of  the  fence.  Parameters  controlling 
this  sealing  action  are  discussed. 

Lift  and  drag  forces  associated  with 
specific  fences  are  presented  and  a 
z<ecommendation  made. 

NOHENCUTURE 

A aspect  ratio  defined  as  ratio  of 
submerged  span,  relative  to  undis- 
turbed water  surface,  to  chord. 

Cj,  drag  coefficient , non-diraensiona- 
llsed  by  the  submerged  area  of  the 
strut  in  undisturbed  water  and  the 
dynamic  head  of  the  stream. 

C,  lift  coefficient,  non-dimensiona- 
llsed  by  the  submerged  area  of  the 
strut  in  undisturbed  water  and  the 
dynamic  head  of  the  stream. 

h width  of  23%  chord  nose  fence  at 
fence's  trailing  edge. 

t overhang  length  of  fence. 

m.  functions  of  fence's  nose  geometry 
n^  and  inclination. 

r nose  radius  of  fence. 

w fence  width  at  its  own  trailing 


edij'e,  or  the  strut's  trailing  edge 
whichever  is  further  aft,  on  the 
low  pressure  fide. 

a strut  incidence  angle. 

a ventilation  inception  angle  for 
^ strut. 

angle  of  washout  from  the  tip  of  the 
strut . 

B fence  inclination  angle  relative  to 
the  horizontal. 


INTRODUCTION 


BACKGROUND 

According  to  Janeb(l)  fences  are 
small  partitions,  attached  in  the  direc- 
tion of  flow,  placed  at  short  Intervals 
down  the  upper  and  lower  surfaces  of  a 
hydrofoil  to  prevent  air  ventilation 
passing  down  to  destroy  the  lift.  This 
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definition  is  rather  over-simplified  and 
some  of  its  aspects  will  be  questioned 
in  the  course  of  this  paper. 

Fences  have  been  used  by  hydrofoil 
designers  from  the  first  craft  and  are 
employed  almost  universally  on  today's 
boats.  Generally  they  have  been  consi- 
dered a necessary  evil,  producing  some 
deterioration  in  overall  performance  for 
the  sake  of  avoiding  the  disastrous 
sudden  loss  of  lift  caused  by  ventila- 
tion. Apart  from  ventilation  preven- 
tion, fences  have  been  required  to 
double  as  stiffeners  for  hollow  struts 
for  ducting  water  to  a water  jet  propul- 
sion system.  In  these  cases  compara- 
tively large  fences  may  prove  accept- 
able . 

To  date  there  have  been  no  reported 
parametric  studies  of  fences.  The 
development  of  fence  design  has  been 
largely  on  the  basis  o?  ad  hoc  modifi- 
cations to  eliminate  a prototype  problem. 
Such  methods  do  not  lead  to  an  optimum 
design  or  satisfactory  understanding  of 
the  mechanisms  by  which  fences  suppress 
ventilation. 

MECHANISM  OF  VENTILATION 

It  is  essential,  in  order  to  under- 
stand the  role  ol  fences,  to  have  a 
clear  grasp  of  the  situation  in  the 
unfenced  case.  Recent  work  at 
Leeds (2 , 3 ,b ) has  lead  to  a good  under- 
sta!.ding  of  the  physics  of  ventilation 
on  surface  piercing  struts  under  a wide 
variety  of  conditions.  Three  distinct 
modes  of  ver.tilation  inception  have  been 
identified.  They  may  be  distinguished 
by  the  point  at  which  the  air,  which 
subsequently  implodes  to  become  the 
ventilated  cavity,  first  breaks  into  a 
low  pressure,  separated  region  on  the 
strut.  One  of  these  modes,  that  of 
inception  via  the  tip  vortex,  is  not 
considered  here  because  of  the  unsuit- 
ability of  fences  for  its  suppression. 

The  other  two  modes  relate  to  breaches 
ol'  the  unseparatsd  layer  of  water 
nearest  the  air-water  interface.  This 
layer,  known  as  the  surface  seal, 
isolates  the  atmospheric  air  from  the 
separated  regions  of  flow  further  below 
the  water  surface. 

Nose  Ventilation 

In  the  Tirst  of  the  modes  consi- 
dered here,  nose  ventilation,  the  air 
breaches  the  surface  seal  near  the  lead- 
ing edge  (or  nose)  of  the  strut  and 
spreads  very  rapidly  until  it  engulfs 
the  entire  low  pressure  face.  This 
mode  of  inception  is  preceded  by  a 
bubble  of  low  pressure  separated  flow 
which  sometimes  exists  behind  the  nose 
of  a fairly  sharp  strut.  A free  stream 
disturbance,  or  a local  flow  deformation 
caused  by  the  nose  of  the  strut  itself, 
opens  up  a path  to  the  bubble  that 
allows  enough  air  through  to  blow  off 


(a)  With  this  sharp  nosed  biogival  foil 
at  9°  incidence,  the  surface  has  been 
breached  at  the  nose,  and  air  is  travel- 
ling down  and  across  the  foil.  Flow  is 
from  left  to  right,  at  5 fts“*. 


(b)  Appearance  of  underside  of  free 
water  surface  showing  growth  of  pertur- 
bations just  before  ventilation  incep- 
tion. Flow  was  from  left  to  right  at 
10  fts"*  and  the  foil  was  an  NACA  16-021 
at  20°  incidence  angle. 

Fig.  1.  Mechanisms  of  Ventilation 
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the  remaining  attached  liquid  flow 
(Fig.  la). 

Tall  yentllatlon 

In  the  second  mode  conaidered,  tail 
ventilation,  the  air  leaks  Into  a low 
pressure  separated  region  in  the  neigh- 
bourhood the  trailing  edge  (or  tall)  of 
the  strut.  The  air  entrainment  is 
caused  by  the  downwards  acceleration  of 
the  surface  seal  which  results  from  the 
large  pressure  gradient  across  ic. 

This  accelerating  field  stimulates  the 
growth  of  surface  perturbations  to  such 
an  extent  that  by  the  time  they  reach 
the  trailing  edge  they  are  grossly 
distorted  globular  waves  (Pig.  lb). 

These  perturbations  eventually  break  in 
the  trough  behind  the  strut,  introducing 
a small  amount  of  air  into  the  tall 
separated  region  where  it  lingers  until 
it  is  either  washed  away  down-stream  or 
reinforced  from  subsequent  perturbations. 
With  increasing  incidence  angle,  the 
separated  region  grows  larger  and  the 
rate  of  air  entrainment  becomes  greater, 
until  a completely  ventilated  cavity  is 
suddenly  formed  with  unrestricted  access 
to  the  atmosphere.  The  transition  to 
fully  ventilated  flow  takes  rather 
longer  than  in  the  case  of  nose  venti- 
lat ion. 

Influence  of  Strut  Geometry 

In  general  terms,  nose  ventilation 
is  associated  with  struts  of  small  nose 
radius.  Ttte  pressure  field  about  such 
struts  has  a sharp  negative  peak  which 
encourages  the  formation  of  a small 
separated  region  at  the  nose.  In 
contrast,  tail  ventilation  will  occur 
on  any  strut  at  a sufficiently  high 
incidence  to  create  extensive  separation. 
It  is  seen  in  its  purest  form  on  struts 
with  a moderately  flat  pressure  profile 
and  extensive  separation  which  extends 
into,  or  from,  the  region  of  the  tail. 

Influence  of  Vapour  Cavitation 

As  speed  is  increased,  the  intro- 
duction of  vapour  cavitation  may  alter 
the  modes  of  ventilation  somewhat.  In 
the  presence  of  a nose  cavitation 
bubble,  the  surface  seal  may  be  breached 
after  the  manner  of  nose  ventilation 
with  the  cavitation  region  replacing  the 
separation  bubble.  If  extensive  face 
cavitation  exists,  it  is  possible  for 
air  to  be  drawn  down  by  the  instability 
mechanism  of  tail  ventilation.  In  this 
case,  air  enters  the  cavity  and  causes 
ventilation  at  a lower  incidence  angle 
them  in  non-oavitating  conditions. 

With  increasing  speed,  the  point  at 
which  the  surface  seal  breaks  down  moves 
towards  the  nose  until  there  is  little 
to  distinguj.sh  between  the  nose  and  tail 
modes  of  inception. 

A mixed  mode  may  occur  when  there 
is  a small  nose  cavity  with  a large,  well 
aerated,  tail  separation  zone  close 
behind  it.  The  pulsing  nose  cavity  may 


be  breached  below  the  surface  at  about 
mid-span  by  air  entrained  in  the  tail 
separation  region.  The  contact  between 
the  two  regions  and  resulting  intro- 
duction of  air  into  the  vapour  cavity 
precipitates  a full  scale  breach  of  the 
surface  seal  and  a fully  ventilated 
cavity  springs  from  the  nose  at  mid-span. 

THE  INFLUENCE  OP  PENCES 

It  is  well  known  that  the  venti- 
lation inception  angle  can  be  increased 
by  the  presence  of  fences.  Almost 
invariably,  ventilation  occurs  first  on 
the  portion  of  the  strut  above  the  fence, 
and  a significant  increase  in  Incidence 
angle  is  required  before  the  ventilated 
cavity  jumps  the  fence  to  give  complete 
ventilation.  It  has  usually  been 
assumed  that  i.he  fence  acts  as  a physi- 
cal barrier  to  the  passage  of  air.  The 
mechanism  of  tail  ventilation  just  des- 
cribed throws  doubt  on  the  validity  of 
this  explanation,  as  the  air  path  to  the 
separated  regions  is  often  downstream  of 
the  path  blocked  by  fences.  Some  pre- 
liminary experiments  were  carried  out  to 
clarify  the  situation(7,8). 

These  experiments  showed  that  hori- 
zontal fences,  extending  completely 
around  the  foil  (envelope  fences),  did 
indeed  prevent  nose  ventilation  by  deny- 
ing air  to  the  low  pressure  separated 
region  or  vaporous  cavity  below  the 
fence.  This  was  confirmed  by  the  fact 
that  a small  hole  in  the  fence  in  the 
vicinity  of  the  nose  separation  bubble 
rendered  the  fence  inoperative. 

Conversly,  a half  fence  covering  only 
the  downstream  50X  chord  was  completely 
ineffective  in  preventing  ventilation. 
Eames(9)  reached  similar  conclusions. 

Even  with  a full  envelope  fence, 
the  mechanism  producing  tail  ventilation 
was  still  present.  High  speed  photo- 
graphy and  observation  under  stroboscopic 
lighting  showed  the  characteristic  per- 
turbation growth  in  the  accelerating 
water  surface.  Ventilation  on  struts 
with  full  envelope  fences  was  invariably 
observed  to  be  from  the  tail.  As  nose 
ventilation  is  more  random  than  tail 
ventilation,  and  occurs  at  lower  inci- 
dence angles,  the  present  success  of 
fences  clearly  depends  on  changing  the 
mode  from  nose  to  tail  ventilation.  It 
was  established  that  the  presence  of  the 
fence  could  hasten  tail  ventilation, 
causing  it  to  occur  at  Incidence  angles 
a degree  or  so  smaller  than  in  the 
unfenced  case.  When  fences  shorter 
than  full  chord  were  used,  this  tendency 
was  reduced.  Increased  depth  of  sub- 
mergence of  the  fence  was  found  to  have 
little  effect  on  ventilation  angle. 

Attempts  were  made  to  inhibit  tail 
ventilation  by  using  a variety  of  fence 
shapes.  Within  practical  limits  the 
overhang,  t of  the  fence  or  its  width 
or  the  trailing  edge*  vs  had  little 
effect  but  a significant  improvement 
was  obtained  by  inclining  the  fence  to 
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the  horizontal.  Sonwwhat  aurprlaln^ly , 
this  produced  a marked  change  in  washout 
angle.  Another  approach  preliminarily 
explored  was  to  try  to  reinforce  the 
surface  seal  by  locally  accelerating  the 
fluid  using  streams  of  water  externally 
fed  through  horizontal  or  vertical  slots 
in  the  foildlt).  This  procedure  proved 
complex  and  is  still  being  studied. 

OBJECTIVES 

The  preliminary  experiments  indi- 
cated soma  fruitful  areas  for  further 
study,  which  formed  the  basis  of  the 
work  reported  here.  The  first  aim  of 
the  present  study  was  to  determine  the 
smallest  fence  which  would  successfully 
eliminate  nose  ventilation,  and  to 
assess  the  associated  effects  in  terms 
of  drag  and  lift  force.  The  second 
purpose  was  to  study  effects  of  incli- 
nation angle  and  fence  geometry  on  tail 
ventilation  and  washout  angles,  again 
evaluating  lift  and  drag. 

NOSE  FENCES 

EXPERIMENT 

The  preliminary  experiments  pre- 
viously desjribed(8)  established  that 
nose  ventilation  did  not  occur  on 
unfenced  struts  which  had  a nose  sepa- 
ration bubble  length  in  excess  of  25S 
of  chord.  A fence  length  of  25*  chord 
was  therefore  fixed  and  the  width  was 
taken  to  be  the  dlmenslor  to  be  ^ aried. 

The  strut  used  throughout  tne  tests 
was  a brass  biogive  with  a blunt  trail- 
ing edge  and  a Q"  chord.  Previous 
experience(2)  had  shown  that  this  strut 
would  exhibit  nose  ventilation  at 
15fts”  . This  was  chosen  as  the  test 
speed.  The  tests  were  carried  out  in 
both  a high  speed  channel  and  a recir- 
culating water  channel(10,ll)  with  the 
strut  at  a submergence  aspect  ratio 
of  1.9. 

The  fences  were  attached  to  the 
strut  one  half  chord  length  below  the 
undisturbed  water  surface.  Any  gaps 
between  the  fence  and  the  strut  were 
carefully  sealsd  because  even  a small 
hole  was  found  to  render  the  fence 
ineffective. 

In  the  hi{^  speed  channel,  a foil 
rotator  was  used  to  obtain  a steady  rate 
of  turn  of  2.6  sec/deg  (0.385  ajg/sec), 
t mal'ing  the  tests  conditions  absolu- 
tely self  consistent ^2) . in  the  recir- 
culF.tlng  water  channel  a dynamometer  was 
used  to  measure  lift  (side  force)  and 
drag  and  the  angle  was  changed  at  a 
similar  rate  to  that  in  the  other 
channel. 

A set  of  ten  25*  chord  fences  of 
different  ’(idtha  ranging  from  1"  (25* 
of  chord)  down  to  0.015"  (O.H*  of  chord) 
were  fixed  to  the  strut  in  turn.  For 
each,  the  ventilation  and  washout  angles 
were  recorded  for  six  angle  traverses  in 
both  channels.  In  the  recirculating 


channel  the  forces  were  also  recorded  at 
two  degree  intervals  for  increasing  and 
decreasing  incidence  angles. 

RESU.liTS 

Differences  in  the  flow  conditions 
in  different  facilities  have  been  shown 
to  influence  the  ventilation  phenomenon. 
For  these  two  channels,  differences  in 
the  condition  of  the  water  surface,  tur- 
bulence level  upstream  water  aeration 
and  speed  fluctuations  all  occurred. 

It  is  therefore  desirable  to  consider  the 
results  from  the  two  facilities  separa- 
tely. 

High  Speed  Channel 

Tne  values  of* ventilation  and  wash- 
out angles  for  each  fence  width  are  pre- 
sented in  tabular  form  (Table  1)  with  the 
ventilation  angle  being  plotted  against 
fence  width  on  a logarithmic  scale  in 
Pig.  2. 


Table  1.  Nose  fences  at  15  fts*‘  (H.S. 
channels  each  result  mean  cf  six) 

. I . ■■  ■■■■■■■  ■ - - ■■■»-—  -I  ■-! 


Fence 

width 

h" 

Ventilation 

angle 

r ■ “ ■ — 

Washout 

angle  a ^ 
!! 

To 

Pence 

Complete 

To 

Pence 

— 

Complete 

No. 

4.6 

3.4 

Pence 

0.015 

4.3 

5.5 

3.5 

2.5 

0.026 

4.0 

6.0 

5-5 

0.030 

4.1 

10.0 

3.6 

2.6 

0.070 

4.5 

12.1 

3.4 

2.7 

0.12 

4.3 

14.4 

3.5 

2.6 

0.20 

4.3 

14.5 

3.6 

3.0 

0.30 

3.9 

14.5 

3.5 

2.5 

o.to 

4.4 

11.1 

3.5 

2.8 

0.50 

4.0 

10.4 

2.9 

2.5 

1.00 

4;0 

10.7 

3.1 

2.8 

As  the  fence  width  was  reduced  the 
angle  for  ventilation  to  the  fence 
]?emained  constant,  but  the  angle  at  which 
complete  ventilation  occurred  showed  a 
maximum  when  the  fence  width  was  0.2", 
corresponding  to  one  half  of  maximum 
strut  thickness,  or  5*  of  chord.  For 
this  width,  the  ventilation  inception 
angle  was  three  times  the  unfenced  value 
and  50*  greater  than  the  angle  for  the 
widest  fence. 

Stroboscopic  illumination  showed 
that  first  nose  ventilation  occurred 
down  to  the  fence.  Aft  of  the  fence, 
perturbations  at  the  new  interface  grew 
until  they  precipitated  tail  ventilation. 

Recirculating  Channel 

For  the  same  fence  width  the  ven- 
tilation angles  were  a maximum  in  both 
channels.  However,  the  ventilation 
angle,  for  the  unfenced  strut,  was  so 
much  higher  in  the  recirculating  channel 
that  the  fence's  Influence  was  less 
dramatic.  These  results  are  shown  in 
Fig.  2. 


Fig.  2.  Nose  fences:  ventilation 

angles  with  varying  fence  width. 


Figs-  3,  ^ and  5 show  drag,  lift 
and  lift /drag  ratio  plotted  non-dimen- 
sionally  against  fence  width.  The  drag 
was  a minimum  at  a fence  size  of  about 
0.6"  where  the  fence  seemed  to  create 
no  drag  penalty  at  all.  There  was  a 
maximum  at  a width  of  0,25"  where  the 
fence  increased  the  drag  by  about  40X 
relative  to  the  unfenced  case.  As  the 
width  decreased  further,  the  drag  app- 
roached the  unfenced  value. 

The  lift  changed  more  dramatically 
with  width.  The  widest  fence  corres- 
ponded to  the  highest  lift  force.  With 
decreasing  width,  the  lift  dropped  to  a 
minimum  at  0.5"  and  then  rose  to  a sharp 
peak  at  0.*i"  where  only  a small  percen- 
tage of  the  unfenced  lift  was  lost. 

After  another  minimum  at  0.2"  the  lift 
rose  to  the  unfenced  value,  provided 
that  the  angle  was  sufficiently  small 
that  ventilation  had  not  already  occur- 
red down  to  the  fence.  This  partial 
ventilation  explains  the  change  of  shape 
and  non-asyraptotic  behaviour  for  the 
higher  angles. 

Ttie  lift/drag  ratio  was  high  for 
widths  greater  than  0.4",  then  fell  with 
decreasing  width  to  a low  between  0.3" 
and  0.l8"  before  returning  to  its  best 
value  at  0.1".  The  agreement  of  the 
small  fences  with  the  unfenced  case  was 
not  very  good. 

DISCUSSION 

It  was  reassuring  to  observe  that 
the  high  jpeed  and  the  recirculating 
channels  r^ave  the  same  general  shape  for 


the  ventilation  angle  curve  in  Pig.  2., 
in  spite  of  the  appreciable  differences 
between  the  two  facilities  and  the 
necessary  changes  in  the  experimental 
method.  These  differences,  (e.g. 
condition  of  water  surface,  turbulence 
level  and  speed  fluctuations)  adequately 
explain  the  discrepancies  in  absolute 
values. 

If  it  is  assumed  that  noae  ventila- 
tion cannot  occur  around  a fence  whose 
width  is  greater  than  the  thickness  of 
the  associated  separation  bubble,  then 
from  the  high  speed  channel  data  shown 
in  Pig.  1.  it  is  possible  to  deduce  that 
the  thickness  of  the  nose  separated 
region  is  about  0.03";  rather  less  than 
1*  of  chord. 

The  existence  of  maxima  in  Pig.  2 
was  somewhat  surprising  but  an  explana- 
tion was  suggested  from  the  observations 
with  stroboscopic  illumination.  Above 
a certain  width,  all  the  fences  prevented 
nose  ventilation  below  the  fence.  The 
wider  the  fence,  however,  the  greater  the 
vortlcity  which  was  shed  into  the  flow 
near  the  new  interface.  This  vortioity 
enhanced  the  curvature  normal  to  the 
chord  and  consequently  assisted  ventila- 
tion. 

The  plots  of  force  versus  fence 
width  show  undulations  which  can  not  yet 
be  explained.  The  consistency  of  these 
curves  for  different  incidence  angles 
indicates  vhat  they  describe  real  pheno- 
mena. Even  so,  it  would  be  unwise  to 
assume  that  the  same  relationships  will 
hold  at  higher  Reynold's  numbers,  since 
the  extent  of  the  separated  region  may 
well  change. 

Choosing  the  optimum  nose  fence 
width  must  be  a compromise  arrived  at  by 
weighing  the  relative  importance  of  ven- 
tilation angle,  drag,  lift  and  lift /drag 
ratio  in  specific  cases.  The  best 
values  of  the  ventilation  angles  are  for 
widths  in  the  range  0.2"  to  0.25"  which 
correspond  to  the  poorest  values  of  the 
lift/drag  ratio.  The  comparative 
figures  arc  shown  in  Table  2. 

INCLINED  FENCES 

EXPERIMENT 

Prom  the  preliminary  experimental 
work(8)  it  was  clear  that  tail  ventila- 
tion could  be  influenced  by  fsnees 
inclined  to  the  hoi'izonta)  and  also  that 
washout  angles  could  be  increased  quite 
markedly.  In  an  attempt  to  determine 
the  mode  of  action  of  an  inclined  fence, 
half  envelope  fences  (Fig.  6a),  which 
were  later  modified  to  include  a nose 
fence  (Pig.  6b),  were  tested  on  both  the 
high  pressure  and  the  low  pressure  faces. 
The  results  obtained  from  the  initial 
experiments,  suggested  an  optimum  incli- 
nation, B = 30  , but  this  angle  is  too  large 
to  be  practicable  on  low  aspect  ratio 
struts  and  therefore  a compromise  angle 
of  20°  was  taken  for  the  design  of 


Table  2:  Comparlaon  of  four  noae  fenceo  with  unfenced  case  (forcea  fx^m  RWC) 


Pence 
Width  h 
(inches) 

0 

“v 

in  RWC 

0 

“v 

in  HSC 

Force  Coefficients 
at  0*4® 

Force  Coefficients 
at  0*8® 

r* 

Cl 

Cd 

Unfenced 

10.5 

4.5 

0.023 

0.162 

7.04 

0.046 

0.331 

7.20 

0.5 

14.0 

10.5 

0.024 

0.086 

7.75 

0.045 

0.180 

4.00 

0.4 

15.5 

11.5 

0.031 

0.146 

4.71 

0.055 

0.205 

3.73 

0,25 

16.2 

14.9 

0.040 

0.111 

2.78 

0.067 

0.194 

2.90 

0.1 

14,2 

14.0 

0.030 

0.147 

4.90 

0.053 

0.212 

4.00 

RWC  Reciroulating  Water  Channel 
HSC  High  Speed  Channel 

of  four  traverses  of  incidence  angle. 

The  overhang,  i,  was  out  down  by  1"  steps 
and  the  runs  repeated  until  the  fences 
were  flush  with  strut's  trailing  edge. 

One  of  the  fences  was  cut  down  in  three 
further  stages  as  shown  in  Fig.  6c  to 
provide  additional  values  of  w.  A I" 
envelope  fence  (Fig.  6f)  was  also  tested 
to  determine  the  influence  of  changing 
the  dimensions  of  the  fence  in  the 
vicinity  of  the  nose. 

On  completion  of  the  angle  surveys, 
four  fences  were  selected  on  the  grounds 
of  interesting  ventilation  or  washout 
characteristics.  For  these  fences  the 
force  coefficients  wer«  recorded  for 
comparison  with  the  plain  strut. 

RESULTS 

Inclination  Angle 

“■  The  effect  of  the  inclination  angle, 
B,  on  ventilation  and  washout  angles  for 
the  fences  6a  and  6b  on  both  sides  is 
shown  in  Fig.  7.  These  show  the  high 
pressure  face  fence  to  be  much  less 
efficient  than  the  low  pressure  fence 
with  respect  to  both  ventilation  and 
washout.  The  incidence  angle  for  tail 
ventilation  inception  can  be  increased 
by  4 to  5 degrees  by  inclining  a full 
chord  fence. 

The  maximum  washout  angle  observed 
corresponded  to  the  largest  inclination 
angle  tested,  30°. 

Variable  Tail  Geometry 

The  results  (Fig.  8 and  Table  3) 
showed  that  ventilation  and  washout 
angles  were  insensitive  to  the  overhang, 
1,  except  in  the  case  of  the  widest 
fence  (Fig.  6e)  where  the  width,  w,  i iso 
changed  significantly.  The  influenct 
of  width  on  ventilation  angle  was  rather 
complicated  but  it  was  clear  that  values 
above  1"  were  not  desirable  as  may  be 
seen  in  Table  3.  When  considering 
washout,  however,  all  the  data  for  a 
given  nose  geometry  aiie  seen  to  collapse 
onto  a straight  line  which  may  be 
expressed  by 

= mw+n. 

The  results  from  the  i"  fence  (Fig.  6f) 
suggest  that  in  this  case  a different 


a.  Assymetric  fence 


b.  Modified  asymmetric  fence 


c.  Envelope,  r*C.5",  w=0.5'' 


Fig.  6.  Experimental  tail  fence:; 
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Fig.  7.  Effect  of  inclination  angle  on 
ventilation  and  washout  (fence  type  as 
shown  in  Fig,  6b). 


relationship  would  be  required  corres- 
ponding to  the  different  nose  geometry. 
I'his,  and  the  change  in  washout  angle 
with  incidence  imply  that  in  general  m 
and  n are  functions  of  the  nose  geometry 
and  the  inclination  angle.  The  preli- 
minary experiments( 8)  on  an  asymmetrical 
delta  fence  showed  the  '.mportanoe  of  the 
width  of  the  fence  on  the  low  pressure 
face. 

The  force  coefficients  are  shown  in 
Pigs.  9 ard  10.  In  the  absence  of  full 
ventilation  the  lift  i oeffioient  (Fig. 

9)  was  not  very  much  altered  by  the 
existence  of  the  fence,  the  maximum 
penalty  being  of  the  order  of  lOX.  It 
may  be  noted  that  the  fence  of  2"  width 
(Fig.  6d)  always  had  a higher  lift 
coefficient  than  the  unfenced  strut 
since  it  washed  out  at  an  angle  higher 
than  the  bare  strut  ventilated.  The 
1("  wide  fence  (Pig.  6e)  also  showed  high 
lift  characteristics  with  the  smaller 
fences  causing  e small  loss.  The  drag 
curves  (Fig.  10)  suggested  that  form 
drag  was  the  major  contrioutor  to  t.he 
fence  drag  pena^'ty.  The  small  fences 
increased  the  strut  drag  by  about  30< 
at  small  incidence  with  the  change 
reducing  to  almost  nothing  at  higher 
angles.  The  larger  fences  doubled  or 
trebled  the  form  drag  and  were  respon- 
sible for  a drag  coefficient  penalty  of 


0.03  or  0,04  over  the  whole  angle  range 
(assuming  that  the  unfenced  results  may 
be  extrapolated).. 

Table  3:  Ventilation  and  Washout 

Characteristics  of  Fences  (all  angles  are 
the  average  of  four  readings  in  reelrou- 
lating  water  channel). 


Fence 
profile 
(see  F 
Pig  6) 

w 

(ins) 

1 

(ins) 

— 

0 

“v 

0 

“w 

a 

0.5 

0.5 

18 

1 

5 

8.5 

b 

0.5 

0,5 

18 

7 

9.5 

c 

0.5 

1.5 

18. 

2 

9.9 

0.5 

1.0 

17. 

9 

9.8 

0.5 

0.5 

17. 

9 

9.8 

0.5 

0 

17. 

6 

9.2 

cl 

0 

0 

18. 

0 

7.9 

o2 

0 

0 

18. 

4 

7.3 

o3 

0,3 

0 

18. 

8 

8.5 

d 

1.0 

2.0 

19. 

7 

10.0 

0,95 

1.0 

19. 

6 

9.9 

0.92 

1.0 

19. 

6 

9.9 

0.92 

0.5 

18. 

9 

10.4 

0.9 

0.125 

18. 

0 

10.0 

0.9 

0 

17. 

8 

10.3 

2.0 

2.5 

17. 

4 

i:;.3 

1.8 

1.5 

17. 

3 

13.1 

1.7 

1.0 

17. 

1 

12.4 

1.6 

0.5 

17. 

3 

12.0 

1.5 

0 

17. 

4 

11.0 

skew 

delta 

2.5 

2.0 

19. 

9 

14.7 

f 

0.15 

2.0 

17. 

2 

6.4 

0.2 

1.5 

17. 

1 

6.1 

0.25 

1.0 

16, 

8 

6.0 

0.3 

0.5 

16. 

3 

5.9 

0.35 

0.125 

16. 

5 

6.0 

DIS  .'USSION 

Inception  and  Washout  Angles 

Normally,  the  aim  of  ventilation 
fences  is  to  incraase  the  incidence  angle 
of  inception.  However,  no  matter  how 
much  o.nre  is  taken  to  prevent  ventila- 
tion, nn  unfortunate  transient  situation 
may  result  in  its  occurrence.  It  may 
thus  be  considered  desirable  to  maximise 
the  washout  angle  so  that  with  the 
passing  of  the  transient  the  strut  will 
return  to  its  normal  wetted  flow  condi- 
tion with  the  minimum  of  delay. 

Inclining  the  fences  increases  the 
ventilation  inception  angle  by  a few 
degrees  and  changes  the  \jashout  angle  by 
a surprisingly  large  amount.  .The  maxi- 
mum washout  angle  observed,  15°  for  a 
2J"  wide  fence,  compared  with  for  the 
unfinced  strut.  This  improvement 
carries  little  penalty  in  terms  of  lift 
(side  force)  but  adversely  affect!  tne 
drag.  For  a giver  nose  geemetry  and 
inclination,  the  washout  angle  ie  a 
linear  function  of  fence  width.  Too 
much  reliance  should  not  be  placed  in 
the  force  measurements  for  the  reasons 
given  earlier.  Larger  scale  experiments 
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Pig.  8.  Influence  of  fence  width,  w, 
on  waahout  angles. 


would  be  required  to  determine  the  drag 
penalty  on  a hydrofoil  craft. 

Delayed  Ventilation  Inception 

The  suggested  mechanism  by  which 
the  inclined  fence  improves  the  venti- 
lation inception  point  is  as  follows. 
Initially  an  atypical  ventilation  occurs 
down  to  the  fence.  Even  at  very  low  or 
zero  incidences  the  fence  is  ventilated 
in  a manner  analogous  to  the  ventilation 
of  a fully  submerged  foil  in  the  proxi- 
mity of  the  surface.  That  is,  the 
upper  surface  is  fully  aerated  but  the 
air  path  is  not  directly  down  the  strut, 
which  in  this  case  may  be  wetted,  but 
from  a point  above  tho  strut's  wake. 

This  leaves  a relatively  stable  air- 
water  interface  utreamlt.g  from  the  under 
face  of  the  fence.  This  interface  is 
less  vulnerable  to  Taylor  Instability 
than  the  upstream  water  surf.^ce  because 
it  does  not  experience  the  finite  ampli- 
tude disturbances  inherent  in  the  flow 
and  because  the  fence  Itself  eliminates 
the  vertical  accelerations  caused  by  the 
strut  pressure  field.  Thus  tail  ven- 
tilation is  delayed.  Also,  the  surface 
cannot  be  breached  at  the  nose  because 
of  the  physical  presence  of  the  fence. 

When  ventilation  does  occur,  the 
mechanism  is  different  from  the  unfenced 
case.  The  subambient  strut  pressures 
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Incidence  angle 

Pig.  10.  Inclined  fences:  drag 

coeficients. 


(b) 


Pig.  11.  MechaniBm  of  (a)  ventilation,  (b)  washout  with  an  inclined  fence. 


which  exist  beneath  the  fence  distort 
the  surface  beyond  the  boundaries  of  the 
fence.  Undcc  the  influence  of  these 
pressures  the  surface  wraps  over  the 
side  of  the  fence  and  when  the  distor- 
tion is  sufficient,  as  shown  in  Fig.  11a, 
air  penetrates  below  the  fence. 

Enhanced  Washout 

Ifhe  change  in  washout  angle  appears 
to  be  the  result  of  the  sealing  action 
of  a water  sheet  which  is  shed  from  the 
underside  of  the  downstream  edge  of  the 
fence.  Because  of  the  confused  flow 
pattern  and  its  three  dimensional  nature, 
the  sheet  is  exti’emely  difficult  to 
photograph,  but  an  examination  under 
stroboscopic  light  uas  shown  it  to  be 
continuous  and  glasslike  for  some 
distance  downstream.  A schematic 
drawing  of  the  sheet  is  shown  in  Fig. 

11b.  Since  there  are  no  large  pressure 
gradients  tending  to  rupture  the  sheet, 
which  leaves  the  fence  well  aft  of  the 
strut's  low  pressure  zone,  its  action 
is  simply  to  restri.fc'  the  passage  of  air 
to  the  lower  cavity.  In  the  ventilated 


state  the  major  part  of  the  underside  of 
the  fence  is  within  the  cavity  and  conse- 
quently is  not  wetted  directly  by  the 
mainstream  flow.  Only  the  nose  section 
of  the  fence  has  contact  with  the  main- 
stream and  it  is  the  flow  impinging  on 
this  part  which  forms  the  sealing  sheet. 
Thus  fences  with  smaller  nose  sections, 
like  the  I"  fence  (Pig.  6f ) , capture 
3 >33  wa'i.er  so  producing  less  effective 
jaling  sheets.  Since  the  amount  of 
water  captured  is  proportional  to  cos  B 
it  is  possible  to  see  why  a monotonic 
increase  of  washout  angle  with  incidence 
occurs  (Fig.  7).  The  width  of  the 
trailing  edge  is  critical  in  determining 
tho  lateral  extent  of  the  sheet.  The 
effectiveness  of  the  physical  barrier 
and  the  restriction  of  the  air  supply  by 
the  water  sheet  are  both  reduced  with 
decreasing  fence  width. 

CONCLUSIONS 

OPTIMUM  PENCE  CONPIOURATIONS 

It  was  found  for  the  conditions 
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studied  that  all  nose  fences  wider  than 
IX  of  chord  prevent  nose  ventilation. 

Of  the  23%  chord  fences  tested  the  one 
whose  width  was  approximately  6X  of 
chord  was  most  effective  at  suppressing 
ventilation.  This  fence  carried  the 
biggest  drag  penalty,  though  th.is  would 
be  small  compared  with  the  total  craft 
drag.  If,  however,  drag  is  a severe 
constraint,  these  tests  indicate  that 
fence  widths  of  loX  or  21>l  of  chord 
provide  nearly  the  same  protection 
against  nose  ventilation  but  with  a 
smaller  drag  penalty. 

Tail  ventilation  is  much  harder  to 
influence.  Inclined  fences  up  to  30° 
were  tried  with  appreciable  success. 
Although  this  inclination  produced  the 
greatest  delay  it  is  impracticable  on 
struts  of  submergence  aspect  ratio  of 
loss  than  unity,  and  an  inclination  of 
2C°  may  be  more  acceptable.  Fairly 
large  drag  penalties  were  measured  for 
the  larger  inclined  fences,  but  c.ce 
fence  (Pig.  6c-2)  produced  good  results 
with  respect  to  both  ventilation  and 
force  criteria  and  may  be  recommended. 

Washout  occurred  at  large  incidence 
angles  with  inclined  fences.  Greater 
width  at  tne  fence  trailing  edge  also 
increased  washout  angle,  provided  the 
underside  of  the  fence  had  sufficient 
wetted  area  at  the  nose  in  the  post 
ventilated  flow  state. 

Explanations  of  the  mechanisms  by 
which  the  various  types  of  fences  act 
have  been  suggested  in  each  case. 

SCALING  CONSIDERATIONS 

In  view  of  the  uncertainty  about 
the  mode  of  ventilation  on  prototype 
craft  it  is  essential  to  retain  a clear 
idea  of  the  context  and  limitations  of 
this  programme.  With  all  tests  carried 
ouc  at  the  same  Reynold's  number,  the 
same  Froude  number  and  the  same  cavita- 
tion number,  there  can  be  no  justifi- 
cation for  attempting  to  scale  the  values 
to  a full-sized  craft.  Neverthexess 
physical  parallels  with  larger  scale 
struts  and  higher  speeds  may  be  antici- 
pated. It  has  been  shown(6)  that  high 
speed  ventilation  is  increasingly 
associated  with  the  tail  mechanism  but 
the  position  of  surface  rupture  moves 
upstream  with  increasing  speed.  Thus 
a nose  fence  such  as  that  considered  in 
the  first  part  of  the  work  might  be  more 
efficient' at  higher  speeds. 

FUTURE  WORK 

It  can  not  be  claimed  that  the  work 
presented  in  this  paper  represents  the 
last  word  on  fences.  Within  the  limi- 
tations of  mechanical  fences  there  is 
scoofc  for  improvement  of  washout  angles 
now  the  mechanism  is  understood,  and  the 
problems  of  higher  speeds  with  associa- 
ted cavitation  are  still  unexplored. 

Some  of  these  situations  may  be  better 


tackled  by  boundary  layer  control  and 
liquid  fences.  It  has  been  showndM 
that  blowing  water  from  suitably  posi- 
tioned vertical  slots  can  appreciably 
retard  tail  ventilation  on  a NACA  section 
and  nose  suction  in  the  region  below  the 
surface  can  also  prevent  nose  ventilation. 
The  role  of  a sealing  sheet  of  liquid  in 
the  observed  washout  mechanism  indicates 
that  blowing  liquid  from  horizontal  slots 
may  'be  useful.  It  is  possible  that  the 
use  of  liquid  blowing  may  suppress  cavi- 
tation as  well  as  separation.  Such 
techniques  successfully  applied  could 
enhance  lift  and  extend  the  possible 
speed  range  of  craft  using  sub-cavitating 
foils  and  atiuts. 
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studied  that  all  nose  fences  wider  than 
1<  of  chord  prevent  nose  ventilation. 

Of  the  25J  chord  fences  tested  the  one 
whose  width  was  approximately  (>%  of 
chord  was  most  effective  at  suppi'esaing 
ventilation.  This  fence  carried  the 
biggest  drag  penalty,  though  this  would 
be  small  compared  with  the  total  craft 
drag.  If,  however,  drag  is  a severe 
constraint,  these  tests  indicfte  that 
fence  widths  of  lOJ  or  2\%  of  chord 
provide  nearly  the  seune  protection 
against  nose  ventilation  but  with  a 
smaller  drag  penalty. 

Tail  ventilation  is  much  harder  ^o 
influence.  Inclined  fences  up  to  30° 
were  tried  with  appreciable  success. 
Although  this  inclination  produced  the 
greatest  delay  it  is  impracticable  oi. 
strut;:-  of  submergence  aspect  ratio  of 
less  ti'.an  unity,  and  an  inclination  of 
20°  may  be  more  acceptable.  Fairly 
large  drag  penalties  were  measured  for 
the  larger  inclined  fences,  but  one 
fence  (Fig.  6c-2)  produced  good  results 
with  respect  to  both  ventilation  and 
force  criteria  and  may  bo  recommended. 

Washout  occurred  at  large  incidence 
angles  with  inclined  fences.  Greater 
width  at  the  fence  trailing  edge  also 
increased  washout  angle,  provided  the 
underside  of  the  fence  had  sufficient 
wetted  area  at  the  nose  in  the  post 
ventilated  flow  state. 

Explanations  of  the  mechanisms  by 
which  the  various  types  of  fences  act 
have  been  suggested  in  each  case. 

SCALING  CONSIDERATIONS 

In  view  of  Uie  uncertainty  about 
the  mode  of  ventilation  on  prototype 
craft  it  is  essential  to  retain  a clear 
idea  of  the  context  and  limitations  of 
this  programme.  With  all  tests  carried 
out  at  the  same  Reynold's  number,  the 
same  Proude  number  and  the  same  cavita- 
tion number,  there  can  be  no  justifi- 
cation for  attempting  to  scale  the  values 
to  a full-sized  craft.  Nevertheless 
physical  parallels  with  larger  scale 
struts  and  higher  speeds  may  be  antici- 
pated. It  has  been  shown(6)  that  high 
speed  ventilation  is  increasingly 
associated  with  the  tail  mechanism  but 
the  position  of  surface  rupture  moves 
upstream  with  increasing  speed.  Thus 
a nose  fence  such  as  that  considered  in 
the  first  part  of  the  work  might  be  lore 
efficient- at  higher  speeds. 

FUTURE  WORK 

It  can  not  be  claimed  that  the  work 
presented  in  this  paper  represents  the 
last  word  on  fences.  Within  the  limi- 
tations of  mechanical  fences  there  is 
scope  for  improvement  of  washout  angles 
now  the  mechanism  is  understood,  and  the 
problems  of  higher  speeds  with  associa- 
ted cavitation  are  still  unexplored. 

Some  of  these  situations  may  be  better 


tackled  by  boundary  layer  control  ano 
liquid  fences.  It  has  been  shown(lM 
that  blowing  water  from  suitably  posi- 
tioned vertical  sl-cts  can  appreciably 
retard  tail  ventilation  on  a NACA  section 
and  nose  suction  in  the  region  below  the 
surface  can  also  prevent  nose  ventilation. 
The  role  of  a sealing  sheet  of  liquid  in 
the  observed  washout  mechanism  indicates 
that  blowing  liquid  from  horizontal  slots 
may  be  useful.  It  is  possible  that  the 
use  of  liquid  blowing  may  suppress  cavi- 
tation as  well  as  separation.  Such 
techniques  successfully  applied  could 
enhance  lift  and  extend  the  possible 
speed  range  of  craft  using  sub-oavitating 
foils  and  struts. 
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OISCUSSiON 


E.  A.  JONES  AND  R.  T.  SCHMITKE 

As  the  euthon  acknowledge,  the  Defence  Research 
Establishment  Atlantic  has  funded  the  Leeds  ventilation 
research  programme  from  its  initial  stages.  Our  comments 
therefore  relate  to  how  we  view  this  work  in  the  context 
of  full  scale  design. 

the  original  objectives  of  the  project  were  to  first 
develop  a thorough  understanding  of  the  physical  mech- 
anisms of  ventilation  and  then  to  identify  the  best  methods 
of  avoiding  or  delaying  it.  The  strength  of  the  studies  has 
lain  chiefly  in  the  very  fine  photographic  techniques  de- 
veloped by  the  team,  culmiirating  in  this  paper’s  clear  ex- 
position of  ventilation  mechanisms.  The  chief  limitation 
has  been  the  small  scale  at  which  experiments  were  per- 
formed, and  the  authors  quite  correctly  warn  against  di- 
rectly applying  their  results  to  full  scale  design. 

Of  particular  importance  is  the  explanation  of  how 
fences  prevent  the  nose  type  of  ventilation.  In  support  of 
the  Leeds  results,  we  note  that  partial  chord  fences  have 
worked  well  on  hydrofoil  research  craft  at  DREA.  They 
were  not  used  on  the  200  ton  Canadian  hydrofoil  ship 
BRAS  D’OR  simply  because  of  the  intuitive  feeling  that 
since  partial  chord  fences  worked  well,  full  chord  fences 
would  work  better.  The  Leeds  work  shows  that  this  is 
not  necessarily  so  and  gives  firm  grounds  for  using  partial 
chord  fences  in  future  full  scale  designs. 

Drag  of  fences  is  by  no  means  insignificant  and  the 
optiixium  size  is  therefore  of  considerable  practical  interest, 
the  fact  that  fence  width  for  maximum  ventilation  delay 
coincides  with  fence  width  for  maximum  drag  is  certainly 
worth  studying  further.  Also  worthy  of  further  investiga- 
tion is  optimum  fence  shape,  beating  in  mind  the  mechan- 
ical difficulties  in  attaching  fences  to  the  main  foil 
structure. 

The  practical  usefulness  of  the  work  on  fences  to  con- 
trol tail  ventilation  is  not  clear,  particularly  when  one  con- 
siders the  wide  range  of  submergence  depUis  and  incidence 
angles  that  occur  during  operation  in  a seavray.  Neverthe- 
less the  experiments  have  shown  that  an  inclinel  fence 
significantly  improves  washout  angles  and  is  therefore  the 
first  device  to  overcome  the  primary  limitation  of  conven- 
tional fences,  the  fact  that  they  do  little  to  suppress  ven- 
tilation once  started. 


A.  BARR 

Having  proposed  a method,  based  on  airfoil  separa- 
tion data,  for  predicting  ventilation  inception  on  submerged 
and  surface  piercing  foils  and  struts,  I have  found  the  work 
at  Leeds  in  this  area  most  interesting.  The  present  paper 
is  particularly  useful  in  its  systematic  treatment  of  the 
problem. 

I would  like,  however,  to  raise  a question  about  the 
applicability  of  the  author’s  conclusions  to  thin  (say,  12 
percent  or  less  thickness  — chord  ratio)  airfoil  type  sec- 
tions operating  at  full  scale  Reynolds  numbers.  NACA 
and  RAE  data  for  such  cases  iridicate  that  at  Reynolds 
numbers  above  about  10'^ , the  initial  separation  bubble 
does  not  grow  steadily  in  chordwise  extent,  but  “explodes” 


suddenly  to  a length  comparable  to  the  chord  length.  It 
seems  highly  probable  that  in  ruch  cases  ventilatiou  in- 
ception can  occur  vrith  the  long  bubble  and  that  a 26  per- 
cent of  chord  length  fence  will  be  ineffective.  Studies 
such  as  those  of  this  paper  ue  needed  for  airfoil  sectioru 
of  typical  section  thickness  chord  ratios  (say  six  to  16  per- 
cent) at  Reynolds  numbers  above  lO’^ . 


B.  MORGAN  AND  E.  P.  ROOD 

Ihis  paper  presents  an  extensive  parametric  experi- 
mental investigation  on  the  use  of  fences  on  streamlined 
surface-piercing  struts.  The  discussion  of  the  types  of  ven- 
tilation and  the  mechanism  of  ventilation  is  especially  im- 
portant for  the  undentanding  of  this  phenomenon.  My 
remarks  wUl  generaUy  be  restricted  to  discussioi,  j''  scaling 
the  data  presented  to  full  scale. 

The  data  presented  in  Figure  2 show  a significant  dif- 
ference in  the  ventilation  inception  an^e  between  the  re- 
circulating channel  and  the  hi^  speed  channel.  In  general, 
the  data  obtained  in  the  two  facilities  are  quite  different. 
Ihe  paper  states  that  the  differences  between  the  two  fac- 
ilities and  experimental  methods  adequately  explain  the 
the  discrepancies.  However,  I do  not  find  this  explanation 
satisfactory  because  it  gives  no  indication  of  which  results 
would  be  roost  applicable  to  full  scale  nor  the  {^ysical 
differences  causing  the  discrepancies.  For  instimee,  how 
should  model  experiments,  or  can  they,  be  performed  in 
either  of  these  two  facilities  to  predict  what  will  happen 
full  scale? 

The  paper  gives  conaidetable  data  on  the  effect  of 
nose  fence  size  on  ventilation.  According  to  the  paper, 
this  type  of  ventilation  is  related  to  separated  flow  near 
the  nose.  Since  the  length  and  thickness  of  this  separated 
region  is  highly  Reynolds  number  dependent,  how  should 
the  data  be  scaded?  The  paper  indicates  that  the  fence 
width  relative  to  the  thickness  of  the  separation  bubble 
might  be  an  important  parameter?  If  it  is,  full  scale  fences 
should  be  relatively  different  in  size  than  the  model  fences. 
This  could  be  inoportant  since  the  fence  width  should  be 
as  small  as  possible.  Would  the  authors  comment  on  the 
relative  size  of  full-scale  and  model  nose  fences? 

Thu  relative  importance  of  nose  and  tail  ventilation 
for  full  scale  craft  is  not  clear  to  me.  Would  the  authors 
please  comment  on  the  relative  importance  of  the  two 
types  of  ventilation  for  full  scale  craft? 

The  authors’  description  of  the  model  states  that  the 
strut  trailing  edge  was  blunt.  Was  the  base  in  fact  vented? 
If  so,  it  would  explain  why  the  side  ventilation  angles  are 
lower  than  those  reported  by  the  authors  for  a streamlined 
NACA  section.  What  effect  would  the  absence  of  a base 
vent  have  on  the  ventilation  mechanism  for  fenced  struts? 
If  the  biogive  strut  was  wetted  at  the  trailing  edge,  the 
implication  is  tliat  strut  section  may  influence  the  effects 
of  forces. 
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AUTHOR’S  REPLY 


Reply  ^ Jotibb  And  SchnAtlte 

Iheink  you  fbr  your  comnents  on  the  practi- 
cality of  this  woilt.  It  is  gratifying  to  find 
that  sponsors  are  keen  to  exanine  their  previous 
practices  in  the  li^t  of  new  material  and  to 
see  model  research  developed  along  applicable 
lines. 

Reply  T.J  Parr 

ihe  classical  aeronautical  'short'  bubble 
was  not  seen  in  the  course  of  this  project 
althout^  some  behavioural  similarities  were 
observed  on  the  NACA  struts  (<().  When  venti- 
lation occurs  with  an  extended  separation  zone 
it  is  initiated  from  the  tail;  a nose  fbnoe 
would  not  be  effective  and  a tall  fence  would  be 
required, 

Ihe  authors  agree  that  further  systematic 
studies  are  required  for  practicable  struts  at 
hifji  Reynolds'  nunbers.  It  must  be  noted  that 
if  such  an  increase  is  produced  by  speed 
dianges  then  the  separation  bibb lea,  whether 
'long'  or  'short',  will  be  replaced  by  a 
pulsating  cavity. 

Reply  ^ Moraan  And  Rood 

Prom  the  results  obtained  in  this  work  ra 
attenpt  at  scaling  to  full  scale  is  justified. 
Tnis  is  a parsametric  survey  of  ftence  dimensions 
carried  out  at  one  Reynolds'  nunber  and  as  such 
does  not  indicate  a trend  for  behaviour  at  hi^er 
speed.  Physical  differences  in  the  rou^iness  of 
the  water  surface,  the  turbulence  level  and 
channel  size  can  change  ventilation  inception 
angles  markedly.  One  of  the  difficulties  of 
ventilation  research  is  that  of  conparing 
results  from  different  facilities.  In  the  cir^ 
oumstances  K.g.  2 shows  good  agreement  when 
fences  are  preaent.  Experiments  can  be 
carried  out  in  the  recirculating  water  channel 
which  scale  cavitation  correctly  but,  as  Morgan 
and  Rood  indicate,  Reynolds'  nuitoer  effects  are 
inportanu  md  extreme  caution  is  required  before 
spplying  mrdel  scale  results  to  full  scale,  paro- 
ticularly  in  the  absence  of  any  confirmatory 
full  scale  data.  A comprehensive  discussion  of 
Bcailing,  and  the  applicability  of  model  tests 
may  be  found  in  Rothblun  (15). 

We  are  not  in  a position  to  be  dogtatic 
about  dimensions  of  fences  at  full  scale  as 
stated  above.  In  the  absence  of  better  data  we 
hope  our  report  will  provide  a useful  guide. 

Ihe  role  of  the  two  ventilation  modes  at 
hij#!  speed  was  discussed  fully  in  Rothblum  et 
al  (6).  It  was  foind  that  as  the  speed  is 
increased  the  point  of  ingress  from  teal  venti- 
lation moved  progressively  forward  suggesting 
that  vehtilaticxi  at  prototype  speeds  will  occur 
from  a point  reasonably  near  the  nose. 

Plnally,  the  strut  model  had  a rounded 
tredling  edge  of  radius  1%  of  chord.  It  was 
base  ventilated. 

FEPERENCE 


15.  Ftothblvin,  R.S.,  "Cor/irol  of 
Ventilation  in  Surface-Piercing  Struts",  Ph.  D. 
Ihesis,  Ihe  University  of  Leeds,  Leeds,  Ehgland, 
to  be  subiiitted. 
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